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KaaapHHOB H.IO., nepenbwTeiiH 3.A .. llieBUOB B.<P. P9 - 10985 

0 CpenHeKBanpaTHqHhlX pa3MepaX nyqKOB 38PH*eHHhlX qaCTHU 

B nHHeHHbiX 3neKTpOM8I'HHTHbiX nonHX 

C nOMOWbiO ypaBHeHHH nnH nonHbiX MOMeHTOB !\>yHKUHH pacnpeneneHHSI 

nonyqeHa CHCTeMa ypaaHeHHii nnH cpenHeKaanpaTHqHblX paaMepoa npoHaaonb

HbiX CI'YCTKOB qaCTHU, noK838HO, qTO eCnH C06CTBeHHbiMH nOnHMH C!'yCTK8 

MO*HO npeHe6peqb, TO ypaBHeHHH nHHeAHbl H He 38BHCHT OT BHna !\>YHKUHH 

pacnpeneneHHH qacTHU B ~PaaoaoM npocTpaHCTBe. BnHHHHe npocTpaHCTBeHHOI'O 

aapSUla ne!'KO yqHTbiBaeTCH, ecn11 co6cTBeHHbie nonS! nHHeAHbi, 

nonyqeHHbie ypaBHeHHSI n03BOnSIIOT paCCM8TpHB8Tb B enHHOM nonxone 

Kone6aHHSI O!'H68IOWeA npS!MbiX nyqKQB B !\>DKYCHpyiOWeM nOTeHUH811e H npo

nonbHOM M8I'HHTHOM none, 

Pa6oTa BbmonHeHa a OT.riene HOBbiX MeTonoa ycKopeHHH OV!.RI-1. 

fipenpBBT 06wJUIBeRIIOrO BBCTBTYT& a,llep&W:l BCCJie.llOB&DJ . Jly6B& 1977 

Kazarinov N,Yu., Perelstein E,A., Shevtsov V,F', P9 - 10985 

On R'\/!S Dimensions of Charged Particle Beams in Linear 
Electroma.f5nelic F'ields 

The system of equations for the RMS dimensions of charged 
particle beams were obtained usin~ the momentum method. 

'vVhen the self-fields are too small this equations are linear anc 
do not depend on the distribution function form, The influence of 
the space char'!e is accounted easily in the case of linear self-fields~ 

The obtained equations allowed one to consider the envelope 
oscillations in the focusing potential and the longitudinal magnetic 

field. 

The investigation has been performed at the Department 
of New Acceleration Methods, JINR. 

Preprint of the Joint Institute for Nuclear Research. Duboa 1971 
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TipH HCCneaoaaHHH nyqKOB qacTHU npaKTHqeCKHH HHTe
pec aaqacTyiO npeacTaan.HIOT ycpeaHeHHbie xapaKTepHCTHKH 
nyqKa, T8KHe K8K cpeaH.SI.SI CKOpOCTh, TeMnepaTypa, cpea

HeKBaapaTHqHbie pa3Mephl H T.a. 
3aaaqa 06 H3MeHeHHH BO BpeMeHH CpeaHeKBaapaTHqHhlX 

paaMepoa { oru6aiOmeif) nyqKoB aap.H:>KeHHhiX qacTHU a 
:aneKTpoMarHHTHbiX non.s~x uccneaoaanacb p®OM aaTopoa 
{eM., aanpHMep, 6u6nuorpa<iJHIO K pa6oTe 111 ) . 

B pa6oTax 12 •31 a paMKax caMocornacoaaHHoif Moaenu 
nyqKa c paBHOMepHoif no :annunTuqecKoMy ceqeHHIO nnoT
HOCThiO aap.s~aa nonyqeHbi ypaaHeHHSI anst Kone6aHHH oru-
6aiOmeif {ypaaHeHHst BnaaHMHpCKoro-KanquHcKoro). XapaK
TepHbiM anst aaHHOH MoaenH .SIBnsteTCS1 TOT <iJaKT, qTo an
nunc, orpaauquaaiOIIlHH nyqoK a KoH<PurypaUHOHHOM npoc
TpaHcTae, He apamaeTcst. 

B 141 6hma npeanmKeHa aecTauuoaapHast caMocornaco
aaHHast Moaenh nyqKa { Moaenh .HpKoaoro), KOTopast CHHMa
eT orpaauqeHHst, caoifcTaeHHhie Moaenu BnaaHMHpCKoro
KanquacKoro, H aKniOqaeT ee a ce6.s1 KaK qacTHhiH cnyqaif. 
YpaaaeHHst Kone6aHHH oru6aiOmeif, nonyqeHHhie a :aToif pa-
6oTe, npeacTaan.s~IOT co6oif cucTeMy aennHeifHhiX an<tJ<Pepea
unanhHbiX M8TpHqHbiX ypaBHeHHH, qTo HeCKOnhKO 38Tpya
H.SieT ee ucnonhaoaaaue. 

Heaaaao a pa6oTe 151 • a aauMyTanhHO CHMMeTpuqaoM 
cnyqae, 6hino nonyqeao ypaaHeHue an.s~ H3MeHeHHS1 ao ape
Mean cpeaHeKaaapaTuqaoro paauyca nyqKa, aaxoastmeroc.s~ 

a npoaonhHOM MarHHTHOM none. 
B aaHHOH pa6oTe c noMOIIlhiO MeToaHKH, npeanmKeHHOH 

a 161 , BhiBOastTCst ypaaHeHH.SI an.s~ Kone6aau:H cpeaHeKaaapa
THqHhiX pa3MepOB npOH3BOnhHhiX ·nyqKOB 38piDKeHHbiX qac-
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THU B nHHeHHbiX 9neKTpOMBPHHTHbiX IIOn5lX. nonepeqHoe 
UBHMeHHe qacTHU B rryqKe CqHTaeTCg HepenBTHBHCTCKHM. 
06o6rneHHe Ha cnyqaif penBTHBHCTCKOro UBHMeHHB qaCTHU 
nerKO npOBOUHTCB IB/ 

161 
B 6hinH sseneHbi MOMeHThi cf>yHKUHH pacnpenene-

HHB qaCTHU IIO BCeil: COBOKynHOCTH cf>a30BhiX KOOpUHHaT, H 
nonyqeHa CHCTeMa llHcf>cf>epeHUHanbHhiX ypaBHeHHH, CBH3hi

B810ill8B MeMny C060H MOMeHThl pa3nHqHhiX nopBUKOB (ang 
npoHasonhHoro 9neKrpoMarHHTHoro nonH). B cnyqae nH
Heil:HhlX noneil: 6hlno noKa3aHo, qro 9Ta CHCTeMa pacna
naeTcB Ha He3aBHCHMhie nonCHCTeMhl anH MOMeHTOB OUHo
ro nopHUKa. 

CnenyH 
161

• nonyqHM ypaBHeHHH nnH cpenHeKsanparHq
HhiX paaMepos nyqKa B nHHeHHhJX nonHx. B arux nonHx 
ypaBHeHHH llBHMeHHH qaCTHUhl MOPyT 6hlTb 38nHC8Hhl B 
cnenyiOrneM o6meM BHne: 

dx i 
---=V. 

dt 1 

dv· 3 

-..2.= ~ (b.k(t)xk +a.k(t)vk)+b'? (t), 
dt k=l 1 1 1 

( I ) 

i=1.2.3, 

rae Xi , Vi -KOOpUHH8Thl H CKOpOCTH qaCTHU B UeKapro

BOH CHCTeMe KOOPUHHar; b ik , a ik -KBanpaTHhie MaTpHUhi. 
llnH yno6crsa nanhHeii:rnero H3noMeHHH aanHrneM CHcre

MY (I) B MaTpHqHoii: cf>opMe: 

dy --= A(t)y + I30 ; 
dt 

0 I 0 (2) 
A (t) = ( b(t) a(t) ) ; B o = ( bo). 

3necb y =(: )-cron6eu, nocrpoeHHhlil: H3 KoopnHHar H 
cKopocreii: qacTHUhT; A(t) -6noqHaH MarpHua, nocrpoeH

HaH H3 MarpHu a H b ; I -enHHHqHaH MaTpHua. CMhicn n
0 nOHHTeH H3 onpeneneHHH. 

EyneM cqHrarb, qro cronKHoseHHHMH qacrHu a eucre
Me MOMHO npeHe6peqh. Torna cf>yHKUHH pacnpeneneHHH 
qacrHu B cf>aaosoM npocrpaHcrse f ynosnersopHer ypas

HeHHIO nHyBHnnH: 

4 

df - 0. --- (3) 
dt 

BseneM MOMeHThi cf>yHKUHH pacnpeneneHHH no sceii: 
COBOKynHOCTH cf>a30BhlX KOOpUHHBT: 

o I - 1 M = r r dy : M = y = -- r Y r dy : 
Mo 

II 1 - -M = - ( (Y -Y )( Y -Y) * f dy . 
(4) 

Mo 

MHrerpHposaHHe B (4) nposonHTCH no cf>aaosoMy o6beMy, 

38HHM8eMOMY qaCTHU8MH ( dy= dxdv ). 3HaK" * "03Haqa

er TpaHCnOHHpOBBHHe M8TpHUhl. 
06paayeM H3 MOMeHros sroporo nopHnKa 6noqHyiO 

MaTpHuy: 

II 
M 

(
M xx M xv)• 

M~v M vv 

(5) 

9neMeHThl KOTOpOH HBnHIOTCH KBanpaTHhiMH MaTpHUBMH. 

TaK, HanpHMep, M xx ecrh CHMMeTpHqHaH MarpHua cpenHe

KsanparHqHhlX pa3Mepos nyqKa: 

(xl -x1)2 (xcx 1)(x2-x2) (xcil)(xa-Xa·) 

Mxx (x1-x1)(x2-x2) ( X2-X2 )2 (x -x )(x -X ) /(6) 
2 2 3 3 

(x cil)(xa -x a> (x 2-i2 )(x3-x 3) (x -X )2 
3 3 

Ma (2), (3) cnenyer, qro MOMeHThi (4) H3MeHHIOTCH 

BO BpeMeHH cornaCHO ypaBHeHHHM: 

dM 0 dM I I 
--=0; -·-=AM +B 0 ; 
dt dt 

dM II = AM II + Mil A * . 
dt 

(7) 

YpasHeHHe nnH MoMeHTOB sroporo nopHnKa cosnanaer c 

ypasHeHHeM, nonyqeHHhiM a pa6ore 171
. 
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BocnonbaoaaBIIIHCb onpeaeneHHeM MaTpHUbi A (2}, H3 
(7} nerKo nony'IHTb ypaBHeHHSI AnSI 3neMeHTOB M8TpHUbi 
Mil: 

dMu 
-= 
dt 

dMvv 

dt 

dM XV 

dt 

M xv+ M;v ' 

b M + M * b* + aM + M a * ltV XV VV VV ' 

.. M + 1\1 b* + M a * . VV ltlt ltV 

BaeneM MaTpuuy J cnenyJOUIHM o6paaoM: 

J == Mxv - M;v. 

(8a} 

(86} 

(8a} 

(9) 

3neMeHTbl 3TOH M8TpHUbl CBSI38Hbl C BeKTOpOM CpenHero 
MOMeHTa HMnynbca 

-+ 1 ... ::; ... :; 
j = - ( [ (X -X )( V - V ) ) f dy , 

Mo 

0 ia -j 2 
J = I - ia 0 

j 1 l 
j2 - j 1 0 

HcKniO'IHM ua cacTeMbi (8) MaTpauy Mvv-DnSI 
nponH~epeHUHpyeM (8a) no apeMeHH: 

2 

( 1 0) 

3Toro 

d Mu 1 dMu dMu 
= 2 Mvv +bM ltlt+ M b* +-(a-+ a*)+ dt 2 

+ .!_ (aJ * + J a* ). 
2 

XX 2 dt dt 

( 11 ) 

Du!lJ!lJepenuHpySI (11}, c noMOUibJO ypaaHeHHSI (66) no
ny'IHM: 

6 
• 

.. 

d
3
M d dM dM 

___ xx_ = (2b- .!_ a2 + .!_ _a_)~+ ~(2b*- _!_a* 2+ 
dt 

3 
4 2 dt dt dt 4 

+l._ da* )-!..a dMxxa*+~(a d
2
Mxx + d

2
M..!!...a*)+ 

2 dt 2 dt 2 dt 2 dt 2 

+ ( ~ - ..!. ab) M + M ( db* - .!_ b*a*)- 2_ aM b * -
dt 2 XX XX dt 2 2 XX 

- !.. b M xx a * + (b + .!_ a 2 - .!_ ~-) J + 
2 4 2 dt 

+ J * (b * + l._ a* 2 _ ..!. da * ) . 
4 2 dt 

( 12) 

Marpuua J, KaK aTo cnenyeT ua (8a) H (10}, ynoaneT
aopSieT ypaaffeHHJO 

dJ * 1 dMxx * dl\1 xx 1 ( } __ ,. M b - bM +--(---a -a--)+-(Ja*-aJ*). 13 
dt XX XX 2 dt dt 2 

CucreMa (12}, ( 13) BMecTe c Ha'lanbHbiMH ycnoBHSIMH 
nnSI MOMeHTOB H !lJopMynaMH (8}, ( 11), B3SITbiMH B Ha
qanbHblH MOMeHT BpeMeHH, peiiiaJOT flOCTaaneHHYIO 38L\8'1Y. 

0TMeTHM, 'ITO B cny'lae Manofi nnOTHOCTH '18CTHU (Kor
na C06CTBeHHbiMH nonSIMH cryCTKa MO.>KHO npeHe6pe'lb}, 
ypaBHeHHSI (12,13) nHHeHHbl H He 38BHCSIT OT BHna lPYHK

UHH pacnpeaeneHHSI f . AHanorH'IHbiH peaynhTaT B onHo
MepHoM cnyqae 6bJn nony'leH B / 5 ,S/ • DnSI nHHeHHb!X co6-

CTBeHHb!X noneii peiiieHHSI 3THX ypaBHeHHH ll810T C8MOCOrna
COB8HHbie Kone6aHHSI oru6a10meii ny'IKa (eM. II ). Bo acex 
npyrRX cny'laSIX CHCTeMy (12,13) MO.>KHO paCCM8TpHB8Tb 
KaK caMocornacoaaHHyJO npu6nu.>KeHHo, ecnu ynep.>KRBBTb 
B cune nopeaua co6craeHHoro aneKTpoMarHRTHoro nonSI 
cryCTKa 'lneHbi, nuHeHHbie flO CKOpOCTSIM H KOOpL\HH8T8M 
'18CTHU. 

II. Ecnu .nBH.>KeHHSI paanenSIJOTCSI, MO.>KHO paccMaTpH
BaTb 6eCKOHe'IHbiH B OllHOM HanpaaneHHH ( OCb X 

3 
} ny-
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'IOK H CTpOHTb CHCTeMy MOMeHTOB (4) JJ.nSI nonepe'IHOPO 

/lBH*eHH.H. MaTpHUbi Mxx H J, BXO/lHWHe B (12,13), 6y

JJ.YT TOPJJ.a KB8/lp8THb!MH MaTpHUBMH BTOpOPO nop.HJJ.Ka, a 

ITpOH3BO/lH8H no BpeMeHH nOHHMaeTCH KaK 

d a a --=--+ v -·--
dt at o ax 3 · ( 14) 

PJJ.e v 0 - CKOpOCTb npOJJ.OnbHOPO /lBH)I{eHHSI 'I8CTHU. 

PaccMoTpHM 3anaqy o Kone6aHH>IX cpenHeKaanpaTH'I-

Hb!X pa3MepOB ny'IKa B CTBTR'IeCKOM IIOTeHUHane 

b 1 2 
U(x

1
,x

2
)= 2 x 1 + bx 1x 2 

+ b 2_ X 2 
2 2 

H npOJJ.OnbHOM CTBUHOHapHOM MBPHHTHOM none 

-
H"' (0, O.H

3 
). 

( 15) 

( 16) 

B aToM cnyqae MaTpHUbi a a b 38ITHChiBaiOTC.H a cne
JJ.YIOllieM BHJJ.e: 

a,., a ( 
0 1) 
-1 0 b:- (:1 :J ( 17) 

DapaMeTp a paBeH ynaoeHHoii: napMopoacKoii: qacToTe: 

a= 2w L = _e_H--...::;.3_ 
me Yo 

( 18) 

PJJ.e e, ffi - 38p.HJJ. H Macca 'IBCTHUbi, COOTBeTCTBeHHO; 

C - CKOpOCTb CBeTa B BaKyyMe; yO - pen.HTHBHCTCKHH 

lj>aKTOp npOJJ.OnbHOPO JlBH)I{eHHSI. 

YpaaHeHHSI (12,13) HHB8pH8HTHhl OTHOCHTenhHO YHHTap

HOPO npeo6pa30B8HH.H, npHBO/l.Hlliero M8TpHUY b K JJ.Ha

POHanbHOMy BHJJ.Y, npH'ieM MaTpHUa a He MeH.HeTCH npa 

STDM npeo6pa3oaaHHR. DosToMy 6e3 orpaHH'IeHH>I o6wHoc

TH MO)I{HO C'IHTBTb MaTpHUy b JlRBPOHanbHO:ii:: 

b - • 
0 -v 2 

2 

(19) _ ( -v[ 0 ) 

C sneMeHTBMH v 1 , v 2 , paBHb!MH 'IBCTOTBM HOpManhHb!X 

KOne6aHHH B noTeHUHane (15). 

8 

.. 

B aToM cnyqae KOMnoHeHTbi MaTpHU Mxx H J yno

aneraopmoT ypaBHeHHHM: 

d a.-_ 11 2 
Mxx ••• 2 a • 3 2 • 2 2 •• 

_d_t_3;;;:.::.."" g1 "'- (4v 1 -2)g1- 2a g2 +a (v2 +3v1)g+3ag 

3 22 
d M ___ xx_=g"" s-(4v 2 -..!L2 )g _!_ a 2g -a(v 2+3v 2)g-3ag"· 

2 22 22 1 1 2 • 

3 12 3 
21 •• • 2 2 2 • -~'!!!__,. d Mxx ,.g =-2(v

1 
+v

2
-a )g + 

dt 3 dt 3 

(20) 

2 2 3 •• •• 2 2.-
+ 2a(v2g2- v1 g1) + 2 a (g2 -g1)-(v1 -v2)J 

dJ 12 d J 21 
--=- -· 

dt dt 

• 2 2 1 • • 
J=(v -v )g --a(g1 +g2 ). 

1 2 2 

Co6craeHHbie qacTOTbi Kone6aHHH CHCTeMhi (20) w 

onpenenmoTC.H H3 ypaaHeHH.H: 

2[ 4 2( 2 2 2,. 2 2] w w -4w v
1 

+v
2 

+a}+ 16v 1 v2 x 

rt 2 2 2 2)2 2 2 ] 0 
(21 ) 

x,w -v1 -v2 -a -4v1 v 2 = · 

PeweHH>I ypasHeHH>I (21) neii:CTBHTenbHbi npH neii:CTBH

TenbHbiX 3Ha'IeHHHX napaMeTpoa v 1 · v 2 • a • cnenoaa

TenbHo, CHCTeMa (20) onpenen.HeT ycToii:'IHBhie Kone6a

HHSI cpeJJ.HeKaanpaTH'IHbiX pa3Mepoa ny'IKa. Bbipo:>KJJ.eHHe 

C06CTBeHHbiX 'I8CTOT B cnyqae v 1 =v 2=0 He npHBOJJ.HT, 

KBK 8TO 6yJJ.eT nOK838HO HH)I{e, K nHHeHHOMY pocTy aMn

nHTy/lbl KOne6aHHA. 0TMeTHM, 'ITO nepBbiA: H3 COMHO)I{H

Teneii: B KB8/lp8THbiX CK06KaX JJ.aeT YllBOeHHbJe 'i8CTOTbi KO

ne6aHHH OJJ.HOH 'IBCTHUbi B non SIX ( 15,16). 
Co6craeaHoe none nerKo BBOJJ.HTC.H a paccMoTpeHHe 

JJ.n.H paBHOMepHO 38pSI)I{eHHOPO nyqKa annRITTH'IeCKOPO ce

qeHHSI c nnoTHOCTbiO 3apHJJ.a P • onpenen.HeMoH. lj>opMy

noii:: 
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r=r0 a[l-x*G(t)x ], {22) 

I'lle Q- KB8llp8TH8SI CHMMeTpH'IH8SI MaTpHUa, a - CTyneH
'IaTast ~YHKUHst XeBHCa3na. 

B pa6oTe I 
41 Ha OCHOBe 6HnHHeHHOI'O HHBapHaHTa CHC

TeMbl nHHeHHbiX llH~epeHUHanbHbiX ypaBHemiH BHlla { 1) 
6bina ITOCTpOeHa ~YHKUHSI pacnpeneneHHSI { MOllenb 5JpKOBo

I'O), naJOmast nnoTHOCTb {22). MmKHo noKaaaTb, 'ITO MaT

pnua G -
1 

( MaTpHua, o6paTHast G ) ynoBneTBOpsteT ypaB

HeHHstM, 3KBHBaneHTHhiM CHCTeMe ( 12,13). CnenoBaTenbHo, 

MaTpHUhi M xx H G - 1 
nomKHhi coBnanaTb c TO'IHOCTbJO no 

ITOCTOSIHHOI'O MHO*HTenst. HenocpellCTBeHHOe Bhl'IHCneHHe 
naeT 

Mxx=l_a-
1 

4 (23) 

Bocnonb30BaBWHCb Bhlpa•eHHeM co6cTBeHHoro nonst 

G -1 /4/ ny'IKa 'Iepea aneMeHThJ MaTpHUhJ , nony'IHM: 

b = b s + b ext , 

rne v (24) 
2 M-n 

bs = 4vc x~ 
yg Sp M~ 

a MaTpnua bext onpenensteTcst BHeWHHM aneKTpH'IeCKHM 

•noneM ( 15). B ~opMyne (24) Hcnonb30BaHbi cnenyJOll!He 
o6oaHa'IeHHst: 

v"'NJJre- napaMeTp EynKepa; NJI- nHHeHHast nnoTHOCTb 

'IBCTHU B ITY.'IKe; re - KnacCH'IeCKHH panHyc aneKTpoHa. 
MaTpHua M% onpeneneHa TaK, 'ITO 

XX 

MllzMlh=M 
XX XX XX (25) 

TaKHM o6pa30M, CHCTeMa ( 12, 13) BMecTe c (24) na

eT caMocornacoaaHHhie Kone6aHHst orH6aJOme3 ny'IKa c 

DOCTOSIHHOH nnoTHOCTbiO. 

III. B oTcyTCTBHe BHewHero npononbHoro MaPHHTHoro 

10 

l 
1 

,, 
'J 

ITOnst (14) (a=O) ypaBHeHHSI (20) ynpomaJOTCSI, II HX pe
weHHSI HMeiOT BHll: 

g -gO+ 1- 1 

••o 

gt ~-COS2v 1t + ---- 2 
4v2 4v1 

·o 

~ sin2v1t; 
2v1 1 

••o •• 
0 g 2 g~ 

g = g + --- - --- cos 2 v t 
2 2 4 2 42 2 

v 2 j)2 

• 0 

g 2 sin2 v
2

t +---
2v2 

1 I [ ••o 2 0 ] g = --- - g + ( v - v ) g cos ( v + v )t + 
4vv 1 2 1 2 

1 2 

+ [ ( v + v )g 0 + ( v - v )J 0 
] sin ( v + v ) t + 

1 2 1 2 1 2 

[ ••o 2 o ] [ ) • o ( ) o ] + g +(v
1

+v )g cos(v -v )t- (v -v g + v1+v2 J x 
2 1 2 1 2 

(26) 
x sin(v

1
-v

2 
)t I 

IJ1-IJ2 • 
J =- ----l[(v1 +v

2
)g 0 + (v -v ) jD]cos(v +v )t + 

4v v 1 2 1 2 
1 2 

+[go +(v1-';2)2go]sin(v1+v2)tl + 

v 1 +v2 • + 
4 

ll(v -v )g0 + (v +v )J 0 ]cos(v -v )t + 
vv 1 2 1 2 1 2 

1 2 

+ (g0 + (v +v )
2

g0 ]Sin(v -v )tl. 
1 2 1 2 

11 



B <tJopMynax (26) H HH)!{e HHJleKCOM "o •• OTMe"!eHhi se

nH"'HHhi, B3SITbie B H8'18llbHbiH MOMeHT BpeMeHH. nHaf'OHBllb

Hhie MaTpH"'Hbie sneMeHTbl g 1 , g 2 H3MeHSI10TCSI BO speMeHH 

no rapMOHH"leCKOMY 38KOHy C '18CTOT8MH wt,2 =2 v1,2 , H 

pemeHHe JlnSI HHX COBnaJlaeT (no <lJopMe) C 06WHM peme

HHeM ypasHeHHSI BnaJlHMHpcKoro-Kan"'HHCKoro /3/. 

J13MeHeHHe BO BpeMeHH sneMeHTa g H cpeJlHef'O MO

MeHTa J o6ycnosneHo nosopoTaMH snnHnTH"!ecKoro ceqe

HHSI ny"!Ka BOKpyr Ha"!ana KOOpJlHH8T, 3TH nOBOpOTbl npeJl

CTBBnSIIOT C060H KOne6aHHSI C KOM6HH8UHOHHbiMH '18CTOT8MH 

W =v 
1 

± V 
2 

· neHCTBHTenbHO, cor naCHO (23): 
3,4 

1 
Mxx=4 

ricos 2q, +r~sin2q, 

.L (r 12-r b sin2 <P 
2 

.L(r~ -r:)sin2¢ 
2 

r 1>in 2.-J. r 2cos 2
.-J. 1 <p+2 <p 

'(27) 

OTCyTCTBHe ITOBOpOTa (<j!~zQ) 03Ha"laeT g, 0. 3JleCb r1,2 
nonyocH snnHrrca, ¢- yron Me)KJlY rronyocblO r 1 H OCblO 

x 1 . TaKHM o6paaoM, o6wee peweHHe ypasHeHHH (20) B 

cny"lae a=O Jlaer B oTnH"!He oT 131 He TonbKO Kone6aHHSI 

rronyoceii snnHrrca, orpaHH"'HBalOmero rry"loK, HO H ero no

sopoThi B ITnOCKOCTH ( X 1 ,X 2 ) • 

DpeJliTOnO)!{HM, "'TO snmmc He Bpawaercg ( g=oO ). no

Ka)!{eM, "'TO ypaBHeHHSI (12,13) SKBHBaneHTHbl TOI'Jl8 

ypaBHeHHSIM BnaJlHMHpCKoro-Kan"'HHCKoro. PaccMoTpHM 

JlnSI orrpeJleneHHOCTH sneMeHT g 
1

. YpasHeHHe JlnSI Hero, co

rnacHo ( 12), HMeeT BHJl 

d 3g1 dg 1 dvJ 
--3-+ 4v21--+2 --g1"" 0. 
dt dt dt 

YpasHeHHe (25) cosrraJlaer c ypasHeHHeM, 

pa6oTe IS! B OJlHOMepHOM cnyqae. 

12 

CJlenaeM aaMeHy HeH3BeCTHOH <PYHKUHH: 

1 2 
g = -r 
1 4 1 

(28) 

rrony"leHHbiM B 

(29) 

! 

~ 
i 

I 

TIOJlCTaBnSISI (29) B (28) H YMH0)!{8SI 

TaT Ha r f , HMeeM 

nony"!eHHhiH peaynb-

d 3 d
2
r1 2 --[rt(-2- + v 1 r 1 )] .. 0. 

dt dt (30) 

YpaBHeHHe (30) nerKo HHTerpHpyeTCSI: 

d ll-1 2 F 2 
dt"2 + v1 r1 = "7f" · (31) 

nocTOSIHHBSI F orrpeJlenSieTCSI H3 Ha"lanbHbiX ycnOBHH 

JlnSI MOMeHTOB H ypaBHeHHH (8), (11), B3SITbiX B Ha"lanb

HhiH MOMeHT BpeMeHH: 

F2""' 4M 11 (ro )2 -16M 11 
VV 1 XV 

--- - 2 
,16l(v1-v1)2(x 1-x1)2-[(x1 -x 1 )(v1 -v 1 )l lt=o 

(32) 

CornacHo HepaseHCTBy KomH- EyHSIKOBCKoro senR"'HHa, 

CTOSIW8SI B <lJHrypHbiX CK06KaX, HeOTpHUaTenbHa. DosTOMy 

nOCTOSIHHBSI F JlnSI npOH3BOnbHOH <lJyHKUHH pacnpeJleneHHSI 

SIBnSieTCSI aHanOPOM 4Ja30BOf'O 06beMa, BXOJlSIWef'O B ypaB

HeHHSI BnaJlHMRpcKoro-Kan"!RHCKoro. Bhrpa)!{eHHe JlnSI KBaJl

paTa <Paaosoro o6beMa, aHanorH"'Hoe (32), 6hwo rrony"!eHo 

B pa6oTe 181 . 

Bhi"'HCneHHe MOMeHTOB, BXOJlSIWHX B (32), C <lJyHKUHeH 

pacnpeJleneHHSI, HCITOnb30B8BllieHCSI B 
131 ( <lJopMyna ( 3.13.)), 

JlBeT 

F "'F
0 

, (33) 

PJle F0 - senH"'HHa <Paaosoro o6beMa ny"!Ka aa KB)KJlOH 

H3 <lJa30BhiX ITnOCKOCTeH (X 1, V 1 ) , ( X 2 , V 2 ) , JleneHHBSI 

Ha TT • 

Y"'HThlBaSI BnRSIHHe co6crseHHhlX noneii rry"!Ka (24), 
nony"'HM ypaBHeHHSI BnaJlRMHPCKoro-Kan"!HHCKoro: 

2 
•• 2 F1 4v C 2 
r1 +v1r1----- ,.Q; 

rf yg r1+r2 (34) 

•• 2 F i 4v C 2 
r +vr -----..----
2 2 2 r 3 y., r + r 

2 0 1 2 

o. 
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IV oPaccMoTpHM aanee Kone6aHHR orH6aiOmeii: B npo

aonbHOM CT8UHOH8pHOM M8l"HHTHOM none ( M8TpHU8 b= 0 } • 
Hs (21) B aToM cnyqae cneayeT, 'ITO co6cTBeHHhie qacTo

Thi KOne6aHHH BblpQ)KJl810TCR. 0JlH8KO 8TO He IIpHBOJlHT K 

pOCTy 8MIInHTYilbl KOne6aHHH. 06mee perneHHe (20) HMeeT 

BHJl: 

••o ••o •• o 
g1 3 g 2 2 • 3 • o 1 •o g ] g =[go+_+-(--+ -g0 )]+ sinat[-g

1
- -g

2
+:y-

1 1 4a 2 4 a 2 a 2 a 2a a 

•• •• 0 

2 · & ] 0 

[ 1 • o 1 ·o g ] -cosat[-g0 + _ 2 + sm2at -g2 - -g1 -::-2 + 
a a 4a 4a 2a 

••o •• 

+ COS2at(~ gl go 4 2 --2+--] 
a 4a 2a 

··a ••o 

[ 
0 g<;l 'l ( g, 2 • 0 ) ] 0 

[ 'l • 0 1 • 0 g"' g +----"'- +..IL. __...._+ -g +Slnat ...IL-g --g 1 + 
2 2 4a 2 4 a 2 a 2a 2 2a 
•• (35) 
go 2 •o "gc o 1 • ("} 1 • o "go ] 

+-1-cosat[-g +~]+Sln2at[---g ---g +- + 
a 2 a a 2 4a 1 4a 2 2 a 2 

••o •• o • 

+COS2at[_&r _ ~ + ~
0

-]. 
4a 4a 2 2a ' 

.. .. 
•• go go 

3 • • g0 1 2 
g = [- -(gl -g0

2 )+ g0
- ~ ]+ sinat[- -- + -- + 

4a 2a 2ia 2 2a2 

+ ,&_ g0 ] + COS a t ["go + L ( g0 _ go ) ] + 
a a2 a 1 2 

(o ··o ) • o ("o ••o ) '"o 
+Sin2at[ g1 -

2
g2 - .!_]+COS2at[ g 1 -: 2 + -

2
g ] ; 

4a 2a 4a a 

J ,J 0 __ 1_(g~ + g~ )-..!.sin at (g 0 + g0 ) + _1_ cos a t(g"0

1 
+g0 )o 

2a 2 1 2 2a 2 
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TaKHM o6pasoM, B npoaonbHOM MBI"HHTHOM none cpea

HeKBaapaTH'IHbie pa3Mepbi IIY'IKa COBepiiiBIOT KOne6aHHSI, 

8HanOI"H'IHhie KOne6aHHRM B lf!oKyCHpyiOIIleM IIOTeHUHane 

(15), C '18CTOT8MH w 1 =a, w 2 oo2a o 

B 83HMyTanbHO CHMMeTpH'IHOM cny'lae ( ny'IOK c Kpy

l"OBbiM Ce'leHHeM) H3 ypaBHeHHH CHCTeMbl ( 12,13) MO)I{HO 

nony'IHTh ypaBHeuue, auanorH'IHOe ypaBHeHHIO BnaaHMHp

CKoro-Karr'IHHCKoro 151
0 

DnR Kpyrnoro ny'IKa HMeeM 

gl,g2' g = 0 (36) 

H KBK cneJlCTBHe (36 )- v
1 

= v
2 

o 

B cny'lae aecTaUHOHapaoro Mal"HHTHoro nong Hy)I{Ho 

y'leCTb BHxpeBoe aneKTpH'IecKoe none. 3To none aaeT 
llOIIOnHHTenbHbiH BKnaa B MBTpHUy b 

bind=..!.. ~-
2 dt (37) 

00ilCT8BnSISI (36,37) B ( 12,13), rrony'IHM llB8 He38BH

CHMbiX ypaBHeHHSI: 

3 
~ 2 a2 dg1 d 2 a2 

3 +4(v 1 +-)--+2g 1 -(v +-)=0; 
dt 4 dt dt 1 4 ( 38 ) 

-~t (J +ag 1 )= Oo 

HeTpyauo BHileTb, 'ITO nepBoe as ypaBHeHHii: 

.!l8eT C ypaBHeHHeM (28) C 38MeHOH 
2 

vi H8 

noaToMy anSI paaHyca OKpy)I{HOCTH R z4g 1 ' 

rneii: IIY'IOK, HMeeM 
2 

d 2R 2 a 2 F1 2v 1 --+(v +-)R--- -- _,. Oo 
dt 2 1 4 R 3 3 R 

Yo 

(38) COBna

vi + a 2/4 o 

OI"p8HH'IHB8IO-

(39) 

BTopoe us ypaBHeauii: (38) SIBnSieTCSI Bhipa:>KeHHeM saKoHa 

coxpaaeHHSI cpeauero o6o6meuuoro MOMeHTa KOnH'IeCTBa 

llBH:>KeHHSI ( TeopeMa Eyrna): 

M3""(xcit)(P2-P2) -(x2-x2)(P1-P1 )o (40) 
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.UefiCTBHTeJ1bHO, B paCCM8TpHB8eMOM cnyqae 0606IUeH

Hhle HMnynbCbl p 
1

,
2 

paBHbi; 

P ..,y -w X ; 
1 1 L 2 P2=V2+wLX1 ( 41) 

DOACT8BJ199 (41) B (40) H npOH3BOAH ycpeAHeHHe, nony

'IHM 

M 
3 

= J + a g 
1 

= const . (42) 

nng onpeneneHHH nocTOHHHOfi F1 B (39)' TaK )Ke K8K 

a n. III, aocnonbsyeMCH ypaaHeHHHMH (8), ( 11): 

F:=F
2
-4J

2
+4M:= 

__ 2 ___ 2 2 
=16!(x1-i 1) (v 1 -v1) -[(x 1-x 1)(v1-v1)1 - (43) 

2 2 
- [(x eX 1 )(v 2 -V 2 )] It= 0 +4M3 

MO)KHO nOK838Tb, 'ITO Bblpa)KeHHe, CTOHIUee B <iJHryp-

HhlX CK06KaX, HHB8pH8HTHO OTHOCHTeJ1bHO nOBOpOTa 

CHCTeMbl KOOpAHHaT: 

x ""Qx '; v .. Qx'+Qv', (44) 

rne MaTpHua c·, (t) sllif (t) ) . 
Q .. ( 45) 

- sinljJ (t) cos 1/1 (t) 

3anHCbiB89 Bblp8)KeHHe (43) B CHCTeMe KOOpAHHaT, 

B KOTOpOfi BblllOJ1HBeTCH ycnOBHe 

(x 1' -X{) (v2-v2 )= 0. ( 46) 

nef'KO BHAeTh, 'ITO nonyqeHH8H BeJ1H'IHH8 COBnanaeT C 

(32) H, cnenoaaTenbHO, aeoTpHUaTenbHa. 8hi'IHCJ1HH Mo-

MeHThi B CHCTeMaX ( X , V ) H ( X,, V , } , nonyqaeM 

16 

-----
(xl -i 1 )(v 2 -v 2 )- (x 1 - x 1 )(v 1-v t) + rf (x 1-i 1)2 ; 

- 2 - 2 (x 1 - x 1) = (xi -x '1) . 
(47) 

Tpe6yg BhmonHeHHH paaeHCTBa (46), HaXOAHM 

~ = i:l.:..~l)( v 2 .:_~gJ__,. -~-
( - 2 
Xl-Xl) 2g1 

(48) 

YpaaHeHHe (39) BMecTe c (43) naeT ycTofi'IHBhle 

HeJ1HHefiHbie KOne6aHHB p8AHyca Kpyrnoro 38pB)KeHHOf'O 

nyqKa B npOAOJ1bHOM M8f'HHTHOM none BOKpyr CT8UHOHap

HOfi TO'IKH, KOTOpy!O MO)KHO H8llTH no <iJopMyne 

R 
c 

2v ---+ 
y3 

0 

I ( 2~ -)2 +4 F2(vf+ _a42 )l 'h 
Yo 

2 
2(v 2 +~) 

1 4 

(49) 

V. B 38KJ110'IeHHe KpaTKO H3J10)KHM OCHOBHhie pesynh

T8Tbl. C nOMOIUbiO ypaBHeHHfi AJ1H nOJ1HbiX MOMeHTOB <lJYHK

UHH pacnpeneneHHH BToporo nopHAKa 6bina nonyqeaa CH

CTeMa ypaBHeHHfi AJ1H cpeAHeKB8Ap8TH'IHhlX p83MepOB 

npoH3BOJ1bHhiX crycTKOB qacTHU. EcnH co6CTBeHHhiMH no

JIHMH Cf'yCTKa MO)KHO npeHe6peqb, TO ypaBHeHHH J1HHefiHhl 

H He 38BHCHT OT BHA8 <iJyHKUHH pacnpeneneHHH 'I8CTHU B 

crycTKe. BnHSIHHe npocTpaHcTaeaaoro 3apsrna nerKo yqH

ThiaaeTcsr, ecnH co6cTBeHHhie nonsr JIHHefiHhi. 

DonyqeHHhie ypaBHeHHSI n03BOJ1SIIOT paCCM8TpHB8Tb B 

eAHHOM nOAXOAe KOne6aHHSI Of'H6810IUefi npstMbiX ny'IKOB 

B <iJoKyCHpyiOIUeM noTeHUHane H npOAOJ1bHOM M8f'HHTHOM 

none. 

DoKasaao, 'ITO B oTcyTCTBHe npononbaoro MarHHTHO

ro nonsr ypaBHeHHH 3KBHBaneHTHhi ypaBHeHHSIM BnaAH-
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MHpCKOro-KarrqHHCKOro, eCnH 9nnHIIC, orpaHHqliB8IOIUI:!H 
rryqoK B KOH¢arypaUHOHHOM IIpOCTp8HCTBe, He BparuaeTCH, 

llnH cpeaHeKBaapaTaqHoro pa3Mepa Kpyrnoro rryqKa B 

rrpoaonbHOM MarHHTHOM none Bb!BOAHTCH, Ilpli llOBOnbHO 
o6ruax rrpearronmKeHI:!HX, ypaBHeHae, coarraaaiOruee c ypaB
HeHHeM, rronyqeHHhiM J1H H KyrrepoM, 

ABTOpbl 6naroaapHT f.ll.illHpKOB8 38 IIOMOlllb B pa6oTe 
H UeHHbie o6cy)l{aeHHH, 
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