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B aeKoTopblX cnoco6ax y.neplK8HIHI nnaaMbi, HBpHny c MarHHTHbiM noneM, Hcnonh3yJOTCst: 

BbiCOKQt.I8CTOTHbi9 9n9KTpOM8rHHTHbi9 I10nH , ~03Ll8101UH9 ITOT9HUH8nbHYJO HMY .OnH 'l8CTRO 

rrrra3Mb/ 
11

• PHil norrpocon ycTOII'InnocTH Korre6aHHI! rrrra3Mbi, rroMeweHnot! n rroTeH!ll!lliThHY!O 

/2/ 
RMy , 6brn paCCMOTpen paHee . HarrpHMep, B H3yttanHCb KOne6aHHS1 nn83Mbi B SiM9 1 KOTOpbi8 

ne pacrrpocTpaHH!OTCH BllOITh erroR rrrra3Mbi, PaccMOTpnM 6e3rpa!111'1Hbtl! rrrrocKHll r:rroA KB8311-

He11"TpanhHOi1 rrna3i..1bl, qacTHU &r KoTopon. nonepeK cnoH ( e HanpaeneHHH ocR Yll9plKIIBB -

JOTCH napa6onJP-IBCKoi1 noTeauuanhHOH HMoH. TaK KaK 'lBCTHUbi B stMe coaeprnaiOT rapMOHH

tteCKHe KOne6nHHS1, 8 Bp8lll9HH9 1.18CTUU B OllHOpOJIHOM MBrHRTHOM none MO}f{HO npe.rtCT8BHTb 

KBK KOne6aHHSI ITO B38HMHO nepnBH.O.HKynSipHblM H8ITpaBn9HlHIM 1 TO MBTOJJ,bl p€lll9HH51 06BHX 3ll

!l8'l{ O.OHHBKOBbi. MeTOJl H3Ytt:BHHH KOne6aHHA nna3Mbl 13 M8f"HHTHOM none OllRC8H BO MHOT"HX 

CT8Tbi!X: lliTH CIT860R901lHOp01lHO I! 111183Mbl, H811pHMep, B 063ope/
3
/, )liTH 11IT83Mbl C 11pOH3BOITb

HOtl HeOilHOpOilHOCTblO - B /
4

/ , ilOITb3YHCb 3THM M9TOilOM, pBCCMOTpHM Hli3K0'18CTOTHb!e ITO -

TeHUHBnhHbie !<One6aHHSI Mano11 aMrrnHTY.D.hi, B03HHKU1He a cnoe nna3Mbi . Ey.neM cne.noaaTb 

06lll9MY MeTo.ny peu.rerUHI 38.D.LPIH 0 KOne68HHSIX nna3Mbl BO BH9IDHeM none , R3nO>K9HHOMy B 

o63op/
51

, 

HaMeHeHHe ¢yHKUHn pacnpeneneaHH qacTHn nnaaMbt , Bhi3B8HHOe noTeanoanoM 9neKTpH

'19CKoro IlOITH $ J HBXOIIHTCH B pe3yiTbT8T9 peweHHH ITHHeapH30B8HHOrO KliH9TH'!eCKOrO ypaB

/5/ 
HeHHSI B BH.D.B 

r11e 

e i 
m 

-+ 
f dk 3 $ (k,wlfcire 

0 

-+ -+ 
2 J(lpx-wt.) 

v
1

=
1
:

1
k

1
v

1 
,$(;,!)= f$(k,w)e 

( 1) 

8 
d kdw 

H T.a. , 

f O - p8BHOB9CH8H <jlyHKIIIIH pacrrpe)len9HIIH , KOOPilliH8T8 II CKO pOCTb 'IBCTllllbl -; ( r ) , ~ ( T ) 

HBXOilHTCH C IlOMOWb !O ypa BH9HII ~ X8p8KT9piiCTHK KHHeTH'IeCKOrO yp8BH9HHH, nocrrellHH 9 rrpell-

CT8BJISilOT C060A' ypaBHBHH H .OBI-DKBHHH "l8CTHUbi B pBBHOBeCHOM COCTOHHHH , T.e. B nOT9HUH8nb

HOI\ RMe ( p8BHOB9CH09 3 ITeKTpH'I9CK09 IlOrre p8BHO Byrr!O B CIIITY KB83l!HertTp8ITbHOCTH IliT83Mbt): 

X ... y = 0 I 

.. 2 
z =- w 0 z (2) 
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rne "'o -qacTOTa Kone6aHIIR 'laCTIIUbl B liMe. Pelllall ypa sHeHHll ( 2), nony'IHM 

z(r) = ASin(a-<u
0
rl , v 3 (r)=A<u

0
Cos(a-<u

0
r), (3) 

v 
1 

( r) = v .i ( i =1,2). 

rne aenH'IliHbi A 11 a onpenenliiDTCll 113 ypaBH9HIIIl z =A Sina, v 8 =Aw0 Cosa .Paaao-

B9CH8ll ¢yHKUIIll pacnpeneneHIIll 38BIICIIT OT 3Hepr1111, nponopuiiOHanbHOI\ B9nH'IIIH9 

• • • ( ) /5/ 
• - v + "'o z Pa3nOlKHM aKcnoHeHTY B 1 B plln <llypbe 

elk !z( r) s l J n ( k! A) e In( a-<uo r) II Bbi'IHI::niiM HHTerpan n o Bp9M9HII C UOMOtllbiD ¢opMy-
oo D :c-o;:~ I"" . 

nbl f e d r = _:___ rne K w no6aaneaa Manas nono>KHTenbHBR MHHMasr q a cTb. B peaynbTa-
o "' 

Te nony'IUM 

f I ( k I, k 2 , z , :, <u) = 
2ed!0 - "' 

--[<ll(k 1 ,k 2 ,z,<ul-l: .... fdks<ll 
di ncz. 010 w- nwo -lit"\.._, 

(k,w) • 
(4) 

Ina 
I (k 3 A)e ]. ;• 
n no -l vo 

pacnpeneneallll 10 = ::-o-r-• , 
" vo a v 

Bb16epeM B K8'19CTBe pasHosecHol! MaKcsennoBCKyiD tPYHKUIIID 

rne v 0 -TennOBBH CK OpOCTb 1 no -ITOB9pXHOCTH8H nnOTHOCTb 'l.J8CT1Ut B cnoe, a= _2..2..
"'o 

mupuHa cnoR. C noMOillbiD ¢opMynhl n = jfd 3v nonyYTIM p8BHOB9CHylO nnOTHOCTb 

0 0 -z2 /a'J 
'18CTIIU B BHJl9 -.-1 - e 

V 1T R 
' a H3M9H9HH9 DnOTHOCTH ( k 2 MOlKHO npllp8BHliTb Hynro): 

rne {J 

-z' /•2 
2{JW({Jli 

2e n 0 e ~ ~ ,. 
n 1 (k 1 ,O, z,w) •- 0 [<ll(k 1,0,z,w) + fdz<ll(k 1 ,0,z ,w)K(z,z l] 

m v
0 
~rr a 11 

~-"'- • W({J) 
- l•,lvo 

/3/ 
-¢yHKUIIll KpaMna OT KOMnneKcnoro apryMeHTa, 

(5) 

K ( z, z ' )-
--v: / v; CW) 

f dv 3 e f dk Cos kz' J0 ( kA). (6) 
v 0 0 0 

ITocKonbKY paccMaTpusaroTCll Kone6aHIIll c 'IBCTOToll, MHoro MeRbmell 'IBCTOTbl Kone6aHIII! 

qacTRUbl B liMe ( w << "'o ) , u, KpoMe Toro, I k 1 I v0 « "'o • TO B BblpalKeHIIII ( 5) 113 scex 

qneBOB CYMMbl no rapMORRKBM qaCTOTbl KOne6aRHfi qaCTHUbl OCT8BneH qneH C n • 0. noc-

w nenHIIII npeeocxonHT nro6oll oT6poweHHblll qnea 6onee '19M e 
wo / 3/ 

pa3 

B bi'IRCnRM BblpalKeHRe ( 6). C noMOillbiD Ta6nii'IHOro IIHTerpanu f dk Cos k t J0 ( k) , 
2 -~ 0 

KOTOp bl ll pane a uynro np11 I t I > 1 H (I - t ) npH l1 I <I • np111>eneM ( 6) K suny 

K ( z, z ' )-

rne tl • (u2 -u '2)Ht 

a 

CW) -t 2 2 2 - ~ 
f dte ( t + t 1 ) 
0 

{

1 

1 CW) -? 2 -HI a f dt e ( l - l 2 ) 

'• 2 

•• - ( u • 
~ 

) 

4 

u = 

npR 

np11 

z2 > z'2 

< .-· 

z 
a 

(7) 

(8) 

.I 

' J 

CnenaeM B (7) 3aMeHy 

nony'IHM 

K (: 

IToncTaBnllll nony'leHHoe B 

• V ell • - 4rr l: en 1 ( c 

nna3Mbi), nony'IIIM IIHTer~ 

d' 
(--.\)cfl(u)= P. 

du 0 

rne cfl( u) o6o3naqaeT senll'l 

ITpH BbiBone ypasHeHHll ( 1 

K83 blB89T B blp8>K9HH9 ,OnSI 

eTCH rrpH COBnaaeHHH ITOB• 

BeTCTBylOIUHMH BenH'liHHBM 

YpasHenlle ( 10) om! 

perneHRU yqTeM 1 ttTO ITOTe 

H9HHH B9IU9CTB9HH09 H CH 

aoe aHaqeHHe rroTeannana 

rae 

f =f ( 

ITocKonbKY B cHny yKa3aH 

paJKeHH ll ( 11) en en yeT, ~ 

PaccMoTpHM sonH w 

un11 HapacTaiDT. B &ToM c 

Mil pa3nOlKeHHliMH <!JyHKUH 

w ( {J ) ~ 

Y" 
W( {J ) • I 

Danbnel!wee paccMOTpean 

pnM cnenyromne BHAhl eor 



9HHSI ( 2) 0 nony'IHM 

(3) 

z = A Sin a , v 8 =Aw0 Cosa. P aaao

IHOHanbHOll B9nH'IHH9 

ct>ypb/5/ 

tn no Bp9M9HH C nOMOUlbiO <jlopMy 

'>H8!1 MllRMast 'IBCTbo B peaynbTa-

w ~ 

-----~-~~Jdk 8 <1l (k.w> o 

~w-nw0 -ii,ov,_ (4) 
Ina 

o In ( k 8 A) e ] . / 2 
no -f vo 

o pacnpeueneHHH 10 = ~· , 
" vo a v 

>CTb 1.J8CTHil B cnoe , a = ~ -

Y'IDM paBHOB9CHYJO nnoTHOCTb 

MOlKHO llpllpBBHS!Tb HynJO): 

- Jdz'<l!(k 1 ,O,z',w)K(z,z')] 

/3/ 
~KCHOro apryM9HT8 1 

(5) 

(6) 

M9Hb lllel! 'IBCTOTbl KOne6aHI!l! 

, TO B Bb1pBlK9HHH ( 5) 113 BC9X 

OCTBBneH 'lneH C D - Q, noc-

/ 3 / 
paa 

Terpanu J dk Cos k 1 J0 ( k ) , 

I < 1 • npHseueM ( 6) K BIIUY 

2 
> .. z z (7) 

< 
.. 

z (8) 

z -... 

CuenaeM B (7) aaMeHy t = '2 ch 1/J 0 YYIIT! !BBH, 'ITO r e -robop dt/J = Ko (r) 0 

0 
nony'IHM 

noUCTBBnstst nony'I9HH09 B blpBlK9HH9 Unst nnOTHOCTH '18CTHU B ypOBH9HII9 nyaC CO HB 
~ 

(9) 

V <I! • -4" :£ en 1 (cyMMHpOBBHHe npOBOUIITC!I no BC9M COpTaM 3apHlK9HIIb!X 'IBCTIIU 

nna3Mbi), nony'IHM HHTerpo-uH<jl<jlepeHuHanbaoe ypaaaeHI!e um1 noi"eHuaano1: 

( 10) 

• 2 -
2 2 wP wP 2=8...}rre2no 

rue <I!( u) o6oaHa'!aeT aenH'IIIBy<ll ( k, ,0. u. w ),,\, = k 1 a ,11- L -:-:-r, v = i L -:cz- {3 Ji(fl\"'o 
w 0 w 0 rna 

npH BbiBOUe ypa BH91III!I ( 10) 11Cnonb30BBHO ycnoaue KBB311H9llTpanbHOCTII nna3M bl . K aK no-

K83biB89T Bblp8>K9HH9 .UnB p8BHOB9CHOA nnOTHOCTH 1.J8CTHU 1 KB83HH9ilTpllnbHOCTb o6ecneqHB8-

9TCH rrpH COBrraaeHHH ITOBSpXHOCTHO~ ITnOTHOCTH H lliHpHHbl CnOH anH 3n9KTpOHOB C COOT-

B9TCTBY101IUfMH B9nH'IHR8MH ll,nst CnOH HOHOB. 

YpaBHenl!e ( 10) oni!CbiBBeT co6cTBeHHbie Kone6aHI!!I nna3Mbi nnocKoro cno11 , np11 ero 

p91119HHII Y'ITeM 0 'ITO nOT9HUII8n BCJOUY KOHe'!eH II HC'I93B9T HB 69CKOH9'1HOCTII, a !!UpO ypaB

H9HH!I aemecTB9HHoe H CIIMMeTpH'!Hoe. YMHOJKBH ypaBH9HI!e (10) Ha KOMnneKCHO-conpH>KeH

Hoe 3HB'I9HHe noTeHurrana n HHTerpHpyH no o6~eMy, 3BHHTOMY nnaaMoA, nony'!IIM 

00 d<ll 2 00-u2 2 
J ldU I du + 11 J e 1<11 1 du + ~ I 

A = _ - oo -oo 

~ 2 
J I <Ill du 

(II) 

rue 

nocKOnbKY B Cllny yKB3BHHblX CBOl!CTB S!UpB ypBBH9HHSI B9nll'IIIHB B91U9CTB9HH8 1 H3 Bbl-

pa>K9HH st (II) cneuyeT, 'ITO MHHMast 'IBCTb " paBHa HynJO. 

PaccMoTpHM aonHbi B nnaaMe, KOTOpbie npB pacnpocTpalteHHII B cnoe cna6o aaTyxaJOT 

nnH HapacTaJOT, B aToM cnyqae ueKpeMeHT y = lm w « Re<u BocnonbayeMcH 113BecTHbi-

MH paano>KaHI!stMII ¢yHKUHH KpaMna 
!51 

W( f3) ~ npH 1{31~1, IRef3I»IImf31, 

npH I /3 1 « 1 

nanbH9lllllee paCCMOTpeaHe aHanorH'IHO ColY'IBIO OUHOPOUHOA H30Tpomwl\ nna3Mbl . PacCMOT-

pu:M cne.nylOLUHe BH.llbi sonH: 

5 



I) BOilliB, <!>aaOB8H CKOpoCTb KOTOpOI! MHOI'O 50ilbUIQ T&llllOBbiX CKOpOCTel! '18CTHU 

I f3 I I » 1 • ltl.l » 1 (11Hil 9KCOM OTM9q9H8 B8JlHqRR8 .O.nH HOBOB1 e - llliSI 3JIQKTpOBOB); 

2) BOliHB, COOTB9TCTBYJOU18H HOHH0-3Byt<OBOA B OllBOpOilHOA llli83Me, llliH KOTOpOA 

l fll l »1 1!3.1«1 
C noM0111bJO yK a aaH HbiX npH5liHlK9RHil nnR <I>YHKUHH KpaMna nony'IHM 

Jl1H1 BOll Hbl 1): 2 

I "'• I He v- - -- :£ ~ (I + -=-;;-rl 
yrr "'o 2,_, 

11115! BOliHLI 2): 

He v -= -

2 

"'• • (I ---=-.--
V17 "'o• 

I 
,~), 

I 

lm v • :£ 
w; Sfj - {32 
--r <_,- • + tl• ) 
"'o v rr fj 

.. 

w:, Sfj 1 
lm v = ----r (~ 

"'o• V" {3 , 

-{:312 "'··· +tl,• l+/3.---.. 
"'o. 

( 12) 
• 

Rew Y 
rne f3 -

1
- -

1
-. StJ--

1 
-

1
- . ITpupaBHHBBR HYliJO MHIIMYJO 'IBCTb v , HaAneM, 'ITO HeaaBHCHMO 

k t va kt vo 
OT 3HllK8 peBJlbHOA '1{8CTH 'tf8CT0Thl K011968HHi\ nn83Mbi ll9K'p9M9HT OTpHil8T91l9H .ClllH o60HX 

OHJlOB BOTHI. 

TaKHM oGpaaoM, o5e aonHhi aaTyxaJoT npH pacnpocTpaHeHHH BllOllb cnoH. 

HaflneM cneKTP B03HHK8JOUIHX B cnoe Kone5aHHll nna3Mbi, B ypaaHeuHH ( 10) HHTerpo

nn<p<!>epeHnHanbHblfl Oll9pBTOp - CBMOCOllpHlK9HHblli B CHny B9UI9CTB9RHOCTII H CHMM9TpHR HilpB, 

ll nnpllM9Tp .\ - rt0ll01i<HT91l9R . noaTOMY K ero pe1U9HHIO np1DA9HHMbl B8pU8IlHOHH bl 9 M9-

TOllbi, Ecnn a ypaaHeHilll ( 10) <jlyHK UHJO MaKnOHBll b llB aaMeHHTb {j -<jlyHKURel! T BK , 'IT05 bi 

o6e c!'YHKUlHi 1fM91J.J.i OC069RHOC TH B OllHHX H T 9X >K9 TO'tlKBX, TO yp8BR9HH9 npHM9T BHJl 

'/ ¢> 
II "du2 + 1'- 0 e <I>= A<!> ( 14) 

/6/ 
MnHn"nnbHoe co5cTB9IIHOe aHa'!eime ypaaHe!i'" " ( 14) 

P u2 
H8XOJlHTCH B BBpHB nHOHH biM MeTe-

LlOM C fiOMOII!b!O npo6Hofl GJYHK!IIlll <I> ~ e - ,-, I'Jl9 p > 0 -aapHBUIIOHHb!l! nap8M9Tp, 

J.1cxon11 II3 .o naJJOI'IIII MelKJlY ypaaHeHIIHMII , np11M9HII M TY JKe rrpo5HyJO <jly HKUH JO llliH Bhi'IHCJie

""" COCCTBQHIIOI'O 31Ia'I9Hil51 YPliBH9HHH ( 10 ) . noaCTBBil~ npo6HyJO <jlyHKUH_29 B ( II ) . l1HTer -

pan BJ.,JqHCllHM C rlOMO !IlblO 38M9HLI Il9 ;J9M9HHbiX 

npitBOUUTCR K BHJlY 

~ y2 r Cos cp , ~ ..j2 r Sin cp l1aTerpan 

- (l +P:l h 

I a 4 J dre 
"/2 oo -{1 +P'J ) r 2" 
f K 0 ( r Coscpld cp a 2rrfdre J0(T)K 0 (Tl=~K(k), 
o o I + p 

rne K(kl -no nHbi il anmwTil'I9CKHll llHTerpan nepaoro poa a, MOilYllb KOToporo 

k = [I- (I + p 
2 

)-
2 

J ~; B peaynbTBTe n ony <tllM 

A=_ p( 2vK(k) + l'_ + __ 1'-
- 2 2 

yrrO+p) ~ 

( 15) 

Ecnu nnHna BOliHhi eenHKa no cpaBHeH H JO c UIHpRHOll cnoH A «I, TO TSK>Ke Macro 

6 

~ 

M&Bbm& enaBIIllbl. B aTOM npa61 

PemaH ypaaaeaHe (I B) coBMecT 

HQBH9 

ITOilCT8BliHSI COOTB9TCTBYJOUIH9 I! 

MQ)I(Ily '18CTOTOI! H BOilROBbiM 'I~ 

llllH BOliHbl I) B BRil9 

illiH BOIUibl 2) B BHil9 

2 
(Re w ) 

¢>opMyn bi ( 18), ( 19) onpenen HK 

p8HH10lllHXCH B.O.Ollb r11lOCKOrO Cll t 

I, C,M, O coaeu. AToMHBH a Hep· 

2. K.J . Harker. Pbys. Fluids, !!,. 1846 ( 11 

3. A.B. MuxallnoacKHA. Bonpocl 

CTp, 141. 

4. B.B, ApceHHH, .f!AepHbiii CHH1 

5. B.n. UJa<!>paHoa. Bonpocbi Te• 

e. <1>. Mope, r. <l>em5ax. MeTOil : 



lhlX CKOpOCTeA qacTHU 

3, e - llnR 3JI9KTpOBOB) ; 

nn83Me 1 .nnH KOTOpOA 

- {3~ 
+ f3 e ) ( 12) 

HaAaeM 1 qTQ H938BHCHMO 

oTpnnaTenea nnR o6onx 

ao.onb cnost. 

ypaBJI9HHH ( JO) HHTerpo-

fHOCTH H CHMMeTpHR 51llpa, 

~HHMbl BapuanHOHH bl9 M9-

/) -<jlyHKUHel! T8K, qTo6 bi 

JllBReHHe npHM9T Bli.ll 

( 14 ) 

161 
B8pH80HOHHbiM M9TO-

9pH8UHOHHbii! napaM9Tp . 

IYIO <jlyHKUHIO An!! BbiqHcne· 

¢yaKn~ B ( II). 11 HTer-

= y2 r Sin¢ HaTer pan 

1b KoToporo 

( 15) 

TO T8K>Ke MHOrO 

Meabme enaawnw. B aTOM npa6na~eHHH 

( 16) 

Pemag ypaBH8HH8 (16) COBM&CTBO C ypaBH6HR8M nonyqaM nacnepcaoaaoe ypaB-

aeaae 

V" Rev + p. + y2A • 0 . 
( 17) 

nonCT8B!1RR COOTB8TCTBYIOWH6 Bblp8lK6HHR B !10C!18IIH86 yp8BH8HH81 nonyqHM COOTHOW8HH8 

M8lKUY qaCTOTOA H BOITHOBhlM qHCITOM 

nnR sorrHhi I) B BHne 

IIITR BOnHbl 2) B BHII9 

2 
( Re w) 

~ 
( Rew) 

_, 
) 

( 18) 

( 19) 

<l>opMynhi ( 18), ( 19) onpenen RIOT cneKTP cna6oaaTyxaJOmHx HH3KoqacToTHbiX Bona, pacnpocT-

paH.RlOIIIHXCR anonb nnocxoro cnos:r nna3Mbi. 

nnTepaTypa 

I. C,M, Ocosen, ATo!l-!aaR aHeprHR, !2.., 283 ( 1963). 

2. K.J.Harker. Pbys. Fluids, !!,1846 (1965) . 

3, A.B. MnxallnoBCKH!!, Bonpoc bt Teopna rrna3Mbt 1 Bb!l1, 3 . MocKBa, AToMnanaT, 1963, 
CTp, 141, 

4, 8,8, ApC6HHH, .finepHbtl! CHHTea1;!_, 190 ( 1963), 

5. a.n. llla¢paHOB, BorrpOCb! T60pHH rrna3Mbt, Bb!l1, 3, M o cKB8. ATOMH3118T, 1963, CTp. 3. 

6. <1>. Mope, r. <l>ew6ax. MeTOIIbl TeopeTaqecxol! ¢H3HKH, T, 2, MocKBa, Yin, 1960. 

PyKorrncb rrocTyrrnna B H3Ll8TenbCKH!! OTLlen 
10 H0!!6pR 1966 r. 
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