
lj}, > YMT. 3A'!J 

OB'bE,lJ;HHEHHblM HHCTJ1TYT H,D;EPHblX HCCJIE,D;OBAHHH 
.OTJ.lEn HOBbJX METOLlOB YCKOPEHH.R 

9 - 4732 

JO.JI.06yxoa 

1. TTPHMEHEHHE MATPffqHoro METO,D;A 
PElliEHHH ,n;H~~EPEHUHAJihHblX YPABHEHHM 

K 3A,D;AqE O ,D;BH~EHHH PEJIHTHBHCTCKOH qACTl1Ubl 

8 IlOCTOHHHblX 0,lJ;HOPO,ll;HblX TTOJIHX 

,, ,l1y6Ha 1969 



9 - 4732 

IO.JI.06yxoB 

1. IIPJ1MEHEHJ1E MATPWIHOro METO,ll;A 

PElliEHJ1H ,ll;J1~~EPEHUJ1ARbHhlX YPABHEHJ1W 

K 3A,ll;A'IE O ,ll;BJ1)KEHJ1J1 PERHTJ1BJ1CTCKOW qACTJ1Uhl 

B IIOCTOHHHhlX O,ll;HOPO,ll;HhlX IIORHX 

Hayl.fHO•TeXHHl.feCKaH 
6H6~HOTeKa 

OHBH 



PacCMOTpllM JlBll)KeHne pemITllBllCTCKOH 'IaCTllllhl B aneKTpoMarHHTHOM 

rron!c), IlOCTOSIHHOM BO BpeMeHll. ll OJlHOpO/lHOM B rrpocTpaHCTBe. 

8 IIpS!MOyronbHOH nopeHueBOH CllCTeMe KOOp/lllH8T ypaBHeHHSI llBll)KeHHSI 

'IaCTllllhl llMeIOT' Bllll 

( 1. 1) 

. B paccMaTpllBaeMOM 3)leCb cnyqae, O'IeBHJlHO, Mb! MO)KeM 38IIllC8Tb ( 1.1) 

B COOTBeTCTBYIOlUeH M8Tpll'IHOH 4JopMe: 

( 1.2) 

rn~ F - aHTllCllMMeTpll'IH8SI MaTpnua C IlOCTO.HHHbIMll MaTpll'IHbIMll aneMeH-

T8Mll F 1 k, • 

ByneM llCK8Tb. pemeHne ypaBHeHll.H ( 1.2)' YllDBneTBOp.HIOlllee H8'18nbHbIM 

ycnoBHSIM 

XI = X-
0 

, 
T~ 0 

(~)I =<~) 
d r r= o d r 0 

( 1.3) 
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Ecnn ·BpeMeHHO rronO)KIITb 
dX 
~ = y J TO ( 1.2) IIpllBO.llllTCH K H3B0CTHOMY 

MaTpnqHoMy ypaBH0HIIIO nepBoro nopH.O.Ka C IIOCTOHHHh!MlI K09!p!plIUlI0HTaMH: 

dY 

dr 
=FY, 

perneaneM KOToporo HBnHeTCH cpyHKU~H 
Fry 

e o 

MaTpnuy X B Bn.o.e cne.o.y10mero HHTerpana: 

X =f eFry dr+ X 
0 0 

(1,4) 

xi 
• 0Tc10.o.a nerKo nonyqaeM 

( 1,5) 

ITepeii.o.eM Tenepb K 6onee y.cio6Hoii 3arrncn ypaBaeann (.1,2). ilnn :aToro, 

BOCIIOnb30BaBllillCb npeo6pa30BaHneM· BpameHHH B qeTbipexMepHOM npocTpaH

CTBe, npnBe.lleM aHTllClIMMeTpnqay10 MaTpnuy 

0 F F iF 
12 13 14 

-F 0 F iF 
12 23 24 

F= I 
-F -F 0 i F 

( 1,6) 

13 23 34 

-F -iF -iF 0 
14 24 34 ,, 

K 6onee npoCTOMY Bll.lly, 

05o3HaqHM OpToroHanbHbJe MaTpllUbl BpameHHll BOKpyr COOTB0TCTBYIOIIllIX 

npocTpaHCTB0HHhIX oceii qepea Tc k > , Tor.o.a 

F,,, = r ·-1 r-1 r-1 F r r r , (1.7~x/) 
(3) 12) 3 (3) (2) (3) 

xi .l. • 
no orrpeneneHttlO 'l'YHKUllll OT MaTpllUbl Ff(F) = f(F) F 

/ 1/ 
(CM, ), 

xx/ • 
QqeBttnHo, nmrrnee rrpeo5paaoBaHtte rronyqaeTClI ·tta-aa Toro, qTo Mb! 

He BBonttM anecb yrnoB 3wnepa, 

4 

t 

I 

I 
I 

HanmueM MaTpHUbI Tc k l B HBHOM Bn.o.e: 

cos ef> sin ef> 0 0 

T 
( 3) 

-sin ef> cos ef> 0 0 ( 1,8) 

0 0 1 0 ) ,F =F tgef>i 
L3 23 

0 0 0 l 

cos r/J 0 sin r/J 0 

\ ( 1,9) 

0 l 0 0 

T 
( 2) -sin rjJ 0 0 

. , y'F 2 
+ F 2 = F tg r/1 • 

OOS r/J f 13 23 12 O.J 

o· 0 0 l 

cos 0 sin 0 0 0 

\ 

-sine OOS 0 0 0 

) 
( 1. 10) 

T' = , F " = F " tg 0 • 
( 3) 0 0 1 0 14 24 / 

\ 0 0 0 1 

(3A0Cb Ma TpttqHbie aneMeHTbl 6e3 lliTpttXOfr OTHOCllTCll K aaqanbHOll MaTpll-

ue F ). B pe3ynbTaTe nonyqaeM 

0 F'" 0 0 
12 

-F'" 0 0 i F'" \ ( 1, 11) 

F"'= I 12 
24 

0 0 0 i F'" 
34 

0 -iF"' -iF"' 0 
24 34 

qTo COOTBeTCTByeT crreuuanbHOMY BbI6opy CllCT8Mbl KOOpAIIHaT, HeTpynao BllA8Tb, 
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rro3BomnoT, rro cymecTBy, np1rnecTII K BIIAY ( 1.11) 

mo6y10 MaTpHUY BII/W F . ITpenrronOJKHM, HarrpIIMep, 'ITO. OTCyTCTByeT KOM-

'ITO M8TpIIllbl T(k) 

rroaeHTa F 
13 

1 Torna nocTaTo'!Ho, rronolKIIB T = E x,, B3SITh F =F tgiJ, , 
( 3) 23 12 

II rrpeo6pa30B8Hlle (1.7) 6yneT IIMeTb Bll/l 

F ,,, = T '-i T -i E FE T T ' 
( 3) ( 2) ( 2) ( 3) 

( 1, 7a) 

ITocKonbKY f eCTb MaTpIIua, COOTBeTCTBY!Olll8SI aHTHCIIMMeTplI'IHOMy TeH3OPY 

rronH, To 3arrHIIJeM ( 1. 11 ) '!epe3 cocTaBnR10mne sneKTpoMarHIITHoro rronSI 

II paccMOTp!IM Bhl6paHHYIO CIICTeMy KOOpAIIHaT: 

I 
0 9.l ,,, 0 0 

- $"' 0 0 i & ,,, (I.Ila) 

F"'=~ 
me I 0 0 0 i & ,,, 

0 -i & ,,, -i &"' 0 
TaKIIM 06pa30M, B Bb!6paHHOH CHCTeMe KOOp/lIIHaT OCb X = z. HarrpaBneHa 

3 

BAOnh HarrpaBneHIISI BeKTopa HarrpnlKeHHOCTII MarHIITHoro rronSI, a BeKTOp Ha-

rrpSilKeHHOCTII sneKTpII'IeCKOro rronSI nelKIIT B rrnoCKOCTII ( X X ) = ( z y) I OCb 
. ➔ ➔ 3 2 

X I= X rreprreHAIII,ynSipHa rrnOCKOCTII B8KTOpOB :i3 II ti, • 

~=a 

$ 

ti-
XL==- :t 

xi~x 
HcxoASI H3 BHAa F ,,, I paCCMOTpHM xapaKTepHCTII'IeCKOe ypaBHeH'Ae 

IF - >..EI= O 

( mTpIIxII Be3ne nanee orrycKaeM), 

xi 
3necb u nanee E - enuHII'IHaH MaTpuua, 

6 

(1.12) 

,j 
,t 

! 

I 
! 
I 

.I 
! 

I 
I 

I 

3arrIIIIJeM pemeHne ( 1.12): 

, >.. 
1,2 

=+lw, 

A = + K ' 
3,,4 -

rAe 

w=l__l(F2 -(F 2 +F 2 )J+-1 \/[F 2 -(F 2 +F 2 )i~+4F 2 F 2 li/2
, 

2 12 24 34 2 12 24 34 12 . 34 

K = I - _l_ ( F 2 -( F 2 + F 2 ) I + _!_ v' [F2-- ( F 2 + F 2 ) I 2 + 4 F 2 F 2 l 1/ 2 • 
2 12 2 4 • 3 4 2 I 2 2 4 3 4 12 , 3 4 

HarrIIIlleM ( 1.14) C IICIIOnh3OB8HII8M B§!KTOpHbIX o603H8'IeHII.il:: 

w. = _e_ 1 _!_ ( :B 2 .::_ ti, 2 ) + _l . v' ( :B 2 .::_ ti, 2 / + 4 ( i & / 
me 2. 2 

K = _e_ 1 _ _!_ ( :B 2 .::_ ti, 2 )+ __l v' ( :B 2 .::_ ti, 2) 

me 2 2 
+ 4(ii/ 

I1pIICTyITIIM Terrepb K II3Y'I8HIIIO rrony'IeHHblX Bb!pa)KeHIIH, 

1, ITapannenbHbJe rronSI 

/2 

l 1/2 

( 1. 13) 

(1.14) 

( 1, 14a) 

➔ ➔ 

ITpenrronolKIIM CHa'!ana, 'ITO rronSI :B II G rrapannenhHbI II 'ITO 1i1~1&\ 
➔ ➔ 

EcnII :B!\lii TO lii = F ,,,Q II Mb! rrony'!aeM: 
I Y 24 

w= 
e 

me 
:B' K = ~- li, 

me 

l I, 15) 

( 3/leCb BenII'IIIHbl w ' K ' :B II ti, 6epyTCSI C OAIIHBKOBbIMII 3H8K8MII 

TaK, 'IT06b! BbIIIOnHSinOCb COOTHOilleHIIe ( 1. 15)). ITpenrronaraeM, 'ITO BenII'!IIHbl 

:B II li, He paBHbI npyr npyry II, cnenoBaTenbHo, MbI IIMeeT '!8Tb1pe pa3-

nII'IHbIX KOpHSI. MaTpIIIIB ( 1.11) B pa36IIpaeMOM Cny<rne 6yAeT IIMeTb BIIA: 
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FIi 
e 

me 

0 

_$ 

0 

0 

$ 0 

0 0 

0 0 

0 -i& 

0 

0 

i& 

0 

( 1, 16) 

HeTpynHo rrpoBepHTh, 'ITO perueHHeM ypaBHeHHSI ( 1.2), ynoBneTBopmoIUHM Ha

'lBnhHbIM ycnoBHSIM ( 1.3)' B cny'lae pa3nli'iHhIX KOpHeii H l10CTOSIHHOii MaTpHUbl 

F 6yneT 

X = F-L(eFr -E)( _i!_) 
d r 0 

+X 
0 

- f(f,r)(_!L) 
dT o 

+ X 
0 

( 1. 17) 

( 3nech MaTpnua F - HeBb1po)KneHHasr; E - ennHH'lHasr MaTpnua). BB9neM 

MaTpHUY rronHoro rrpeo6pa30B8HHSI OT BHna' ( 1.6) K BHny ( l.16) H o6paTHY!O 

eii: 

e =T T T' e-1 = r-1 r -h 
( 3 ) ( 2) ( 3) ( 3) ( 2) 

Torna peruemie ( 1.17) 6yneT HMeTh cnenyIOIIIHii Bnn: 

f I dX . 
X = e ( Fl I ; r> e- ( --) + X dr o o 

r-1 
( 3) 

( 1. 18) 

(1,19x/) 

ITpnMeHHM,nanee,K cpyHKUHH f(Fi1 T) cpopMyny narapaH)K8-CHnhB9CTpa nnsr 

cny'lasr, Korna BCe KOpHH pa3n:H'lHhI. PaccMOTpHM cpyHKUHIO e FT : 

xi 
no onpeneneamo cpyHKUHH oT MaTpHUhI 

. f(0FII 0-
1
)= 0f(FII) 0-1

• 

8 

I 

l 

•' 

2 

FT ( • E) -IWT ( • E) IWT e = ! [ F -1 w e . - F +lw e 
F -K 2 E 

+ 
2 ' ( 2 2 lw W +K) 

( 1,20) 

E 
KT -KT 

+[(F+K )e -(F-KE)e I 
F 2 

+ w 2 E 

2K(w 2 +K 2 

3aMeTHM, 'ITO rrony'leHHOe Bb!pa)Ke
0

HHe norrycKaeT nmpcpepeHuHpOBBHHe n HH

TerpnpoBaHHe, HO Heo6xonHMO l1OMHllTh, 'ITO rrprr STOM Hy)KH8 H8KOTopasr OCTO

pO)KHOCTh. 

l1crronh3ysr ( 1.20), HarrnrueM Terreph peIIIeHHe ( 1.17) B mrne 

F 
2 2· 
-K 

X = { [ F ( cos wr-1) - w sin w r] + 
w2(w2+K2 (1.21) 

F
2
+w 2 · dX · 

+ [ F ( di K r - 1 ) + K sh K r] ----- I ( --) + X 
d T O 0 

(K2+w2)K2 

Llnsr Toro, 'lT06bI nanee rrpHBeCTH - perueHHe K Bb!p8)K9HH!O B K8HOHH'l8CKOii 

cpopMe ( 1.19)' rrprrMeHHM rrpeo6pa30B8HIIe ( 1 .18) K MaTpHUBM 

ITony'lnM: 

2 

FU 2 
-K 

. W ·2 (w 2 + K 2) 

F 2 2 
-K 

c,j2(w2 + K2) 

( E 0) 
=- :2 02 0 , 

F 2 2 
+w 

ll 
K2(w2+K2) 

2 2 

F li + w 

K2(w2+K2) 

1 ( 0 O ) 
K2 0 E2 ' (1.22) 

rne E - enrrHH'lHhie MaTpHUhI BToporo rropsrnKa ( B nanhHeiirueM rrHneKc 2 
2 

MhI 6yneM orrycKaTh). 
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BaeneM Tenepb cnenyrorrme nepeMeHHbre opToroHanbHbie MaTplll!bI aTopo

ro rropHnKa: 

( = "' ~., ) 
S= 

-sm w r COS WT 

( ~ .. i sh KT ) s = 
h -ishKr ch KT 

ll 

J, ( 0 

1 

) -1 0 

3aMe'laH, 'ITO 

__ l~ 1-1 = S, 1 dS J-1 = s 
w d, h 

lK dr 

HarrnrneM ncKOMbre pernemrn B anne : 

X,@ ( ~ (:-E) +-/-EJ C _, 
I K 

dX 
d, 

0 0-l 
( 

S O ·) ( ~) 

Q Sh dr o 

0 ) -I ~) + X 
0 < d o -I T J 

( 1.23) 

( I. 24) 

( 1.25) 

C, , 

( 1.26) 

HeTpynHo anneTb 1 'ITO nony11eHHbie pellieHl!H ynoaneTBQpHroT Ha11anbHbIM ycno

Bl!HM ( 1.3). TT peo6pa3oBaHne 0 O3Ha11aeT nepexon B cncTeMy KoopnnHaT, 

rae MaTpnua F paBHa MaTpnue FIi • TTonaraeM : 

X ' = 0 -i ( X - X o ) ' ( 1.27) 

u = 0-1 dX 
dr 

10 

•' 

rne X' H U - MaTpl!UbI KoopnuHaT H 4-cKopoCTH B cHcTeMe, rne F = FI I 
Pernemrn ( 1.26) B Bb!6paHHOll CHCTeMe KOopmrnaT 6ynyT HM9Tb Bllll 

X'= ( ~ (:-E) o ). ( r 1

. o · ) 
i~ csh -E> o rl u 0 ( 1.28) 

u (: :Ju" 
npn11eM 

u = 0-1
(~~) 

0 d T 0 

PaccMoTpnM nanee cpnGiI11ecKy10 nocTaHOBKY 3ana~n. Bbr6epeM B Ka11ecTBe lf0 

rrpon3BOnhHb!ll 4-neKTOp Ha11anbHOll CKopocTn, KOTOpblll Mb! MO)K9M GanaTb 

B ~nne HeKoTopbro cTon6ua. 

ConpH)K9HHYIO MaTpnuy nnn B9KTOp Mb!, O'19BllllHO, non)l{Hbl 3anncaTb 

B BHne 

S* 
U* = U* 

0 ( :: ) ( 1.29) 

0 

I'Ae B9KTOP u * ll306pa)KaeTCH COOTBeTCTBy10meii CTPOKOll. PemeHne 
0 

cornacHo ( 1.28) Mo)KeT 6bITb HanncaHo B BnAe cneAy10mero cTon6ua: 

u coswr+ u smw r 
OJ 02 

( cos(wr-cp ) 
0 0 

u 

-u smwr+u coscor -( sin (wr-cp ) ( 1.30) 
0 I 02 0 0 

U= 

u chKr+iu S!Kr 
03 04 

( ch(Kr+a 
Q 0 

-I u sh Kr + u ch K r 
03 0 4 

-i( sh(Kr+a 
0 0 
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11crronh3YSI ( 1.30); IIHTepeCHO IlOCTpOIITh cne)lyJOIUile IIHB8pil8HTHbie IlpOI13B8-

)l8HIISI! 

[ X, + 

U* U = U * u = t 2 
+ ( 

2 = -: e 2 
, 

0 0 0 

( 

j~l Q ) 

Ll 
0 . 

lK 

u: ( 
E 
w2 

iJ 

0 

E 
K2 

u 
0 (

~ 0 ) w V J ... ]'!'[X'+ 0 L-l 0 

) 
u = . 0 

2 

to 
--+ 
w2 

'2 0 

K2 

· ( 1.31) 

TaKIIM o6pa30M, p8JlilyCbl "BpameHIIH", KOTOpb!e Mb! M0)1{0M orrpe)lenIITh KBK 

{; 0 
r 

0 w 

6yJlyT CBSI38Hhl COOTHOlll0HI10M 

f2wz+e2K2 
0 0 

II, 

2 
C 

e 
(0 

0 
K 

HeTpyJlHO H8IlIIC8Th, IICXO)lSI Il3 o6mero Bil)la rrpeo6pa30B8HIISI 0 

pIIBHTHoe pell!eHile B BIIJle 

x = r e cos ( w r - ¢ ) - r e sin ( w r - ¢ ) + 
l O li O O 21 0 

+e e ch(Kr+a )+£ e sh(Kr+a )+x 
0 31 0 0 41 0 Qi 

( 1.3 2) 

( 1.33) 

, KOBB-

Ct.34x/) 

3)leCb e 
11 

II T.a. - COOTBeTCTBY!OIUile HarrpaBnSIJOIUile KOCHHYCbI, IlOSIBnSIIOIIJHe

CSI B peaynhTBTe rrpeo6pa30B8HIISI KOOp)lIIHBT. B paao6paHHOM Bb!llle cnyqae 

xi 
QqesnaHo, sceraa MolKHO orrpeaennTh e . TaK, 'IT06bI 6binO 

4 I 

x = +e f sh(Kr+a )+x 
I 4 l O O O I 

PeweHne rt·34} H8IlllC8fIO an.11 rrpoH3BOnbHOl'O ABlllK8flll.lI, aaaaBaeMOl'O 
ypaBHeJineM ( 1. 1), B cnrrne, Koraa Bee KopHn ,\ i paann'!RhI. 

12 

I 
), 

. ,I 
\ 

rrpeo6p830B8HI1e 0 He 38TparIIB8eT BpeMeHHOH KOopaHH8Thl (rrpocTpaHCTBeHHOe 

BpameHile). ITepBoe COOTHOll!eHile ( 1.31) B STOH 38IlIICII 6yJleT IIM0Th BII)l 

d X 1 ) 2 u2 
dr 

- -
2 2 

u . = -c 
Qi 

( 1 .35) 

" 11TaK, ecnII nonSI 93 II &, 'H8IlpaBneJibl BJlOnh OCII X = z' 11'0 qacTIIUa, 
' 3 

YCKOpSISICh BAOnh 06IIJero HarrpaBneHIISI rroneu, 6yneT Bp8IU8ThCSI IlO OKpy,KHQCTII 

IlOCTOSIHHOro p8Jlilyca r 
0 

• Hamrll!eM Jlanee, qeMy paBHbI 

ecmr 38Jl8Hbl HaqanhHbie lIMilynhCbI. 11 MeeM: 

r 
0 

e 
0 

C 
--yp2 
e 93 0 X 

C ___ / 2 

e i;- V p -~ 0 z 

+ p 2 
Qy 

w2 
0 

C 2 . '. 

ro II £ 0 • 

( 1.::.rn) 

r)le p O 1= my.v 1 ( aaech v 1 - o6bI'!Hasi CKopocTh), W
O 

- HaqanbHaSI KIIHeTu'lec-

Kasi sHepl'IISI. 

2. ITapannenbHbie, paBHbie rro a6con10THoii Benn'lnHe rronsi 

PacCMOTpI!MC TOT )1{8 cnyqafi, HO Ilpll ycnOBIIII 

K ( 1.4a), HBI!HllleM: 

I :BI= I & I .BoaBpamasich 

e --
w =--. y'JJ[i; 

me 

e ---
K = --y gj{f; • 

me 

( 1.37) 

I w I= I KI'. 

Bee ,\ CHO Ba paanH'!Hbl In, cne)loBaTenhHO, rrony'leHHbI8 Bblp8)1{8HIISI OCT a-

IOTCSI B CHJ1e 0 
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3. ilBHlKeHile B MBI'HllTHOM none 

& = 0 
PaccMoTpHM Gnech cnyqau, Korna aneKTpnqecKoe none _oTcyTcTByeT, 

Torna B cpopMyne ( 1.14) F = F = 0 n, cnenoBaTenbHo, 
1, 24 3 4 

w = e 93 , 
me ( 1.38) 

K = 0 

B aToM cnyqae KO pHil A n A paBHhI, A = A =0. Bocnonh3yeMcSI CHO Ba 
3 4 3 4 

cpopMynou flarpaHlKa-CnnhBecTpa, ocymecTBHB np~nBapnTenbHo npenenbHhIH 

nepexon K cnyqa10 paBHhIX icopaeu A = A • <PyHKUilSI e Fr tSyneT HMeTh 
3 4 

cneny10mnu Bnn: 

Fr ( F • ) F2 ~ 2 
F + w e =- cos WT+ -- sm WT ---- + 

w 2 
w 

Hcnonh3YSI ( 1.5), HannmeM pemem1e B Bnne 

w2 

F 2 ·F
2 2 d X 

X=l[F(coswr-1)-wsinwr]--+ +w rl(--) 
w 4 w2 d r o 

B pa36npaeMoM cnyqae F 11 tSyneT pa Bao: 

FIi = ...,.....:_ 
me ( 

,93 J O ) 

. 0 0 

rne J - MaTpnua, onpeneneaaasi B ( 1. 24). 

14 

( 1.39) 

+ X ( 1.40) 

( 1.41) 

/{ 

;:,i·:i I 
·lj 
't 

1: 

1, 

I 
( 

IlpnBeneM nonyqeaaoe pemeane cHoBa K KaHoanqecKoMy Bnny ( 1.20). 

IlocKonbKY 
2 

FIi 1 
4 

w w2 

TO nonyqaeM: 

(: : ) 2 2 
F +w 

2 
w (: :.) 

X=0 
(!:· (S

0

-E) 0 ) ( J-I ) 
' J O ;_, 

0-
1
(~) + X d T O 0 

dX 
dr e(: :) 0-if~) 

\ dr o 

( 1.42) 

( 1.43) 

3aMeTHM, qTO rronyqeHHOB peWBHI!e (1.43) COOTBBTCTByeT rrpenenhHOMy rrepe

xony B peweHHII ( 1.26) nnsi cnyqag K =0 • TaKHM ot5pa3oM, Bee cKa3aHHoe 

OTHOCilTenbHO ( 1.26) MOlKHO noBTOpHTb nnH ( 1.43•). BbiopaB u O B cpopMe, 

COOTBeTCTBy10meu ( 1.30)' HarrnmeM: 

t cos(wr-q, 
0 0 

U= 
-t sin(wr-q, 

. 0 0 

( 1.44) 

( ch a 
0 0 

-i(
0
sha

0 

Torna COOTHOIIIeHne ( 1.33) tSyneT IlMeTb Bllil 

2 +-1-(p2 

w2 
2 

w 2 r ___ o_)--e 
0 m2 0 z e2 

( 1.45) 
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HaKoHeu, 

x =r·e cos(wr-¢ )-re sin(wr-¢) + 
I O 11 0 0 21 0 

rne 

Poz e r+ + -~ 31 
i_Wov 

e 
41 

T + X 
m me 

e 2 2 r =--vp + p 
0 e] Qx OY 

0 l ' 

4. ilBID!(eHIIe B sneKTpII'IeCKOM none 

( 1,46) 

CneAY!OIIUdi cny'Iall COOTBeTCTByeT -~ =0 TOrAa B Bb!pa:)l<eHIIII. ( 1. 14) 
I 

F = 0 
12 

II MbI rrony-qaeM: 

( Cu 

I_ Ke 

= 0'' 

e 

me 

( 1.4 7) 

&. 

· 2 c-2 c-2 
B STOM cny'Iae paBHbI KOpHII A =A = o. 11 HB8pIIaHT ~ - l.') = - l.') < 0 . 

. . I 2 

BbmOnHSISI B ( 1.26) rrpenenbHblll rrepexoA, rrony'IIIM peIII0HIIe B BIIAe 

X=® 

(

rJ O ) ( J -l O ) ( · ) · 0- 1
.~ +X 

o /K csh -E) o rl d, 0 0 ( 1.48) 

_Q= 0 ( E D ) 
d, 0 S 

h 

0-l(_j!_) • d, o 

16 

,, 

CpaBHIIBaSI ( 1.48) C ( 1,43) I BIIAIIM, 'ITO Bblp8)1{eHIISI IIOXO)KII npyr Ha npyra, 

'ITO II cneAOBano O)KllnaTb, 

Harr11meM CHOB8 BeKTOp U: 

g ros ¢ 
O 0 

( o sin <Po 
u = 

( ch(Kr+a ) 
0 0 

-i ( sh (Kr + a ) 
0 0 . 

CooTHOIIIeHJie ( 1,33) B paccMaTpllBaeMOM cny'Iae IIMeeT Blln 

2 
P2 + p 2 n 2 

0 x OY + K L =-e 
rn 2 0 

II pemeH11e x. 38IlllllieTCSI cneAyIOIIIIIM o6pa3oM: 
1 

X 
p p 

e ch ( __ o_x_ e r+~e r+ e KT+ a 
11 m 21 0 3!_ m 

+ e 
0 

e sh(Kr+a )+x 
41 0 0 l 

(3necb 1 KaK II paHbme, rronaraeM x 

rne 

x, X =Y), 
2 • 

e 
0 

e =--vP 2 

e & oz 

wz 
- ____ o_ 

·e z 

17 

) + 
0 

( 1.49) 

( 1,50) 

( 1.51) 

.. 



5, B3aIIMHO rreprrem::mKymipHbJe rrom1, rrp1rneneHHb1e K cny'laJO 

MarHIITHoro rron.11 

PaCCMOTpIIM nanee cny<rnft rreprreH]lIIKynSipHbIX, HO He paBHbIX npyr 
~ - -

npyry noneiI(\!B\ia\&\, !Bi&).ByneM C'-IIITBTh \!B\>\&\,T,e, !B
2 _&;

2 
> O. 

Bo3BpamaHCb K ( 1.14)' Mb! BI!JlIIM, 'ITO B 8TOM cny'-lae 

{ 

w = _e..; ~2 

me 

K = Q 

-&2 
( 1,52) 

II MOIKHO 

Hoe none 

Bb16paTb Cl!CTeMy KOOfnIIHaT, B KOTOpou IIMeeTC.II nIIlllb onHo MarHlIT

:B • TTonara.11 tha = __::__li.._ ( F 3necb He paBHO HynJO), MaTpIIuy 
F 12 

12 

0 F 0 0 
12 

I ( 1,53) 
-Fl2 0 0 iF 

F = I 
24 

1 0 0 0 0 

0 -i F 
24 

0 0 

C IIOMO!Ub!O npe_o6pa30BaH!rn 

cha 0 0 isha \ 

0 l 0 

:.J 
( 1,54) 

T =\ h I 0 0 l 

-isha 0 0 

llpllBO.QllM K Bll.Qy 

(~r' 0 ) ( 1,55) cha 
F=T T -1 '. h I hi 

0 0 

18 

I 

l 

' 

T,e. 38]:la'-!a CBOJllITCSI K aanaqe O JlBil:lK8HIIII '-18CTIIUbl nIIIIIh B MarHl!THOM 

none. PeIIIeHIIe ( 1.43) oyneT IIMeTh 1 cnenoBaTenhHo·, cnenyroumft an.u: 

X = 0 T (_l_ (S-E) 
h W • 

I 
0 

Q) ( rl' 
rJ 0 

O )T""'1 
0 -1 dX 

J
-1 h _ (-~-) 

1 dr o 
+ X 

0 

( 1,56) 

dX = 0 T (S 
d, ---- hi Q :) T-1 0-1 ( dX 

h 1 T ) 0 . 

HarrIIll!eM peIIIeHl!SI B CI!CTeMe KoopnIIHaT, <;_::OOTBeTCTBYJOIUeH pell!eHl!IO ( 1.44): 

X'= Th 
(~ (:-E) 

) ( 
rl Q ') 

,; o r" 

U=Th(S O) 
1 

0 E 

T- 1 u 
0 • 

h I 

-1 u 
Th O 

I 

( 1.56;) 

11nII, ecnII B3.IITb B Ka'-!8CTBe Ha'-!anbHOI'O ycnOBIISI u· n ' COOTBeTCTBYJOIUee 

pell!eHIIIO ( 1 .44), TO rrony'-IIIM: 

Id•• [a(a-,1 )d, a sm.,-(=ru,-1)< '"'• J-,b(~¢ )shad,\ 

. ( . ch: , ,m • , , , , . 
x•= -· - a(a•cp }(cos wr-1)+~ f sin WT 

W I O W 0 

T' cl-i a • 
0 0 

\ /( 1,57) 

-i-~[a(a•cf, )chasinw,-(cosw,-1),i sincf, )+irb(a;cf, )ch~a/ 1 W lo O O O -

rae a(a•cf> ) 11 b(a;cf> ) 
I O 0 

paBHbI: 
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{

a ( a•¢ ) = e ( cos ¢ - ' th a sh a 
I O O O O 0 

b ( a·¢ ) = g cos ¢ th a - ( sh a 
lo O O O O 

( 1.58) 

Mb! He 6yneM 3JWCb rrncaTb perneansi, C00TBeTCTBYIOIIIHe o6meMy Bnny, II0CK0J!b

KY 0Hll rrony'IaIOTCSI B pe3yJibT8Te yKa3aHH0I'0 rrpeo6pa30B8HHSI 0' 'IT06b! 

He rrncaTb CJIHIUK0M rpoM03JlKHX Bb!pa)KeHnii:. B naHH0H • CHCTeMe KoopnnHaT 

B38HMH0 rreprreHllllKYJISipHbie II0JISI HarrpaBJI9Hbl no 0CSIM X = Z 
3 

,n X 2 = y. 
O6paTHM BHHMaHne Ha peIUeHne, C00TBeTCTBy10mee HarrpaBJI9HHIO X = X ' 

. . 1 

3,!l9Cb, KpoMe 'IJI9f-0B, 0ITH.Cb!B8!0lllIIX BpameHrre, rrpIICYTCTByeT eme cne-

nv10mnii: tineH: 

D = - r b ( a•¢ ) sh a ch a = - r ( w r 
~ 0 0 

C W ii 5.\ 
ls 0)----

cos ¢ 0 93 -.~ 5.12 - 'ii 2 ( 1,59) 

rne p 
w r cos ¢ = __ o_x_ 

o o m 

0 C00TBeTCTByeT npefapy 'I8CTllUbl B HarrpaBJieHIIII, rreprreHnIIKYJISipH0M -.-· . 
KaK rromo 93 , TaK n rron10 & 

6, B3aHMHO rreprreHnHKYJISipHb1e rrom1, rrpnBeneane K cny11a10 

8JieKTpH'IeCK0I'0 Il0JISI 

Cnytiaii: B38llMH0 rreprreHJ:tllKYJISipHbIX H He paBHbIX npyr npyry rroneii: 

rrpn ycnoBnn, · Korna I &I> I 5.1 I ( 1931-/, I ii I; 5.1 .... 1i•) rrpnBonnTcsi, KaK H3BecTH01 , . . 

K cnytiaIO onHoro_ 8JieKTpll'I9CK0I'0 ·rroJISI {f; ·, Jleii:CTBHT9JlbHO, HHBapIIaHT 

a, 2 ·c- 2 !.6 - \9 < 0 6vrreT OT0HUaTeJibHOH BeJIH'IHHOH n: Mb! ,Il0J!YtJaeM: 

w = 0, 

e 2 2 
K=-J& -93 • 

( 1,60) 

me 

20 

O11eBH,!lH0, Mb! M0)KeM CH0Ba IICIT0J!b30B8Tb rrpeo6pa30B8Hne 

F 
th a'= 12 

F 
124 

rr MaTprru_a Fl rrpnBeneTcsi K Bn:ny 

0 0 0 0 

iF 
0 0 0 2:1 

F =T' 
cha' ' } I 

,· r--1 
1 ht 0 0 0 0 hl 

iF 0 ___ 24 0 0 
cha' 

Th I II0JI0)KlIB 
I 

( 1,61) 

CnenoBaTeJibHO, 3anatia neii:cTBHTeJibH0 CB0,!lHTCSI K 38.natie 0 llBlI)K9flllll 'IBCTII

Ubl B 8JieKTpn11ecKoM none. Harrn:rneM cpa3y peIUeane: 

X= 0T' 
h I 

(

rj 
Q ) (]-I 

+(S -E) 0 :-) 
0-l(~) 

r--.1 8-1(dx_\ +X , 
h 1 \ dr Jo o 

0 
lK h 

~ = 0 T ~ 
. d, _I (: :.) r--1 

h 
.1 

( 1,62) 

d, o • 

Bb16epeM CH0Ba B9KT0p u ' 0 
COOTBeTCTBY!Olllllii:' peIUe_HIIIO ( 1.44), n: Harrn:IUeM 

peIUeHne B Bbi6paHHOH CHCTeMe KoopnnHaT, rne MaTpHU/;\ Fl HM eeT K8H0HH-

'I9CKHH Bun ( 1,53). 

- s!Ja' .[b(a.'¢ )cha 'sh Kr-( ch;, (ch Kr-I) I,+ .,a(a.'¢) ch 
2 

KT 
I O O O I 0 

K . 
( 1,63) 

X'= 
cha' . ch ao 

- -- b (a;¢ )( cb Kr-1) + --- ( sh KT 
0 0 

K K 

,g
0

sin¢
0 

i~[b(a.'¢). cha'shKT-( cha (chKr-l))~i ,a(a;'¢ )·sha'cha' 
K I O O O 0 

rne a(a{¢o) H b(af ¢0) onpeneneHhI B ( 1,58). 
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Bb1nenIIM CHOBa Jlpell:cp B H8llpaBn8HIIII, rreprreHJlIIKymrpHOM o6oIIM rromrM 

. - -( iii II :B ) I nmr 9TOI'O Heo6xonIIMO CHOBa paCCMOTp8Tb pell!eHIIe, COOTBeT- . 

CTByIOmee HarrpaBneHIIIO X = X • 
l 

2 

D=ra(a ~<p ) ch ( Pox :B o b &2 
Kr=r ----KL Sa)----

. ~ 0 m & o o :B2-iii2 ( 1,64) 

QqeBIIJlHO, ecnII :B -/, 0 , 

)K8HIIe, COOTB8TCTBYIOIUee 

TO BM8CTO 

&2 

:iJ 2_ &2 
MO)KHO H811IIC8Tb Bb!pa-

( 1.59), a IIMeHHo: 

~x & &:IJ D=r(-- -- -KE sha )----
m :B o o :B2-&2 

I'J18 

w 
K E sha --□-

0 0 me 

7. BaaIIMHO rrepll8Hlll1KYmipHbJe, paBHbJe iro a6conIOTHOll: 

BenII'IIIHe rronH 

PaccMaTpIIBaeM Terrepb cnyqaii B38IIMHO rreprreHJlIIKymrpHb!X II paBHbIX 
➔ -I> 

t1pyr Jlpyry rro a6con10THoii BenII'IIIHe rroneii ( \ :B \ = \ & \; !.B l & ) , B 9TOM 

cnyqa_e o6a IIHBapIIaHTa paBHbl Hyn10 II Bee qeTb!pe KOpHSI COBII8Jl8IOT npyr 

c JlpyroM1 

w=K=O. ( 1,65) 

EyneM CHOBa IICXOUIITb II3 cpopMynhI narpaH)Ka-CIInbB8CTpa, B3SIT0ll B cpopMe 

( 1.21)' II COB8p11IIIM rrpet1enbHb!ll rrepeXOJl w ➔ 0 ' K ➔ 0 . llnsr 8TOI'O 

paanO)KIIM TpIII'OHOM8TpII'I8CKIIe II I'IIIIep6onIIqeCKIIe cpyHKUIIII B pSillbl II OCTa

BIIM HeIIc"<Ieaa10mIIe "<IneHbI. B peaynhTaTe rrony'IIIM: 

22 

•. 

Fr F 2 
2 e =E+Fr+ r f3 r3 + 

2 6 
. ; ( 1,66) 

n pell!eHIIe ( 1.17) rrpnMeT BIIJl: 

Fr 2 F 2 r 3 dX 
X=IEr+--+---l(--) ·,+ 

2 6 dr 0 
X 

0 

( 1.67) 

dX F'r' dX 
--=IE+Fr+ --l(--) 

d r 2 dr 0 

PaccMoTpIIM nanee cIIcTeMy KoopnIIHaT, rt1e MaTpIIua FL IIMeeT· BIIJl ( 1,53) • 

0 1 0 . 0 -1 0 0 i 

-1 0 0 i 0 0 0 0 

F=¢, I F2=¢ 2 I ( 1,68) 

0 0 0 0 ) 0 0 0 0 

0 -I 0 0 -i 0 0 

3J18Cb cp - qIIcno, paBHoe ef, = F = F • Bb16IIpasr Ha"<IanbB:1,ie ycnoBIIH 
- 12 24 

B BIIJle B8KTopa 

rl;_ o cos cp o + 

U O , rronyqaeM cnet1y10mIIe pewemrn: 

cpr 2 • cp'2r3. 
- I; SID¢, - --- (I; CTYScp +( sha 2 0 0 6 0 0 o- 0 

X'= 

rl; sin,j, - ¢,Zr 
2 

(/;_ 
0 0 

cos¢, -( sha ) 
0 O O 0 

r ( ch a 
-0 0 

. . ¢,2 . ¢2r3 
-Ir ( sh a - I --- I; cos cp - I -

6
- ( I; cos cf, - ( sh a ) 

0 0 2 0 0 0 0 0 0 
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( 1,69) 



rne Ha<JanhHbJe ycnomrn B3HTbl B mrne 

pox 
~ sin¢ 

Pay 
~cos¢=-- =--

0 o m a a m 

p w 
( ch a = ---'l.L -i( sh a =-i --0 

a . a m a me 
' H 

e!931 elfil 
¢=--=-

me me 

OTMeTHM, 'ITO Han6onh111ee B03pacTaHHe CKOpOCTH IIpOHCXOJlHT B narrpaBne-

HHH, rreprreH)lHKynHpHOM o6oHM rromIM, T.e. B narrpaBneHHH X = X, TaKHM 
I 

o6pa30M, Mb! paCCMOTpenH Bee B03MO)KHbl9 cnyqaH JlBH)KeHHH qaCTHUbl B rro

CTOHHHb!X OJlHO.pOJlHb!X rronHX.- OcTaeTCH paCCMOTpeTh o6nmfi cny-,rafi CKpe

meHHblX rronefi, KOTOpb!H, O'!eBHJlHO, CBOJlHTCH K yme paCCMOTpeHHblM. 

8. CKpemeHHbre rronH 

PaccMoTpHM o6mnfi cnyqafi cKpemeHHblX rronefi. KaK 6bmO rroKaaano 

B Bb!pameHHH ( 1. 7), 1IpOH3BOnhH8SI M8TpHua F MomeT 6b!Th IIpHBeneHa 

K BHIIY ( 1 .11) C IIOMO!Uh!O nHlllh rrpeo6pa30B8HHll BpameHHH. CnenoBaTenhHO, 

Bcerna MO)KHO Bb!6paTh CHCTeMy KOOpIIHHaT, B KOTopofi 6ynyT rrpncyTCTBO-.... .... 
B8Th nHlllh TPH OTnH'IHblX OT nynH KOMIIOHeHTbl BeKTOpOB $ H fi I ecnH 

B Ka.<JeCTBe onnofi H3 ocefi B3SITh nn6o BeKTOP 93 I mr6o BeKTOp i . 
B rrpOH3BOnhHOM cnyqae, Boo6.me. rciBopH, w H K ne paBHbl nyn10; ecnn 

onaa H3 9THX BenH'IHH paBna nyn10, TO Mb! 1IpHXOIIHM K yme pacCMOTpeHHb!M 

cnyqaHM BaaHMHo rreprrennnKynSipHblX rronefi •. B o6meM cnyqae Bb1pa)l<eHHe 

( 1.14a) Heo6XOJlHMO IIOHIIM8Th B CMblcne ( 1.14), IIOCKOnhKY Mb! He MomeM 

rrpnpaBHHTh w n K K Bb!pameHHHM ( 1.15), 'ITO nerKO rrp·oBepHTh. OnnaI<O 

Bcerna Bb1pamenne rron KOpHeM 6onh111e paaHoCTH F 2 
H ( F 2 

+ F 2 
) : 

12 24 34 

1,F 2 -( F 2 + F 2 ) I < I v [ F 2 -( F 2 + F 2 ) l 2 + 4 F 2 F 2 
12 24 34 - 12 24 34 12 34 

( I. 70) 

· ;1 

H nnH ae paBHb!X ayn10 rrpoHaBenem1fi { F /
2 

F:
4 

) Mb! IIMeeM cnyqafi '!9Tb1pex 

. pasnH'IHb!X KOpaefi. 

IToKa:lKeM, 'ITO B 9TOM cnyqae Mb!, Bcerna MO)KeM IIpHBeCTH MaTpHUY 

F K KBHOHII<JeCKOMy BHIIY ( 1 .16): 

0 (,J 0 0 

-(,J 'O 0 0 
: : \ ( 1.71) 

F y = I 
0 0 0 I K 

0 0 -IK 0 

( T,e. <pH3II'!eCKH 9TO 03HaqaeT Bb16op CIICTeMbl KOOpIIHHaT, rne rronH rrapan.:.. 

nenhnbi). 

PaccMoTpIIM rrpeo6paaoBaHue 

ch /3 0 0 ish /3 

0 cosn sinn 0 \ ( I. 72) 

Th Ti= 
,! I 

0 -sinn cos n 0 

-ish /3 0 0 ch /3 

( O'!eBunno, 'ITO snecb yqaCTByeT rrpeo6pa30Bamre BO BpeMeHH) • C IIOMOIIIh!O 

rrpeo6pa30B8HIISI ( I. 72) IIpOH3BOnhHYIO MaTpHuy ( 1.11) B cnyqae paanII'IHb!X 

KOpHefi +lw H + K Bcerna MomHo rrpuBeCTII K' BIIJlY ( I. 71). ITonaraSI -

F w F K 

th .B = 24 
tg n = 24 

( I. 73) , 
F K+F w F 34 K + Fl2 w 

34 12 

rronyqaeM Hy:lKHb1fi BHJl MaTpHUbl F . TaKHM o6paaoM, 

24 :■ 26 

--



F=El (Thi Tl ) Fl 
-1 -1 

(Th T1 ) 8 
I 

3amrrneM eme cne,nyJOmIIe rronesHbJe cooTHorneHIISI: 

F F = F' F' 
12 34 ]2 34 

WK, 

W 2_ K 2 F2 -(F2 +F2) 
12 24 34-

( 1. 74) 

(1.75) 

BBe,neM orrpe.neneaIIe rronHoro orrepaTopa rrpeo6pasoBaHIISI B rrpoHsBonbHOM 

cny11ae cKpemeHHhIX rroneil:: 

Q"'ta,• T(2) '~3) (Th T 1 )=El (Th Tl )_ 
l I 

( l. 76) 

Pernemre B yKasaHHOM cny11ae 6yneT HMeTb cnenyJOlilHil: BIIA: 

X=Q 
( ~ (:-E) 

( 

J-l Q ) 

Q rl .l(:,-E)) 
IK 

0:...1(dX) + X -
dr o o 

( I. 77) 

~: • Q (: :J o-'( ~~ }" 
3aMeTIIM, "!TO cny11ail: paBHbIX ITO a6conJOTHOil:\ BenII"IIIHe KOpHeil:, IInII TO"!Hee, 

cny11ail: paBaoro HynJO HHBapIIaHTa 

F
2 

- ( F 
2 

+ F 
2 

) = 0 
12 24 34 

( 1. 78) 

He BbIIIa.ctaeT ll3 paCCMOTpeHHoil: BbIIIle CX8Mbl, IIOCKOnbKY 

26 

I 

-J 
\ 

r-F F , r -+•~. 12 34 1,2 -

K = F F ' ,\ = + K ( 1. 79) 
12 34 3,4 _ 

Mb! ae 6y.cteM 3A8Cb paCCMaTpllBaTb . .npeil:cpoBoe ABII:lK0Hlle CaMoro ueHTpa 

napMopOBCKOil: OKPY)KHOCTII, KOTOpoe, O'18BHAHO, :~y.cteT IIpIICYTCTBOBaTb B 06-

meM cny11ae ABll)K0HllSI '18CTHUbl B CKpemeHHh!X rronSix. 

B saKnJ011eHHe aBTOp Bbipa)KaeT 6naro.ctapHOCTb TOBapnmaM, IIpIIHIIMaB

IIlHM y11acTIIe B o6cy)KA8HHII Ll8HHOil: pa60ThI: 3.A.ITepenblilTeil:Hy, E • .Q.CRe.ctJOHb

KHHY,- I1.H.I1BaHoBy II A.E.llIBa11Ke. ABTOp Bbrpa)Kae1 6naronapHocTb H.E.Py-

6nHy, CTIIMynIIpoBaBrneMy naHHOe paCCMOTpeHIIe, 3a pSIA rrone3Hb!X saMe11aHIIil:. 

fl II T e p a T y p a 
--~· 

1. 4>.P.faHTMaxep. TeopmI MaTpnu., M., 1954. 

2. n.LJ..naanay, E.M.nn¢nmu. TeoplISI rronSI,. M., 1967. 

3. E.neaepT. LlnHaMnKa sapSI:lKeHHhIX 11acTnu., M., 1967. 

PyKollHCb nocTylllina B H3AaTenbCKHtt OTAen 

7 OKTHOpH 1969 roaa, 

27 


