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!. 0CHOBY TeOpMM 6eTaTpOHH~ KO~e6aHMH B UMK~M48CKMX ycKOpMTe

nfiX COCTal3Jifl8T !ICCJI8.l{OBaHH8 CMCT81! H8~HeltH~ .l{Mrf)!PepeHUMaJII>H~ ypaB

H8HMH C nepHO.l{Mll8CKMI!H KOS~HUii8HTauz. 0CHOBHOH aa,naqea T80pilil flB

~fl8TCfl MCC~8.l{OBaHH8 YCTOttqHBQCTH .l{Bii~8HHH. 

B llOC~8.l{HM8 rO,D;H 60Jll>W08 BHHMaHile y,ne~H8TCfl H3Yll8Hii!O H8~MH8H

H~ HB~8HMH, paC'i8T KOTOp~ llaCTO npe,ncTaB~H8T 60~bWM8 Tpy,nHOCTH, 

llOCKOJlbKY He cy~eCTByeT AOCTaT04HO OO~e~ TeOpMH H8JIHH8~HHX ypaBH8HH" 

C nepMO.l{Mll8CKHMM KOS~WHUH8HTaUM. Ha~HqHe H8JliiH8HH~ 4~8HOB B ypaB

H8Hilil npHBO,ll;MT K llORBJl8HIUl ,D;OllOJlHMT8~l>HHX 11H8JIMH8HH~ 11 p830HaHCOB, 

KOTOpHe 6y,n;yT Ha6~IO,lJ;aTI>CH npH BHllOJ!H8HHH yc~OBHH 

k..c ~"' ... "· "'· + "' ::. 0 ' k.J( I )I:"' .. C} - U8JlH8 qHC-

~a. r.ne (I !cot I+ JIC,~I) - nopa,n;oK peaoHaHca, YJt. H ~z:. ....-qacToTa 6eTa-

TPOHHHX KO~e6aHMI no CTeneHHU X H Z • 

Ec~ llOCUOTp8Tl> Ha ,lJ;ilarpauuy yCTOHqMBOCTM ~D6oro KOHKp8THOrO 

yCKOpHTe~, TO Tpy,nHO BH6paTI> pa6oqyiO TOllKY B.l{a~M OT peaoHaHCOB, 

llOCKO~bKY npl ,ll;OCTaTOllHO 60~l>WHX ~X ,K~ H ~ :scer,n;a Haa,neTca 

peSOHaHCHaR JlHHHH, npOXO,lJ;H~aH :B6~H3H 3TOH TO'lKM. 

B CBH3H C STHU CTaHOBRTCH aKTya~HOH aa,n;aqa MCCJl8,ll;OBaHHH BJlMH

HHH paa~llHHX H8JliiH6HHHX peSOHaHCOB Ha ,lJ;BMK8HMR llaCTHU B UHKJlMll6CKHX 
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yCKOpHTenax. 9THM BOrrpocau ITOCBH~6HO 60nDmOe KOHMqecTBO paOOT/4- 7/, 

~OCTaTOqfiO rronH~ CITMCOK ~TepaTypu UOKHO Ha~TH B /I-3/ 

B ~aHHOA padOTe HCCJieAyeTCH pa3HOCTHU~ pe30H3HC 

Tpeuero rropH~Ka 2 Vz -v ... =1 , KOTopblii rrpoxo~HT ,llOCTaToqHo 6~3KO 

OT pa6oqei1 TQqKM CHHXPOWa30TpOHa ~ffi1. ~ccne~OBaHHe rrpOBO~HTCH 116-

TOIJ;OM KpHJIOBa-Eoromo6oBa. I!onyqeHHHe B rrepBOII rrpHOJUillt6HHH ypaBH6HHH 

Herrocpe~CTB6HHO He MHTerpHpyiDTCH IT03TOyY HCCHeAOB3HMe MX 

Mbl llpOhOAHM B CITeUHanDHO Bb16paHHO~ W330BOK ITJIOCKOCTM. IlyTeU rrpeoo

pa30BaHMH MCXO;!tHOH CMCT6Ubl AH~epeHI.\H3JlDHHX ypa.BHeHHH .H HCIT0llD3YH 

nepBhlU HHTerpan, 3~aqy y~aHOCD CBeCTH K CMCTeUe BTOporo rropH~Ka. 

l1ocJieAHee ll03BOJ!MJIO 3~tjJ6KTH.BHO npHM6HHT:& 

llJIOCKOCTH. 

MeTOA AByuepHoll ~aaoBo~ 

2. !1pM HayqeHMH ABHllt6HMH 33pHllt6HHhlX qacTHU B 1.\HKJIMqecKHX ycKO

pMTeJIHX aeKTOpHoe ypa.BHeHMe (ypaaHeHHe HDIOToHa-JlopeHua) y~ooHo 

33ITHCbi.B3TD B UHJIMH~pHqecKOH CHCT6118 KOOPAMH3T 

s!_ ( wvt.)- V>Vt-e~ ::. e (E.,_+- ~eB .. -i.B,); 
olt J . . -t· clt(m-zt8)= e,(E,.,.z.B"-iB,.); 

4.. (mi) = e (Ez +iB9 - -r.9B'$-) ) 
oLt 

/2/: 

(I) 

r,ne m H e.. - uacca H aapH;n qacTHUbl, E ~ , ( 8 , Ez H B-t- ,B6 , 

B z - ,cooTBeTCTB~HHo, KOMITOHeHT~ aarrpHllteHHOCTM ~JieKJHqecKoro H uar-

HHTHoro llOJI6H 'z:. :it 'l- > (} : it e U... l. : J,t Z! • 

QrpaHHqHMCH paCCMOTpeH~eN ,llBHllt6HHH B OTCYTCTBHe 3ll6KTpHqeCKOrO 

noJrR,KOr~a E'(.=O, £6=0 .E.=o . Tor,na m:wn.st. BBe.ltH HOBYll rre-

peueHHYID .x. ~ "t.- R o (oTKJIOHeHJde OT M,n;eaJIDHoli opoHTbl) Jd HCKHD'UIB 

,n;a;ree Bp6MH KaK H633BHCHMYID nep6M8HHYID CHCT8Ybl (I), YOlltHO rrepel1TM K 

CHCTeMe H6JIHHeliHNX ypaBH6HMli. 

4 

"" " ~"' :L 'F ..X. + ..... .)L = E.. i..x. 
i.=f ' 

r." t' v: z ""' (2) 
= 2: e." f. 

j,.:l .z ) 

F F 
I l<:i. u 

r;ne i.JI. , ;,. i!; - noJIHHOMH OT ~ , .Jt. , z , z , c;. = Ro - uanbiR rrapaueTp, 

mTpi<IX 03HaqaeT ;zt!4!J)<llepeHUHpO.BaHHe flO 9 • 8Ta CMCT6J.Ia B rrpMHUMITe IT0-

3BOJIH6T MCCJie;ztOBaTD JliOOH6 He~H6HHbl6 KOJie6aHI4H B 1.\HKnHqeCKMX yCito-

pHT6JIHX. 

B ;ztaHHOH paooTe CHCT6J.I3 (2) HCCJie;nyeTCH ueTO;ztOU Kpb1JIOBa-EoroJIID-

6oBa B rrep.Bou rrpH6JIHllteHHH B oKpecTHOCTH peaoHaHca .2 Yz- v ... =- i.,. !, 
r;ne J -<.< 1. 

KaK cne;nyeT M3 oo~eit TeOpHH /B/, B rrepBOII npH6JIHllt6HHH CRCTeMa 

(2) 3aM6HH6TCH Ha 
~··+v:.x- =ef;JI-, 

r;ne 

, ,~ 

Z + Yz~ : ~f1Z ' 

v: :. ( 1- n.,), v~'~ :: n.., , 

f 
r 3 1 J. 1 R ] .. rt 11 ~ J ... , ... : L- i + 'i tt.., - -;; tlo + 'I o tlt .J(.. -t L 'I. n.; - ~ R., n., Z + 

-r !. (-"''/' + -i (z')", 

tz = l n: - n.o - R 1 11.1 ]..t-l , 

rt.., H t'Lt - CBH3aHbl C noKaaaTeJI6J.I llarHHTHOrO llOJIH 

n (9. ~) = no (9) +11..(9)-t- -tfn,_(&).x,"+ ... 

(3) 

B o6111eu cnyqae rt.i. (9) (~=0,1.~ ... )- rrepHo;n!rl'ieCKaH WYHKUMH 

no fJ. nllfi CMHXpaclJa30TpOHa Olilffi\ 06blqlio npe;nnoJiarallT, qTQ rl.o ~ OD""'t, 
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n, (9} = n.., -r ~ n.f S;....fB. 
P'' 

TaR KaK :;. v~~.- Y.~t. = 1 + ~ • s- << 1. ' TO YOlltHO noJIOJKI'IT:b 

( , )" ( 1-t-v>t)a 
11~ = -r- -t- t. · t:.., 

r.z~e e .t:J. npe,!ICTaBJIHeT Co60M paCCTpOiitKy. !Ioc;ne STOro CI'ICT6118 ( 3) 

npi'IMeT Bl'l,ll! .x,"+V.:~ : .E~-"• 
, ( 1+v .... )~ (r: ... ) 

Z. + ~ .l = E r1•- I:..·z:::. • 

C.nenaeM B (4) aaMeHy nepeueHHaK: 

.x, :: 14 ~ UJ( B + 't''""') , 

~·:: V.t-ll.t- eo&(~ ... &.,.lf'JI.), 

n HOBaK nepeMeHH~ I'IMeeM: 

z = a.&Su.. [(i~v~th't' .. ], 

z' = 1;~a .. ecs[(iTp)&..- ~]. 

I ~ "' a~= ~ F,~ Cos 0,1(..9 +~x,), 

't'~ =-~:~F..lSt:n(J£9 'ttf.t-), 

ci - ~;: f,( i + """' 9 .. tJ' ] z- 1-~"Vll-rlfCOSt.:.) J r;;r' 

uJ' --~ -F C!.: •• r(,f!.!?~·:Jn ...u] 
Tz - (l+o?t)ltz f:r.U¥"-L _, Jll.,. lz ' 

( 4) 

(5) 

(6) 

r.ne F.x 1'1 f:', - nonyqaroTCH ,cooT.BeTCTBeHHO 1 1'13 ~-" 1'1 ( F.i - A "l.) 
- 6CJ11'1 B HI'IX ,;G. 1 .x,' 1 Z: 1 !:' 38116HI'ITb no WOPYY1I811 (5). 

nHwwepeHUI'I8JlbH~e ypaBHeHI'IH,npi'IBe~eHH~e K BI'I~Y (6A H83~aJOT 

YPaBHeHI'JHMI'I B CT8H,!18pTHOM wopMe. Ycpe,!IHI'III CI'ICTeYy (6) no 116TO.!IY Kp~

JlOBa-Eoroni06oBa 181. Ycpe~HeHI'Je Be.neTcH no 9 .rrocne ycpe~HeHHH HMeeM: 

6 

r.ne 

a'-¥ 

'Y: 
=~<>G. a;~(o/;e.-2-~), 

\).(.. 

= J:.o<, Ot" Cos('1'.(.-2'r._), 
~,;(, ~ 

a' -- Lf£ <>G.~ a.z Si.t- ('r.c-2~) 
z - ~Jt+l , 

I .2. E. [A ~~ = t·d.:(. "i" -r~ctet..~~-Cos (<&-.t%)], 

d= R.. 16" 1111 

( 7) 

~CCJie,!IOB8HI'Je CI'ICT611 Tl'lna (7) B6,!16TCH Q6~qHo MeTO,!IOM W830BOrO 

npOCTp8HCTB8. B ,llaHHOM CJiyqae STO 6y,lleT 4-MepHOe npOCTpaHCTBO 1'1 

.naxe noc;ne npeo.noneHI'IH 601IbWI'IX TeXHI'JqecKI'IX TPY.ziHOCTeiii (Hanpl'luep, 

onpe,lleneHI'Ifl xapaKTepa oco6aK ToqeK) KapTI'IHa 6y.neT YanoHarnH~Hoiii. Ilo

KallteM, KaK MOlltHO I'ICC1I6,!10B8Tb CI'ICTeMy (7) Ha HeKOTOpO~ W830BOiit llJIOC

KOCTI'I. i'].1IH aToro yi.lHOiiUW nocne;~J;Hee 1'13 ypaBH6HI'IK ( 7) Ha -2 1'1 CJIO

llti'IY CO BTOpbiMo !IOJIOJKI'IM ellle o/.Jt, - _2 ~-:. <f' • BM6CTO (7) nonyqi'IM! 

, E. ,.. L s· ~ aoll = ~ ""v..z """o.r , 

' e a z :. - ---.,- Jf ~ cto~~- a.:~: s i-+1. cp , 
f+V& (8) .., 8 

cp' :. E [- ::~..,-+ «, ( { ... ~ - l+~.~-~)eos tF]. 

EC1I>l K CI'ICTelle (8) npi'ICOe~I'JHI'ITb BTOpoe I'JJII'I qeTBepTOe ypaBH6HI'Je 

CHCT6Y~ (7), TO OHI'I 6y,llyT SKBI'IB8Jl6HTH~. 

Ml3 nepBbiX ~BYX ypaBHeHI'I~ CI'ICT611~ (8) no;nyqaeu: 

'I .J:~, a! + ( ~ + J.,.) ex} = co~t = H. (9) 
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8To nepB~~ ~HTerpan ~nR c~cTeu~ (8). Hcnonbaya ero, noH~a~u 

llOPHAOK C~CT6Y~ (8) Ha e~~H~QY. 

rronyqaeu: 
.t 

' e ( H-ltJ ... as) . 
ax, = ~ r£ 1 + ""' S-1,... cf 1 

I [ .: .4 + ( H- ·~ ~ ... t.P. ) .+. ] cp = c - f+YJ(, ~ ~ .. u ... v~>~ cos 't' . 

llae,D;il B (10) HOBble nepeMeHHb!e: 

v = a,""' .5-iM- cp. 
U = aJI, Cos ci', 

rrony~u: 

V'= f!., .. [ot.~-2AlL-4.,(,(V~.3lit2-)], 
U.' = 1:~..,(~AV+8~VlL]. 

{IO) 

(II) 

(12) 

WTaK, YH CBBHH HCCHe~OBaH~e CHCTBU~ (7 ) K HCCH6~0BaB~~ C~CT6-

UH (12). llp~ 3TOM 1 KaK BH~HO H3 CllOC06a npeo6pa30B8H~H, a TOl{H66 ~3 

(8), (9), (IQ) ~ (II) cne,IlyeT, l{TO 3HaH~e 11KapT~HH 11 ~Hfl C~CT811~ 

( I2) Ha riJa30BO~ ITHOCKOCT!tl ( V , U ) IT03BOHfl8T BOCC03~8Tb KapTHHY B 

uenou 1t1 ~nH cltlcTeM~ (7). 

3. 3aHYBYCfl ~ccne~OBaH~ey CHCT6Y~ (I2) Ha riJa30BOK nnOCKOCTitl 

cv ,ll ). 
.t. H 

Ha (9) cne~yeT, qTo a.J/, ~ J.lv., 0TC~,Ila H H3 (II) rrony1.1aeu, 

'-ITO 

H 
V .t. u .\ ..:.. -;-:-:;- . 

T - '1 II"' 
(I3) 

• 

I 
\ 

' 

3Ha'-l~T, U~ UOE6U orpaH~~TbCH ~Ccne~OBaHHeY CHCT6U~ (12) Ha 

TO~ 1.18CTH llHOCKOCTH (If sVt ), r~e B~llOHHH6TCH (13). 

0co0HMH TOl{KauH CHCT8YH (12) Oy,D;yT: 

A, cv; = o, u. =- '~"' ·hJ(~.s· + .:~J, 

As (V. =-0' tt~ =- J~tl{,- vc:.,J~+ .:~.), 

B-t (V,=Hi. -(:.J~:, UJ=- :.(,) ' 

B"' (VJ=-J,H~.-(~.,Y:, Us=- :d.) 

Herrocpe,D;cTBeHHaa rrpoaepKa rroKaaHBaeT 

a TaKll:e npHuaa 

V %. +Tr~ - .!L ' 
VI. - li ~., 

A 
{,{ :. - 11"" 

liTO OKPYlKHOCTb 

flBHfl~TCfl TpaeKTOpHHM~ ~Hfl (12) Hnltl pemeHitiHMitl ~HH 

J;u ,.c. v + iot. vu 
dJ.f = ~~- ~~u -4~ [v"'-r3U~ 

( 14) 

( 15) 

(16)" 

( 17) 

KaK B~~Ho ~3 (I4),VJ. ~"\I; - KOOM~HaTb! TO'-leK Bi. 11 B£HYBiiT 

BH,l!: '-T -+~H-(.A)l 
VJ.,3 -- ii& 7j""i; • 

nna orrpe~eneHHOCT~ paCCYOTpHU llOHOllt~TBHbHY~ paCCTPOHKY ~ 
6 

TOr.zta ~ ~0. nanbH6~llil16 HCCHB~OBaHHH pa3o6bBY Ha 3 cnyqaa: 

I. 
_tL (A )-' 
4 Vx 7 7j;i; t 

- H (A ).t
!l. ~ ~- <.. lf,i ' 

!!!. k =- (tt. 
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PaccuoTpHY I cnyqaU. ~a Teopeu~ nanyaoBa /S/ cne~yeT, qTo oco-

6~e ToqKw .B, H .Bz-ce~na. Herrocpe.ncTBeHHaH npoBepKa rroKa3~Baer, 

qTQ OHH nexaT Ha nepeceqeHHH OKpylii:HOCTH (15) H npaMO~ (!6), KOTOp~e 

aBIDIJOTCH cenaparpKcca~m ;IIHH .B 1 I'! B.. • Kpoue Taro, A, H A~. nelltaT 

BHyTpH Kpyra, orpaHfllqHBaeuoro OKpylii:HOCTblO (I5),no pa3H~e CTOpOH~ OT 

rrpaMo.li (!6). XapaKTepi'!CTHqecKHe noKaaaTenl'! (KopHH) ,liHH A, H Aa 6Y.liYT 

qHCTO MHHMLIMH H, CJie)IOBaTeJibHO, A, H A.,-oco6~e TOqKfll THITa ueHTp 

liiHH ilJOKyC. HHllte 6y,lleT IIOKa3aH0 1 qTQ np06JieYa UeHTp-!lJOKYC B HarneY 

CJiyqae paapemHMa H qTo A1 H A.. - ueHTp~. nnfl CHCTe-

llibl ( !2) nonyqaeM Ha ilJasoBO~ TIHOCKOCT:r.l ( Y , U ) CJie,llyiOIIIYIO KapTHHY 

(CM.pl'!c.I)i U 

B, 

,1. - .11.V"'+U -'f~:~.. 

-----~>•-- v 

PI'! c.!. 

PaccMoTpHM II cnyqa~. KB.K Bl'!.l\HO 1'!3 (I4),ToqKI'!.B, 11B.-. Boo6me He 

cymecTByJOT. Kpi'!B~e ( !5) I'! ( I6) He nepeceKaJOTCH I'! ToqKa A., nelii:I'!T BHe 

Kpyra, orpaaHqHBaer.toro .oKpyEHOCTbiO ( I5), a A.-BHYTPH Hero. ToqKa A, 

Oy.r~er (KaK H B I-M cnyqae) THna ueHTp HJJH ¢oKyc.HHze Oy.ner noKasaHo, 

qTo Ai - ueaTp. ~aaoBaa nnocKOCTb (~ ,tt) HMeeT BH.ll (cu.pHc.2). 
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i 

+ 

' 
'l 
~ 

r,t 

PHc.z. 

II vJ.-ruA = 41: 

I- Y" 

.AU:- 1t~ 

PaccMOTPHM Ill cnyqaM. Toql\H B1 , B.t I'! A..., co:ana,I~aJOT, rrpHuaa (!6) 

KacaeTca OKPYlKHOCTIII (!5) H TOqJ\a .B, =B"'= A,. - CJIOlltHaH oco6aH ToqKa. 

MOlKHO TIOKasaTb OTIHTb, qTQ TOqKa A 1 - UeHTp. oTOT CJiyqa~ He xapaKTe

peH ,liJIH CI'!CT6M~ (12), TaK KaK OH OCYIII6CTBJifi6TCfl C HyJJeBon BepOHTHO 

CTbDo ~a30BaH TIJlOCKOCTb (lr ,l{ ) HM66T Bl'!,ll (CM.pl'!c.3); 

u. 

:S, =.B,~=A,_ 

Pl'!c.3. 

II 

s .!!.. v.a-ru "'~~~" 

.4. 
u =- 4~JL 



4. iloKallteM, qTo A1 1.1 Al.-oco61:le TO'IKH THna ueHTp. 

ECHH ypaBH8HM8 HY88T BH~: 

ol.u v-ra.V2 + (.$.S-t.v)VU ... c..u" 
rkV =- lt t-N" -r (~e+ ,P)VV. -r 9 U ~ ' 

(18) 

TO (cM./9-Il/) npH BHllOJIH8HHM no KpaMHeR Mepe O~HOrO H3 meCTK ycno

BK~ HU a,s,c,~,p,~ ocodaH TOqKa (0,0) ~JIH ypaBH8HKR (18) dy~eT 
neHTpOM, Tenepb llOKallteM, qTO ypaBH8HH8 (17) MOXHO npHB8CTH K BK~Y 

(18). ..... 
!10JIOlKH!ol: U = U+U~ 

v=v 
r~e U: ;_ - aTo U - Koop~IIIHaTa ToqeK A 1 1.1 A~. Tor~a (17) nepenlll-

weu TaR: 

ciu 
cJ,V 

nna BC8X paCCYOTp8HHHX 

ITOSTOYY YOlltHO llOJIOlltMTb: 

Ill 

A+ ljq.l-£i.. 

6, 1" /~o{,U.• 

- lfat -V + .6 +"tcttr. YU. 
\.t .... ~ [v~ Jii.~.J 

b1"1Ull>;. + 

cJiyqaen (1,il,ill) nepHo,qTO 

fl T 4c<, u_, /" Q . 
ll. +J2o(,UL 

r~ = .6 +l.jot.\.U. 

" U =P'Lt 
/< -v -;v . 

" ,. ljJ, ,. ,. 

(19) 

Tor~a (19) npHMeT nH~: 
olu. __ V-t-~ VU 
rJ, -\r- ll-t- ~ .1. r.ys 3...,.11 .. ] ·(20) 

.A+12.oU-t, p l + t" 
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GpanHwnaa (20) c (18),Hueeu 

a.=c =J3=0· 
9TO llOCJie~Hee yCJIOBH8 HBJIH8TCH ~OCTaToqHJ:lM ycJIOBH-

eY /9-Il/, qTo6bl A1 111 A., ;zvm ypanHeHHH (20) HJIH (17) HBJIHJHI..:b oco6b1YH 

TOqRQYK Tllllla U8HTp, 

3AIOIKJ1!EilliE 

Ha (9) CJie}l;yeT, qTQ a.YllnHTY~I:l OdOHX BHJJ;OB KOJI~6aHHirt a.~ H 0-z 

OCTa~TCH B npouecce JJ;BHllteHHH orpaHJ.1qeHHI:lYH K p830HaHC He npHBO}l;HT 

K HeyCTOirtq"HBQCTH. TaR KaR B (9) He BXO}l;HT HBHO paCCTpOitKa A , TO au

IIJIHTyJJ;a OCTa8TCH KOHeqHOit }l;aJte TOqHQ B peSOHaHCe. ltpmae Taro, yBe

JIHqeHH8 O}l;HOK !.13 alolllJIHTYJJ; B8JJ;eT R yMeHbiDeHH~ ~pyroit, llOSTO!oiY 8CJIH, 

HanpHYep, ~BHlleHHe npoHCXOJJ;HT no TpaeRTOPHHM BORpyr ueHTpa A._ (cu • 

pHc.1), TO YOlKHO llO}l;OOpaTb TaKHe napaYeTpl:l ~ •", npH KOTOpl:lX ncer~a 

~ >01-z. EcJIH B aaqaJibHblit YOYeHTZ(9,):0 (T.e. a,.=o ), TO ~BH

ll8HH8 BCe BpeYH OCTaeTCH B ye~HaHHOK llJIOCKOCTH, T .e, Z (9) = 0 • h:CJIH 

B HaqaJibHblit JIO!o18HT .X(90):0 1 TO .X,(9)o/= 0, TaR Kalt TOl{lta (0 10) He 

HBJIH8TCH OC060R ~JIH CHCT8Mbl (12), 
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