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YcTOl!'lHBOCTb cna6oaeoaaoponaoll aepenSITHBHCTCKoll nnasMbi, yaep>KHBaeMoll 

/1,2/ 
MarHHTHbiM noneM, nsyqanacb MnorHMH asTopaMH , 06o6rueane aTHX pesynb-

T8TOB rrpH IIp01!3BOIIbHOM COOTJ30i0HIIH MO>KUY pa3MOpaMH CIIOS! H napMOpOBCKHM 

panuycoM qacTHU nonyqeno B • HMeeTCS! pS!A nccnenoBannll no Kone6aHHS!M onao-
/4/ /5/ 

pOUHOll p~rrS!THBHCTCKOff nna3Mbl , 0TMOTIIM, B 'l8CTHOCTll, CT8Tb!O , B KOTO-

poll paCCMOTpeHa yCTOll'lliBOCTb OAHOpOUHOH perrS!Tl!Bl!CTCKOll IIII83Mbl B MarHl!THOM 

none c aansoTpOIIHhiM pacnpenenenl!eM qacTl!U no CKopocTSIM. Cneayn li3BOCTHOMY 

MOTOAy, paCCMOTp!!M IIOTOHUHarrbHbiO KOrre6aHHS! UHrrHH.QpH'lOCKOrO CUOS! perrS!THBHCT

CKOH rrna3Mhi c Manofi aMrrrruTyAofi, 4acTl!Ubi rrna3Mbi ynep>Kl!BaioTCSI onnoponHhiM 

MarHl!THbiM noneM nerrll'lHHhi H0 , aanpanneHHhiM nnorrb OZ , llBllli<OHHO 'l8C-

Tl!Ubl B paBHOBOCHOM COCTOS!Hllll paspe>KOHHOil: nna3Mbl onHCbiBaOTCS! ypaBHOHHOM 

dt 
Vx Ii 

0 (1) 

rne 

.. .. 
-CKOpOCTb 1 p ~ m C U -uMnyrrbc qacTHU. YpanaenuSI UBli>KOHl!Sl rrpl!BO-

):(S!T K crre.Qy!OIUIIM l!HTOrparraM ):(BII>KOH!IS!: 

f) 
u---y,a 

1 c 2 

D 
~u +--x 

2 c 

eH 
(0 = _o_) 

me 

llna IIOCIIOilHl!X liHTOrpana UB!!)I{OH!IS! S!BIIS!!OTCS! o6o6IUOH!IOM COOTBOTCTBY!OIUIIX 110-

perrS!TI!Bl!CTCKl!X Bbip8lKOH!!ll, CoxpanneTcSI TaK>Ke rronnan anepr!!SI qacTHUhi, nponop

uuoaanbnan nerru'll!HO t = .J 1 + u 
2 
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Bbr6epeM paBHOBecnyro ~YHKUHID pacnpeneneHHH 'IBCTHU 
2 u 2/ 2 

f =Af(-9 -\e- 3 uo o(a )o(a ), 
0 2 I 2 

B BHUe 

u 
p 

rue A Bbip8lK8eTC.II qepea UHUeilHyro UUOTIIOCTb 'I8CTHU B cnoe R O C UOMOlUbiD 

HOpMHpOBKH f f 
n

0
f(s) 0 

paBHa 
"R 

2 
b 

3 
d udxdy=n

0 ITnoTHOCTh qacTnu B paBHoBecnoM cocTo.Hnnn 
c u r 2 ilo 

, rue paaMep cno.H R ~ --~'- , s = -- , b = f f ( s ) d s • 
I pI R 2 

BoaMywenne noTenunana aneKTpnqecKoro non.11 <P npnaonnT. K naMenennro 

~YHKillll! pacnpeneneun.H, KoTopoe onpeuenHeTc.II B peaynhTaTe pewennH nnneapnao-

B8l!HOrO KHHeTH'IeCKOro ypaBHeHH.II B BHUe 

e 00 ... a£0 
f =- f dt 'V ¢·-_..:__-

1 ,mea a;t(t) 
(2) 

B 3TOM Bbip8lKeHHH KOOpUHH8Tbl H HMrrynhC 'IBCTHUbi H8XOUHTCH C llOMOIUhro ypaBiie-

I!H.II UBHlKeHl!.II ( 1) 

x(t)=__:_[a -a Sin(.!?_ t+a)], n ·2 ( 

Y ( t ) = -i..- [ a Cos ( E..!_ + a ) - a ] , 
l/ £ I 

(3) 

c u 3 t 
z( t) = z - --- ! 

( 

II T,IJ.,, rue B II a onpenen.HIDTC.II COOT!IOIUeHJI.IIMII U I= B Cos a , U 
2 
=a Sin a • 

IToncTaBnM B BbrpalKeane ( 2) paanolKenue noTe nun ana B I!HTerpan · <l>yphe 
...... 

... I~ k• X -COt ) 
¢ = f ¢ ( k, co) e d k d cu 

ITpencTaBI!M naMeaeane ~YHKilllll pacnpeneneHH.II B Bl!rre cyMMbi no rapMo!IHKaM 

UHKnOTpO!!IIOil 'I8CTOTb!• J1cnonh3Y9M UUH 3Toro H3B9CTH09 p83UOlK91iH9 

cka Ot Ot 
1--rr- sln({3--£--a) oo c k 8 In ( {3- -- -a) 

e = ~ J (--) e £ 
n n (4) 

-oo 

rue k H {3 H8XOUHTC.II H3 COOTIIOIUeiiJill k I = k Cos {3 , k 
2 kSinf3. 

ITpoHnTerpnpoBaB no BpeMean, nony'IHM 

... 2 "£ . ... oo ck 
f
1
(x,y, k

3
,cu,u)=- ; 

2 
U

0
¢(x,y,k 3,co)+fdk

1
dk

2
¢(k,cu) ::£ Jn <r). (5) 

m c u •· 
0 

ln({3-a) 2 2 " 
e 2 a UO C a a l""fr(kla2.-k a I) 

-------[nP(u --+0-cuc---(lr --k -)]f e 2 ) 

•cu-ck3u3-nP oaa2 20 lay 2ax o . 
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Bbi'IHCnHM H3M91Ie!J:He !InOTHOCTH qacTI!U n I "" r f I d 3 u HHTerpupoBaH!Ie 

no nonepeqHhiM I!MnynbcaM npoBOAIITCfl c noMOWbiO 8 -¢YHKUIIfi. B peaynbTaie 

9Toro IIHTerpupoBaHHfl senuquua a BhrpalKaeTcf! qepea nonflpHhrll yron () c 

nOMOWbiO ypaBH9HHfi 

Cos a "' _..£:..... Sin () , 
I Ol (6) 

Sin a -=·- .!?.._ Cos (). 
I n I 

Pemeuue HMeeT BHA a= 0-..I!_ ..!!_ 
I o I 2 

• llsa nocne.nuax qneua B (5) nocne 

HHTerpHpOB8HHS! no nonepeql!biM HMnynbC8M npenCTaBHM C nOMOWbiO COOTHOW9HHli 
n± dJn+ 

J ± 
n± d r 

rne Jn ~ Jn ( kr ), n ± = n ± 1, B BHne cyMMhi qneHoB, nponopuHoHanbHhiX BhrpalKe

HI!fiM 

rne 

F (~ 
r :;: 

_d_) v , 
d r n± 

t 0 -=v l+u: s+u~x 2 

n -+ In {3 
V"' ! J dk

1 
dk 

2 
¢ ( k, w) e J n ( k r). 

3anHW9M pa3nOlK9HI!e B pS!J:( ¢ypbe nnfl 1!3M91!9HH9 nnOTHOCTH H noTeHUHana 

"" n -= 2 n ( r , k , w ) ; 1 
n () 

I n 3 -.. 
¢-=I¢ (r,k ,w)e-lnO. 

n 3 

HnTerpan v, ¢n (r, k
3

, w) • 

= e ± I() ( _a_ ± f _a_ ) 
a r a() 

± t-a-= ay 

nonyquM HaMeHenue nnoTHOCTH qacTuu, cssaaHnoe c n -ofi Monofi Kone6anull:, 

2e.j;A u
2 

f u 2 c 2
· 

n =- ------- [ f T -wfQ +n 0 ( -L __!__+f) P +-0-{1.. -!L ( rP f-d-)- (7) 
n 2 n u 2 ds n 4 [l r dr - dr . m c u 

0 
P 

n
2 

d 
--- fP -~ -(fP )}] ¢ 

r2 r dr + n 
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rne 2 . 2 
-x -x 2 

00 2 
1 

oo e f 
0 

d x 1 .. e f 0 dx 
"'- f , Q "'- f , P+ =P ±P 

..;-;; -oo d n ..;-; -oo d - n+ I n-1 
1 -x 

T=--f£ e dx,P 
- 0 n yrr -oo 

d=f cu-c\k \u x-nf!. 
0 3 0 

Kamnan a3rrMyTanhHaR Mona Kone6aarril cBR3aHa c TpeMR rapMoHrrKaMrr urrKnoTpoa-

HOll qaCTOTbl n, n ± 1 , llOJ:ICTaBnRSI BbipalKeHrre ( 7) B ypaBHearre llyacCOHa II 

nonaran rrpu sToM, qTo !l>opMa pacnpenenearrn f ( s) rr pa3Mep cnon R onuaa-

KOBhi nnn sneKTpoaoB n rronoB, nonyqnM ypaBaeane noTenurranhHhiX Kone6aauli 

nnnnanpnqecKoro cnon nna3Mhi : 

d d n2 
[4-(s-)-- ->.]¢ 

2 
Be no [ fT-cufQn + 

mc2u2b 
I 

d s d s s 

2 

+nO(~..!L+f)P 
U 2 d S n 

p 

u 2 0 
+-0--! 

4 u 2 

p 

0 

4-d- (sfP_ 
ds 

-2n-d_(fP+)IJ<t> , 
ds n 

(8) 

2 
_d_) -~ fP_ 
ds s 

rne >. =k 
2 

R
2 

3 
1 

CyMMHpOBaHHe npOBOJ:IllTCR IIO BCeM BHJ:I8M 38pRmeHHbiX qaCTIIIlo 

npu r -+ "" rroTenunan nonmea nocTaToqno 6biCTpo cTpeMIIThCR K nymo. 
u

0 
h · 1+u 2 s 

BbiqucnnM rrnTerpan T=-=-he [ K 0 (h)+K 1(h)l, rne h = 2 • 
yrr 2 u 0 

PaccMoTpiiM nepennTHBHCTcKoe pacnpenenearre qacTIIIl no npononhHbiM uMnynhcaM 

npu6nllll(eHHO panna y 1 + u 2s=a(e). 
p u 2 << \ 1 + u 

2 
s • B sToM cnyqae nennquaa c p 

T 

<l>yHKilllli a ( S ) yquTbiBaeT penRTIIBH3M nnumearrn qacTI!Il, Ecnrr orpaanqHThCR 

paCCMOTpenneM MenneHHbiX BOnH1 KOTOpbie B381IMOJ:IefiCTBYIOT C nepenRTIIBHCTCKIIMII 
cu n {) 
- , a TaKliW --
k3 a k 9 

qaCTHil8MH ( !l>a30B8R CKOpOCTb BOnllbl Mnoro MeHbrne 

CKOpOCTH CBeTa c ),· TO fo npn6nnmeaiio paBHa a ( s) • B pe3ynhTaTe 

a<l?n ' Q = a 2!f-

c\k3\u0 n clk 3 lu 0 
nonyqnM rrpn6nnmeHHbie paneHCTBa p 

n 

acu-nP. 

rne <t> =-I.,;;- W ( f3 ) , f3 = 
n n n c I k 3 I u 

W -!l>yHKiliiR KpaMna OT KOMHnEilKCHOrO apryMeHTa, llnSI MenneHHbiX BOnH 

ypaBaeane rroTeaunanhHbiX Kone6aarri! upnnuMaeT cnenyiOIUHi! nun 
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2 

[ 4-d- ( s _d ) - ~- ,\ l cP 
ds ds · s n 

fa(l-{3¢ )+ 
n n 

(9) 

df f3o d d n2 d 
+nf3 a¢ --+-l4--(sfa<IJ_-)--faciJ-2n-(fa<lJ )l]cf:> 

o n ds 4 ds ds s - ds + n 

rne 

PaccMoTpi!M nnaxoqacTOTHbJe xone5aaiiH nnaaMbi, qacToTa KOTOpbiX ru B 

ocnoaaoil: o5nacTn, aauHTol! nnaaMol!, MHor'o MeHhllle !' / a 

nocxonhKY JlnSI ana~oqacToTHbiX xone5annl! nan5onee cymecTaeuna ayneaaH 

rapMOHIIK8 Itl!KnOTpOHHOil: 'IBC'l'OTbi, orpaHI!'IIIMCSI Hyneaoi! ( n ~ 0 ) 11 nepaoll 

(JnJ:.l) MOJl8MH, LleKpeMeHT 38TYXBHIISI KOne5aHII!l y 5yJleM C'IIIT8Tb 

MHOrO MeHhllll!M peaiibiiOH '!8CTII 'IBCTOTbl ( C<l ... C<J + i y ) PaccMoTpl!M B 

cnyqae uyneaoii MOJlbi aonuy, y KOTopoll cpaaoaast cxopocTb Muoro 5onbllle Tenno-

Bb!X CKOpOCTeii 'IBCTI!It V O 1 B cnyqae nepBOii MOJlbl cpa30B8SI CKOpOCTb BOnllbl 

Muoro 5onbllle v 
01 

II MIIOrO MeHbllle v • llnH acex rapMOHHK I {3 I »1 , 
0 e n 

KpOMe HyneaoA rapMOHHKH ItHKnOTpOHHOA 'IBCTOTbi 3neKTpOHOB B cnyqae nepaoA MOtlbl, 

rae I a {3 I « 1 .11cnonb3ySI HaaecTHbie paanomeHHSI cpyHKitHH KpaMna, npeacTaBHM 

ypaaueul!e (9) B BI!Jle. A 0 <1>n~ i A 1<1>n , B KOTopoM npaBaSI '!8CTb nponop-

ItltOHanbHa ManoMy OTHOIIIe!II!IO JlCKpCMeHTa K 'IBCTOTe • .llnSI nyneaofi MOJlbl 

d "'2 a d f ru2 
A =4-(s[l+f! -P--]--)+,\(--~--L-1), (10) 0 d s r 2 d s cu2 a 

Be 2 n
0

f c 2 k 2 y 
a 2ru -a2(32 A = I s+vrr e ) , I 2 b s 

c I k s I 3 me (<) " UO 
2 

rne 2 4e. n2 (<) 

m R
2 

b p 

npn BbiBone ypaauenng Kone5annn nnn nepaoil MOJlbi nono>KHM, 'ITO oT!IollleHHe 

nl!!IeilHbiX nnOTHOCTeil: I!OIIOB H aneKTpOIIOB 3H8'IHTenbHO npeBOCXOilHT BenH'!HIIbl 
rua ___ e 

n 
e 

B 3TOM cnyqae <)l = «fl , <f> =- n <fl , npH'IeM nnH IIOIIOB <fl = _l_ ( 1-.!.1_ ), 
+ o - o o a{3 ru 
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llnSI 9neKTpOHOB ¢ m -iy;;- ( 9Kcnonenunanhno Man hiM nornomeaneM sonHhi 
0 0 

nonaMn npeneoperaeM). ITp11 Bbmonnenne ycnos11n h » --1
- B ypaBH9HIIH 

a I"' I 
Koneoannfi MOJKHO oTopoci!Th pSIIl qneHOB, CBSl38HllbiX C nynesol! rapMOHHKOi! II COXplHIIIT 

HI!Tb qnen, CBSI3aHHbrl! c nepnoii rapMoHnKoll. B aToM cny'lae onepaTopbr 

2 
d COP I 

A =4-(s[1+ f I 
o ds 20 \co 

I 

2 
d co a 

]--) + h (f"£ _P_ -1), 
d !I p2 

( 11) 

A =2n-d-(sf[ 
I d s 

2 

"'pi y + 
--2-. 

0 I co 

-- 2 d 
vrrae"'pe ]--) 

ds oe clk31'uoe 

"'= n I"' I· ¢ 
n 

B nnne pgna no Ma-3annmeM Bbrpa)!{enne nng noTeHUnana 

Ypannenne nng onpenenenng senn'lllllbi noTellnllana B noMy napaMeTpy 
y 

"' nynesoM npnonn)!{eHIIII • t/1 nMeeT ann A
0 

t/1 = 0 

crreKTP Kqneoannli. YMHO)!{HM ypaBnenne nnll ¢n 

• 3To ypaanenlle onpenenS~eT 

s nepsoM npnonn)!{ennn na 

KOMnneKcno conpSI)!{ennoe snaqenne t/1 n npollnTerpnpyeM no ceqenniO cnon. 

Y'IH.TbiBBSI, 'ITO A
0 

semecTnenHhiii n caMoconpg)!{eHHbiii onepaTop, nony'IIIM ypaB-

nenl!e llliSI onpenenenng neKpeMenTa 
121 

00 

f ds t/J* A 1 t/J = 0 • 
0 

llnSI nynesol! MOilbi neKpeMenT 

4 -- "' 

"" 2 2 
Jdslt/11 f I~ 
o m uo 

e-a2f3 2 

], 
r = - v " c 31 k 3 I 3 "" 2 n f dsl.t/11 f I _o __ 

ma 

T.e. sonna up11 pacnpocTpanellllll snonh enoS~ saTyxaeT. 

llnSI nepsol! MOilbi 

y=y-;; 
n 

Oe 

not 

C)J 2 • 

c\k 3 \uoe 

.. 
J d sf a 
0 e 

sl~l2 
d s 

fdsfs\....!!Jl!..l
2 

0 d s 

(12) 

(13) 

( 14) 

Ill 
B 9TOM cnyqae cymecTsyeT KI!HeTn'lecKan neycToli'IIIBOCTb nnasMbl • Ecnn pacnpe-

nenenne 'IBCTHU no norrepe'IHbiM HMnynbCBM nepenRTHBIICTCKOB U 
2 << 1 , a = 1 
p 

TO Bb!p8)!{9HH9 ( 14) ynpomaeTCSI 
__ noe C)J2 

r =vrr -- ---
(15) 

not lk 3 1voe 

8 

rne v 
1 

= c u 
0 

• llng onpenenemm cneKTpa Koneoannl! oyneM pemaTb ypasnenng 

nynesoro rrpn.onnJKeHUSI MeTonoM reoMeTpnqecKoii onTHKH l2l. ITpencTaBnM aTn 

ypasneang s snne 

d dt/J 
- ( sp--)+Xqt/1 0 (16) 

ds ds 

ds · 
II C UOMOillbiO npeoop830B8HHSI t = J -- UpHB91l9M HX K HOpManbHOfi <jlopMe. To'!Kif 

liP 
nepexona onpenenniOTCSI nynSIMH <jlynKumi s p q • Ecnn u >> u , nnnna sonHbi 

p c 
Mnoro M9Hbme pasMepa cnon >.>> 1 ·, To cneKTp Koneoannli onpenenneTcSI ypas-

nenneM· 

Jdsy~ 
sp 

sl,rpa)!{enne ( 14) sannmeTCSI B snne 

Y =y";" no., 

frr 

2 

"' 

U»l), 

f_jy_ fa 
~..;s- " 

..x.s_ 
s/2 

p 

n 01 c 1 k 1 u -
3 Oe J~ f yq 

(17) 

(HnTe~pnpoaanne pacnpocTpan,lleTcSI na 
,(-;: -;s72 

oonacTb npospaqnoc'rll nnasMhi Me)!{ny 

KaMn rrepexona). 
"' a 

llnSI llll83Mbl C OTHOCIIT9llbll0 Bb!COKOfi nnOTHOCTbiO 

TO 'I-

B Bblp8)!{9HHRX Jl_nl! p , q MO)!{HO npene6peqb ennnnueii n 

£!.....2._ » 1 
02 

ynpbCTHTb T9M CaMbiM 

Bbi'li!Cnenne nnTerpanoB ( 17), ( 18). B aToM cnyqae qacToTa Koneoannii nnn nynesoii 

MOilbl 

nng pepsol! MOilbi 

I w I 

'\ lcule~2-
mty>. 

frr 
J~v 

..;£ 

201 

>. 
n m f

2 rr 2 (J 
0 I · i 

d s 

,;;-

n 2 _·_o_ 
rna 

In m a 
0 

-2 
v2nm'a) 

0 

d . 
J--8 

a y"in rna 

r =v;-~ 
2 

C)J 

clk 3 luo., 

-- e 0 vs 
n 

Ot 

g 

ds J-:=vin
0

ma 
vs 

( 19) 

( 20) 

(21) 

,, 



npeAIIOll0lKHM1 'ITO Hllti3Mtl XB83HHeATpanbHtl ft 08 ., DOl t OOlltiCTb npo3pti'IHOCTH 

nelKHT MeJKny ayneM H enaaaueA. EcnH pacnpeneneaHe 'laCTHU no nonepe'IHbiM HM

nyn&ctiM aepennTHBHCTCKoe, To cneKTP xone6anHA nna3Mhl onpenenaeTCR B BHne: 

nM n-o 
lt.JI .. 

clkslllpl m 
v-~--m • 

" 

nnn In I'• 1 

2 2 
t , . n 
2r- l 

lt.Jl .. 

~opMyna (28) cnpaaennuaa npH ycnoauu p 2 « ,\ 

(22) 

(23) 

EcnH pacnpeneneaue aoaoB no nonepe'IHWM HMnyn&caM aepennTHBHCTcxoe, 
- . 2 . . 

9ll8KTpOHOB - ynbTpapengTHBHCTCKOe II p • >> 1 1 HO_ MtiCCtl 9ll8KTpOHtl . a 
8 

m 
8 

MHOrO MeHbWe MtiCChl HOHtl m 
l 1 TO qacToTa KOneoaHHA nepBOA MOJihl Bhlpa•a-

eTCH ljlopMynon- (23), a 

cu 

2 II 
- C&J pe vrr 

y .. ~2-

BenH'IHHa --0
- -TennoBan cKopocTb qacTHUbi v 

0 

(24) 

• Ecnu crycToK nna3MW 
II 

orpaHH'IeH B nponon&HOM aanpaaneauu, TO nony'leHHhl8 pe3yllbTaThl cnpaBeJillHBbi, 

ecnu nponon&HbiA pa3Mep crycTKa 3Ha'IHTen&ao npeaocxonuT aenn'IHIIY v I cu 0. 

0TMeTHM, 'ITO a3HMyTan&Ha9 COCTaBnnro'mag V rp llpH HallH'IHH npOAOIIbHOro 

MarBIITHOrO HOllB- np11.60llii,T K aeycTO!!'IHBOCTII KoneoaHIIA nepBOJl MOJihl /J/, 

, 
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