
I~ 

"' 1ll rn[!TlH~n,,~ ,, 
1 .. . 

05bEllV1HEHHblt1 VIHCTV1TYT 5lllEPHbiX V1CC.nEnOBAHV1C1 

na6opatOpHH TeopeTHqecKOH ~H3HKH 

H .H. roBopyH 

686 

4J.1CflEHHOE PEWEHYIE 

YIHTErPAnbHOrO YPABHEH J.1.H 

nEPBOro POJJ.A 

JJ.nR nnOTHOCTJ.1 TOKA 

B AHTEHHE - TEnE BPAUlEHYIH 

.lly6Ha 1 961 



H .H. rosopya 

lfJ.1CnEHHOE PEWEHJ.1E 

J.1HTErPAnbHOrO YPABHEHJ.1.H 

OEPBOrO POnA 

nn.H nnOTHOCTl1 TOKA 

B AHTEHHE - TEnE BPAlUEHJ.1H 

686 



-· 

B pa6oTe &anaraeTCSI MeTO.Ll 'IHcneHHoro peweHHSI HHTerpanb-

HOrO ypaBH9HHSI nepsoro pona .LlliSI H8XO)K.Ll9HHSI pacnpeneJteHHSI TOK8 H 

era ¢aabi s aHTeHHe-Tene spameHHSI npH ee npoHasonbHOM soa6y*ne

HHH. OpHBO.LlHTCSI cnoco6 cseneHHSI HHTerpanbHoro ypasHeHHSI nnSI TOKa 

K anre6paH'IeCKOH cHcTeMe H anropHTMbi ee peweHHSI • .llng cnyqag 

UH1IHH.LlpH'19CKOA 8HT9HHbi C nnocKHMH TopuaMH Ha KOHU8X npH soa6y)K

.Ll9HHH ee nnOCKOil: BOliHOit H W91Ibl0 KOH9'1HOil: WHpHHbi nony'I9HO 'IHC-

119HH09 peweHHe ypasHeHHSI nnSI aHTeHH paaHoA TOliiUHHbi I a:.= i-
H 6onee TOHKHe I H paaHoA nnHHbi loT ICL=f no KL=J. 7i I. 
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§ 1. Vfcxo.aHoe ypaBHeHHe 

B KaqecTBe Hcxo.aHoro ypaBHeHHSI .anSI qHcneHHoro. peweHHSI 6epeTcSI ToqHoe 

HHTerpaJibHOe ypaBHeHHe .[lJlSI HyJieBOii rapMOHHKH M epH.OHOH8JlbHOI'O TOKa, rronyqeH

/1/ 
HOe B pa6oTe LlJlSI 8HTeHHbl - Tena BpaweHHSI C HMIIe.[laHCHOil: llOBepXHOCTbiO: 

t::: vfiartJ]~ + ( 1re;- :tr~J).z e r- yron M8)K.OY HOpM8Jlb!O 

~ IIOBepXHOCTH 8HTeHHhl H OCb!O Z L e ,
.ayra o6paayiOrueil: aHTeHHbij 

LlJlHHa .ayrH IIO o6paayiOIUeil: OT HeKOTOpOil: TOqKH OTcqeTa .00 TOqKH HHTerpHpOBaHHSI 

t - .[lJlHHa .ayrH, COOTBeTCTBYIOIU8SI TOqKe H86JliO.[leHHSI 1'1 (l 1 J, 'f) 1 

CHCTeMa K00p.OHH8T UHJlHH.OpHqecKaH, 

t' ft. 

( _____ !§:_ 
-l 

PHc. 1. 

(}i(t') -. IIJlOTHOCTb aneKTpHqec KOI'O TOKa. 

/2/ n OCJle o6parueHHSI HCXO.[lHOrO ypaBHeHHSI 

H BBe.[leHHSI 6eapa3MepHhlX BeJIHqHH 

e I el t,= I( I t, ::: I( I t I .:: l('t, I z f :::: f( z 
IIpH COXpaHeHHH LlJlSI HHX rrpe)KHHX o6oaHa

qeHHil: IHH.aeKc '1' orrycKaeM/ rronyqaeM: 

Ill 

.oC.:: 1 <t'f:l:o ](t1 ~t'J'I(f) 'ate I I j3-::. J 'f; t.o J (C J It'll o'a I J 

~ L 

121 

6eapa3MepHaSI o(.,:.J, + X8p8KTepH3yeT BenHqHHy IIpOBOLlHMOCTH IIOBepXHOCTHj 

~- -3 ...L. 
K - 2,654 10 Oflf · EcnH HHTerpan 6y.aeT Bb!pa)KeH B BOJib-

TaX, TO TOK ](l') rronyqHM B 8MIIepax. 

3To ypaBHeHHe HMeeT BHLl ypaBHeHHSI XanneHa, HO He TO*.aecTBeHHO eMy. B 

ToqHoM ypaBHeHHH XanneHa H ToqKa Ha6JIIO.[leHHSI 0 H TOqKa HHTerpHpOBaHHSI ne-
f . 

HMeeT OCo6eHHOCTb BHL18 - 1) 

Vfl..J'"-l.fiCDs{v-yNz-Z'l 
)KaT Ha IIOBepXHOCTH 8HTeHHbi, a S!.OpO 
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n HHeapHaHpoBaHHOe :>Ke ypaBHeHHe XanneHa BhiBOUHTcH rrpH6nH:>KeHHo. B ypaBHeHHH 

11 I TO'l'KB HH.TerpHpOB8HHH H8XOUHTCH H8 I10BepXHOCTH aHTeHHbi, a TO<JK8 H80!1IOUeHJIH 

- BHyTpH Hee H8 OCH z t TaK <JTO HUpO I( ( {, e ') BCIOlly Henpepb!BHO, 38 HCK!IIO-

<JeHHeM cny<JaH, Korua o6e TO<JKH I { H t 1 

I ne:>KaT Ha KOHU8X aHTeHHblo 

VfasecTHo, <JTO peweHHe ypaBHeHJUI 11 I cymecTByeT, H oHo eaHHCTBeHHo anH 

perynHpHbiX rroBepXHOCTeit B Knacce cPYHKUHii C a6CO!IIOTHO HH!1pepb1BHOH rrepBOH rrpo-

~~ . ' 
H3BouHoii • Mo:>KHO rroKaaaTb, 'ITO ypaBHeHHe 11 I rrpHMeHHMO H Torua, Korua £8 

HBJH!eTCSI pa3pb!l!!lHOH cPYHKUHeH, a llOBepXHOCTb HMeeT Hecrna)KeHHhle yronKH H peo-

12 I 
pa. PeweHHe ypaBHeHHH 11 I o6pamaeTC5l B HY!Ib Ha KOHU8X aHTeHHbl • npe.urrona-

raeM, 'ITO HCKOMOe peweHHe HB!IHeTCH 1'!18llKOit cPYHKUHeH, B C!ly<Jae, Korua OHO 

ObiCTpO MeHHeTCH IBoa6y:tKaeHHe y3KOH menbiOI, Bcerua MO)KHO BbillenHTb ero 

6hiCTpo MeHHIOillYIOCH <JaCTb H HCKBTb H3 ypaBHeHHH Y*e rnauKyiO <JaCTb peweHHH. 

§ 2. CseueHHe HHTerpanbHOro ypaBHeHHH K 

anre6paH<JeCKOH CHCTeMe H oueHK8 rrorpeU'HOCTH 

B aToM naparpa¢e paccMaTpHsaeM crroco6 cseueHHH HHTerpanbHoro ypaBHe-

HHH K CHCTeMe anreopaH<JeCKHX ypaBHeHHH, OCHOBaHHb!H ka annpoKCHMaUHH HCKOMOA 

cPYHKUHH C I10M0Ulb!O HeKOTOpOH !IHHefiHOii HHTeprrO!IHUHOHHOH cPOPMY!Ibl 1Bblp8)!(8JOUleH 

npHO!IH)l<eHHOe 3H8<JeHHe peweHJIH <Jepea 3H8<JeHHSI peweHHH B HeKOTOpb!X TO<JK8X, 

rr. 1 Anre6pax<JecKaH CHcTeMa 

ypaBrleHHH 

3arrxweM HHTerpanbHOe ypaBHe" He rrepsoro poua B BHUe 

J l{(t,e')J(t'} a'= f(t}) 
i. 

H!IH B onepaTOpHOH 38I1HCH 

.R ( e, Jre'l) == frlJ. 
nycTb J (C;) - 3Ha<JeHHH peweHHH ypaBHeHHH 141 B TO'IK8X 

131 

141 

' t~ K:: 0,1. .. 

a JAI(f.'} • .• .1'1 - HHTepllO!IHUHOHHBH cPOpMyna, BblpB)KBIOillBH rrpHO!IH)KeHHOe 

peweHHe <Jepea 3Ha<JeHHH peweHHH B TO<JKax t; . Torua scneucTBHe nHHeHHOCTH 
• 

]...-( t') ypaBHeHHe 14 I MO)l<HO aarrHcaTb B BHae 

s;,---

T. 

pe 

T 

• 
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.;o/ 

_// (t;J1e'Jj = f Krt:eJJ1tJtLC'=~ ot., rtJJfti) = fftJ+ ~f( e; J 

£ 
/5/ 

rae S'/{e):: fKrt,e'J(J1tJ-1ftl}ae' ; 
.t! Bbipa:>KaeTCSI B KBa.upaTypax 

'l:epea H.Upo /((f,f'} H ero MOMeHTbie OnycKaSI ~~(f) B ypaBHeHHH /5/ H 

Tpe6yH ero YllOBneTBOpeHHSI B TO'IKaX tK K::::; 0,1, ••• , ..¥" , nonyqaeM ypas-

HeHHe: 

/6/ 

peweHHe xo~oporo 

ot.l(i = o(' ( t I(} , 
l(t,) .uaeT llpH6nH:>KeHHOe 3Ha'leHHe .UnSI peweHHSI HHTerpam,-

t· HOrO ypaBHeHHSI B TO'IKaX l. • 

n. 2. Oaeaxa norpewaocTH 

norpelliHOCTb annpOKCHMaiiHH HHTerpanbHOrO ypaBHeHHSI /3/ anre6paH'IeCKOA 

cHcTeMoA /6/ aenHKOM o6ycnosneaa norpewaocTbiD aa C'leT onycxaHHSI 'lneaa 

S'f(t} B npaBoA 'laCTH /5/, Tax xax ot.,a· Bcer.ua MoryT 6biTb nony'leHhi c 

aa.uaHHOA TO'IHOCTbJO • .[lns 0II9HKH BenH'IHHbi 'lif(ej cnpaBe.UnHBO COOTHOWeHHe 

nt 

T.e. norpelliHOCTb annpOKCHMaiiHH B OCHOBHOM onpe.uenSieTCSI rna.uKOCTbiD HCKOMOrO 

peweHH51e 3TO ll03BOnSieT HaM npH rna.UKOM peweHHH 1 He3aBHCHMO OT llOBe.neHH51 

SI.Qpa, npH Cp8BRHT9nbHO He601fblliOM 'IHCne TO'IeK paa6HeHHSI {~ nony'laTb .uoc-

TaTO'IHYID TO'IHOCTba 

npe.unon02KHM 1 'ITO H3BecTHa OIIeRKa norpelliHOCTH allllpOKCHMaiiHH afft) • 
H aA.ueM rrorpewHOCTb B peweHHH, nony'leHHOM Ha CHCTeMbi /6 I. Llns TO'l:Horo pe-

lli9HHSI B llHCKp9THb!X TO'IKaX HMeeM: 

.-./ 

.JI(elt, Jct'J)= 2. tXI(,_ Jre(; = f(eK)+ t>f(e "). 
i.:.o 

/8/ 
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PeweaHe 3Toro ypaBaeHHSl cymecTByeT: rrpe.llrronomHM, 'ITO oao e.llHHCTBeHHoe, 

T.e • .lleTepMHHSHT MaTpHUbl // olKi! ae paBeH aynrox/. PeweHHe cHcTeMbi /8/ 6y -

.lleT 

J rt,d = .Jr' ( fr~KJ.,. sfrtl(;) , /8/ 

.A -1 
rlle 

Ubi CHCTeMbl /8/ H CHCTeMbl /6/ O.llHH8KOBbl , TO peweHHe CHCTeMbl /6/ 6y.lleT 

- o6paTH8Sl M8TpHU8 anre6paH'IeCKOH CHCTeMbl /8/. nocKOJlbKY M8TpH-

jK = Jl-' ( ;rti{J) . :,6 
/10/ 

Bb!'IHT8Sl llanee /10/ H3 /9/ , rrony'laeM .llJlSl BenH'IHHbi rrorpewaocTH peweHHSI B 

TO'IK8X {K 
d11( =Jrti(J- jl( = .Jr'(sfrt/(J). 

llnSl oueHKH IIO MO.llY1110 6y.lleM HMeTb 

jAJ. / .,. ... / !ftcJj :{-I 4 .d I 
-t' E £ 

~ 

/111 

r.lle 
At<i - anre6paH'IecKoe .llOrronaeaHe :eneMeHTa 

/(-oA CTpOKH H t.-ro 

CTOJI6ua aeTepMHH8HT8 ~ MaTpHUbl CHCTeMbl /8/. no.llCT8B.JlSISI .ll8J1ee B /11 I 

8-f{lJHa 111, nony'IHM: 

.JII. ' •rl'jf qf ' ~ /AIC.-/ /!!.J,J ~ma.x/J (t'J-JrcJr Krt,e~1a , . , . 1121 

L. 
npHMeHSISl HHTeprrOJISIUHOHHYIO tlJOPMY narpaH:lK8s 

jJtc')-J_,..~(t')j~ J<n maJl /Jt•+~l(t'} / 7 

rrony'laeM: 

t'c£ I 

t ~ e ~ t, · t 3 
0 I( _4 

¢op-

rae _ ma.J< /rt-to){f,f,) ... ( t-e,J}_ 
Hn- (n+t)! . J 

,:']nSl KBaapaTH'IHOH HHTepnonSJuHH c nocTOSIHHbiM waroM Al 6y .lleT: ,.-j(f,a 

Myna /12/ npHo6peTaeT BH.ll 

I I /] (11+1) "2 I AI{,· I AtJ II t/ ,/ I 
A11( ~ metx (tJI I A/ · g1f 11 tl},r)fciL . 

J:. 

OueHKa rrorpewaocTH 
/12/ Hey ao6Ha TeM, 'ITO B811H'IHH8 norpeWHOCTH Bbl-

pamaeTCSl qepe3 TOLIHOe peweHHe, KOTOpOe H8M HeH3B8CTH0 0 llnSJ HHTerpaJ1bHOrO 

x/ n ~ 6 JISI pewaeMOH CHCT8Mbl :9TO Bb!ITOJ1HSI8TCSI H .llJlSl JlOBOJlbHO OJlbWHX 

3H8'18HHH .H 

·f 

X 

~ 

• 
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ypaBHeHHB BToporo poaa I 1511 eM. MO:>KHO HeKJIIO'IHTb H3 OU9HKH rrorpewHoeTH 

HeHaBeeTHoe TO'IHOe peweHHe. ~nB ypaBHeHHA rrepsoro poaa aToro caenaTb He yaa

eTeB. npH6JIH:>K9HHYIO OU9HKy IIOrpeWHOeTH /12/ MO:>KHO IIOJiy'IHTb, ecnH BMeCTO 

M8KeHM8JlbH0il: OWH6KH B HHTepiiOJIHUHH anH TO'IHOrO peweHHB rroacTaBHTb 0U9HKY 

aToll: norpeWHOeTH, IIOJIY'I9HHyiO IIpH HeiiOJib30B8HHH peweHHB anre6paH'I9eKOil: eHcTe

Mbl /6/. 

Ha npaKTHKe oueHKY TO'IHOCTH nonyqeHHoro peweHHB 6yaeM rrony'laTb rryTeM 

Cp8BHeHHB peweHHA,~ IIOJiy'leHHbiX anH p83JIH'IHOrO 'IRena 

I1pOH3BOaHTb TSK:>Ke OUeHKY KOHeTaHTbi 

peweHHB ypaBHeHHB 

f Ill w:.·/ 
/til 

paa6HeHHA .N' • By a eM 

B HepaBeHeTBe /12/ fiyTeM 

npHBeaeHHbli!: Bbi we enoeo6 r::seaeHHB HHTerpanbHoro ypaBHeHHH K anre5paH

qeexoi!: eHeTeMe ypaBHeHHi!: noao6eH cnoeo6y rrony'leHHB anre6paH'IecxoA cHcTeMbi rry-

TeM aaMeHbi HHTerpana 

B HCXOaHOM 

L l{(r,e')](tJcU' 
ypaBHeHHH H9KOTOpOi!: KBaapaTypHOi!: ¢opMynoi!: /eM., HarrpHMep, /5//. 

0Tn~He B TOM 1 'ITO B paeeMOTpeHHOM enyqae IIpOHCXOaHT 38M9Ha HHTeprrOJIBUHOH

HOi!: rtJopMynoi!: TOnbKO HeKOMOro peweHHB1 HHTerpan OT Bapa Bbi'IHCJIBeTeg TO'IH0 1 a 

/5/ 
B HHTerpan uenHKOM 38M9HHeTeB KBaapaTypHOi!: ¢opMynoi!:. noaToMy B OUeHKy 

IIOrpewHOeTH annpoKeHMBUHH HHTerpanbHOrO ypaBHeHHB anre5paH'IeeKOi!: eHCT9MOi!: 

/5/ /7/ 6yaeT BXOaHTb TOnbKO rrpOH3BOaHaB OT peweHMH 1 a B H rrpOH3BOaHbie OT 

Hapa ypaBHeHHB. BeneaeTBHe aToro, norpewHOCTb annpoxcHMBUHH B HaweM enyqae 

6yLleT 3HB'IHTeJibHO M9HbW91 'l:eM rrpH IIpHMeHeHHH KBaapaTypHOi!: ¢opMynbi• 

3aMeTHM 1 'ITO B enyqae ypaBH9HHi!: nepBOf'O poaa H3 eHJibHOi!: exoaHMOeTH 

/paBHOMepHoi!: HnH B cpeLlHeM I nocneLlOBaTenbHOeTH .Jl (l, JK} K .JI (~ J(~'J} 
x/ 

npH n-oo , eenH He Haxnaa hiBBTb cneuHanbHbiX orpaHH'IeHHi!: Ha xnacc ¢yHK-

uHi!:1 CpeLlH KOTOpbiX JUUeTeB peweHHe, eneayeT TOJibKO cna6ag CXOLlHMOCTb jK K 

]((1. Ha npaKTHKe STO MO}KeT npHBeCTH K TOMy, 'ITO exeMa C'leTa MO:>KeT OKa-

38TbeB HeyCToi!:'IHBoi!:. Ha rnaaxoe peweHHe ypaBHeHHB /3/ rrpH aToM 5yLleT Ha-

xnaLlbiBaT&eB "nHna" npoHaBon&Hoi!: aMnnHTYLlhi. OLlHBKo, H aTo "nHnoo6paaHoe" 

peweHHe anre6paHqeexoro ypaBHeHHB 6yLleT exoaHTeB K peweHHJO HHTerpanbHoro 

ypaBHeHHH, HO TOJibKO Cna5o • 

x/[lOK838TenbeTBO aT0£'0 1 IIO'ITH 0'19BHLlHOf'O, yTBep:>KaeHHB CM. B npHJIO}K9HHH 7 pa6o-

fT/ 
Tbl • 
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B Haw eM cnyqae TOHKHX aHTeHH anre6pauqecKHe cucTeM hi, nonyqaeMbie H3 HHTe

rpanbHOI'O ypaBHeH.iiSI nnB Hynes oil: rapMOHHKH MepHnHoHanbHDrO ToKa 11 I, 6y nyT 

perynBpHbiMH, H npWiecc Haxo)KneHHSI peweHHSI MeTonoM nocnenosaTenbHbix npu6nu-

)KeHHA SIBng;eTCSI ycToitqHBbiM. 

§ 3. PeweHHe cucTeMbi anre6pauqecKHX ypaBHeHHA 

~ 

B aTOM naparpacpe Hanara IOTCSI anropHTM bi pew eHHSI cucTeM bi anre6pauqec-

KHX ypaBHeHHA H naeTCSI xapaKTepHCTHKS nporpaMMbi HS MSWHHY 'CTpena"', peanH

ayroweit MeTO.O H8X0)K.[leHHSI TOK8 B TOHKHX BHOpaTopax. Bee H3nO)KeHRe naeTCSI 

nnB cnyqag UHnHH .apuqeCKOA SHTeHHbl C nnocKHMH TOpUSMH HS KOHU8X 1 O.OHSKO 

OITHCbiBaeMble anropHTMbl npHMeHHMbl nnB 8HTeHHbi -Tena BpaLUeHRSI npOH3BOnbHOit 

cpopMbi. 

n. 1. Anre6pauqecKaSI cucTeMa nnSI 

UHnHH.OpHqeCKOit 8HTeHHbl 

B nanbHelweM npH H8XO)K.OeHHH 38BHCHMOCTR pacnpeneneHHSI TOKS OT HMne

.OSHCHOCTR nosepxHOCTH 6yneM nonbaosaTbCSI paano)KeHHeM peweHHSI ypasHeHRSI 11 I 

8 pBnJ(t,J,}::J. {t)+«,1,(t)+ct/~ft}+ ... no d.., , rne Yo {e) -peweHHe aana-

"'IH .onSI H.oeanbHO npOBO.OSILUeii: nosepXHOCTH 1 o(,:::J,~ • nonpaBKH Ha HMnenaHC 

],(f) I ~ (t} R Telle HSXO.OSITCSI TaK)Ke H3 ypaBHeHHSI nnSI HneanbHO npOBO.OSILUeil no-

aepXHOCTR 

J ,/ f (J/((t',{'')h /1((,tJ/
1
.' J;,(lJr;l(':- ~ol, J,·,,flJtit'+«c"sX + J~in1 

il ),:o tL J,=o 

c npasoA qacTbiO 

f ~K(~e11 ],·,, ( t') dt', 
- ~o(, f-o 
il (-

38BHCSILUeA OT npenbi.OyLUeft nonpaBKH J,·~ 1 • L!nB MeTannH"'leCKHX 8HTeHH, 

acnencTBRe ManocTH J ,- , H o(. 1 , nocTaToqHo orpaHHqHTbCSI nepBbiM qneHOM 

paano)KeHHSI J, (C) . 

B cnyqae uHnHHnpuqecKoA aHTeHHbl HMeeM: 

• 
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s'::o, o({l-:::.ci.P' 
, 

cos f9 '=-! ' 
-;$(·n. LlnH 0 .t.e~a. 7. 

(Oj 6
1
:0 h'n 8 '= 1 _, of{ I= ol ~ 1 

LlnH a "e'~ .tl+a? /13/ 

c.os 8 '= t ) • f) I 
~, =0 .I ote 1= -oiJJ' LlnH .tt.~a. ~t" ~ ..11. +.ta..? 

- LlnHH8 8HTeHHbi 0 

a - pa.LlHyc aHTeHHhr, - L :5 Z ~ Z ~ L., • 

noLlCTaBnHSI /131 B /1/ npH ], "-= 0 H RHTerpHpyH no '18CTSIM no t 1 nony-

qaeM y-paBHeHHe LlnSI H.LleanpHO rrpOBOLlSIWero URnHHLlp8 C nnOCKHMH TOpU8MH Ha KDH

uax: 
J. a l a z 

J f ](11dl'-{1 (J1f ~•(z-t)~;iz-tp'dt -J .J. 1 p1c.t{Z-t):;t,.7 'dt = d<DJI •f hnl•f(,(J, 1141 
4

/., 0 0 0 0 
.l 

r.Lle /0)=-i ~1iK41 1. [14;,(z-t)d.tj;; / Er.t'ot.e' ' L(.P)- nonHbril: TOK Ha ne:eoM 
" ~ l~=t 

Topue, J+ (p} - nonHbiil: TOK Ha npaBOM Topue. B K8'19CTBe HHTepnonHUHOHHOil: 

,PopMynbi JJtl'((') HCnOnh3yeM qoopMyny KB8Llp8TH'IHOil: HHTepnomiUHH
1 

npH llOMOWH 

KOTopoA Bbrpa*aeM TOK qepea ero aaa'leHHH B J. .AI+ I TO'IKax l'l4 2 , r.Lle 
l 

Al.:::K 1 -JII~n~..N. npHMeHRM ,PopMynbi c nepeKpbiTHeM, T.e. LlnH H8X0)KLleHRSI 

3H8'1eHHSI J(f'/ B HHTepeane{Z,,'Z,+/)Rcnonb3yeM H 3Ha'leHHeJ(t1s TO'IKe Z,.._l.. 

J .A/(l 'I-], (l '-z, .. L)(~'-:f,. .. l) -1 a_ '-:f,.){~ '.. :/,._ .. z) + 1 ( Z '- Z,..,}(,] '-z.,) 
;- "- .:( 42" fl+t A~J. n•.t ~ 42~ . .1 115/ 

fl. = 0 I 1 I • " I Jti'-,J. • 

Ha KpaAHeM HHTepsane I ~ .N-t • I , a TaK*e Ha Topuax aHTeHHbi TOK 

Bbipa)KaeM B BH.Lle: 
""' 1 j_,- j...,_, J { :1'} ~ J<l'-1 + 4 'Z 1181 

1171 

, 
AHanorH'IHO aanHw eM H LlnH oTpHuaTenbHbrx 3Ha'leHHA :l : 

J"" . ~1 fZ~:l,.4,}(1'-.z,.4a.J _1 {.l'-Z .. J(~'-':l,..,) +1 (l'-l,.)(:l '-~,._,} 
1181 (Z'}- ,.. 1.. 42z ,4, A i! .t , • .z. .{ 4.l.t J 

n = 0 - 1 -.N+ ., , , •• • """',7 
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.N j_.N - j_N+f 

J (Z '} = J_.N+t - A 'l (Z' -.l-.NH) 1 /19/ 

J 
.N :;_..,., ,.t 

- ( .1' '} = (¥"r J' 
/20/ 

n OLleTaB.TIHH Tenepb HHTepnO.TIHUHOHHbie cpopMyllbl /15/-/20/ B ypaBHeHHe /14/, no-

J xr 
liY'IHM anre6paHqeeKyiO eHeTeMy Ll.TIH H8XO:>KLleHHH IL ' 

~ 

J/(rlt ,J'"')= 2 Jn.. o(,..,:: rJ.~tJS XI<' +jj~.,~K t- ~(~K) J 
/21 I 

ll:-.K 

- .N ~ K .£:. ...A/ 1 

r.oe o(/(11. Bbipa:>KaiOTeH B KBa.opaTypax qepe3 HLlpO ypaBHeHHH /14/ /eM. npH.TIO:>Ke-

HHe 1, r.oe .oaHbi TaK:>Ke Bbipa:>KeHHH .omr f(~~e} 1. 

n. 2. AnropHTMbi peweHHH eHeTeMbi 

anre6paHqeeKHX ypaBHeHHA 

TaK KaK o( H jJ B eHeTeMe /21/ Bbipa:>KaiOTeH B KBa.opaTypax qepea He-

KOMOe peweHHe /eM. · /2/ § 1/, TO eHeTeMy ypaBH8HHil /21 / MO:>KHO 6binO 6bi aa-

UHeaTb B BHLle /8/, BK.TIIO'IHB 'lli8Hbl e 0( H .fJ B nesy10 qaeTb ypaBHeHHH. O.o-

H8K0 1 9TO .oenaTb Heueneeoo6pa3H0 0 TaK KaK MaTpHua eHeTeMbi /21/ LlmR TOHKHX 

8HTeHH HMeeT 60.TibWHe LlH8I'OH8llbHbl8 H M8llble He.OH8I'OH8llbHbie aneMeHTb! /eHe-

TeMa /21 I - perynspHal, 'ITO noasonseT 6ea noTepb TO'IHOeTH HaXOLlHTb o6paTHYIO 

MaTpHUY eHeTeMbl /21/ H.TIH :>Ke, ITOllb3YHeb perynHpHOeTbiO eHeTeMbl pe-

waTb ee MeTo.ooM noene.oosaTenbHbiX npH6nH>KeHHil. 

e 0{ H j3 "'nopTHT" MaTpHUy eHeTeMbl /21/, .oenaeT ee 

BKniO'IeHHe >Ke qneHoB 

HeperynspHoilo 'ITO 

UpHBonHT K LlOITO.TIHHTe.TibHOil UOTepe TO'IHOeTH npH eqeTe, H eXeMa e'leTa MO:lKeT 

eTaTh HeyeTOil'IHBOil. 

M bi 6y.oeM pewaTb eHeTeMy /21 I MeTo.ooM noene.oosaTenbHbiX npH6nH:>KeHHA. 

OeTaBnHH enpasa TO.TibKO LlHaroHa.TibHbie aneMeHTbi MaTpHUbi, nonyqaeM ene.oyiOWYIO 

HTTepaUHOHHYIO exeMy Ll.TIH peweHHH eHeTeMbJ: 

x! 
3Ha'IOK THllbLl8 " - " H8Ll 6yKBOil onyeKaeM. 

<£. 

"' 

• 



' 

HA, 

I I 

/22/ 

,, 
I"'lle 2 03H8'18eT, 'ITO CyMMHpOB8HHe Be,1leTCSI no BCeM n 38_ HCKniO'IeHHeM _, 
/1: K • .llanee 6ep9M B Ka'leCTBe HyneBOI"',P npH6nH)KeHHSI HeKOTOpyiO !f:JYHKUHIO, H 

rrpouecc Be.lleM no O.llHOMy ua onucaHHbiX HH*e cnoco6oB. 

L~ I J. o((c'J H (iJ 
Cny'laA, Kor .ll8 C()j r;;, r 0. St'n urO. K oa<}J¢HuHeHTbl j3 H8XO.ll SITCSI 

113 Tpe60B8HHSI HenpepbiBHOCTH npOH3BO.llHOA: IIO -t 1 

OT TOK8 Ha Topuax 8HTeHHbl: 

Jw 1r~·'-1r'' 
jt/ - oN .N-1 -a:-- Jl,l I 

/23/ 

o{ (c'J H !!;,((/ 
Llanee, ucnonbaySJ J- , HaXO.llHM cne.llyiOmee npa6na*eaae .llnSJ TOKa 

no ci:JopMyne /22/. 

J 1~1 Cny'laA, KOI"'.ll8 (ojL::o, A;,f, rO • .llenHM npaByiO '18CTb ypaBHeHHSI Ha (I • 

Ha ci:JopMynbi 

/24/ 

(i-t) ,,_,, 
c( o( 

HaXc;>.llHM 1"-'' •. C'IHTaSJ Tenepb ...,7,_,,..,,.-_,..,..,-
ft''' ., I '"! Q 

,.,,,_,1 a tyt£-•J • Haxo.llHM olf'' J•, ...!(), • ~ 

llHM nepeaopMHpOBKY "L- I -ro npa6nH*eHHSI 

1 
(,·_,)- :~o:··l} . (c'-t) 

K 1 - ;1
0 

u- '' JK • 

38.ll8HHbiM, H3 ycno~HA: /23/ H8XO.llHM 
,.., (o •t/ 

(•i JtJ, (c"- ,, 
no ri-.opMyne ol ~ o{ , npoH3BO-'t' Yo ( ,_,, 

no ¢opMyne 

/25/ 

Llanee, HCnOnb3YSI 
( ., ( ... ,, 

j3 c H :J I( I t H8XO.llHM no !f:JopMyne /22 I cne.llyiO-

mee , i ·'-oe npu6nu*eHae. 

( ., 
Cny'laA, KOr.lla 'Sfn /.,::: 0, cos lf 0. K oa¢¢auueaT j3 ' aaxo.llHTCSJ no !flop-

Myne 
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ti-tJ JL 'h .N J3 = lf1 l=-o Ji~t (:t'}cLZ'. 
-I. 

C'l:HT8Sl 
j3 (t) 

H3B9CTHbiM, H3 yC110BKH /23/ H !f:JopMy.rrbi 

( .. J I f[ (i-•} I ~I (c'~t) 1 (c'l (c) } Jl< = o( ><« ] 0, ].,"-'' L 'J 11. o< Kn + ol cos l" + jJ .,.s.,., :lK -~of ( l~t) 
_.,., 

( ,., 
H8XO.LIHM o(. 

r~·~,J 

H :!or • npoH3B9.LISl rrepeHOpMHpOBKy Ilp9.Libl.LIYill91'0 
. " 

/26/ 

. ,._, 
-ro 

IIpH011H:lK9HHSI IIO !f:JopMyne 1251, H8XO.LIHM ,./. -oe IIpHo11H:lK9HH9 IIO !f:JopMyne /221 • 

npH C'l:9Te CHMMeTpH'l:HbiX 38.08'1 

r•'J 
rrpoue.ayp8 H8XO)K.LI9HHSl o( H 

.anH cny'I8SI jm 1..-:::::o rrpaMeHHn8Cb 6onee rrpocT8H 

r··l ro r•i fi : j3 6p8110Cb p8BHbTM Hy1110, o(. -H8-

XO.LIH110Cb H~ O.LIHOI'O H3 yCllOBHa 1231. 

rr, 3. CxeM8 rrporp8MMbi H8 MalllHHY "CTpen8 .. 

""Ji'• 

nporp8MM8 IIOCTp09H8 IIO OllO'l:HOMY IlpHHUHIIy. EnoKH He HM910T CBSI39i!: Me)K-

.LIY co6oi!:, rrpil ax rrocne.aoB8TenbHOi!: p86oTe pe8nHayeTcst 8nropHTM H8XO)K.LI9HHSI 

pellleHHSI yp8BH9HHSI 11 I, orrHc8HHbii!: p8Hee. CocT8B11SISI p83Hbre KoM6HH8UHH H3 6no

KOB, II011Y'l:89M rrporp8MMbl .LI11SI pelll 9HHSI KOHKpeTHblX 38.08'1 lp83Hbl9 .LIJlHHbl 8HT9HH, 

p8311 H'l:Hbie aoa6y*.u:eHHH, c'leT rrorrp8BKH H8 HMrre.a8HC I. B rrporp8M MY axo.aHT -qeTbi .. 

pe OCHOBHblX 0110K8 H.llll, H830B9M HX HH8'l:e, '19Tb!pe OOOOIU9HHbiX OII9p8TOp8 1(, ,1 

H 1 , 11, , - }(It 

Orrep8Top !1, cny*HT .anH cae.aeHHSI HHTerp811bHOro yp8BHeHHH 11 I K 8nre6pa-.. 
H'l:ecKoi!: cHcTeMe yp8BHeHHH /21 I. OH Bbi'IHcngeT K09¢¢HuHeHTbi d l{fl no ¢opMy-

118M 127-30/ H 38IIHCb!B89T HX H8 M8I'HHTHYIO J19HTy. 

Orrep8TOp Kz. cny*HT .anH C'19T8 rrp8BbiX '18CTei!: H HX 38IIHCH H8 M8rHHTHyJO 

neHTy. 

Orrep8Top f(J pe8nHayeT · 81lropHTM H8XO:>K.aeHHH pellleHHH 8nre6p8H'l:ecKoi!: 

-cHcTeMbi 1211 no MeTo.ay rrocne.aoB8Te11bHbiX rrpH611H*eHHfi. OH Bbi3biB8eT c MarHHT

HOi!: 119HTbi K09!f:JlPHUH9HTbl CJ<I(n H Ilp8Bbi9 '18CTH f(:ite), .081199 B9.LI9T C'l:9T IIO 

cxeMe, OIIHC8HHOi!: B II. 2, H 38K8H'IHB89T ero IlpH .LIOCTH)K9HHH 38.LI8HHOH TO'l:HOCTH 

tl 
• 
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CT8HOBHTCSI MeHbWe aaaaHHOf'O 

Orrepa•rop f(t cny>KHT anSI opraHHaauHH rrocneaosaTenhao.R: pa5oThi orrepaTo-
_....;;.._....;;.._......:._ 

pos K1 , K~ a /(J • Oa BBoaHT B M8WHHY aaHHhie KOHKpeTaoro aaaaHHSI .anSI 

cqeTa, a aaTeM rrocne.l1osaTenhHO Bhi3hiBaeT c MarHHTHoil: neHThi orrepaTopbi 1(, 
Ben.eT IIO HHM cqeT. 

Bee orrepaTophl rrepea Ha'lanoM pa6oThl HacTpaasaroT ce5SI H8 cqeT KOH-

xpeTHoro sapHaHTa aaaaqH, orrpe.aenSieMoro aHaqeHHSIMH L - rronoBHHhr anHHbi 

aaTeHHhi, a - paaHyca 8HTeHHhl 1 ..¥+ I - qHcna Toqex paa6HeHHSI Ha rronosa-

H6 .anHHhl 8HTeHHhl, :lD - TO'IKH H8XO}KaeHHSI B030y>K.aarorueil: ruenH H TO'IHOCTbiD 

cqeTa HHTerpanOBe 3TH .ll8HHbie I!p06HB8IDTCSI H8 OTaenhHYIO rrep¢oKapTy H KnaayTCSI 

B xoaue rrep¢oxapT orrepaTopa I{~ • TaKHM o6paaoM, anSI Toro, qTo6hr rrocqHTaTh 

HOBbiA BapH8HT aaaa'IHt aOCT8TO'IHO nHWh CMeHHTh oaHy KapTy C HCXOaHbiMH aaa-

HbiMH aaaa'IH, 

0TMeTHM, 'ITO rrporpaMM8 anSI H8XO}KaeHHSI TOK8 B UHnHHapHqecKo.A: 8HTeHHe 

pa6oTaeT IIO anrOpHTMy• KOTOphlA IIpHroaeH H amr aHTeHHbi- Tena sparueHHSI rrpoHa-

BOnhHOA ¢opMbi. neACTBHTenbHOa liOCne TOI'O KBK rrocqHT8Hbi Koa¢¢HuHeHTbi a( l(n 

H /(l~t) , c ¢opMo.R: aaTeHahl Mbi y}Ke ae HMeeM aena. A rrpH c'leTe Koa¢¢HuHea-

TOB 0( I< h. M8WHH8 XOpOWO C'IHTaeT HHTerpanbi anSI niD6hlX ¢opM IIOBepXHOCTH. 

AaTeaaa Ohlna Bhl6paaa uanaaapH'IecKoH: anSI Toro, 'IT06br 6ea nHWHHX 381:p8T Ma-

WHHHOI'O BpeMeHH H8 M8WHHe 'CTpena' MO>KHO 6hlnO IIpOBepHTh B03MO>KHOCTH OIIH

C8HHOI'O MeToaa H8XO>KaeHHSI TOKa 'IHCneHHbiM CIIOC060Me 

II 4. FeaynhTBTbi qHcneHHoro peweHHSI 

B STOM rraparpa¢e rrpHsoaSITCSI peaynhTaTbi pacqeToB, rrposeaeHHbiX rro orrH

caHHOA paHee rrporpaMMe ami cny'IBSI UHnHHapH'IeCKOA 8HTeHHbl p83HoA anHHbl lOT 
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KL=.E 
~ no KL :: f :r; I H pa3HOH TonmHHbi loT 

L. a=-6 
L 

no a = 6"'S?J6 I 

PaccMaTpHB8J10Cb B036y.IKneH~e nl!OCKOH BOJIHOH H meJib!O KOHeqHOH WlipHHbi • .0nH 

oqeHb TOHKHX aHTeHH paCCMOTpeHO H8CKOJlbKO cnyqaeB B030Y)!{neHH51 oeCKOHeqHo

TOHKOH WeJib!OXI• npa cqeTe HB 0Tpe3Ke nnHHOH B qeTBepTI:. BOJ1Hbl (1(/jt::. f) 
6panocb OT 5 no 8 ToqeK, qTo o6ecneqaBano ToqHoCTb KOHeqHoro pe3ynhTaTa B 

rrpenenax oT 1 no .0,1 npoueHTa. TaK nng aHTeHHbi c Kl.= f 1 ~ =Kt9Z npa B03-

6y }KneHHH ee 6eCKOHeqHo TOHKOH w:enbiO 3HaqeHHH BXontforo HMnenaHca Ob!JlH: 

alnnH 5 TOqeK Ha qeTBepTb BOJ1Hbll=l~/-i'f1,/ OM8i 61 nnH 8 ToqeK Ha qeT-

BepTb. BOJ1Hbi l = '13, 5- i '11;6 11"~ BpeMH cqeTa onHoro BapHaHTa 3aHHMano oT 5 

no 30 MHHyT. 3HaqeHHe BXOnHbiX HMnenaHCOB nnH C(. = f,
9

1.. 6yneT: npH Kl::. :;: 

Z=f'3,S-i~~,6oH« JnpH Kl..=] J, .r:::-tOS,I-t."f'S,! oHa. 

CpaBHeHHe HX c HMnenaHCaMH Z..t = 73, 1!3- ~,· ~JOH<Jt ' C.Ly; =IUS, s- ,· yS OHOI~ 
.t .t , 

nonyqeHHbiMH npH noMOI.UH npHOJ1H.IKeHHbiX MeTonoB nnH 6eCKOHeqHo TOHKOA aHTeH-

Hbl, nOK83biBaeT, qTO pe3yJibT8Tbl npaKTHqeCKH COBnanaiOT. 

3aBHCHMOCTb .IKe aKTHBHOrO BXOnHoro ConpOTHBJ1eHH51 OT panHyCa BHTeHHhl 

H 1(/.. = f 7f , npHBeneHHaH B pa6oTe K HHra H BneiiKa 
181 

He 
181 ) 

nonTBep.IKnaeTcH ToqHbiM pacqeToM. B aKTHBHoe conpoTHBneHHe pacqeT c 

nns:~ ~<L = f 
·£.-

yMeHbW eHHeM pan aye a aHTeHHbi, ToqHoe .IKe pew eHHe naeT HeKoTopoe yM eHbW9HHE: 

BXOnHoro conpOTHBJ1eHHSI npH yMeHblll8HHH pannyca • .ilnSI a= /~2.f( lf::.JJJJ-,"$'J,f-, 

a lfJi: II(};~- c.: 'f6,/ OHct no-BHnHMOMy, 9TO npOHCXOnHT nOTOMYs qTO 

nonyqeHHbie K HHroM H BneiiKoM naHHbie ocHOBaHbi Ha ToKe, Bbipa.IKeHHOM TOnhKO 

qepe3 nepBbiH qneH pa3no.IKeHHH no norapa¢MaqecKoMy napaMeTpy ManocTu- .-f.. . e,.a 
l. 

Pe3ynbTaTbi pacqeTOB npa B036y.IKneHHH aHT8HHbi nnocKoA BOnHoA H w:enbiO 

KOHeqHoA WHpHHhl npHBeneHhl B Bane rpa¢HKOB nnH pacnpeneneHHH TOKa H cPB3hl 

Ha nOB8pXHOCTH 8HT9HHbl Ha pHc.2 - 11. 

3aKnJOqeHae 

npHMeHeHH8 HHTerpal!bHOrO yp&BH8HHSI nepBOrO pona 111 nnH qacneHHOrO 

pewe!,{I{S! no onHCBHHOH CXeMe I103BOJ1SI8T 9cPcPeKTHBHO H8XOnHTb pacnpenenSHHe To-

x/ VfMeeTCH B BHnY w:enb, nnH KOTopoi% l;/d >) l H %. » f , rne 2of.
mHpHHa wena. ToqHoe peweHue npH Bo36y.IKneHHH MaTeMaTaqecKH 6ecKoHe'IHO ToH

KOH menb!O HMeeT norapHcPMIPJ:ecKyiO oco6eHHOCTb B ToqKe nRTaHHH. BxonHoii uM
nenaHc B 9TOM cnyqae paBeH HyniO. nonpo6Hee o6 aToM eM. 17 I, 111/ 
npH Bo36y .IKneHHH w:enb!O KoHeqHoii wHpHHbi E =0 BHe menH H E = canst. Ha menu. 

.. 
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K8 B TOHKOH 8HT9HH9 - TeJie BP.8ll.(9HHSI IIpOH3BOJihHOH ciJopM hi II pH IIp0n3BOJihHOM 

B030YlKL19HHH. KaK IIOK83b!B8IOT IIpOB9L19HHbl9 paC'I9Thi1 IIpH IIOMOll.(H H3JIO:>K9HHOI'O 

M9TOL18 y.aaeTCH IIOJIY'I8Th peweHHe H L1JISI LlOBOJihHO TOJiCTbiX 8HT9IIH IHaiipHMep, 

a- L l .71 / -.1 .ao -6 rrpH K "'y I • .Llns: TOHKHX aHTeHH IKa~ rO ,tftTTepauHoHHhiH npouecc 

HaxoJK.aeHHH peweHHH cxo.aHTCH o'leHh OhiCTpol MeHee .aecHTH n.pH6JIH:>KeHHi!:l. T.e. 

rrpH IIOMOll.(H ypaBH9HHSI nepBOI'O po.aa 11 I MO:>KHO IIOJIY'I8Th peweHHe L1JISI TaKHX 

3H8'19HHH pa.aHyCOB aRTeHH, L1JISI KOTOphlX He MOI'YT OhlTh HCIIOJih30B8Hhl HHTerpaJib-

16,21 
Hbl9 ypaBH9HHSI BTOpOI'O pona o 

.[lJIH TOHKHX 8HT9HH H3JIO:>K9HHbiH CIIOCOO peweHHSI HM99T npeHMyll.(eCTBO H IIO 

cpaBH9HHIO C M9TOL10M MOM9HTOB, KOTOpbiH ObiJI HCIIOJih30B8H npH peweHHH 38L18'1H 

191 
.anH UHJIHHLlPH'IeCKOH Tpy6hi a pa6oTe • B HaweM cnyqae .ann nonyqeHHH pewe-

HHH TOH :>Ke 38L18'1H Tpe6yeTCSI 3H8'1HT9JihHO M9HhW9 Bbl'IHCJI9HHH. 0TMeTHM ':'8K:>Ke, 

'ITO B H3JIO:>K9HHOM Bbllll9 M9TOL19 9CT9CTB9HHO IIOJiy'laeTCSI npe.aeJibHbiH nepeXOLl K 

CJIY'I810 6eCKOH9'1HO TOHKOi!: 8HT9HHhi, T8K K8K B OCHOBY 9I'O IIOJIO:>KeH MeTOJ:l, pa3BH-

13 101 
Tbli!: L1JIH H8XO:>KL19HHSI npHOJIH:>K9HHOI'O peweHHSI L1JISI TOHKHX 8HT9HH B pa60T8X 

0 
• 

B 3aKJIIO'IeHHe aaTop Bhrpa:>KaeT CBOIO rny6oKyiO 6naro.aapHOCTh npoclJ. A.A~Ca

MapcKoMy 38 IIOCTOSIHHb!H HHTepec K paOOTe IIpH ee Bb!IIOJIH9HHH. 

PacqeTHbie ¢opMynhi 

Y'IHTbiBas;:, 'ITO Koa¢¢HuHeHThi ci.l<n. , rrpaaag 'laCTh /f.P~c), a TaK:>Ke peweHHe 

CHCT9Mbl 1211 HBJIHIOTCSI KOMIIJI9KCHb!MH 'IHCJI8MH, BB9L18M 0003H8'18HIISI 

.. 

H 38IIHW9M CHCTeMy 121 I B BHL19 
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¢> opMyJibl, Bb!pa:tK8!0ll.{H9 

( z) 

o( ll'l ) 
BbiiiHCbiBaTb He 6yneM. YKa)KeM TOJibKO, 

(•I • R. /( 
'ITO OHH noJiy'laiOTCH H3 cjJopMyJI .UJIH 

H ReK(·'l~e} noncTasHTbJmK(1~e} 

(:/.Kn , eCJIH B 1271 BM9CT9 e (Z~c.) 
H ::Jmi<(-Z"} 

1 
a ,s HHTerpanax 1281, 1291, 

ccsZ 
1301 BM9CTO Z: 

St'h z 
nocTaBHTb ~ • 

npaBaH 'l8CTb j{Z~e) L(JIH npOH3BOJibHOrO sos6y)KLl9HHH 6yneT 

I" 

f(l" )= fr (21()+ ifz (:< ~<) =- il1(l fEr .P'.tdi'J St·n. (2'" -t} f ~ h=t dt . 
£ 0 

1311 

B cnyqae sos6y)KneHHH 6ecKoHe'IHO TOHKOA wenbiO s TO'IKe 'l=O, £7: = Y'S(l'J~ 
npasaH qacTb 6yneT: 

11( 

fez I()=- i2JT~tr J -fin. (2't< -t) t ~ cit ' 'l := " « .z. .... t3. .... 1321 

0 

npasoA qaCTb !0 ypaBH9HHH npH C'19T9 nonpaBKH Ha HMn9Ll6HC 6y neT: 

lll 

f('.l•) = if J(t').J'dt' f ~;._ (Z.- t} t rjf '· dt , 
£ 0 t~-t 

.QnH o'leHb TOHKHX aHTeHH I a. .c:.~ 1. I MO)KHO HanHcaTb npe6ne)KeHHbi9 Bbipa)Ke-

1331 

HHH LlJIH npaBbiX '16CTeA: 

a I nnH npoH3BOJibHOro sos6y)KneHHH 

. 1
1( [ L-It! r} 

f£2~)"' l1i~'"'!- r ~in. (2.-tJ Er:(tl rver.•+ {L·ttl)•"" + jj di' 
0 . 

1341 
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