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1. BBE,llEHHE 

TIp06J1eMa HeJlHHeHHbIX pe30HaHCOB õerarpoanoro ,lJ,IHDKeHHH 3aIU!MaeT 

O.n;HO H3 ueHTpaJIbHbIX MeCT B .reopaa UHI<:JlHtleCI<:HX YCI<:OpH'{eJleH. H3BecT

HO, srro aenaaeãasre CYMMOBble pe30HaHCbI MorYT npanecra I<: onaoaperaea

HOMY neorpaaaueaaowy HapaCTaHHIO aMnJlHTY.n; 6eTaTpoHHbIX I<:OJle6aHHH, 

a pa3HOCTHbIe npaaozrar I<: TOMY, srro onna H3 aMnJ!HTY.n; (ropH30HTaJIbHaH 

HJlH BepTHl<:aJIbHaH) MO)l(eT CTaTb áaaenosro ôorrsure npyroã . 

HeJlHHeHHaH pe30HaHCHaH CHCTeMa c M CTeneHHMH cB060.n;bI onacsnra

eTCH raMHJlbTOHHa.HOM 

-+ -+-+ 

;; t = •H (I I (}) H 0(1 ) + H 1(I I ; I (}) ( 1.1 ) 

rne I = (I 1 t..., IM) t;; = (a 1t.... a M) - nepextemrsre .n;eHCTBHe H yron 

COOTBeTCTBeHHO, a (} - a3HMYT (He3aBHCHMaH yrrroaaa neper-renaaa no 1<:0Jlb· 

QY YCKopHTeJlH), HrpaIOI..QaH pons BpeMeHH.... B (1.1) BTOpOH tlJleH B npaaoã 

xacrn ecrs nepaonasecxaa cPYHI<:UHH OT a H (). ECJlH ee npezrcraaars B 

nane pana <I>ypbe no 3THM nepeMeHHbIM, TO nOJlYtlalOTCH peaoaaacasre lJJIeHbI 

pa3HbIX nopnrncon. B 3TOM pnny MO)l(eT npHCYTCTBOBaTb TOJlbl<:O O,ZUIH tlJIeH; 

rorna rOBopHT, uro HMeeTCH H30JlHpOBaHHbIH pe30Ha.HC. Bo MHOÍ"HX CJlYtlaRX 

aa rrpaxrmce zrocrarosao paCCMaTpHBaTb H30JlHpOBa.HHbIe HeJlHHeHHbIe 

pe30Ha.HCbI, rax xax npennonaraerca I tlTO B pa3J10)l(eHHH H 1 1:1 PH.n <I>ypbe 

ace OCTaJIbHbIe xneasr MHoro M-eHb~e pe30HaHCHOrO, HJlH onHCbIBaIOT 6bICT

psre KOJle6a.HHH H ae BHOCHT nxnan B .n;HHaMHI<:Y pe30Ha.HCa. 

3anHIlleM pe30HaHCHOe YCJlOBHe B nane: 

2p 1v 1 ± 2p 2 v2 = m + e • 

rne e - pe30Ha.HCHaH paCCTpOHI<:a , p 1 =1/2, 1, 3/2, '" (i = 1,2), m 

rapsroaaxa B03MYI..QeHHH MarHHTHoro nOJlH, a V 1 H 112 - tlaCTOTbI 6eTaTpOH

HblX I<:OJle6a.HHH B ropH30HTaJIbHOH H BepTHKaJIbHOH II1IOCI<:OCTH COOTBeT

CTBeHHO. 3Hal<: "+ ", xax H3BeCTHO, COOTBeTcTByeT CYMMOBbIM pe30Ha.HCaM, 

a 3Hal<: " - "- pa3HOCTHbIM. + + 
B paõorax /1-15/ OTnpaBHOH TOtll<:OH HBJlHIOTCH HHBapHaHTbI AI H A~ 

(CM. 2.8), H3 1<:0TOpbIX nonysaerca OCHOBHaH xapaxrepacraxa pe30HaHCa 

urapaaa pe30HaHCHOH nOJlOCbI. B CBOHX paõorax /8-10/ OHYMa YI<:a3bIBaeT 

na aexoropsre aenocrarxa B onpeneneaaor-r B /6/ nOHHTIDI "umpana peso

Ha.HCHOH nOJlOCbI" H npennaraer cnocoõ YCTpaHeHH.H HX na nparaepe peso

HaHCOB nana n 1 11 1 + n 2 11 2 = m + ( (n 1+ n2 2: 3 H n 1 (HJlH n 2) = 1) , ae npHBO

.n;.H 1<:0HetlHOrO peayrn.rara B BH.n;e y.n;06HOM .n;nH OueHOI<:. 
--.~-' .._. __..-
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B ,naHHOH paõore npennpmrara nonsmca OnpO,Z1onsHHll urapaasr nOJIO

CbI H30nHpOBaHHbIX, CYMMOBbIX pe30HaHCOD TpOTbOrO H lIeTBepTOrO nopan

KOB MeTO,nOM 3<p<peKTHBHhIX nOTeHI.U!MOB. B npanOmOHHIIX rtorryvensr pe

meHHR B 3JIJIHIl,THtIeCKHX <PYHI<:UHRX .u.nn YI(n3QHHbIX P030HO.HCOB H npase
neaa CXeMa pacsera pe30HaHCOB õonee BhICOKHX nepnnxoa. 

2. BhIBO,U OCHOBHhIX YPABHEHH3 

KaK H3BeCTHO (CM., aanpaxrep, IG/), Ann H30nKpODnHHOrO HMHHeM
aoro pe30HaHCa nopanxa N*Im 2p 1+2p 2 raMHnbTOJCHt1H MO)ICHO npeACTaBHTb 
B aane: 

HO(I l' I e) ::: v~ 11 + veI 2 + H B (I l' 1 e) , (2.1a) 

"1(I1,Ietal,a2,O) .,.F(Il,I2)cos~(al,a2'(J), (2.16) 

r,ne 

cP (a 1 ' a 2 ' 8) = 2p la 1 ± 2 Pea 2 - m8 + aF ' (2.2) 

Hs (I l' 12 ) - cTa6HJIH3HPYIO~aR pe30HaHC tJQCTh rllMHlIbTOHHLlHn, F (11, 1 ) 2
asmnaryna, 8 F - <pa3a nenymero xneaa, a 3HIlZ(H "+" HnH ".H B (2.2) COOT

BeTcTBYIOT CYMMOBhIM HJIH pa3HOCTHhIM pe30HOHc~M. 
o 

OpH nOMO~H npoaaaonarueâ <l>YHKUHH 

F2 (11, i 2' a l' a e' 8) = (a 1 + f 1 8 - v 1 (J) i 1 + (o. g :t• O(J - "a 8)I 2 

npencraaasr (2.1) B nane: 

"0(11' le) = f 111 ±iaI e + "s(ll' I a) , (2.3a) 

.... .... .... .11- - (236)
" 1 (11 ' I 2 ' a 1 ' a 2) = F (1 1, I 2) coa qJ (a 1 ' a 2 ) , . 

l -.... ... ... ,.. 

rne E' 1 = -4- (1:0: 1,2) H ~(a 1 ,a 2) CI 2p la 1 ±2p go a +8,. B uenax ynpo
Pi 

uieaaa B ,nanbHeHweM 3HaK "TIDIb,na" H~ HOBblMH nepOMOHHhIMH 6y,neM 

onycxars. 3anHweM ypaBHeHHH raMIDIbTOHn JJ,1IR CHCTeMhI (2.8) : 

da1 aR OH s <3F 
a =-""00-:-- lO: e 1 + -.-- + ~ oos t/J , (2Aa) 

1 dO aI1 aI 1 ali 

. . 
aH aH aFda! a 

a 2 = - =- ± l2 + -- + - OOB t/J , (2046) 
dO aI e aI e aI 2 

.t 
2 

dI 1 aR 
= - - = 2P1 F (11, 1 2) aín ~ , (2AB)11 = de 

dal 

d1 2 aH 
12 - = -..,.....-- ±2P2 F (I l' 12) s ín cP· (2 Ar) 

dO aa2 

• 113 (2AB,r) Cpa3Y nOJIytIaeTCR xopomo H3BeCTHbIH HHBapHaRT 15/: 

11 12 
;. -- ~ -- E: C + = const • (2.5) 

P P 
1 2 

Bsrpaxcaa cos cP IH3 (1.1) c ytIeTOM (2.3) H nO,UCTaBJIRR nOJIytIeHHOe BbI

pazcenae B (2Aa~6), HaH,neM: 

aRa' + 
(2.6a)a 1 = f 1 + -ar- + Q 1(A1. - 2 E' 1I 1- H a )
 

1
 

cJH s + 
(2.66)a ± E' 2 + ar- + 02 (A"2+ 2 E' 2 I 2 - H a) ,2
 

2
 

r,ne 

1 aF . 1 
~, 1= ,2, (2..7) °1(11,1 2) =
 

F (11'I 2) aI i
 

E'C+ + E'C± 
Ai

+ 
= R + --- A-; = H - - (2.8) 

4 ' 4 

,UH<p<pepeHUHpYR ypaBHeHHR (2 AB) H (2 Ar) H HCnOJIb3YR nce ypaBHeHHR 

(204) H (2.3) nJIR asrpaaceaaa eos cP, nOJIytIHM ypaBHeHHR aroporo nopan
rca ,nJIR ,neiícTBHH 1 1 H 12: 

o o 

+ em aH aF aF 
11 + 2P1(Hs+ 2E'lIt- A"])(f+2Pl-o-S±2P2~-~ =2PIF(2PC·-±2P2~,(2.9) 

m1 ~2 m ill 21 

+ aH aH aF aF. 
1 ± 2P2(H a ± 2f I - A-) (E'+ 2p -o_s±2p -o-~ = ±2p F(2p -o-±2p -0-').

2 2 2 2 1.:l1 2 aI 2 1 aI 2 ai (2 10)
01 2 1 2'I 

~. 
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PaCCMOTpHM reneps tlaCTHbIH cJlyqaH pe30HaHCa 6e3 cTa6HJIH3auHH: 

P 1 PeH 8(1 l' 12 ) = O; F (I l' 12) = D(2 I 1 ) ( 2 12) • (2.11) 

YpaBHeHHH (2.9) H (2.10) npaoõperaior BH,n:
 

•• + e 2PCl 212-1 2 -2,.
 
11 +(21 1 = 2Pl f Al + 2P 1D (21 1) (212) [(2P1) (212)±(2P2H2li)],(2.12) 

.. + 2p -1 2pt'"1
 
1 2 + f2 12 = 2p Si A~ ± 2P2 0 2 (21 ) 1 (212 ) [(2P ) e(2I ±(2P2) 2(21 )] .( 2 .13)
 1 l e) 1


BBO,nH HOBYIO He3aBHCHMYlO nepeMeHHYIO W = f (}I 8
2
, rne
 

8 = f (2D)-1 (21 10 ) l-Pl- P2 (t = 1,2)
1 (2.14) 

õeapaasrepenae napasrerpsr, 110 = I 1 (() .. 0), (1- 1,2), H õeapaasrepasre 
aMWIHTy,nbI gl=11 1'i6 (t :::z 1,2)., asrpaacenae (2.6) MOiKHO sarracars B aane: 

. + . 
a l = l-tI2+Ôvl 1~1' (2.15a)1I 1R=t 
• + .
 
a 2 = IISR = ± f 2 + i 12 + &'2-/~ 2 • (2.156)
 

BeJIHtlHHbI ÔV f, HMelO~He CMbIcn HeJIHHeHHOro cnaara qaCTOT B pe30HaHCe,
 
,n8lOTCH BbIpa>KeHHHMH:
 

+ + - + P2 -1 
~ 1 = Pl A1 / 110 ... (till l- .. ((1/2 + P 1 8 8 1 C08 ~O) , (2.16a) 

+ + . - + -L.. -Pl 
~2- = Pe A2/ 1eo -(~Vi .. (( ± 1/2 + P28 2 lJ C08t/J0)' (2.166) 

rne 8 .... OTHOUleHHe Me)l(,;::J;y HatlaJJbHbIMH RMllJIHTY,naMH 

1 

81 Pl+ Pe- l leo 
8 - (-) (2.17) 

82 110 

a ~O'" 2p 1 alO ± 2P2~0+ 8 r - Hall8.JlbHaH <Ila3a (o 10 - a 1(8 - O), i = 1,2) . 
Torna ypaBHeHHH (2.1~J H (2.13) MO:>KHO npencraaars KaK 

2 e - + ~ 1 ep1-1 2 22Pe-l'"
~i'+ 82~1'" 28 e Ôv 1 +P 1( T ) ge [(2P 1) ~28 ±(2Pe) gl], (2.18) 

ep -1 2p-1 
·),tn ed 2 ...± g 1 1 li e 2 d . ~ 1 

~e + 80 .J 2 = ±2cS 2 fu, 2± P (-) , e [(2P1)"'2 ±(2pS) -], (2.19) 
~ 8 B 

rne UlTpHX 03HaQaeT .zUf(p<llepeHuupoBaHHe no HOBOU He3aBHCHMOH nepesrea
HOH w. HHBapHaHTbI (2.5) npH06peTaJOT BH,n: 

;I'.' 

, 
4 •

gl 8 s + 
-+-g2=-8'- (2.20) 
P 1 P2 P 1 Pl P2 ' 

+ 1 P1 
(2.21)-+ôP~P2 [) P2 

TIpH nOMOlUH (2.20) rreper-reansre B ypaaneaaax (2.18) H (2.19) 
pa3,neJlHIOTCH, Ir B rrpamnme MorYT 6bITb peureasr. 3TO OCYlUeCTBJlHeTCH 
cpanaarensao rrpocrsn-r cnocoôor-r nna cnysaea pe30HaHCOB rpersero H uer
aeproro rropanxa; peayrrsrarar npencraanenst B npHJIO)l(eHHH 1.,llnH CJlY
tlaeB pe30HaHCOB nsrcurero rropamca npouenypa pewe!lHH ypaaaeaaã (2.18) 
H (2.19) ztaaa B npHJIO)l(eHHH 2. 

3. lllHPHHA PE30HAHCHhIX TIOnOC
 
PE30HAHCOB TPEThErO H qETBEPTOrO TIOPRJlKA
 

3anHweM ypaBHeHHH (2.4') H (2.13) B nane: 

gí = 2p 1 8 j (g l' g2) s in <P , (3.1a) 

(3.16).1; = ±2p ej (g l' g2 ) sín <p , 

2 ~ + . aj a~
g" = - ô 2 g ± 28 ~1I - ±2p ~(2p ô--'-' ±2P2 -.-) , (3.1B) 

2 2 2 2 2 2 1 a~ 1 ag 2 

rne BBe)leHO oõoauaseane 

~dl. ~2) = (~)Pl ~P2 (3.2)a 2 • 

CHCTeMY ypaBHeHHH (3.1) MO)I(HO rronysars 113 3$$eKTHBHoro raMHJlbTO

HHaMa 

2 2
P~ (2P2 ) CI 2 (g ) + 

a2 g 2 '""' ± ~ aJ< e 
}{ = - -- ~ J 2 L! + 282 1\112 g2; Po = ~2= ~"J(3.3) 

e. 2 22 O 

B (3.3) g1 BbIpIDKeHo sepes g2 C yqeTOM (2.20). vl3 nasansasrx YCJlOBHH 
ner-xo nonynars cneztyrouree asrpaaceaae: 

2 - + 2
}{ =-28 (tiv-) <o. (34)e 2 2 .... . 

5 



PaCCMOTpHM caaxana pe30HaHC 11 1 + 211 2 = fi + e • Flpn nOMOmH npeoõpaso

BaHHR 

g _ x S~ - 48 te 
e - "3 + (3.5)

6 

raMHJIbTOHHaH (3.3) npaoõperaer BHn: 

pe àHeH == 9 J{ e = - + V(x, a) ; p =x'· ... (3.6)e 2 ap 

rne nOTeHUH8JlbHaR <PYHKIJ;HR V(x, a) ecrs: 

3 __ (8: - 48 7e) e
 
V(x, a) = - ; - ax ; a = 68: ô 11; - -----4
 

(3.7) 

lhBeCTHO, lITO nOTeHIJ;HaJIbHaR <PYHKUHR (3.7) rrpencraanaer C060H 

xaracrpodiy CKJIanKH 1141 . YpaBHeHHe cenaparpacsr B npOCTpaHCTBe napa

MeTpoB ecrs a = O. CHcTeMa (3.6) CTPYKTYPHO YCToHlIHBa rrpa. a .< O H ae
YCTOHlIHBa npa a·> O. YCJlOBHe a < O, OlIeBH,l(HO , RBJlReTCR He06xo,nHMb1M 

(<pH3HlIeCKH 3TO oaaaxaer 06pa30BaHHe nOTeHUHaJIbHOH RMbl, B KOTOpoH 

rrpoacxornrr <PHHHTHoe ABH)KeHHe), HO HenOCTaTOllHblM YCJlOBHeM YCTOH

lIHBOCTH CHCTeMbI B IJ;eJlOM. TaK KaK B cooraercraaa c (3.4) nOJlHaR saep
HHR HeS O, ,nOCTaTOllHbIM ycnoaaexr RBJlReTCR: 

V(~. a) > O , (3.8) 

lITO c YlIeTOM (3.7) naer: 

(S:- 4 S te )2 
a > (3.9)16 

Opr8HHlIHBaRCb TOJlbKO lIeTBepTOH H BTOpOH CTeneHRMH Ô B (3.9) 
H (2.14) 82 > 1, nOJlYlIHM: 

2 

It' I > 4 V2 0(21 + 71 ) 112 • (3.10)
10 20 

Ilepaon KOJle6aHHH <pHHHTHoro ABH)KeHHH, onpenenaesroro (3.8), naerca ~I 

BblpIDKeHHeM: 
() 

~ ;1 dç =~( 6 }1/2T= K(k) r (3.11) 
e %0 /2[H - V(ç , a ) ]1I 2 f x 2-x O e 

.. r 
6 

rne 

+ 2 
4812 - 8 2 

X o 3 + (3.12a) 
2 

Xo + ~ (-12a - 3x ~ ) 112 , (3.126)x 1.2 = - 2 

xl - xo 1/2 
k (----) (3.12B) 

x2- xO 

3neCb K(k) - nonasrã .::)JIJIHnTHlIeCKHH HHTerpaJI nepnoro pona 113/. AMnJlH

Tyna 6HeHHH paaaa: 

'g x 1- x o x o 1 2 1/2
Amp( ) == == - - - -(-12a -3x) • (3.13) 

2 6 4 12 o
 
\
 

PaCCMOTpHM pe30HaHC xeraeproro nopaznca 1.1 + 3v =ffi+ ( . Ilpe
1 2 

06pa30BaHHe 

30 + 
13 g2 == ~ (3.1~) - 4

~:6 

npHBOnHT (2.19) K nany: 

(3.15)x"==x 3+a +b 
1

,
1x 

rne 

+- 3 2 + 

a 1 ~ _ (8 2 81 8 ~S r: 81 (o 13) 302°13 2'" + 
2 + ----) b 1 == v' 6 (--- + --- + 202~1I2)' (3.16) 

8 16 4 

YpaBHeHHe (3.15) MO)KeT 6bITb norryseao H3 nOTeHIJ;HaJIbHOH <PYHKIJ;HH: 

x· a1 2
V(x,a

1,b 1 ) =- ----x -b 1x. (3.17)
4 2 

lhBeCTHO, lITO (3.17) rrpencraarraer C060H KaTaCTpo<PY C60PKH :114:/. Ypaa

HeHHe cenaparpacsr B npOCTpaHCTBe ynpaBJIRIOIUHX naparaerpoa a l' b 1 aa

nHCblBaeTCR B aane: 

7 



al S b 1 2 
â(a1 , b 1) = ( -) + (-) = O • (3.18)

3 2, 
YCJlOBHe CTpYKTYPHOH YCTOH1JHBOCTH (3.17) ecrs â< O. Torna cymecTBYJOT 
zmeB03MO:>KHOCTH: 

a) 8 {3 > O. OrpaHH1JHBaJlCb qeTBepTOH H meCTOH CTeneHHMH 82 ' H3 
YCJlOBHH: 

B npOCTpaHCTBe napasrerpoa pesoaaaca (ynpaanasomax napasrerpoa) , 
B KOTOphlX .n;BH)KeHHe YCTOH1JHBO. 3TH 06naCTH H onpenenmor WHPHHY 
pe30HaHCHOH nOnOChI. , 

Aaropsi BhlpIDKaIOT õnaronapaocrs H.IO.Ka3apHHOBY sa noneaasre 
06C8)K,lleHHH. 

llP:HJIO)l(EH:HE 1 

v(x o l' a1 ' b 1) > O , 

nonYtrnM: 

HJ1H npH6nH>KeHHO 

y3 D 2 2 1/2
lEI > (639110 + 5622 1201 10 + 4967 I 20 ) , 

2 
rne xl0 MaKCHMaJlbHhlH xopeas ypaBHeHHR x 3 + a lx + b1",,0. 

6) 813=0. B 3TOM cnysae HMeeM: 

Bi> [18â-;';]2 ( 3.21) 

( 3.19) 

(3.10) 

J 
(ll1.1a) 

(ll1.16) 

(ll1.1B) 

= O,
tf" tf 6 fi 2 +2 2 ... + 
;, 1 + ú> 1;, 1 - 8;' 1 - 28 Ô 12 - 28 2â v 1 

~~ + Ú>2 g2 - 3g ~- 2B':~v; = O, 

ú> 1 = B~ + 8B:2 , ú> 2 = 8: -4B:2 

Peureaae ypaBHeHHH (ll1.16) B carry (2.24) ecrs 

3.n;eCb Mhl npasenesr TOqHhle peureaaa ypaaaeaaã (2.18) H (2.19) 
MH cnysaes CYMMOBhlX pe30HaHCOB rpersero " xereeproro nopanxa. 

1. Pe30HaHC 1/1 + 21/2 = m + f • YpaBHeHHH (~.18) H (2.19) aanauresr 
B BH.n;e: 

(3.20)IEI > 36DI 20 • 

Tax KaK paccsrorpeaae pe30HaHCa 2v 1 + 2v 2"" m + f norraocrsro aaa
nOrHqHO TonbKO 'lT0 npoaeneanosry, BhlIlHllIeM .rom.xo KOHe1JHhIH pesynsrar. 

Ilpa 8:2> OHMeeM 

III -= 2?(1191~0+ 7701 101 20 + 8391:
0) 

1/2, (3.22) "1- --,
4 

2'" +
Ú)282~v2 

8 

ú)8 
g SI: .=.t. 

218 

2ú)o 2
g2 = --. -28 l1v+ 

12 2 2' 

C/,) 2 
~2(W) = 2[~W -Wo ) + 12] , 

a HHBapHaHThI <flYHKUHH Beâepurrpacca g2 H gs HMelOT BH,lJ;: 

(ll1.2) 

(ll1.3a) 

HJ1H 

a B cnysae 8 + = O. 
22 

2 ... + 2 
B2 > 3 [ 12 â v 2 ] (3.23) 

2 ... +
T/l=Ú> -2-4B ~v2 2 2· 

11, KpOMe Toro, Wo - TaKWI BenH'lHHa w, npa KOTOpoH 
H (2.20) norrysaesr 

~2 (O) 

(ll1.36) 

= 1. 113 (ll1.2) 

\) 

(3.22)IfI > 24JiD 120 • 

B cnysae pa3HOCTHhIX pmOHaRCOB nerxo noxasars, IITO acerna, cymecr
ayer rroreanaansaaa HMa, onpenenmomaa 4»HHHTHOe ,llBH>KeHHe. 31'0 oõyc
nOBneHO CneI.Ul4»Hqec~oH 4»OpMOH noreanaana V(x) wm paaaocraoro 'peao
HaRCa. 

Ilpaaeneaasrã B ,llSHHOH paõore MeTO,ll accnenoaaaaa HeJIHHeHHhlX 
pe30HaHCOB CBH3H, Ha aanr B3rJIJl,ll, HMeeT cnenysomae npeHMYmecTBa. 
Bo-rtepasrx, aenocpencraeaao nonY'laJ()TCR HBHhIe Bhlp8)KeHHH MH 1 1 H 12 , 
orracsraarontae ,IJ,BHiKeHHe npa npoH3BOnbHOM e , BO-BTOPhlX, npa nOMOOJ,H 
anessearapaoã reopaa KaTaCTpo4» HenOCpe,llCTBeHHO nonysasorca o6naCTH 

~,! 
I~ 

(jl 2. Pe30HaHC 1/1 + 3 v2 = m+t . YpaoHeHHe (2.19) HMeeT BH,ll 

+ 
2 S 27B13 2 2 ... + 

~~' + B2 ~ 2 - 6g2 - -2-'~ 2 - 282â v 2 = O. 

BBe,lleM 

. tf " + tf S 214 2 . 2'" + tf 
t 1 ( ~ 2) "" 3;, 2 + 9 8 13 ' 2  B2;' 2 + ,48 2 ~v 2 ' 2 + '1a J 

C/,) 2 + 
~ 1(w) == 8 [ fJ (w - Wo) +  + 8 12 ].

12 

(ll1.5) 

(ll1.6) 

(ll1.4) 

8 ". 9 



r,lJ;e 

8 2 (:-+ ~2A"" +
TI = - 90 - 3 - 4 o Ll. V • (lll.7)2 2 13 2 2 

Ilycrs ~ - npocroü xopeas ypaB-HeHHH fi (z), = O (r ,e. C; (,\) ~ O) . Torna 
peureane ypa.BHeHHH (lll.5) nonyxaeer B BH,lJ;e 

J 
g2(W) = À +6fí(À) [24~(w -W ) _f~(À)]-l (111.8) ,

O
'I 

HHBapHaRTbI <PYHKUHH Beâepurrpacca CYTb " + 
~98 19 8~ 

3 . 
4 6 

2 + ..... + + 
18 o201SL\ v 2 s~ 98 13 8 2

2 
g2=37J 2 - -----+--, g = -- -- O:~v 2+I (lll.9)

3 4 62 12 

8 2 
2 2 .... +-- Ô2~v2 112

6 

.nrrH aMWIHTY,lJ;bI g,l(W) nOJIYT.IaeM:
 

g1 (W) = otÔ: + ~ [À + 6 f~(À)[ 24 so(w - wO) '~ f"~ (À)] -i]}. (lll.10)
3 

3. Pe30HaRC 2v + 2v = m+ f. -YpaBHeHHe (2.19) 6Y,lJ;eT HMeTb BH,lJ;:
1 2
 

g; + (U' g2- 8 g: - 12 8;2 g~ - 2 8: Ô~; = O , (ll1.11)
 

r,lJ;e
 

2 +2 
(U = 8 2 - 4 E; 22 • (111.12) 

Ilo aRaJIOrHH C (ll1.6) BBe,lJ;eM <PYHKJJ;mo
 

4 + 3 112 2_+
 
f 2 ( g2) = 4g 2 + 882~ 2 - cu ~ 2 + 48 2 ~ v 2 + TI 3 (ll1.13)
 

r,lJ;e
 

r-,7J 3 = cu - 8 0;2 - 4 - 48 ~~~v : • (ll1.14)., 
Ilycrs X - .CHOBa npOCTOH xopeas ypaBHeHHH f 2 (g 2) = O.Torna pente- L

.: 

HHe (ll1.11) ecrs , I
, I 

g2(W) IC)( + 6f 2( X ) [ 24 80 (W -w ) -fi(x)) -1. (ll1.15 ), o

10 

rne HHBapHaHTbI <PYHKJJ;HH Beãepurrpacca 

4 20 22 
+ -:6

{ü

2 + ~ + Cl)2 ~+ (ü 2 - + (111.16)g2 = 4T13-8a2022~v2+-' g3 20 22 - 'ir °2 Ôv 212 

Cl) 2 - +-6" °2~v 2 71 3 

)lrrH aMWIHTY,lJ;bl gl(W) HMeeM 
J 

gt(W) =0[0;2+ X + 6f~(}()[24~(w-wo) -f;()()];' 1]. (lll.17) 

llPHJIO)l(EHHE 2 

PaCCMOTpHM npOH3BOJIbHblH HeJIHHeHHbIH pmOHaRC BH,lJ;a 2p lvl +2P2v~= 
= m+ f nopaznca N *= 2p 1+ 2p 2' OqeBH,lJ;HO, rrro KIDK,lJ;Oe H3 ypaBHeHHH 
(2.18) H (2.19) npa nOMo~H (2.20) MOiKHO sanacars B BH,lJ;e: 

g'" + P O) (g) = O i = 1 2 (ll2.1)
1 N*-l l' , , 

rne P~)(Zl)- nOJIHHOM CTeneHH m nepesreaaoâ Z l' HHTerpHpYH (ll2.1), 
HMeeM: 

11" 2 êD (1) 11 )
( ~ 1) + J N* (:J1 ~ O, i *.1,2. (ll2.2a) 

B TeopHH 3JIJIHnTHqecKHX <PYHKUHH cymecrayer CJIe,lJ;YIOm;aH 
Teopexra /11/. BCHKaH 3JIJIHnTHqeCK8.H <PYHKI:lHH f(z) Y,lJ;OBJIeTBOpHeT 

anreõpaasecKOMY nH<p<pepeHUHaJIbHoMY ypaaaeamo 

P[f(z), f" (z)] = O , (ll2.26) 

rne P(u, v) - MHOrOqneHOTHOCHTeJIbHO CBOHX aprYMeHTOB. 
H3 npOCTbIX <pH3HQeCKHX coo6pIDKeHHH MO:>KHO npe,lJ;nOJIOjKHTb, ~o 

g1(w) - 3JIJIHllTHQeCKHe <PYHKJJ;HH w. aTO OTpa)K8.eT TOT <paKT, QTO ,lJ;BH)Ke
HHe KBa3HnepHO,lJ;HQeCKoe. B CHJIY sroro npe,lJ;nOJIO)KeHHH H CpaBHeHHH 
YPaBHeHHH (ll2.2a) H (ll2.26) Mbl BH,lUfM, sro gi (w) ,lJ;eHCTBHTeJIbHO CJIe
,lJ;YeT HCKaTb cpena 3JIJIHnTHQecKHX <PYHKUHH. OTMeTHM, QTO 3JIJIHllTHQeCKHe 
<PYHKUHH - ae e,lJ;HHCTBeHHoe npe,lJ;CTaBJIeHHe g1(W), TaK KaK ae xaacnoe 
peineaae ypaBHeHHH (ll2.26) HBJIHeTCH 3JIJIHnTHQeCKOH <PYHKUHeH. 

BCfIKaR: 3JIJIHnmQeCKaR: <PYHKUHH 9 (w) BbIpIDKaeTcH B BH,lJ;e :/12/:
1 

gl (w) = R ['Só'(W)].+ Si' '(w) R21[ 5\' (W) ] ' (ll2.3)
11 

11 



rne R l1(U) H R2 1(u) - panaouansasre ~YHKu;HH CBOHX aprYMeHTOB, a 

8O(W) - 3JIJIHrrTHtleCKaR ~YHKU;HR Beãepurrpaccav'tô / . 
K03~~HU;HeHThI, BXO.D;RmHe B R 11 H R 21, MorYT 6hITb HaH.D;eHhl cne.D;YIO

mHM crrocoõosr. Caauarra HaxO.D;HM g;(W)H3 (D2.3), HCrrOJIb3YR cJIe.D;YIO

uree COOTHOllIeHHe ',/13/: 

[~'(w)] 2 = 4~ 3(w) - g2KJ(W) - g3 '	 (D2.4a) 

v" (w) = 6 ~ 2(w) _	 g2 (D2.46)
2 ' 

rne g 2 H g3 - HHBapHaHThI ~YHKIJ;HH BeHepllITpacca, nOTOM rrOJIYQeHHhle 

asrpazceaaa .D;JIR gi(W) H ~i(w) rrO.D;CTaBJIRIOTCR B (II2.2a) H cpéq3HHBaIOT-. 

CR K03~~HIJ;HeHThI nepen COOTBeTCTBYIOIUHMH CTeneHRMH ~(W) H €p' (W) . 

Y)f(e .D;JIR pe30HaHCOB naroro nOpR.D;Ka BhlttHCJIeHHlI CTaHOBRTCR .D;OBOJIbHO 

rpOM03.D;KHMH. I1x MO)f(HO npOBO.D;HTb na rrapcoaarn.asrx xor-mstorepax H 

nOJIYQaTb BCIO He06xo,nHMYIO HH~opMaU;HIO o pemeaaa (D2.3). 

OTMeTHM, QTO ace CKa3aHHoe Bhlwe OCTaeTcR B CHJIe H .D;JIR CJIYttaR 

peaoaanca co cTa6HJIH3HPYIOmHMH tIJIeHaMH, TaK KaK HseI l' 12 ) RBJIReT

CR CYMMOH O.D;HOpO.D;HbIX MHOrOtIJIeHOB no 11 H 12 crerreaa ne nsnue N */2:151. 

DPl1flO)KEHI1E 3 

B 3TOM rrpHJIO)f(eHHH HCCJl"e.D;yeM O.D;HY Ba)f(HYIO xapaxrepacraxy ae
rnraeânoro pe30HaHCa. B npHHRTbIX snecs 0603HaQeHHRX pOJIb BpeMeHH 

HCrrOJIHReT a3HMYT O, TaK ttTO "BpeMR" pa3BHTHR pe30HaHCa ecr's a3HMYT, 

npa KO;OpOM ar-rnnaryna aoapacraer xeorpanaseaao .D;JIR cnysaa nsrpoacne
HHH nOTeHIJ;Hana V(x). 

Paccr-rorpasr (3.6) npn a= O. Peuieaae ypaaaeaan raMHJ1bTOHa HMeeT 

BH,n 

ô . , 
2 { 3o	 (D3.I) 

- (~3 .' 21 x 01 

r,ne 

x/lxol + 1- J3	 ~";3 
k = sin 5"'	 (Da.2)4> 12 ·2 

,.., x/lx oI + 1 +/3 

a xO rro-npexoter-ty .D;aeTCR Bhlpa)f(eHHeM (3.12a). BpeMR pa3BHTHR pe30HaH

ca ecrs 

I~l•
12 

82 6 1/2
8 

00 
lim 8(x) = (--) F(l, k) •	 rrts.aj 
J:-t0Cl Itr~3 Ixol 

3.D;ecb F (ifJ ,k) oaaasaer aerronasrã 3JIJIHIITHQeCKHH aarerpan nepaoro pona. 
Peuieaae COOTBeTCTBYlOmHX ypaBHeHHH (a .15) npa ~ (a 1 ,.b 1) = O ,I:VIR pe

30HaHCa v1 + 3v2 = m+ t H,lJ,JIR pe30HaHCa 2 v 1 + 2v2=S m+ l 3aIIHCbmaeT
CR B BH.D;e 

Ixol8 = ~F(cP' ";2) cP = arccas -  (na.4)x(I XoI 2 

r.D;e 

3813 
+ 

X = [6(1 + -), ,I:VIR v1 + 3v 2 = m + l , (na.5a)o 4 

= /2(2 + 8;2) , ,I:VIH 2v 1 + 2v 2 = m + ( • X o	 (n3.56) 

82 e 
00 

llxol	 (na.6) 
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MHxa.Hnos B.A., UeHoB CJ1. 9-87-438 
K onpe.n;eneHHIO nonocbr HeJIHHeHHhiX 
cyMMOBbiX pe30HaHCOB 6eTaTpOHHbiX KOJie6aHHH 

llpe.n;npHHHTa nOllbiTKa Onpe.n;eJieHHH llOJIOCbi H30JIHp0BaHHbiX 
CYMMOBbiX pe30HaHCOB TpeTbero H IJeTBepTOrO nopH.[(KOB. C nOMO
l.UblO ypaBHeHHH faMHJibTOHa H HHBapHaHTOB .[(BH)I(eHHH nony
'leHhi Bbipa)l(eHHH .[(JIH 3<fl<fleKTHBHbiX llOTeHUHaJIOB, KOTOpbie HCCJie
.[(OBaJIHCb C npHMeHeHHeM MeTO.[(a 3JieMeHTapHOH TeOpHH KaTaCT
po<fl. B Ka'leCTBe KOHe'IHoro pe3yJihTaTa npHBe.n;eHhi <flopMynhr, 
ll03BOJIHIOIUHe OUeHHTb lliHpHHY llOJIOCbl JII06oro CYMMOBOrO pe30-
HaHca TpeTbero H IJeTBepTOrO nopH.[(KOB. C nOMOI.UblO 3JIJIHllTH'Ie
CKHX <flyHKUHH noJiy'leHbi perneHHH ypaBHeHHH faMHJibTOHa 
.[(JIR yKa3aHHbiX pe30HaHCOB H .[(aHa OUeHKa BpeMeHH HX pa3BHTHH, 
npHse.n;eHa cxeMa pac'leTa pe30HaHCOB 6onee BhiCOKHX nopR.[(KOB. 

Pa6oTa BhrnonHeHa B Jia6opaTopHH BhiCOKHx 3HeprHH 011HI1. 

Coo6meHHe 06"be.o;HHeHHoro HHCTHyYTa R.ll;epHbiX HCcne.!J;OBaHHH. LJ:y6Ha 1987 

llepeBO.[( 0 .C .BHHOrpa.[(OBOH 

Mikhailov V.A., Tsenov S.I. 9-87-438 
On Calculation of the Nonlinear Sum Resonance 
Bandwidth of Betatron Oscillations 

An attempt has been made to calculate the bandwidths of isola
ted sum resonances of the third and fourth order. From Hamilton's 
equations and invariants of motion expressions for the effective 
potential are derived which are examined by the methods of elemen
tary cathastrophe theory. The final result is expressed by the formu
lae giving the opportunity to evaluate the bandwidth of all sum re
sonances of the third and fourth order. Solutions of Hamilton's 
equations are obtained in the form of elliptic functions for the reso
nances mentioned, an estimate for the development time for the re
sonance is given. and a scheme for calculation of the resonances of 
higher order is proposed. 

The investigation has been performed at the Laboratory of 
High Energies, JINR. 
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