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CHnbi, )J.Eit:CTBYIOI.l{HE HA ci>EPPOMArHHTHbiR 
O.liPA3EQ, llOMEI.l{EHHbiR B MArHHTHOE nonE 



Ha ~eppoMarHHTHoe Teno o6beMOM dv, noMe~euuoe 
B MarHHTHOe none, ,neii:cTayeT 3neMeHTapua.fl cuna - .... .... 

dF=V[M.H]dv, /1/ 
.... .... 

r.ne M - MarHHTHbiB MOMeHT e,nHHH'IHOro o6beMa, H - ua-
np.fl:>KeuuoCTb MarHHTHoro non.fl BHYTPH dv , v - onepaTop 
ua6na. 

PacKpbiBa.fl Bblpa:>Keuue /1/ a npe,D,nono:>KeHHH, 'ITO ua
MarHH'IeHHOCTb M nocTO.flHHa H paaua npe,nenLHOMY Jnaqe
HHIO, ,nOCTHraeMOMY npH HaCbl~eHHH, a TOKH npOBO,nHMOCTH 
BHYTPH 06beMa d v OTCYTCTBYJOT, nonyqaeM 

- .... .... a a a .... 
dF=(MV)Hdv=(M -+M -+M -)Hdv. /2/ 

xax Yay zaz 
IlpH ycnOBHH, 'ITO HaMarHH'IHBaHHe paCCMaTpHBaeMblX 

o6pa3UOB npOH3BO,nHTC.fl B OCHOBHOM TOnbKO no BepTHKanb
HOMY nanpaaneHHIO z, T.e. KOr,na C ,IJ,OCTaTO'IHOH TO'IHOCTbiO 
M =M ,.,Q ,aM =M=21000/4rr, HMeeM 

X y Z 

-- aH dF =M -dv. /3/ az 
0TCIO,na nonyqaeM KOMnOHeHTbl CHnbl df: 

dF ,.,MriHxdv,dF =M~dv, dF =M aHzdv, 
X dZ Y a Z Z dZ 

/4/ 
.... 

HnH C y'leTOM COOTHOWeHH.fl rotH =0: 

iJH . aH aH 
dF = M -2 dv d F =M a:...,.:;.z..dv , d F = a zz dv. 

x Jx ' y y z 
/5/ 
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0TCIO,na KOMDOHeHTa CHJibl F
8 

MO)KeT 6LITL onpe,neJieHa 

cne,nyroll.UIM o6pa3oM: 

F = If fM aHz d v, 
s v as /6/ 

r,ne HH,I{eKC S DpBHHMaeT 3Ha'leHHJI X, y , Z COOTBeTCTBeHHO. 

B 06~eM CJiyqae KOMDOHeHTbl CHJI MO)KHO onpe,neJIBTL 

TOJILKO 'IHCJieHHbiM BHTerpBpOBaHBeM. 

O,nHaKo so MHOrBX npaKTB'Iecxux cny'laJix Ba)KHO one

HBBaTL CHJibl, ,neiCTBYJOIUBe Me)K,ny DJIOCKODapaJIJieJILHbiMB 

lileppoMarHHTHbiMB DJiaCTBHaMH. 

~JIJI 3TOrO 'laCTHOrO CJiy'laJI Bblpa)KeHBe BepTBKaJILHOH 

COCTaBJIJIIO~e:i OT DJIOCKOnapaJIJieJILHOH DJiaCTBHbl HMeeT 
BH,n /2/ 

8 . 1 
H -= M I (-1) I+ arctg Y +ai ~l 

z i=l z +h. 2 . 2 ·-2 
1 y(x+£.) +(y+a.) +(Z+h.) 

I I I 

. /7/ 

Pa3Mepbl 6pycxa a,nonL ocei x, y , z 

COOTBeTCTBeHHO. BeJIB'IBHbl a i , ei 
KaK 

paBHLI 2 £ , 2a , 2h 
, hi onpe,neJIJIIOTCJI 

a =-a 1=-a 2=a 3 =a 4 = a 5 =a6 = -a
7 

=-a
8

, 

e = -e • = e 2 = e 3 = ~ 4 = ~ 5 = e 6 = e 1 = - e 8 • 

h =-hi =--h2=-h3=--h4=h 5 =h6=h7 =h8 . 

KOMDOHeHTbl CBJI, B03HBKaJOll.Uie npB B3aHMO,neHCTBHH 

.-:Byx DpJIMOyrOJILHLIX WBMM, DOMeiUeHHbiX B O.I{HOpo,nHOe 

BHemHee MarHHTHOe DOJie B CHCTeMe KOOp,nBHaT, DOKa3aHHOH 

.~a puc. 1, onpe,neJIJIIOTCJI B3 /6/ npu yqeTe /7 I cne.nyroll.UIM 

o6pa3oM: 

.:l 

~ 

'" (\.) 

l 

i.J 

Puc. 1. B3aUMHOe pacnoAOJICeHue oeyx 6pycK06 6 oeKap-
111060U cucmeMe KoopouHalll X, Y , Z . 
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8 
F =M

2
! 

X i= 1 

1 
xt+e 
f 

xcel 

Yt+al 

f 
YI-ai 

zj+hl 

zl- hl 

(Z+hf)(X+ f'>i )dxdydz 

/8/ 

2 2 2 2 2 
[( y+a?) +(Z+h?) ]y'(x+e?) +(y+a~) +(Z+h?) l l l l l 

I 1 
xi+e YI+a zi+h I 

2 8 f 
f 1 F = M .! f I 1 

y l= I XI- e y c a zch 
/9/ 

(z+h~)(y+af)dxdy dz 

2 2 2 2 2 
[(x+ e~ ) +(z+hn hl(x +en +(y+a'i) +(z +hi) 

8 
F =-M2 ! 

X l+CI 

f 
YI+al 

f 
z +h 1 
} ( X + f Y )( y +a ? ) X 

z 
xcfl real i= I 

zi-hi .i(x+ e~)2+(v+a~)2+(z-+h'?)2 v l J l l 

/10/ 

X [ 
1 + ; ] dx dy dz . 

(y+a~)2 +(Z+h~)2 (X+ f~)+ (Z+h'?)2 
l l l l 

Bae,IJ,eM o6oJuaqeHH.H: 

6 

3,IJ,eCL 

x ik = x 1 + e~ + e ~ . 

Y ik = Yt +a~ 
1 

+a k ' 

Zik=Z 1 +hoi +h~' 
2 2 2 

1h = v xi k + Y i k + z i k 

e'?=e.' a.O =a. ' h'? =h.; l l l l l I 

1 oi I I I oi I I I e = L I = e 2=- e 3 = -e 4 = L 5 = e 6 =-f 7 = -e 8 

a 1 = a I = a I = a I = a I =-a I = -a I = _a I =-a I ; 
1 2 3 4 56 7 8 

1 I 1 I I I I I I 
h = h I =-h 2 =--h 3 = h 4 = -h 5 =h 6 = h 7 =- h 8 • 

BenHqHHLI F x , F Y , F z B npHH.IITLIX o6oJuaqeHH.HX HMeiDT 

BH,IJ, 

M2 8 i+l 8 k+l 2 2 yik 
F =- ! (-1) ! (-1) [Y P +(Z -X )Arsh- +1 

X 2 i=I k=I ik ik ik iJC 2 2 
vXik +Zik 

P·k-X.k X·k Y 'k +X. Y. fu 1 1 + 2 X Z arctg 1 1 
] 

l~ Ik ik i k ' 
Pik+Xik zikpik 

/11/ 

M 2 8 i+l 8 k+I 2 2 X ik 
F =-.! (-1) ! (-1) [Xik pik +(Zik-Yik)Arsh + 

Y 2 I= I k =I . 1 y 2 z 2 
v ik + ik 

/12/ 
p. k - y. k X· k Y· k 

+ Xi k y ik fu • • + 2 yi k Z i k arctg • • ] ' 
Pik + Y ik zik Pik 
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2 8 i+l 8 k+l 
Fz = M .~ (-1) l (-1) [X ik Yik arctg 

1=I k=I 

z ikpik 

xik Y ik 
+ 

zik pik-Xik pik-Yik 
+ z. k P. k + -2- ( X. k £'n + y. k £'n ) ]. 

1 1 1 p + X 1 p +Y 
ik ik ik i k 

PaccMoTpuM qacTHbiH cnyqaii:: 

1. a0 =a I =a , eo= £ I = £, h 0 =hI = h 

/13/ 

Ilpu :nux cooTHOIIIeHH.IIX cuna F x 

/eM. puc. 1/ orrpe,IJ;en.~~:eTC.II KaK 
.IJ;JI.II X l = 0 , Z I = 0 

2 Fx=M (R1 +R2 +R
3

+R
4

), /14/ 

r,D;e 

RI =2YI < vri
2 

+ 4ez-~ - v y~ +4 e 2 - v y~ +4h 2)-

2·2 2 2·2 22, 
-( yi-2a)[y(yi-2a) +4£ +4h -y(y

1
-2a) +4£ -y(y

1
-2a)+4hJ-

-(y
1 

+ 2a)[y(yi +2a)2 +4£ 2 +4h 2 -.v(y
1
+2a)

2
+4e

2
:....v(y

1
+2a{+-4hi..:.., 

2 
-Sa , 

< v y ~ + 4 e 2 + 4 h 2 - u )( vy ~ +4 e 2 + 2 e ) 
~ = 2£ [ 2y l fu -

< vy1
2 

+4£
2

+4h 
2 

+2£ > {vy{ +4e
2 

-2 e > 

( ( 2 4 2· 2 2 . 2 -< Y -2a)&t v YI-2a) + e +4h -2 ex v(y 1-2a) +4 e +2 o _ 
I <v<yi-2a)2+·4e2+4h2+2£)(v(yt-2a)2+4e2-2e) 

8 

' 

l 
J 

2 2 2 2 2 
h/(yi+2a) +4e +4h -2£Xy(yi+ll) +4e +2e) 

-(yi +2a) £'n ], 

< v<ri+2a)
2
+ 4e 2+4h

2 
+20Cv<YI+2a)

2
+4e

2-u) 

YI £ ( YI -2a)£ 
R3 = 4£ h [2 arctg - arctg --:==::::;;:::=:::;;::=:::;:.: 

hvyr +4 e2+4h
2 

hv<yi-2a)
2 

+"4£ 2 + 4h2 

(y I+ 2a)£ 
- arctg ] , 

hvl(y I+ 2a)2 +4 e2 +4h 2 

( 2"42" 22 
R

4 
= 4 [(h2- e2)£'n y1 +vyi+ £ +4h) 

( yi+2a+y(y
1
+2a)

2 
+ '4£ \ 4h

2
Xy I-2a+y(y1-2a)

2+4e~h1 

2 ( Yt+ VY~ +4e
2

)
2 

+ e en----==::::::=:::::::;~----=======;:::~=-
< yi +2a +y(y

1
+2a)2 +·4e2)(y

1 
-2a+ y(y

1
-2a)2 +·4e 2) 

-h2 fu (yl + VYI2+4h2 )2 

(yi+2a+y(yl+2a)2+4h2Xyl -2a + V (yl-2a)2 +4h2) 

]. 

2. PaccMOTPHM cnyqa:H, KOr,D;a Me:>K.IJ:Y rrnacTHHaMu ,D;eii:-
CTByeT TOJILKO cuna F z, T. e. x 1 =0 , Y 1 =0. BBe,D;eM o6o3-
uaqeuu.~~:: 

p = V zl2 + 4a2 + 4£2 
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P =v(z
1
+2h)

2 
+ 4a2 + 4e 2 

+ , 
2 2 2 

P_=vf(z1 -2h) +4a +4£, 

Pe = vz ~ + 4£ 2 , P
8

=vz 1
2
+4a

2 

2 2 
p = v (zl + 2h) + 4 e 
+e 

P+a =v(z 1 +2h)
2 

t4a
2 

, 

P-£ = v< z 1-2 h )
2 

+ 4 e 2 2 2 
P_

8

=v(z
1
-2h) +4a 

Tor.na l 
F z z1 p (z - 2h) p_ (z 1 +2h)p I 

7.2 = 16 a f[2 arctg -- - arctg 1 - arctg + ] + 
M 4a£ 4 a£ 4a£ 

+4£[2z(en p-2£ Pe-2£ 
I --2- - &t --- ) 

P + e Pe +2 e -

p -u p -f -·2£ p ~e P+£ -2e 
- ( z - 2h)( &t - -En )-( z +2h)(fri-+ __ fu )] 

I n _.._ ?V n _.._ 7 V I p + 2£ p + 2 f 
+ +e 

+ 4a[ 2z
1

( en p-2a _ &t Pa -2a 
p +2a p +2a ) -

a 
/15/ 

p -2a p - 2a p -2a p -2a 
(z

1
- 2h)(en - - &t-=-a -)-(z

1
+2h)(fu_:!:__ -&t +a _ )] 

p_ + 2a p +2a p + 2a p + 
- + ~ 

+4[2z 1(z
1
+p-pa-pe)-(z

1
-2h)(z

1
-2h+p_ -p-a-p-f)-

-(z 1+2h)(z 1+2h+p+ -p+a -p+f )]. 

10 
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! 

I 

TenepL noJIO)I(BM, 'ITO h .... "", T.e. paccMaTpHBaeM OlfeHh 

AJIHHHWe B HanpaBJieHHH Z DJiaCTHHW. 0603HalfHB 3a3op 

Me)K_ny nnacTHHaMH 11epe 3 g, JanmueM 

F 
M ~= 4 g ( V g2 +4£ 2 + V82+4a2- V g2+4a2+4e2 -g)+ 

+16a-f (!!.. -arctg gvfg
2 

+·4a
2

+'4e2 
2 . )+ 

4ae 

+4g[e.en <vg2+ 4e
2
-2e Hv!g

2 
+4; +4£ 2 +2£) 

(V 8 2+ 4f 2+ 2e )(vfg 2 + 4a 2+·4e2-20 

o_ ( vfg 2 + 4a 2 -2a)( yg 2 + 4a2 +4£ 2 + 2a) +a•UI ]. 
( V g 2 + 4a 2 +2aX v g 2 + 4a2 +4£2 -2a) 

+ 

113 :noro BWpa)KeHHJI CJie,nyeT, 'ITO DpH 8, MHOrO MeHLWeM 

a H f, CHJia f z He 3aBHCHT OT g H 6y,neT paBHa 

Fz =217 ~S, /17/ 

r,ne S - DJIOIQa,nL CelfeHHJI DJiaCTHHW DJIOCKOCTLIO, nepneu-

AHKYJIJipHOH Z. 2 

3aBHCHMOCTH nonyqeuuoi CHJIW Fz /.neneuuoi ua M S I 
OT OTHOCHTeJILHOH BeJIHlfHHW g/2[ AJIJI HeKOTOpWX 3Halfe-

HHH g;2 a npe,ncTaBJieHw ua pac. 2. 
H3 pacyuKa cne,nyeT, liTO KpHBwe nepeceKaroT ocL (FjM S) 

B TOlfKaX 

4 g g "- g2 211- arctg-+ -UI . 
2 a a g2+4 a2 

II 
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0,5 
I .............._ .............._ 

0 0.2 0.4 

Puc. 2. 3aeucuMOC111b 
6eCKOHe"'HO OAUHHbiMU 
MeJICoy HUMU. 
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CUA, oeUC1116Y10UIUX MeJICOY oeyM.R 
WUMMUMU, 0111 eeAU"'UHbl 3U30pa 

B 3aKJDO'IeHBe OTMeTBM, 'ITO B3nmKeHHLIH MeTOJJ; 6Lin 

BcnonL3oBaH npB KOHCTPYBPOBaHBB warHBTHoro KaHana CBH

xpo~BKnOTpoHa OHJIH JVIJI pac'leTa cBn, JJ;eiicTB}'IOUUIX Me)I(JJ;Y 

OTJJ;em:.HLIMB WBMMaMB ero ce~BH. 
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