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' TipH peweHHH H90JlHOp0JlHbiX rpaHH'IHbiX 38Jl8'1 sneKTPOilHHSMHKH C Oll

HHM pa3pbiBO~ rpaHH'IHbiX ycnOBHA' 'ISCTO HCnOnbayeTCSI M9TOJl BHHepa-Xon

«<la-~OKa (BX~) Ill. 

K TSKHM 38Jl8'18M OTHOCSITCSI JlHcPpaKUHSI aneKTpOMarHHTHbiX BOnH Ha 

KOHUe BOnHOBOJl8 Ill, B036Y*Il9HH9 nony6eCKOH9'1HOro BOnHOBOJla npOH3BOnb

HbiMH HCTO'IHHK8MH l2l H T.Jl. 3TH 38Jl8'1H cPOpMynupyiOTCSI B BHJle, H~npHMep, 
CHCTeMbi HHTerpanbHbiX ypaaaeauA, peweaue KoTopoA nony'laeTCSI a o6weM 

BHJle nyTeM cPSKTOpH38UHH SIJlpa HHTerpanbHOro ypaBHeHHSI. 

llnH 38Jl8'1 C JlBYMSI HnH HeCKOnbKHMH pa3pb!B8MH rpaHH'IHbiX ycnoBHA 

06WHA MeTOJl peweHHSI CHCTeMbl HHTerpanbHbiX yp8BH9HHA' noKa He HaA)leH. 

llnH KOHKpeTHbiX 38Jl8'1 B Onpe)leneHHbiX npeJlenbHbiX cny'ISSIX nony'I9Hbi 

8CHMnTOTH'I9CKHe peweHHSI /3/. 

8 HSCTOSIWeA pa6oTe H3y'laeTCSI B036Y*Jl9HH9 KOH9'1Hb!X 0Tpe3KOB BOn

HOBOJla; 38Jl8'18 0 B036Y*Il9HHH OJlHOrO KOH9'1HOrO 0Tpe3Ka CBOJlHTCSI K CHC

TeMe HHTerpanbHbiX ypaBH9HHA' OTHOCHTenbHO nnOTHOCTH H8B9Jl9HHOro Ha CTeH

KSX TOKa. ~H3H'I9CKSSI HHTepnpeTSUHSI cPSKTOpH30BSHHbiX S!Jlep n03BOnSieT pac

CMSTpHBSTb KOHUbl BOnHOBOJl8 KSK JlOnOnHHTenbHbl9 HCTO'IHHKH aneKTpOMar

HHTHbiX BOnH C onpeaeneHHbiMH CBOACTBSMH. 

TaKHM *e MeTOJlOM HSXOJlHTCSI peweHHe rpaHH'IHbiX 38Jl8'1 JlnSI CHCTe

Mbi H3 KOH9'1HbiX 0Tpe3KOB, B TOM 'IHCne H JlnSI nepHOJlH'19CKH pacnono*eH-

HbiX BJlOnb OCH 0Tpe3KOB BOnHOBOJlSe 
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I 

B 121 paapa6oTaH MeToa peweHUH aaaa~u o soa6y*aeauu sonaosoaa 

c oaauM paapbiBOM I'paau~HhiX ycnos1dl:. Oaua ua peaynbTaTOB, rrony~eHHhiX 

B 12 I 
0 

- 3TO !fJU3U~eCK8H UHTeprrpeTaUUH TO~KH pa3pbiBa K8K HOBOI'O, HaBe

aeHHOI'O UCTO~HUK8 aneKTpOMai'HHTHhiX BOJIH C orrpeaeneHHbiMH KOHKpeTHhiMH 

CBOHCTB8MH. 0CHOBhiB8HCb Ha 3TOM, lfail:aeM peweaue aaaa~U 0 soa6y*aeHUH 

6 -~ Kpyi'JIOI'O sonaosoaa c asyMH 11 onee paapbiBaMH I'paHU~HhiX ycnosuu • 

PaccMoTpUM caaqana aoa6y*aeaue oTpeaKa Kpyi'noi'o aonaoaoaa 

(z :;.z<z ,0<¢<2rr, r =d), rroMeweHHOI'O KOaKcuanbHO BHYTPb 6ecKo-
I - 2 

He~HOJ:i: K08KCuanbHOJ:i: JIUHUH C paaHyCaMU CTeHOK r =a I , r=a 2 (a I <a 2 ' 

a ( r , b < a 
2 

) BMeCTe CO CTOpOHHHMH HCTO~HHK8MH. 8 o6weM cny-

~ae IlOnH 8KTHBHbiX HCTO~HHKOB o6ycnoBneHhl TOK8MH, H8XOaSIWUMHCH CJieBa 

OT Z I Me*aY 

f=fn+fcp+frr 

z 
I 

H z2 11 crrpaBa oT z2 • 

HaBeaeHHhie TOKH Ha CTeHK8X BOJlHOBOaa UrueM B BHae: 

F = F I +F 
orr 

(1) 

(2) 

YpaBHeHUH Tuna BuHepa-Xorr!fla-<t>oKa (BX<t>), KOTophiM aon*Hhi yaoBner-

BOpHTb 3TH TOKU, IlpHHHM810T BHa:. 

j dw e lwz (F
1

+F )=0 
o cp 

rrpu z > z> z 
I 2 

(3) 
lwz I 

J dw e ( L F + f + f ) = 0 IlpH z I< Z < z 2 

3aecb, B OTnU~He OT cny~aSI, paao6paHHOI'O B / 2 /, UM9JOTCH aBa HOBhiX 

UeHTpa H3Jly~eHHSI IlpH z = z I H Z =Z 
2 

• TipoBeaH COOTBeTCTBYJOWHH COilOC-

T8BHTeJibHhiH 8H8JlH3 ypaBHeHHH (3), K8K 3TO caenaHO B l2 I, HCKOMYJO UJIOT-

1 
HOCTb TOK8 F orrpeaenHeM B BHae: 

x/ 0603Ha'leHHH, npHHHTb!e 3A8Cb, COBIT8A810T C 0603Ha'leHHHMH 
121 

4 

.-

"' 
~~-!, 

: ~~~: ', 
·,I, 

F1 -1 I 1) -lwz 1 L (A +B e + 
+ + 

-I 2 2 -lwz 
+ L (A +B )e 2 

- + 

3aecb s A 
1 

+ 
t 

11 B_ sxoaHT aMrrnuTyahi sona, rroAxoaHwHx 

cnesa H crrpasa, s A 2_ H B ! sxoaHT aMrrnHTyahJ sona, 

TO~Ke z = z 
2 

crrpasa 11 cnesa (puc. 1 ) • 

BonHhl, rroaxoaHwue K TO~Ke Z=Z 
I 

f n , rroaToMy A 1 

+ 
UMeeT BUa: 

1 oo L-t(w ) x 
A (wh-I _-_n_f (w )e 

+ n=O w -w 
n 

n 

lw z 
n I 

cnesa, orrpeaenHl 

BonHhi, rroaxoaHwue K TO'IKe z = z 
2 

crrpasa, onpeaenSl 

f rr , noaToMy A~ aanuchiBaeTCH cneayJOruUM o6paaoM: 

2 00 

A (w)=-I 
n=O 

C\-w) fx (-w )e + n n 

W +W 
n 

n 

-lw z 
n 2 

BonHhi, noaxoaHwue K TO'IKe z = z 1 cnpasa, onpeaenH 

(coi'nacao puc. 1): 

L 1 ( .. 2 B2) -lwz 2 F + ,.,._+ + e 
o cp - , 

TiepB09 CJlaJ:'aeM09 onpeaenHeTCH aKTHBHbiM UCTO~HUKC 

HhiM npH Z I 5:, Z :::;_ Z 2 

uany'ieHu H npH z = z 2 . 

, BTopoe o6ycnosneao Hase~ 

11.CTO'IHHKH, H8XOilHWH9CH cnpaBa OT TO'IKH Z = Z 2 , I 

BnHHTb Ha KOHeU BOnHOBOaa llpH z =Z I He 6yayT, TaK Kal! 

BOnHhl KOMileHCHpy!OTCH aorronHUTenbHbiM HCTO'IHHKOM IlpH z , 

2 
Boaar K noSisneHHJO A _ • Tio TOJ:i: *e npH~HHe He HY*HO Y 

Chi A2 B (7). B peaynbTaTe, paccy*aaH KaK anSI cny'ia! 

HOI'O sonHoBoaa ( cM. 121), nony'IHM 
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pa5oTaH MeToa peweHHH 3aaa'IH o ao35y*aeHHH aonaoaoaa 

oM rpaHH'IHhiX ycnoaHii:. OaHH H3 pe3ynbTaToB, nony'leHHhiX 

3H'I9CK8H HHTeprrpeT8UHH TO'IKH pa3pb1B8 K8K HOBOI"'O, Haae

Ka sneKTpOM8I"'HHTHhiX BOnH C orrpeaeneHHbiMH KOHKpeTHbiMH 

OBhiB8HCb Ha 3TOM, H-8HA0M peWeHHe 38A8'1H 0 B035Y*AeHHH 

oaoaa C ABYMH If 5onee pa3pblB8MH rpaHH'IHhlX ycnOBHH x/ • 

B035y*A9HHe 0Tp93K8 Kpyrnoro aonHOBOA8 

<2rr, r =d), ITOMeWeHHOI"'O K08KCH8nbHO BHyTpb 5eCKo-

nHHHif C paaHyCaMH CTeHOK r =at , r=a 2 (at <a 2 

2 
) BMeCTe CO CTOpOHHifMif HCTO'IHHK8Mif. 8 05WeM cny-

blX HCTO'IHHKOB o5ycnoaneHhl TOK8MH, H8XOAHWHMHCH cneaa 

ay z 
t z2 If cnpaaa oT z2 • If 

+ f rr . (1) 

TOKH Ha CTeHKax aonaoaoaa HweM a BHAe: 

n (2) 

Tlma BHHepa-Xon!j>a-¢oKa (BX¢), KOTophiM aon*Hhi ynoaneT-

, TipHHHM810T BHA: 

( F 
1 

F + 0 ) = 0 
cp 

t 
LF +f +f )=0 

rrpH 

rrpH 

z > z> z 
t 2 

(3) 

z < z< z 
t 2 

nH'H!e OT cny'laH, pa3o5paHHOI"'O B / 2 /, HMeJOTCH llB8 HOBhiX 

H rrpH z = z I H z =Z 2 • flpoaeaH COOTB0TCTBYIOWIIH COTIOC-

nH3 ypaaHeHHH (3), K8K 3TO cnenaHO B /2/, HCKOMYIO nnoT-

orrpenenHeM a BHae: 

.11, rrpliHSIThie 3A8Ch, coBrraAaJOT c o6o3Ha'ieHiiS!Mii 121 

4 

_,.; 

~ 

~' 
If!~ 
·~:I 

~, 
,, 
'~1~ 
:','~' 

\ .;_, 

·:\ 
. \.J, 

Ft -1 I I) -twz
1 L (A +B e + 

+ + 

-t 2 2 
+ L (A +B )e 

-lwz 
2 

- + (4) 

3aecb a A 
1 

+ H B~ BXOAHT 8MTinHTYAhl BOnH, ITOAXOilHWHX K TO'IKe Z = Z I 

cnesa H cnpasa, s A 2_ H B ! BXOJlHT aMrrnHTYAhi aonH, noaxoaHwHX K 

TO 'IKe z = z 2 cnpaaa H cnesa (pH c. 1 ) • 

BonHhi, noaxoaHwHe K TO'IKe Z=Z 
I cneaa, onpeaenHJOTCH aenH'IHHOH 

f n , nosToMy A ~ HMeeT BHJl: 

A 1 (w}=-~ 
+ n=O 

L-~ ( w L f x( w ) e 
--- n 
w -w 

n 

lw z 
n 

(5) 

8 OnHbi, ITOJlXOAHwHe K TO'IKe z = z 
2 

crrpaaa, orrpenenHJOTC H aenH'IHHOH 

f 
n , nosToMy A: 38TIHChiBaeTCH cneayrowHM o5pa3oM: 

2 00 

A (w)=-I 
n=O 

-1 ) 
L (-w x ) 

+ n f (-w e 
n n W +W 

(6) 

-lw z 
n 2 

n 

BonHhi, noaxoaHwHe K TO'IKe z = z 1 cnpaaa, orrpeaenHJOTCH aenH'IHHOII: 

( COI'naCHO pH C. 1 ) : 

F +L
1 

(A:_ +B~)e -twz 2 
o cp - (7) 

flepaoe cnaraeMoe OTipeaenHeTCH 8KTifBHhiM HCTO'IHHKOM, pacrrono*eH-

HhiM rrpH Z I ~ Z ~ z 2 ' BTopoe o5ycnoaneHo HaaeaeHHhiM ueaTpoM '\. 

H3ny'I6HIIH rrpH z "'z 
2 

11.CTO'IHHKH, H8XOJlHWH6CH crrpaBa OT TO'IKH Z = Z 2 , HerrocpeaCTB9HHO 

BnHHTb Ha KOH9U BOnHOBOA8 rrpH z =Z I He 6yayT, T8K K8K HAYWH6 OT HHX 

BOnHhl KOMTieHCHpyiDTCH AOTIOnHHTenbHhiM HCTO'IHHKOM rrpH z =20,a , 'ITO rrpH-

2 
BOJlHT K rroHsneHHID A _ • flo Toft *9 rrpH'IHHe He Hy)KHO Y'IHTbiB8Tb TIO.IIIO-

2 
Chi A _ a (7). B pe3ynbTaTe, paccy)KASH KaK anH cny'laH rrony5ecKoHe'I-

Horo BOnHOBO)la ( CM. /2 f), rrony'IHM 

5 

t 



8
1 

(w)=- :2: 
k=O 

L +(-w k) 
F oxcp (-wk) + 

W +W 
k 

+L-
1
x(-w )[A

2 
(-w )+8 2 (-w )]e 

k - k + k 

!w z 
k 2 -fw z 

e k 1 

To'IHO TaK )1{9 aoJIHbi, nonxonSimHe cneaa K TO'IKe z = z2 

CSI Bblp8)1{9HHeM: 

F + C t (A t + B t ) e -tw z t 

Ocp + + 

H B9JIH'IHH8 82 
+ 

HM99T BHJl: 

2 OQ 

B+(w)=-! 
k=O 

L ( w J I F X ( w k) + 
- ocp 

w -w 
k 

-1 X 1 1 

+L+(wk) [A+ (wk)+B_ (wk)]e 

-lw z 
k 1 I e 

lwkz2 

(8) 

, onpenenSIIOT-

(9) 

(10) -11 

41yHKUHH B 
2 

H 8 + noJiy'leHbl Cpa3y B SIBHOM BH)le. 3TH B9JlH'IHHbl 

Bblp8)1{810TCSI 'lepe3 y)l{e H3B9CTHbl9 H npyr 'lepe3 Jlpyra • .UJIS! HX H8XO)I{Jl9HHSI 

Hy)I{HO peWHTb CHCTeMy JlHHeAHhlX anre6paH'I9CKHX ypaBH9HHA JlJISI K09$~HUHeH

TOB pS!JlOB ( 8,10), KOTOpbie nponopUHOH8JlbHbl 8MTiiiHTYJl8M BOJIH, HJlYIDHM 

OT onHoro KOHua aonHoaona K APYI'OMy. Tax KaK 3aBHCHMOCTb BeJIH'IHH F~p , 

X X 
OT MeeTopaenOJIO)I{9HHSI U9HTpa SKTHBHOI'O HeTO'IHHKa naeTeSI f f 

n n 
±I w n zo 

MH0)1{HT9JISIMH e)lBHI'8 e k 

Ka, BeJIH'IHHbl 
Fx 

o ep 
f X 

Jl 

I'Jl9 Z O - KOOpJlHH8T8 U9HTpa HeTO'IHH-

X 

f 1 Bbi'IHeJieHHble B eHeTeMe KOOpJlHHBT 
n 

X 

UeHTpOB HeTO'IHHKOB (o603H8'19HHbi9 eOOTBeTeTBeHHO F oCPU 
f X 0 f X ), 

nu nu 

onpeaenSIIOTeSI 

j ::~·I 
~ r x 

nu 

_. 

····· l :::·I 
fx 

n 

( 11) 

6 

11)~!«:'1!{ 
?1~. 

,·,),;'' 

. ~ii, 
','~!. 
·,.r./~\'' 
~Fi:~~~:, 
'·:":'<t~. 
,·.-,~~ 

. -:·"I~ 
'•I,;• 

~,il' ' ·1,1 " ,-, ·.!' ,, 
''iJt.' •' ,,. 
'·,·~: 
lly.l'' 

' 

' ' 
'l 
;l 

~ 

1 

l 

·~ 

H B ~OpMyJiaX (5,6,8,10) TIOSIBSITeSI 9KeTIOH9HUH8JlbHbl9 MHO: 

exp ± i w n t z 1 2 - z 0 ) 
k • 

• 3TH MHO)I{HTeJIH paBHbl B9JIH'IHH 

pb19 yMH0)1{8IOTeSI TIOJISI BO/IH npH npOX0)1{)l9HHH paCeTOSIHHSI OT 

KOHU8 BOJIHOB0Jl8. Ha'IHHSSI e HeKOTOpbiX HOMepoB n H k 

HOBSITeSI 3aTyX8IOIDHMH, npH'19M eTeneHb 38TyXaHHSI paeTeT np 

HO n H k • Do9TOMY 9TH MH0)1{HT9JIH B Bblp8)1{9HHSIX (5,6 

H9HUH8JlbHO y6biB8IOT C poeTOM R H k • OcTaJibHbie MHO)!< 

10) npH w = ic n HMeiOT He oonee '19M cTeneHHOA poeT npH n ... , 

HHeM He CXOJlHMOeTb pS!JlOB MO)I{HO npeHe6pe'lb TIO cpaBHeHHID 

uHanbHbiM 'lneHoM. P SIJlbi B Bbtpa)l{eHHSIX JlJISI A I , A 
2 

, B I , 
+ - -

9KcnoHeHunanbHO, B 9TH pSI.llbi Bbipa)l{eHHSI no cyTH nena aoAAY1 

Hbi, Jl0lli9JllliH9 OT HCTO'IHHK8 JlO KOHU8 0Tpe3K8 BOJIHOBOJla. Do 

TeMy anre6paH'I9CKHX ypaBH9HHA JlflSI K09~~HUH9HTOB pS!JlOB ( 

TOJlbKO 8MTIJIHTY.llbl TSKHX BOJIH, KOTOpbie cnoeo6Hbl .!lOATH 

.llO z
2 

H o6paTHO. 

BenH'IHHa F 
1 

+F0 ep 
HM99T BH.ll: 

F
1 

+Fo cp 

-t 1 t -lwz1 -1 2 2 -iwz2 
L (A + B )e +L (A +B )e + 

+ + - - - + 

B aTOM paBeHeTBe nocne pemeHHSI eueTeMbi ypaBHeHHA 

UH9HTOB 
81 H B 

2 

+ 
(8,10) noJIIOCbi F B HH)I{HeA nonynn 

Ocp 

-1 1 F 
L H B , noniOCbi 

0 cp neHCHpyiOTCSI C TIOJIIOCSMH B 

L -I H B 2 

+ + 
TIJIOCKOCTH eKOMTieHCHpyiDTCSI C TIOJiroeaMH 

-I 

H 
A2 

npH yMH0)1{9HHH cooTBeTCTBeHHo Ha L H Ha L 

B pesyJlbTaTe nony'IHM, 'ITO ~YHKUHSI F 
1 
+F 0 cp 

+ 

He HMeeT n 

B KOMTIJleKCHOA TIJIOCKOCTH W 

lwz 
H, YMH0)1{9HH8SI H8 e 

1 

6onee '19M CTeneHHOA poeT B HH)I{HeA nonynJIOCKOCTH, a npH 

e lwz2 - He 6onee '19M creneHHoA poeT B BepxHeA nony 

npu w -> "" • 3TO npHBO.llHT K Bb!TIOJIH9HHID nepBOI'O paBeH 

(3). BeJIH'IHHY LF 
1 

+ f 
11 

+ f n sanumeM B BHae: 

7 
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L +(-w k) 
Foxcp(-wk)+ ~ 

k;O W +W 
k 

lw z 
k 2 e - lw kz 1 )[A

2 
(-w )+8 2 (-w )]e 

k + k 

BOi!Hbl, ITOL1XOL1SIIUH9 Ci!9B8 K TO'IK9 Z = z
2 

B 
1 

)e 
-iw z 

HM99T BHLI: 

L_(~l Fx (w )+ 
-- ocp k 

w -w 
k 

I 

k)+B 

2 

-lw z 

( w k)] e k I l e 
lwkz2 

(8) 

, orrpeaenmoT-

(9) 

(10) -1-> 

1i 8 + rrony'leHhl cpaay B SIBHOM BHJl9, 3T!i B9iiH'IHHbl 

y)l(e H3BeCTHbie R apyr qepea Jlpyra. LlnSI HX HBXO)I(Jl9HHSI 

eMy iiHH9HHbiX anre5paH'I9CKHX yp8BH9HHH LliiSI K09~$HUH9H

' KOTOpbie rrponopU!iOHai!hHbl aMITiiHTYJl8M BOiiH, HJlYUIHM 

X 

nHOBOJla K apyroMy. T aK KaK aaBHCHMOCTh aenH'IHH FQ:p , 

9CTOpacnonO)I(9HHH U9HTpa aKTHBHOI"O HCTO'IHHKa Jl8aTeH 

a e 

p 

±I w n zo 
k 

f X 

n 
f 

I"Jle Z 0 - KOOpLIHHaTa UeHTpa HeTO'IHH-

X 

rr 
, Bhl'IHeneHHhle B eHCTeMe KOOpJlHHaT 

B ( o5oaHa'leHHbie eooTBeTCTBeHHO F :cpu , f X f X ) 

nu ' nu ' 

X 

l 
F" op ~ e fwz 0 f X ( 11) 

n 

f X 

II 

6 ..,. 

.~:l 
~' .. ) .~ 

. -:,,'1 
~-:~~--~ ~-

. \ . { 

l 

l 
l 

H B $opMynax (5,6,8,10) ITOSIBHTesr 9KeiTOH9HUH8i!bHbl9 MHO)KHTenH BHJlB 

exp ± i w n t z 
1 2 

- z 
0 

) 
k ' 

, 3TH MHO)I(HT9i!H paBHbl B9iiH'IHHaM, Ha KOTO-

pble YMHO)I(aiOTeSI ITOiiH BOIIH ITpH rrpOX0)1(Jl9HHH paeeTOSIHHH OT HCTO'IHHKa JlO 

KOHUa BOiiHOBOJla, H a'IHHasr C HeKOTOpbiX HOMepoB n H k , BOi!Hbi era-

HOBSITeH 3aTyXaiOUIHMH, npH'IeM eTeneHb 3aTyXaHHSI paeTeT nporropUHOH8nh

HO D H k , fl09TOMy 9TH MHO)KHTenH B Bblp8)K9HHSIX (5,6,8,10) 9Keno

HeHUHailbHO y5biBaiOT e poeTOM n H k • OeTanbHbie MHO)KHTenH (5,6,8, 

10) rrpH w = ic n HM9IOT He eonee '19M CTene HHOA poeT ITpH n -> oo ; HX BiiHSI

HHeM He eXOJlHMOeTb pHJlOB MO)I(HO npeHe5pe'lb ITO cpaBHeHHIO e 9KeiTOHeH-

UH8i!hHbiM 'li!9HOM. p Sl)lbl B Bblpa)I(9HHHX JliiH A I ' A 2 
• B I 'B 2 

eXOJlSITes:I 
+ - - + 

9KeiTOH9HUHai!bHO, B 9TH pSIJlbl Bblpa)I(9HHH ITO CyTH )lena BOti:JlyT TOilbKO BOn-

Hbi, L10lll9Jl!UH9 OT HeTO'IHHKa LIO KOHUa 0Tpe3Ka BOiiHOBOLia, flOSTOMy B Clie

TeMy anre5paH'I~eKHX ypaBH9HHA Jli!H KOs$$HUH9HTOB ps:IJlOB (8,10) BOHJlYT 

TOi!hKO 8MITiiHTYJlhl T8KHX BOiiH, KOTOphle enoeo6Hbl JlO:i!:TH OT TO'IKH z
1 

JlO z
2 

H o6paTHO, 

BenH'IRHa F
1 

+F
0 ep 

HMeeT BHJl; 

F
1 

+Fo cp 
-t I t -lwzt -t 2 2 -iwz2 

L (A+B)e +L (A+B )e +F ( 12) 
+ + - - - + ocp 

B aToM paaeHeTBe nocne pemeHHs:I eHeTeMhi ypaaHeHHA Jlils:I K09$$R-

UH9HTOB B' H B 
2 

+ 
(8,10) rroniOCbi F Ocp 

B HH)I(H9ll rronyrrnoeKOCTH CKOM-

ITeHeHpyiOTCSI e ITOiiiOC8MH 
_, t 

L H B , noniOebi F 
0 . cp 

nnoeKOeTH eKOMITeHeHpyiOTes:I e ITOniOeaMH L -t H B 2 

+ + 

B aepxHelt rrony-

• IToniOebr A 1 

+ 

H 
A2 

ITpH YMH0)1(9HHH COOTB9TCTB9HHO Ha 
L -I 

H Ha 
L -t 

eoKpaTSITCSI, 

B peayncTaTe nony'IHM, 'ITO $YHKUHH F 
1 
+F 

Oep 

+ 

He HMeeT ITOiiiOCOB HHI"Jl9 

B KOMITi!eKeHoA nnoeKOCTH w H, YMHO)KeHHasr Ha 
lwz

1 e , HM99T He 

5onee '19M eTeneHHOA poeT B HH)I(H9H nonyrrnoexoeTH, a rrpH YMH0)K9HHH Ha 

e lwz2 - He 6onee 'leM eTeneHHo:l!: poeT B aepxHe:l!: nonynnoexoeTH w 

rrpH w -> oo , 3TO rrpHBO.llHT K BbinOi!H9HHIO nepBOI"O paBeHeTBa eHeTeMbl 

(3). BenH'IHHY LF 
1 

+ f + fn 
' n 
~ 

38ITHUI9M B BH,lle; 

7 



·•. 

LF I +f +f =I L n n 
I I -lwz 

(A +B )e I + f I + 
+ - n 

-lwz 

+ I L ( A 
2 

+ B 2 
) e 

2 + f I. 
+ - + n (13) 

lwz
1 

nepaoe enaraeMoe a ( 13), yMHO>KeHHOe Ha e , npH w ... oo B aepxHell: 

nonynnoexoeTH HMeeT He 6onee, ~eM eTeneHHoll: poeT; aTopoe enaraeMoe, 

yMHO>KeHHoe Ha e lwz 2 npu w -+-oo , HMeeT He 6onee, ~eM eTeneHHoll: 

poeT B HH>KHell: nonynnoexoeTH. 3TO n03BOllSieT npH z < z < z KOHTyp 
I 2 

HHTerpapoaaHHSI (13) aaMKHYTb nnH nepaoro enaraeMoro eaepxy, nnSI aropo-

ro eHH3Y H Bbi~HenHTb HHTerpanbi npH nOMO!IlH Bbi~eTOB, nepaoe cnarae-

MOe ( 13) MO>KeT HMeTb B BepxHell: nonynnoCKOCTH w nonlOCbl TOllbKO 3a 
I 2 

c~eT A H A , BTopoe a HH>KHell: - aa e~eT A H f , a STH no-+ .I - 'II 

nlOCbl B OOOKX ~neH!lX KOMneHCHpylOTeSI npyr npyroM, 

PemeHHe l4J c onpeJlenSilOliiHMH ¢lopMynaMH l5,6,8,10J npH z2 -+ oo 

HnK npu z 1-+- oo npeapamaeTCSI a pemeHHe nnH nony6ecKoHe~Horo aonHoao-

na. 

TaKKM >Ke cnoco6oM nocrpoHM perneHue nnSI nayx onaHaKOBbiX nony6ec-

KOHe~HbiX BOllHOBOnoa, HanpaaneHHb!X B H B +oo eOOTBeTCTBeHHO OT 

TO~eK Z = Z I li z = z 
2 

( aonHoaon c oTaepeTHeM nnHHbi I z - z I ) . 
I 2 

TOKH Ha Ka>KnOM H3 TaKKX BOnHOBOnax H!IleM B BHne: 

F 
I 

= F + F 
n °n 

F =F I + F -
n on 

rne, npoaonH aHanorK~Hbie paecy>KneHHH, epaay nony~aeM: 

-1 I I -lwz 
F•,L (A +B )e 1 

n - - + 

F I=L-1 (A2 +B 2)e -lwz2 
n + + 

BenH'IHHbi 
I 

B+ H B 2 HMelOT sun: 

;. 

8 

~ 

(14) 

(15) 

I , 

I ~ L (w ) X lw kz 1 B (w)=- :£ - k F ( w ) e 
+ k=O k w -w 

k 

00 L \-W J X -iw z 
8 2 

( w) = - :£ + k F (-w ) e 
k 2 

k=O w +W k 
k 

I 
a 3Ha'!eHHH A H A2 

+ 
eBSI38Hhl yp8BH9HHSIMH: 

I -~ 
A- ( w) = _ I L + \ -wn) x 

n=O---{ f 
W+W 

X [ 2 2 (-wn )+ L_ (-w) A+ ~wn)+B _ (-wn)] 
n 

-I 
2 oo L (w ) 

A+ ( W) = -n:O W- - : 

x x 1 1 -iwnz 1 

I f ( w ) + L ( w )l A ( w ) + B ( w ) l e 
n +n -n +n 

n 

PerneHHe srofi aana~K (!jlopMynbi (14),(15) e Kos!jl!jJHUKE 

ynoaneTBOpSieT rp8HH~Hb!M yCllOBHSIM, KOTOpble B 38Jl8HHOti 

HMelOT BHn: 

iwz 
J dw e 

00 lwz 

J dw e 
-oo 

LF +LF- +f )=0 n n cp 

(F - + F +F +F )= 0 
n on n on 

npH 

npH 

Z?Z) 

z < z < 
I 

noLlOOHbiM 00p830M MO>KHO nOCTpOHTb peUI8HH8 LlnSI cny 

6ecKoHe'IHbiX BonHOBOj;lOB paanH'!HbiX paLlHYCOB. Torna npHLlel 

BHCKMOCTb nonell: OT p8LlHYC8 , ~TO He BCTpeTHT , no-B: 

UHllli8llbHbiX TPYLlHOCTell: 1i LlnH LlpyrHX cny'laeB, KOrLla HM89TC 

no rpaHH~Hb!X ycnOB!ill:, llnSI npHMepa paCCMOTpHM 38Jl8~Y 

oeCKOHe~HOH CHCT8Mbl ii3 0Tpe3KOB BOllHOBOLl8 C OLlKHaKOBb 

KoHUbl BOllHOBOLlOB HaXOLlSITCSI B TO'IK8X z =a nb n ' npa~ell 

30K BOllHOBOLl8 pacnono>KeH llpH 

an~z:Sbn, 

a H8 BC8X HHTepBanaX BliLl8 b <z< a (22) LlOllOllHHTem 
n-1 n 

OTeyTCTBYlOT, 
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I I -lwz 
+f +f =I L (A +B )e 1 + f I + n n - + - n 

-lwz 
( A 2 

+ B 
2 

) e 
2 

+ f I. 
+ - + n (13) 

rae MOe B ( 13), YMHO)KeHHOe HB 

lwz
1 

e , npH W->oo a aepxHell: 

crH HMeer He 6onee, ~eM creneHHoll: pocr; aropoe cnaraeMoe, 

e HB e twz2 npH w -+-oc , HMeer He 6onee, ~eM creneHHoA 

Hell: nonynnocKoCTH. 3ro noaaonsrer npH z < z < z KOHTyp 
1 2 

aHHSI ( 13) aaMKHyTb ansr nepaoro cnaraeMoro caepxy, ansr aropo-

y H Bbi~HCnHTb HHTerpanbi npH IIOMO!llH Bbi~eTOB. Depaoe cnarae-

O)KeT HMeTb a aepxHell: nonynnocKoCTH w 

H A 2 
, aropoe a HH)I{Hell: - aa c~eT A 

HX ~neHb.X KOMIIeHCHpyiOTC.II /lpyr /lpyrOMo 

noniOCbi ronbKO aa 

H '"n , a STH no-

HHe (4) c onpeaen.IIIOillHMH ¢lopMynaMH (5,6,8,10) npH z2 -+ oo 

-+- oo npeapamaerc.s~ a peweHHe ansr nony6ecKoHe~Horo aonHoao-

)Ke CIIOC060M IIOCTpOHM peWeHHe /ln.ll llBYX 0/lHHBKOBb!X IIony6ec-

onHOBO/lOB, HanpaaneHHb!X B - oo H B +oc COOTBeTCTBeHHO OT 

H Z = Z 
2 ( aonHoaoa c oraepCTHeM anHHbi I z - z I ) . 

1 2 
HB KB)KJlOM H3 T8KHX BOnHOBO/lBX HllleM B BH/le: 

F + F , 
n °n 

+F 
II OII 

:sr aHanorH~Hbre paccy)KJleHHH, cpaay nony~aeM: 

-1 I 1 -lwz 
(A +B )e 1 

- - + 

I (A 2 + B 2) e -lwz2 
+ + 

I 

+ H B 2 HMeiOT BH/l: 

8 

.,II# 

(14) 

(15) 

I 
B (w)=

+ 

. 8 2 
( w) =-

L (w ) 
I - k F 

k=O w -w 
k 

oo L+ \-w I x I k F 
k=O w +W 

k 

X 

( w ) e 
k 

(-w ) e 
k 

lw kz I 

-iw z 
k 2 

1 
a aHa'!eHHH A H A2 

+ 
CBR38Hhl ypaaHeHHSIMH: 

( 16) 

( 17) 

I oo L:t -wn) x x 2 2 lwnz2 -iwnzl 
.L(w)=-I ---1 f (-w )+L_(-wn)[A ~w )+B (-w )]e le ,(18) 

n=O W + W n + n - n 
n 

-1 

2 oo L_.(wn) x x I 1 -iwnz 1 

A (w) =-I-- If (w )+L (w )LA (w) +B (w )]e 
+ n=O W - W n + n - n + n 

n 

iwnz2 

I e ( 19) 

PeweHHe sroll: saaa'IH (<jJopMynbi (14),(15) c Kos<jJ<jJHuHeHTaMH (16-19)) 

YllOBneTBOpSieT rpaHH~HbiM ycnOBH.IIM, KOTOpb!e B 38,ll8HHOH <flopMynHpOBKe 

HMeiOT BH.O: 

iwz I I J dw e ( LF n +LFrr + f ) = 0 II pH z? z > z2 cp 
-oo 

(20) 
00 lwz 1 I J dw e (F +F +F +F )= 0 II pH z < z <z 

-oo n on II OII t 2 

D 0Jl06HbiM o6pa30M MO)KHQ IIOCTpOHTb peWeHHe JlnSI cny~BSI .OBYX rrony-

6eCKOHe'IHbiX aonHoaoaoa pasnH'IHbiX pa/lHYc'oB. Toraa IIPH/leTC.II BBO/lHTb aa-

BHCHMOCTb nonell: OT PBilHYCB r , 'ITO He BCTpeTHT , IIO-BH/lHMOMy, IIPHH-

UHIIHanbHbiX Tpy/lHOCTell: H JlnR /lpyrHX cnyqaeB, KOr/la HMeeTCR KOHe'IHOe 'IHC

no rpaHH'IHb!X ycnOBHH • .Lln.11 IIpHMepa paCCMOTpHM sa.oa~y 0 B036y)KJleHHH 

6eCKOHe~HOH CHCTeMbl H3 0Tpe3KOB BOnHOBO,llB C O,llHHBKOBbiMH pa.oHyCaMH. 

KOHUbl BOnHOBO/lOB HaXO/lRTCSI B TO'IKBX z =a nb n , IIpH~eM K8)KJlbill: 0Tpe-

30K aonHoaoaa pacnono)Ke!I npH 

a :>: z < b 
n - n' (21 ) 

a Ha acex HHTepaanax BH/la b 
n-1 n 

( 22) /lOIIOnHH TenbHble BOnHOBO/lbl <z< a 

OTCyTCTBYIOT. ~ 
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• 

i1CK0Mble TOKH H8 KB)I(aOM H3 0Tpe3KOB BOnHOBoaa aaaaaHM B BHae: 

F = F I +F ' 
m m ncp 

(23) 

rae 

1 -1 m m -lwam -1 m m -lwb 
F =L (A +B )e +L (A +B )e m 

m + +- -- + 
(24) 

.llnSl 6ecKOHe'IHOi!: CHCTeMbl H3 T8KHX KOHe'IHbiX 0Tpe3KOB BOnHOBOaa 

B9HH'IIIHbl Am 
+ 

' B m 
+ 

CBSI38Hbl CneayiOillHMii ypasHeHHSIMH: 

Am( oo Cl( 
+ w) =-I - wn) 

n=<l wn-w 
r X (w) + 

mn n 

x m-1 m-1 -iwnbm-J 
+ L + (wn)LA _ (wn)+B + (wn)] e e 

(2{)) 
lw a 

n m 

m oo L + (-wk) x 
B (w)=-I. IF (-w )+ 

k=O W +W mcp k 
k (26) 

-I x m m lw b 
+L (-wk)[A (-w )+B (-w )]e k m 

- k + k 

-iw a 

I 
k m 

e ' 

-I 
m ooL(w\ 

A- ( w )=- I -±...~ I r x 
n=Ow+w mn 

n 

(-w ) + 
n 

(27) 

x m+l m+l 
+ L_ (-w nH A- (-wn)+B + (-w J]e 

lw a -lw b 
n f +I n m 

le 

m oo X 

B+(w)=- I k=O __ .. 
wk -w 

F ( wk) + 
m cp 

(28) 

-1 x m m 
+L (w )LA (w )+B (w )je 

+ k + k - k 

-twka m le lw b 
k m 

B 061lleM cny'lae 3TO 6eCKOH9'1H8Sl CHCTeMa 6eCKOHe'IHblX CHCTeM nHHei!:

HblX anre6paH'IeCKHX ypasHeHHi!:, CMcTeMa ypasHeHHi!: (25- 28) ynpowaeTcsr, 

eCnH pe~8Tb 3aaa'ly 06 aneKTpOM8rHIITHhlX BOnHaX B nepHOaH'IeCKHX CTpyK

TypaX H3 0Tpe3KOB BOnHOBoaos, 

10 
_. 

I , 

llyCTb B T8KOI!: CHCT9Me anHH8 0Tpe3K8 BOnHOBOaa P8Bf 

npoMe)l(yTK8 Me )Kay 0Tpe3K8MH e 2 • Bee f li F paBH 

H TOKH HM9IOT nepHoa f + f , T,e, npH nepexoae K cneay 
I 2 

lwo< f t+ f2> 
YMHO)I(810TCSI Ha e , rae w o - noKa HeHasec 

tn 
B aTOM cny'lae KostM>HilHeHTbi A± 

lh 

H 0 ± CBSI38Hbl apyr 

HOilleHHSIMH: 

oo Ll(w) x lw f2-two<fl+ 
m n m m )] n A (w)=-I - L (w )[A (w )+B (w e 
+ n=O + n - n + n w - w 

n 

m ·oo L+t-wk) -lx m lw f 
B ( w ) = - I L ( - w )[A + ( -w ) + B m (- w ) ] e k 1 

k=Ow +w - k k - k 
k 

-1 x e 
m oo L (-wn)L (-w ) m lwn 2+1 

A (w)=-I + - n [A (-w )+B (-w )]e 
- + n -n=O W + w n 

n 

m oo 
B (w)=-I 

+ k=O 

-lx L- (w \ L ( w ) 
- k' + k 

w k-w 

m m lw f 
LA (w )+B _(wk)Je k 

+ k -

3TO oaHa 6eCKOHe'IH8Sl CHCTeMa nHHei!:HblX anre6p8H'I9C 

CXOllSllllHXCSl 3KCnoHeHilH8nbHO, 

BenH'IHHa w 
0 

HSXOaHTCSl H3 ycnOBHSl COBMeCTHOCTH S 

Ecn11 paCCMOTpeTb KOHKpeTHble sneKTpOMal"HHTHble BOnHbl ( E 

MeTpH'IHbie BOnHbl sneKTpH'IeCKOI"O THna), TO H3 ypaBH9HHA: 

" 
'18IOTCSI pe3ynbT8Tbi, SHanOI"H'IHbie pe3ynbT8T8M, HSi!:JleHHbiM 

CHcTeMbi ypasHeHHi!: nnsr cny'lasr HeCKOn&KHX paapbiBOB 

nOB Iii!: CXOaHTCSl 9KCnoHeHilH8nbHO npH Z I ,P Z 
2 

, flpH z
1 
= Z 

2 

nOK838TenH BCeX 3KCITOHeHT o6palll810TCSI B Hynb, ll03TOMY, Han 

nnsr nony6ecKoHe'IHoi!: KoaKCiian&aol!: naHHH Tpynao nony'IHTb • 

llSYX 6eCKOHe'IHblX KOSKCHSnbHbiX llHnHHilpOB CO _CilBHHyTblMI 

a .. b. 

lll9HHSI 

F t 

OaHaKo a aToM cny'lae so3MO)I(HO non&aosaTbCH npyrH 

- <lJaKTOpHaauHei!: MaTpH'IHoro Slllpa L( w) CHCTeMbi 

H F2. 

AsTopbi 6naroaapsrr y'laCTHHKOB ceMHHapa OHMY OH.Hl 

HH9o 
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OKH H8 Ka:lKaOM H3 0Tp93KOB BOnHOBoaa aaaaaHM B BHae: 

. (23) 
ncp 

m -lw&m -1 m 
)e +L (A 

m )e -iwbm 
(24) +B +B 

+ 

e•IHOA CHCT9Mbl H3 T8KHX KOHe':IHblX 0Tpe3KOB BOnHOBOaa 

' B m 
+ 

CBSI38Hbl CneayiOWHMH ypaBHeHHSIMH: 

C"2(wn) I f x 
_ ~--~- mn 
w -w n 

( w ) + 
n 

1 m-1 -tw b J. 
Am:. (w

0
)+B + (w

0
)] e n m-1 6 

L + (-wk) I F x (- w ) + 
--- k - mcp .:0 W +W 

k 

lw a 
n m 

m m lw b -lw a 
k m (-w )+B (-w )]e k m 

- k + k 
I e 

-I 
L+ (-w J x 
---1£ 

Ow+w mn 
(-w ) + 

n 
n 

lw a 
m+l m+l n m+l 
- (-w 0 )+B + (-w J]e le 

X L- (wk) 

b w -w 
k 

F ( wk) + 
m cp 

m m 
(w)+B(w)Je 

+ k - k 

-tw a 
k m le 

lw b 
k m 

-lw0 bm 

(2o) 

(26) 

(27) 

(28) 

'lae 9TO 6ecKOH9':1HSSI CHCTeMa 6eCKOH9'1Hb!X CHCTeM nHHeil:

ypasHeHHA. CHcTeMa ypasHeHHA (25- 28) ynpowaeTCH, 

o6 aneKTpoMarHHTHhlX sonaax s nepHoaH'IeCKHX CTPYK

sonHosoaos. 

10 

.... 

DyCTb B TaKOA CHCTEiMe llnHHa 0Tpe3Ka BOnHosoaa pasHa f 
1 1 

anHHa 

npoMe:lKyTKa Me :~Kay 0Tpe3KSMH e 2 • Bee f H F paBHhl HyniO, a 110~SI 
H TOKH HM910T Xl9pHOJl f + f 

I 2 , T.e. npH nepexo.Qe K cne.QyiOWeMy oTpeaKy 

tw0 ( f 1+ f 2 > 
YMHO:lKSIOTCSI Ha e 

In 
B aToM cny':lae Kos4$HllHeHTbi A± 

1 r.Qe W 0 - IIOKa H9H3B9CTH8SI BenH'IHHa. 

1ll 

H 0 ± CBSI38Hhl Jlpyr C JlpyrOM COOT-

HOW9HHSIMH: 

oo C
1
(w) x lw f

2
-tw

0
(f

1
+f

2
) m _ n m m n 

A ( w ) = -I L ( w ) [A ( w ) + B ( w ) ]e 
+ n=O W -w + n - n + n (29) 

n 

m - 00 L (-wkJ -lx m iw f 
B ( w ) = - I + L ( - w )[A + ( -w ) + B m (- w ) ] e k 1 

k=O w + w - k k - k 
k 

(30) 

m oo Cl(-wn)L x (-w ) m lwnf 2+1wo<fr- f.; 
A (w)=-I + - n [A (-w )+B (-w )]e 

- n=O W + W + n - n 
n 

(31) 

m oo 

B (w)=-I + k:O 

-lx 
_!::,:_(w J L + ( wk) 

(32) 
m m lw f 

LA (w )+B (wk )Je k 
+ k -w k-w 

8TO OJlHS 6eCKOH9':1H8SI CHCTeMa nHHeAHbiX anre6paH':IeCKHX ypaBHeHHA, 

CXOJlSIWHXCSI SKCXIOHeHl(HSnbHO. 

BenH':IHHa w
0 HSXOJlHTCSI H3 ycnOBHSI COBM9CTHOCTH STHX ypaBH9HHA. 

EcnH paCCMOTpeTb KOHKpeTHble sneKTpOMSI'HHTHb!e BOnHbl ( H811pHMep, CHM

MeTpH'IHbie sonHhl sneKTpH':I9CKOI'O THUS) 1 TO 113 ypasHeHHA (29-32) nony

'ISIOTCSI peayn&TaTbl, aHanOI'H':IHbl9 peaynbT8TSM1 HSA.IleHHblM B pa6oTe /4/. 

CHcTeMbi ypasHeHHA amr cny':laSI HeCKOn&KHX paapbisos rpaHH'IHhiX yc-

nosHil: CXOaHTCSI SKCI10H9HllHSnbHO 11pH Z I # Z 
2 

• flpH Z = Z HnH a = b 
I 2 n n 

IIOKaaarenH BCeX 9KCIIOH9HT o6palllSIOTCSI B Hynb. DOSTOMy, H811pHMep, pemeHHe 

anSI nony6ecKoHe'IHoA KoaKcHanbHoA nHHHH TPY.IlHO nony':IHTb H3 pemeHHSI .QnH 

JlBYX 6eCKOH9':1HbiX KOSKCHSnbHhiX llHnHHJlpOB CO C,llBHHyThiMH KOHllSMH 11pH 

a .. b. 

lll9.11HSI 

F I 

0JlHSKO B 9TOM cny':lae B03MO:lKHO 110nb30B8TbCSI JlpyrHM M9TOJlOM pe

- <PaKTOpHaauHeA MaTpH'IHoro S!Jlpa L ( w ) CHCTeMhi ypasHeHHA JlnSI 

H F2. 

AsTophi 6naroaap.11T y'laCTHHKos ceMHHapa OHMY OH.RH aa o6cy:lKJle-

HHe. 

!, 11 



nnreparypa 

1, n.A. BaJtHmreJtH. TeopHR tmrjJpaKUHH H MeTOJl rjJaxropH3BUHH. MoCKBa, 

"'Cosercxoe paJlno"', 1988. 

2. n~n. Jfry1JIKHH. llpeiipHHT OlfHJf 9;...5128, .ayoHa, 1970. 

3, B. Hoon. Mero11 BnHepa-XonrjJa JlliR pemeHHR JlHrjJr/JepeHUHanbHbiX ypaBHe

HHJt B qacrHbiX npOH3BOJ1HbiX. Jfn., Mocxsa, 1982. 

4. 3.C. ArpaHOBH'l, B.n. lllecronanoa. )J(TctJ, r. 84, B 11, crp. 1980, 1984, 

A! 

PyKonHCb nocrynana B aanare/lbcKHA ornen 

18 Mall 1970 rona. 

Z1 zl 

B~ 8~ A~ 

PHC, I. 

12 

I
. I ,, 

~ 


