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·OBI1(AR XAPARTEPI1CTI1RA PABOTbI 

AKTya~bHO~Tb. ;~Mhl.' RoMIIl,IOTepnaR a~e6pa JlBJIJI~·CJI o6nacTI,IO nmpopJ.tanrnn, 

narrpaBJieHHOJl: Ha aBTOMaTJI3aD;JIIO IIpOUeCca pelIICHHJl MaTeMaTHlJ.eCRIIX ·3a,!(a'I IIJTeM rrpe

o6pa30BaHllll MaTe11iaTil'Ie~KllX BLtpaJKeHJill:. PaHee B OTe'leCTB.eHHOll: 'mneparype Olla 

rrony'lIIJia Ha;aaHiie aHaJIJITH'lecmix. ~LI'lncneHJill: ( rrpeo6pa3oBaHnl1) ~ Ilep~oc( Jia3naene 

OTpaJKaeT" TO II0JIOJReHJie, 'ITO anropllTMLI rrpeo6pa3oBamrn MaTeMaTH'lCCKIIX BLipruKeHIIJI 

IIO~T, rrpe~My~ecTBeHIIO; 'anre6paJI'leCRRl1 xapaKTep. RoMIIl,I0TepHaR. aiire6pa, RaR ~6-
nacn IIH<pOpMaTHKH, BKRR>'la10ma11 B ~e6H CIICTeMHLIC, aJiropnTMH'IeCKHC JI "irpnRna.l(HLie 

acneKTLI, o6na.n:aeT nemJM p11.n:0M crrenn<pJI'lecKnx oco6eHHOCTe:tt. : ' · ·· ·.' 

.l(JIJI 3<p<peKTIIBHOl1 peann3ao;nn KOMIII,IOTepHo-anre6pan'leCRriMII BLI'IHCJieHntt iiec1,Ma 

'laCT0·Tpe6yerCR pa3pa60TRa HOBLIX anrOplITMH'leCJ{llX ll MaTeMaTll'leCKllX MeT0.1(0B 1 JlaJKC 

npII HaJIII'lllll caMoro conpeMeHHOro n npo1I3BO.!UITCfilHoro o6opy.n:onaHHH, ocHameirnoro 

noaelllIIIIM nporpaMMHLIM o6ecne'leHIICM. Me.roJlI,I IIH<pOpMaT!IKII II nporpaMM1Iponaim11, 

IICII0JII,3JeMLie B ROMIIl,IOTepHol!: anre6pe, TaKJKe BLIX0JlllT 3a paMRll Tex, ROTOpLie TIITIH'IHLI 

,!(JIJI 'llICJieHHLIX MCT0.1(0B. A6cTpaKTIILie TllIILI' ,!(a!IHLIX, 06'1CKTHO-Op1Iel1TllpoBaHHOe rrpo

rpaMMIIpoBaHJie, .n:pyr1Ie nepe.n:oBLie MeTOJlLI IIp1Io6peTaIOT 3,!(CC!, oco6yIO 3Hi\'lllMOCTI,. ' 

O.n:nol1 113 11a1I6onee xapaRTepHLIX oco6e11nocrel1 TllII0B .n:a1111ux, Ha K0T0(JLIX 6a3npy

eT_CJl I~OMIIl,IOT~pHall. anre6pa, JlBJIJieTCJI IIOHJlTHe. nx Ra!IOHH'leCKoro irn.n:a;: 8TO OTpaiiraer 

rny6oKyIO anre6pan'leCKYIO IlplIJ>OJlY HCIIOJil,3YCMLIX o6'LCRTOB, pelIIaJI 3a,!(a'ly e.l(IIIICTBeH

II0CTII IIX. rrpe.l(CTaBJieHIIJl ,!(JIJI 3RBIIBaneiITHLIX _06'LeRTOB. Ilpo6neMa HaxoiRJiennJI Ra110-

IllI'leCKOI'O npe.n:cTaBJICHIIH OKa3LIBaeTCJI TaKJKe TeCHO CBJl3aHIIOl1 C IlOHHTIIeM yrrpomeHHH 

BLipaJKe1111l1 •. : RaH0H1I'leCK1Il1,B1IJl BLipaJKeHIIl1,, HecMoTpJI. Ha 3aTpaTLI JlJIJI ero rronytje

HIIH, IIIIOI',!(a BCCI,Ma 3!1a'lllTeJII,!1Lle, 1103BOJIJICT. 31Ia'lnTen1,110 ,IIOBLICHTI, 3<p<peRT_HBIIOCTI, 

anropnTMOB,.110 cpaBHe!IIIIO C anropnTMaMII, 6a31IpyIOmlIMIICJl Ha IIC0,!(1103Ha'IH0M rrpe.n:

CTaBnenn_lI o.n:Hor~ ri_Toro JKe o6'LeRTa. K coJKane11mo, 3TO B03MOJKHO He JlJIJI ncex anre6pa

ll'lecKIIX BLipaJKe111Il1 C ROTOpLIMII pa6oTaeT COBpeMeHHaJI ·KOMIII,IOTepHaR anre6pa. TaK 

HaIIplIMep, HCB03MOJKHO, B o6ID;eM cny'lae, pacII03HaTI, paBeHCTBO HJJIIO Tpa11cneH,!(CIITHLIX, 

BLipaJKeH!IJl:. . , 

RaK npaBIIJIO, BO BCCX CIICTeMax KOMilI,IOTep11ol1 anre6pu peaJIII30Ba11a, TaR lla3LIBa

eMa11, )IJIIIHilaJI apn<jJMeTIIRa. Ona llCIIOJII,3JeT pao;noHaJII,HLie .n:po61I rrpe.n:cTaBJICHHLie .B 

Kanon1IqecKOM nn.n:e, T.e. 11p1I col_{paID;eHHLIX Ha 11aII6on1,lIIIIl1 o6mntt .n:en1ITefil 'IIICJIII

Tene II 3IIaMeHaTene. AHaJIOI'II'lllO,:IlPII BLl'IIICJICHHHX C IIOJIIIHOMaMII II pao;IIOHan1,H.LIMII 

BLipa.JKe~IIHMII · TaRJKe llCil0Jil,3YeTCJl KaH0Hll'lCCROe npe.n:cTaBne11ne. · Mnor.n:a, Ror.n:a nc

IlOJll,3JeMLIC BLipaJKCHIIH .n:onyCKaIOT 3JieMeHT, 1IrpaIOJIJ;IIl1 (JO)II, Hynenoro; BBO,nHT IlOHHTIIe 

HOpMaJII,H(!f0 )'IIpomeHIIJl. .l(aa 06'LeKTa JIBJIJIIOTCJI 3KBllBaJICHTHLIMll1 CCJIH IIX pa3HOCTI, 

o6paID;ae.rcH .B HOJII, • .l(pyrIIMII CJIOBaMH1 HOpMaJ!!>HOe yrrpomeHne BJIC'leT 3a Co6oJ1 CJID;C

CTBOBaHIIC RaTIOHII'lCCKOI'O BII,!(a. 

O.n:HIIMII ll3 Ha1I6onee BaJKHLIX MaTeMaTH'lCCKllX o6'LeRTOB, C TO'IRH 3peHIIJI rrplIJIOJKe-

1111:tt, HBJIJIIOTCJI IIOJillH0MI,I ll JllICp<pepeHnnaJII,HLie ypaBHCHHJl. EcJIII rrpo6neMa l{aH0Hll'lC

CKOI'O npe)ICTaBJICHIIH ,!(JIJI' 0,!(HOI'O IlOJIIIHOMa IIJIII 0.l(HOI'O Jlll<p<pepeHI(1Ian1,11oro ypaalieHIIH 

pelI!aeTCJI BBe,!(CHIICM yrropHJlO'leHllJI ll IIplIBC,!(eHneM IIO)I06HLIX, TO ,!(JIJI CllCTCM IIOJIOJKe111Ie 

He1I3Mep1IMO ycJIOlKf!HCTCJI. 8To CBH3aHO C TeM, 'ITO M.Ll MOJKeM CRJiaJlI,IBaTD, YMHOJKaTI, ll 

Jlll<p<pepem:i;npoBaTI, ypaBHeHnH, II0JIY'lall TaUllM o6pa3oM, H0BLie ypaBHCHllll II .n:o6aBJIJITI, 

IIX I{ CIICTeMe. EcnlI npn rrony'leHHaJI CIICTeMa BKJIIO'laeT 11epB0Ha'lan1,11yIO B Ka'ICCTBC 

ti" • --·- ---- • ..__ ..... ~ 
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IJ0.l{CJICTeMIJ, TO MIJ, 0'leBimH0, .nel!:CTBOBaJm SRBJIBaneHTHIJM crroco6oM, T.e. He II0TepHJIIl 

JI ne .no6aBIIJIII pemellllH, KOTOpue .norrycKaeT rrepBona'laJILHaJI CIICTeMa. .flpKHM npn

MepoM KaH0HII'leCKoro npe,nCTaBJieHJIJI JIBJIHeTCH 6aanc fpe6Hepa .l{JIH IJ0JIIIH0MilaJII,H0ro 

CJIY'laH II ero .nmpqiepenuHaJILHoro ananor .l{JIH CHCTeM .l{llq>q>epemurnm,HIJX ypaBHeHnl!: 

B 'laCTHIJX npoiisBO,ll,JlhlX (t(Yqrr). . . .. . 
KanoHJI'lecK~e npe.nc:TaBJieHHe M0JKeT 6IJTL TaKJKe noJiy'leHH0 npnBe.nenneM cncTeMIJ K 

HHB0JII0THBH0MY.BH.ny. -McTOprui sTOro norrpoca B~snpamaeT uac K pa6oTaM qipauuyscm1x 

MaTeMaTJIKOB PHKLe (1910) n JKaue (1920), K0Topue 'aaJIOJKHJIII OCHO~~ IlHB0JIIOTilBH0ro 

no.Itxo.na K. irnaJIIIsy ,[(Yqrr_ ConpeMeHHaJI MaTeMaTJI'leCKaJI TpaKT0BKa ,[(Yqrr C T0'IKII 

speHHH IIHBOJiioTIIBHOCTii MOlK~ 6IJJia ,ltaHil '. B pa60TaX lloMMape. 
' ., ,,.,. ' . " , ', 

IJ;enblO 'AHCCepTaUHOHHOH pa60Tbl HBJIHeTCH paapa60TKa IlHB0JIIOTIIBHLIX aJirO

pHTM0B ,ltJIH IICCJie,lt0BaHHH CIICTeM HeJIIIHeJ!:HIJX anre6paH'leCKIIX II .l{llq>q>epemwaJILHLIX 

ypanuenHl!: c HX rrocne.ny10mett peaJIIIsauHel!: B_CHCTeMe REDUCE, a TaKJ«e cpannenHe 

IIHB0JIIOTIIBH0ro IJ0,ltX0,lta _ c aKTIIBHO IICII0JILSYeMLIM B HaCT0Hmee BpeMJI MeT0,lt0M 6aaHCOB 

fpe6HeJ>a. 

Hay<iHaJI HOBH3Ha. BrrepBIJe BBe.zteH0 o6mee II0HJITIIe IIHB0JIIOTIIBH0ro .neneHIIH M0-

H0M0B, IJ03B0JIHIOmee CaM0C0rJiaC0BaHHLIM o6paaoM npoII3B0.l{IITL paa6IIem1e rrepeMeHHIJX 

Ha MYJILTIIIlJIIIKaTIIBHIJe II HeMyJILTHilJIIIKaTJIBHIJe" II opraHII30BaTL pa6oTy IIHB0JIIOTIIBH0ro 

anropHTMa. · · · -· 

·- ·; ,[(eTaJILHO IICCJie,noBaHIJ CB0l!:CTBa IllIB0JIIOTIIBH0ro .zteJieHJIJI. lloKaaano, B 'laCTH0CTJI, 

'ITO eCJIII .zteJieHJie o6Jia.ztaeT CB0l!:CTBOM K0He'lH0CTH, T0°STO o6ecne'IJIBaeT 0K0H'laHJie IIH

B0JIIOTIIBHIJX anropHTM0B II0CTpoeHHH .II0JIIIH0MHaJILHLIX 6aaJICOB ,ltJIH JII06oro MH0JKeCTBa 

IJ0JIIIH0M0B'Il .ztJIH JII06oro ,lt0II}'CTIIM0ro ynopH,lt0'leHIIJI M0H0M0B. 

H<;t 0CH0Be IIHB0JIIOTIIBH0ro .zteJieHIIJI BBe.zteHo II0HJITIIe 
O 

IlHBOJIIOTJIBHOlt II0JIIIH0MIIaJIL

H0:ll: pe.nyKUIIII lI IIHB0JIIOTIIBH0l!: H0pMaJILH0l!: qiopMIJ. ,[(JIH II0CJie.l{He:ll: .noKa'laHIJ ee Jlll

Hel!:H0CTL n· 0.l{H03Ha'IH0CTL; 'ITO ,naeT onpe,neJieHHUe BLI'llICJIIITeJILHIJe "rrpeHMymecTBa no 

cpaiiHeHll!O c o6IJ'lHOl!: HOpMaJILHOtt qiopMol!:, lICIIOJILSyeMol!: B TeXHlIKe 6aaJICOB fpe6Hepa. 

McnOJIL3YJI II0HHT!Ie 'laCTII'IH0l!: lIHB0JIIOTlIBH0CTII cqiopMynnpOBaHLI anaJIOrH KPJITe-
• , ·' . • . I 

pneB Byx6eprepa .ztJIH lIHB0JIIOTIIBHIJX anroplITM0B, 'ITO Il03B0JIIIJI0 0IITlIMII31Ip0Batb Ha-

n6onee Tpy)l;0eMKYIO. BIJ'llICJIIITeJILHYIO 'laCTb, CBJl3aHHYIO C IIOJIIIHOMIIaJILHOl!: pe.nyKUnel!:. 

Paapa6oTaH KoMnJieKc nporpaMM B cIIcTeMe K0MmIOTepnott anre6pu REDUCE 3.5 
.l{JIH IJ0CTpoemrn IIHB0JIIOTIIBHIJX 6a3JICOB lloMMape .ztJIH II0JIIIH0MllaJILHIJX JI.zteaJI0B II rrpe

o6paaoBaHJIJI CIICTeM JIIIHel!:HIJX .l{llq>q>epeHUIIaJILHIJX ypaBHeHIIJ!: K IIHBOJIIOTIIBH0fi q>OpMe. 

C Il0MomLIO paapa6oTaHHIJX anropll1:M0B n . nporpaMM BrrepBIJe npoHHTerpIIpoBaHIJ 

onpe.zteJIHIOlll;IIe ypaBHeHHH ,ltJIH KJiaCCII'leCKJIX CIIMMeTpIIlt HeJIIIHefiHoro HeCTaUJI0Hapuoro 

TpaHCSBYK0Boro ypaBHeHIIJI raaoBol!: ,!{lIHaMHKII. 
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IlpaKTH'-leCKM QeHH0CTh. IlpnBe.neHIIe cpe.ncrnaMII K0MIILIOTepuolt aJire6pLI K 

IICK0Topm1y KaIIOIIII'leCKOMy' BII.l{Y II0MoraeT .ll3BJI~l{aTL I{eHHYIO IIH¢opminmo 0 CHCTeMe 

ypannenntt n pn.ne cBoltcTB ee perue1rnlt .ztaJKe 6es JIBHoro i"i'axoJK.n~mrn ·nocJie,nm1x. 9rn 
~ < ' • '! :::, ,., ; . . 

ll03B0JIHeT, B 'laCTH0CTII, np0II3B0,nIITL: 

• rrpoBepr<y C0BMCCTH0CTII ypaBHeHHtl; 

• BLI'IIICJICHIIe pa3MepH0CTII npocTpaHCTBa peIIICHIIlt; 

. • IICKJII0'ICHIIe IICK0T0poro II0.l{MH0JKeCTBa nepeMeHHLix; 

• pe.nyI{I{IIIO CIICTeMLI K K0He'IH0MY 'IIICJIY "6onee npocTLIX" no.ncncTeM; 

• nepeBo.n B .n;pyry10 qiopMy, 6onee II0.ztX0Mlll;JIO ,nJIH 'IIICJICHHoro anaJinsa II pemeH11J1 • 

.ll:JIJI .nmpcpepeIII{IIaJILIILIX ypaBHe1rntt 3T0T CIIIIC0K M0JKCT 6LITL pacmIIpeH: 

• anaJIIl30M CllMMCTJ)IIfij 

• pacnosnaBauIIeM CIICI{IIaJILULIX" BHyTpeHHilX anre6paII'lCCKUX CBOl!cTB, TaKJIX, Ha

rrpI!Mep, KaK Ill!Terp11pyeM0CTL ,[(Yqrr MeT0.D;0M o6paTHOlt sa.n;a-qn pacceJIHI(Jl, 

O.n;nofi_ II3 BaJKHLIX 'rrpIIKJJa,D.HLIX sa,na-q JIBJIHeTCH naxoJKJ:ieHue cnMMeTpnl! HeJinHel!

HLIX .nnqicpepennnam,HLIX ypaBHeHnl!. Han6onee Tpy.noeMKIIM no o6ieMf-BLI'lllCJieHnl! 

JIBJIHCTCJI npeo6pa30BaHne onpe.n;eJIHIOmIIx JIIIHetlnLIX ,[(Yqn .l{JIJI reHepaTOpOB CIIMMe

Tp!!I! K CTan.napTIIOlt IlHB0JJIOTIIBHOl! qiopMe. 9To He T0JILK0 .naeT B03MOlKI!0CTL _3Ha'ln

TCJJLII0 ynpoCTIITL sa,na-qy IlHTerpIIp0BaHI!JI onpe,neJIHIOmnx ypaBHeHIIl!, 110 TaKme .Il03BO

JJJieT orrpe.nemITL pasMepnocTL rpyrrrrLI Cl!MMeTpnl! II ,naJKe nafiTI! ee · anre6py Jiu 6es 

JIBII0ro IIHTerpIIp0BaHIIJI: 

Ha 3all\HTY BhlH0_CJITCR cne'AYIOII.\He pesynbTaThl: 

1. BnepBLie BBe,neno nonJITI!e IIHB0JJJ0TIIBHol! nopMaJJLHoit cpopMLI .nnH .nenemrn Ilm1-

Mape. ,[(JIH Hee .noKasam,1 JJIIHCitHOCTL II o.nrrosrra'IH0CTL. Ilocne.nnee CB0ltCTBO 

BLIII0JJIIeII0 .l{JIH JJI06oro MH0JKCCTBa ll0JJIIH0M0B 1 110 l<OT0p0MJ Oilp~,nCJJJICTCJI IIH

BOJIIOTIIBIHIJI mipMaJJLIIaJI qiopMa, T<ir.na KaK .l{JIH HopiiaJJLHOit qiopMLI IIO 06L1•1H0My 

.nenerrmo 3TO CBOitCTB0 IlMeCT MCCTO T0JJLKO .l{JIH 6a3IICOB fpe6Hepa. . 

2.· Ha OCHOBC HHBOJIIOTHBHOlt H0pMaJJLIIOl! cpopMLI IIO .nencim10 Ilmmape pa3pa6oTaH 1 

p11.n anropHTMOB .l{JJJI II0CTpoeHIIJI IIIIBOJJIOTIIBHLIX IIOJlIIII0MIIaJII,IILIX II ,!l.Hq>cj1epeH

I{J,IaJ1LllhlX 6a31ICOB IloMMape. ,[(oHa3aHa K0HequocTL STHX anropnTMOB .l{JIJI HYJJL

Mcp11't,1x noi111iIOM1IaJJLIILIX n,ncaJJOB. Ilpe,nJJOJKCHa HX OI!TllMil3aI{JIJI
1 

II03BOJJJII01I.laJI 

II36Cll{aTL Bl,lqllCJJCHIIR IIOBTOpHLIX npo,noJJJKCHHfi. I101{a3aHo, 'ITO IlllB0JJIOTHBIILifi 

6a3HC" IloMMape JIBJIHCTCJI pacrunpeHHLIM 6a3IICOM fpe6Hepa. TI pH 3T0M OH llMeeT 

cTpy1nypy 6~nee y,no6uy10 .nJIH II!lJJY'ie11n11 n11¢opMannn o pa3MeprrocTH rrpC:CTpan-
CTBa peruenntt. ,,.. - - · ' · '" • · · 

3. .lJ:JJJI. Ol!IlCaHIIJI C e,nnrroit T_O'IJ{l! 3pC1IIIJI pa3JJil'IIIhlX IIIIBOJIIOTIIBHLIX anropHTM0B 

BIIepBLIC BBe,neHO 0611.lCC IIOIIJITIIC Il!IBOJUQTHBIIOro ,UCJJCil!!JI MOIIOMOB, 1103B0Jlll!Oll.lee 
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paa,neJIJITI, He3aBJICJIMLie nepeMeHHLie Ha MYJibTIIIIJIJIKaTJIBHLie II HeMyJibTIIIIJIJIKaTII

BHLie •. BaHtHLIMII qacTHLIMII CJIY'IaBMII o6~ero paa,neJieHIIH nepei.iemii.rx HBJIJIIOTCH 

paa,neJieHHH ToMaca, JKane II IloMMape, 'IIcrrom.3yeMLie ,nJIJI aJITe6paII'lecKoro ana

JI~3a CIICTeM ,miq>q>epemJ;IIaJIJ.HLIX ypaBHeHIItt. J13yqeHLI OCHOBHLie' CBOitCTBa IIHBO

JIIOTIIBHOTO J{eJieHHH, B TOM 'IIICJie CBOitCTBO KOHC'IHOCTII, 06ec1Ie'lHBa10mee OICOH'la

HJie aJiropIITM0B nocrpoemrn IIHBOJIIOTIIBHLIX IIOJillHOMIIaJibHLIX 6aaJICOB •. 

4. Ha OCHOBe IIHBOJIIOTIIBHOro ,neJieHIIH BBe,neHO IIOHHTIIe IIHBOJIIOTIIBHOtt HOpMam.Hott 

q>opMLI II 'laCTII'IHOtt IIHBOJIIOTJIBHOCTII: IIocJie,nHee II03BOJIIIJIO BBeCTII B IIHBOJIIOTII

BHLIX aJiropIITMax aHaJiorn KpIITepneB Byx6eprepa, IICIIOJib3yeMLIX IIpll IIOCTpoeHHH 

6aancoB fpe6nepa c ueJILIO nponycKa neo6n3aTem.nLix pe.nyKUIItt. ,UoKa3aHo 0KoH

'lam1e IIHB0JIIOTIIBHoro a;rropIITMa ,nJIJI ;r106oro m:meqnoro IIHBOJIIOTJIBHoro ,ne;remrn. 

5. 11HBOJIIOTIIBHLie iiJIT~pIITMLI p~aJIB30BaHLi B BII.!(e naK~a B CIICTeMe REDUCE ,nJIJI 

IIOCTpOeHIIH IIHBOJIIOTIIBH,LIX 6aaIICOB IloMMape IIOJIIIHOMJiaJibHLIX II,neaJIOB 11 rrpe

o6pa:ioBaIIIIH CIICTCM mrneltIILIX .nmpqiepenunam,IILIX ypaanenntt R IIHBOJIIOTIIBIIOlt 

q>OpMe. Ha pH,ne IIOJIIIHo:i.rnaJibHLIX CIICTeM II0RaaaH 3Hff'lJITeJibHLilt BLIJirpLim IIO 

cpaBHeHHIO co CTaH,napTHLIM i:raReTOM nocrpoeHJIH 6a3HCOB fpe6nepa. 

6. C IIOMOIUblO. IIHBOJIIOTHBHOlt TeXHJIRII rrp01IHTerp11poBaHLI onpe,neJIHIOIUHe ypaane

HHH ,nJIJI RJiaCCH'leCRJIX CHMMeTplltt HeJIHHettuoro HeCTaIJ;HOHapnoro TpaHC3BYKOBOTO 

ypaBne11nn riaoaott JI~rnn-P~ttcnepa-T3Hna 'AJIJI n;rocRoro n anepBbie ,nJIJI ocecnM

i.ierpII'IHoro CJIY'laH. 

Anpo6aQHJI pa6oTLI. . < 
pc110B11Lie pe3yJILTaTbI pa60TLI ,noRna,nbIBaJIJICb Ha: 

- Mem.nyrraporomM CHMIIOJIIyMe ".International !MACS Symposium on Symbolic 

Computation: New Trends and Developments", JlnJIL, 1993; · 
- Mem.ny11apo,nHOM cIIMII03HyMe "Quantifier Elimination and Cylindrical Algebraic 

Decomposition", JlIIHU, 1993; 
_: ~em.nymipo.n11ott Ro11qiepe11u11n "Int~rval and Comp~ter-Algebrai~ Methods in Sci-

ence and Engineering", Ca11KT-Ilerep6ypr, 1994; . 
. - Mem.nyHapo.n110M COBeIUaHIIII/Rhein Workshop'on c~i'iiputer Algebra" 1 Rap;rcpys, 

1994; . . . . 

- Mem.ny11apo,nnoM coBeIUaHIIII "New Computer Techologics in Control Systems", 

Ilepccnaam,-3aneccRIIl1, 1994; · · 
- Mem.nynapo.nHOM coBemamrn "PoSSo Software Workshop", Ilapn:JK, 1995; 
- Ha 11ay'IHbIX ceMIIHapax crY, MrY, JIBTA O11.Hll, 11:R AH YRpaHHbI, YHHBep-

CIITeTOB fpeHo6JIJI, Ra11a,, JiettrrnIIra, ·. JlIIJIJI, Jl11MoJKa, 11:ccne,noBareJibcRoro Hayq11oro 

UeHTpa HM. ffimpa.na Uyas B BepJIH11e. 

IJy6JIHKaQHH. OcHOBHLie pe:iym.TaTLI ,nJICCCpTaIJ;JIII orry6JIIIROBaHLI B 8 Hay'IHLIX 

pa60Tax, ROTOpLie npniie.ne11LI B CIIHCRe JIIITepaTypLI. 

CTpyKTypa ,nuccepTaQHH. ,UIIccepTaUIIH COCTOHT II3 BBe,neHIIH, 'leTI,Ipex rnaB II 

3aRJIIO'lenJIHj co,nepm11r 75 crpannu Ha6opnoro TeRcTa, BRJIIO'laJI 5 ra6nmi: II 6n6JIHorpa

<pII'lec1rntt CIIHC0R JIHTeparypLI II3 ·51 lla3BaHHH. 
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CO,Ll;EP}I{AHME PABOTbI 

B nepaott rnaae - Bae,neHHH 06oc110BLIBaerCH aRryam.nocri, II npaRTII'leCRaH BaHt-

11ocri. npo6neMaTmm ,nJicceprauII011nott pa6orbl, RpaTRO nepeqncireHi.r pe3ym.TaTLI no rna

BaM. 

Bo BTOpOtt rnaae o6cym,naIOTCH Borrpocu npnBe.nenHH R RaHOHII'ICCROMJ BII.ny MHOlKeCTB 

MOHOMOB. CBoltcTBa 3TIIX MHOJKCCTB HBJIJIIOTCH o6IUHMll ,nJIJI CHCTCM IIOJillJIOMOB ll .z:i:yqrr. 
B pa3ae.te 2. J paCCMaTpHBaeTCJI BOIIpoc rrp11~e,ne11HH R RaHOHII'ICCROMY Bll.nJ ,nJIJI ,ne

JICHll~ MOJIOMOB no IIOJIHOlt CTCIICHll (o6LI'IHOe ,neJieHne). B .naHHOM CJiyqae RanoHn'l¢CRJIM 

HBJIHeTCH a~Tope.nyunpoaannoe MHO)l{CCTBO MOHOMOB. 

Onpe,neneuue 1 Afoo:JtCecmao U ua31,rnaemc.ii aamopeay-qupoaaum>L.At ec...iu ouo ue co
aep:»eum 3.te.Meumw, nomopwe 11:pa~uw apyi;;.At 3.te.Meuma.At U: 

• l • ' < < - •• 

B pa3ae.te 2.2 BBOJtllTCH. HOBOe IIOHHTIIe llHBOJIIOTllBJIOTO ,nenemrn; 0606Ill;a10m;ee ,ne

JICHIIH ToMaca, mane, IloMMape, n na e~o oc110Be crpoHTCH nnaonroinnnMe MHomecrBa 

MOHOMOB. 

Onpe,neneu.ue 2 Byae.1,, iooopumt>, _v;mo ua _.Atuo:»eecmae U onpeae.teuo _uuoo.4wmu
auoe ae.teuue ua Mu 3anucwaam1> ul1w a.t.ii 

0

uuao.t10mu~uoio ae.tume.t.ii u E U .Ato~o.Ma 
w E M, ee.tu aepuw. c...ieayww,ue ymaep:Heaeuu.ii: 

(i). u3 ul1w e.teayem ulw. 

{ii). ul1u a.t.ii .t106oio u E u. 
{iii). Ee.tu ul1w u vl1w a.t.ii u, v E U u w E M mo ul1v u.tu vl1u. 

' '.' '..:. '. ' . ' ~ 

{iv).' Ec...iu ul1v u vl1w a.t.ii u, v E U u w E M mo ul1w (mpau3umuauocm'bJ: 

{v). ul1uv u-ul1uw, ec...iu u 111,o.t'b11:o ee.tu ul1u(vw) (uenpepwauocmb). 

3aMeTnM,-,'ITo
0

.o6u''IHOe ,n~;renne MOHOMOB 'yd~iinerBopHer ycJioBn~ (iii) TOJibKO B c;ryqae 

o.n11ott. He3aBHCIIMOl1 rrepeMeHHOlt. TaR, HarrpnMep, yme B c;ryqae ,nByx· rrepeMCHHLIX: 

xl(xy) II Yl(xy), HO -,xly ll -,ylx. Orrpe.ne~eHH0e BLIIIIe llHBOJI~TllB~Oe ,neJI;mIIe II03BOJIHeT 

BBCCTII COOTBeTCTBYIOIUJie rrpaBHJia YMHOJKeHIIH. 

Onpe.zi:eneuue 3 Ec...iu_ ~l1(w =. uv),· mo .Atouo.At v 6yae.M ua3blBam'b MY.t'bmun.tu11:a_
muauw.«,:1.t.ii u, u, coomaemcmaeuuo, 3anu~blaam'b w = u x v. Ec...iu :»ee u .iia.t.iiemc.ii 
ae.tume,,te.M w; uo ue uuao.twmuauw.At, mo 6yae.At 3anucblaam'b w = u•v, av ua3WBa7llb 

Ue.«y.t'bmUn.tu11:amUBUbl.At a.t.ii U. . "~:: 

8ro· 'orrpe.nenenne, BMecre co CBOi1CTBOM HerrpepLIBHOCTll ( v) IIHBOJIIOTIIBHOT0 .neneHHH ,nJIH 

Ram,noro u EU, paa,neJIHer MnomecTB<> rrepeMeHHLIX x = M(u,U) U NM(u,U) Ha ,nBa 

HerrepeceRaIOIUIIXCH rro,nMHoJKecrBa (Mn NM= 0) MYJII,TIIIIJIHRaTnBHLIX M(u, U) II He

Mym.TnrrJinRarnBHbIX NM( u, U) rrepeMeHHLix:· · PaccMoTpnM MOHOMnam.Hoe MHOJRecTBO 

u. BBe,nenne Ha HeM IIHBOJIIOTIIBHOro .nenenHH, y.noBJieTBOpHIOIUero (iii)-(iv), B03MOJRHO 
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C noMOfilI,IO onpe.zteJiemm no,llMHOJKeCTB MYJII,TlinJIIIKaTIIBHhIX lI HeMyJII,TlinJIIIKaTIIBHhIX ne

peMeHHhIX. Jlcrro, 'ITO .aj>yrIIe ycJIOBIIH nocTpoeHIIIl lIHBOJIIOTlIBHOro .zteJieHIIIl CTaHOBHTCil 

II3fihITO'lHhIMlI. . . 

CJie.ztYIOfilIIe npIIMepu IIHBOJIIOTIIB~ux .zteJieHIItt 6uJIII BBe.zterru JKarre, ToMacoM II IloM-

Mape .ztJIH aHaJIII3a anre6pa1I1JecKIIx .ztmpqieperrnIIaJI1,rrux ypaarrerrJitt. · 

Onpe.zteneHHe 4 J(e.ieuue To.M.aca. Ilycmb U - 1wue"1uoe .M.uo:»eecmeo u 

h; = max{deg;(u) I u EU}. 

Ilepe.M.euuaa x; ae.1.aemca .M.YAbmun.1.unamueuoil a.1.a u E U, ec.iu deg;(u) = h;, u 
ue.M.y.1.bmun.1.unamueuoil e npomueuo.M. c.iy"lae. 

Onpe,l{eneHHe 5 J(e.ieuue }I(aue. Ilycmb .M.UO:»eecmeo U noue"IUO u ece .M.OUO.M.bl 
u Eu pa36Umbl ua zpynnbl [di,.'.:',d;],'zae d; = deg;(u). Tozaax; 6yaem .M.Y.1.bmun.iu
namueuoil a:ia "1.1.eua zpynnbl u E [di, ... ,d;_1), ec.iu ee _cmeneub deg;(u) = h;. 3aecb 
h1=max{deg1(ufluEU} u_ , , · · 

_h; = max{deg;(v) I VE [d1, ... ' d;-1)} (i > 1). 

Ec.iu deg;( u) < h;, mo' X; ae.1.aemCJ1. Ue.M.Y.1.bmun.iunamueuoil. 
. ' ~ 

Onpe.l{eneHHe 6 J(e.ieuue Ilo.M..M.ape. ,JJ.1.a .M.ouo.M.a x~• • • • x~• c ik > 0 nepe.11euuble x; 
npu j 2:: k ae.1.a10mca .M.y.1.bmun.1.unamueubl.M.U u, uao6opom! x; npu j < k ,ue.M.y.1.bmu
n.1.unamueubl.M.U . 

3aMeTlIM, 'ITO 

• .ll:eJieHJie ToMaca He 3aBIIClIT OT ynopn.ztO'leHIIIl nepeMeHHhIX X;. Hao6opoT, .zteJieHIIIl 

JKarre II IloMMape, no IIX onpe.zteJieHIIIO, ocrroaarru rra ynopn.zto1JeH1III nepeMeHHhIX 

xi'>- X2 >- · · · >- Xn• . , 

. • Pa361IeH1Ie nepeMeHHhIX Ha MYJII,TlinJIIIKallIBHI.Ie II HeMyJIJ,TlinJIIIKaTHBHhle a CJiy1Jae 

.zteJieHIItt ToMaca lI JKaHe 3aBIICIIT, Boo6me roaopH, OT CTPYKTYPLI Bcero MHOJKeCTBa 

MOHOMOB U. Hanpomii, .zteJieHIIe IloMMape neJIIIKOM onpe.zteJIJie;CR paccMaTpnaae

MhIM MO~OMOM 6e30THOCHTeJIJ,HO K .ztpyr:oM SJieMeHTaM u. onpe.zteJieno. 
l~ < ' 

.ll:JIH o6o3Ha1JeHIIJI nepe'IIICJieHHI,IX .zteJieHIItt 6Y.zteM lICnOJII,30BaTI, COKpameHHJI T, J, P. 

Ilpe.l{nomeHHe 1· Mouo.M.ua.1.bUble ae.ieuua To.M.aca, }I(aue u Ilo.M..M.ape uueo.1.10mu
eub1. 

Onpe.l{eneHHe 8 M11.o:»eecmoo U 11.a3t>1eaemcsi aemopeay'l(upooauubt.M.. no uueo.itiqmu
ouo.M.y ae.1.euu10 (o6o31ta"1aemcsi AutoReduce1(U) = U ), ec.iu OIJO 11e coaep:»eum 3.1.e
.M.eUmbt, nomopbte u.M.e10m u11eo.1.10mue11ozo ae.1ume.ia cpeau apyzux 3.1.e.M.eumoe U; 

! 

Bae.ztenIIoe onpe.zteJierrne' ai1Tope,i&nnpoaannoro MHoJKeCTBa no nnaoJIIOTHBHOMY .zteJieHHIO 

He JIBJIHeTCJI KaHOHII'leCKlIM npe.ztCTaBJieHI!eM 
0

MHOJKeCTBa, B OTJIIl'llle OT Onpe.zteJieJIIIH 1. 
8TO 6y.zteT JICHO Il3 .ztaJII,Hettmero Il3JI0JKeHIIH. 
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IlpHMep9 U=:{xy,y2,z} {x>-y:-:-z). 

.M.OUO.M.bl To.Mac }I(aue Ilo.M..M.ape 
MT NMT Mi NMi Mp NMp 

-xy X y,z x,y,z - y,z X 
y2 y x,z y,z X y,z X 
z z x,y z x,y z x,y 

Onpe.l{eneHHe 10 Afoo:>,cecmeo U 1Ja3bleaemca uueo.1.10mueubl.M., ec.iu a.1.a .1.106ozo 
w E A1, y.M.110:»eeuuozo ua 1wnoil-uu6yab 3Ae.M.eum u E U, cytllecmeyem u11eo.1.10mu
e11blil ae.1ume.1.b v E U, eoo6tlle zooopsi, om.1.u"l11.blil om u. J(pyzu.M.u CAoea.M.u 

(Vu EU) (Vw EM) (3v.E U) [ vl1(uw)) • 

Onpe.l{eneHHe 11 J(.1a no11e"111ozo _.M.11.oxecmoa U u1100.110muo11oe ae.1e1111e ua3blea
emca noue"l1tbt.11 a.1.a .M.uo:»eecmoa U, eCAu cytllecmoyem nolle"luoe, u1100.110muo11oe .M.uo
:»eecmoo U, manoe- "Imo U ~ [!. Muoxecmeo [! 1ta3btaaemca u11.oo.110muo11blM 3a
.M.btna11ue.,11 U. I111eo.1.10muo11oe ae.1e11ue ua3blBaemca no1Je"l1tblM, eCAu cytllecmoyem 
'K01te"11tOe U1tOOA10mUOll0€ 3ll.M.btnauue a.1.si .1.106ozo 'K011€"IIIOZO .M.1to:>icecmoa. j 

Ilpe.l{nomeHHe -1~ J(e.ieuua To.M.aca u }I(aue no11e"l1tbt. 

TeopeMa 13 Aemopeay'l(upooif1t1Joe u11eo.1.10muo11oe 3a.M.blnauue · no11.e"111ozo .M.llO

:»eecmoa eau11cmoe11110. 

3aMeTHM, 'ITO ,llJIII CJIY'IaJI 'u1IBOJIIOTHBITOro .zte.iieIIHJI TOJibl{O Ta.Kott ,llOCTaT0'lIIO CJIOJKHhltt 

061,ei{T, ua1{ aaTope,zzynnpoaainoe nHB0JIIOTnBnoe 3aMLIKanne, 11am1eTc11 · nanounqecKnM 

npe.ztcTaBJieHIIeM corJiacno TeopeMe ·13. Tor.zta KaR .ztJIH CJIY'laJI o6hI'IHOro .zteJielll!JI HM' 

HBJIHeTCH rrpocT0 aBTOpe.ztYnnpoaaunoe MIIOJKeCTBO. 

IlpHMep 14 {npoao.1:»ee11ue Ilpu.11epa 9}. Aomopeay'l(upooa1111oe u1100.110mue1;1oe 3a~ 
.,\tbtnauue .M.uo:>,cecmea U = (xy, y2, z) (x >- y >- _z) a.1a ae.ieuuil To.uaca, }I(aue u 
Ilo.M.Mape UMeem eua 

.)-. 

UT = {xy,y2,z,xz,yz,xy2,xyz,y2x,xy2z}, 

Di_:::,, {xy,y2,z,xz,yz}, 

. Up = {xy,y2, z,xz,yz,x2y',x2z, ... ,xky, ... , xmz, .. . } , 

zae k, m E N. 3mom npu.M.ep nona3bloaem, "Imo ae.ic1me IloM.Atape 1ie ae.t!lemca 
no1te"11lbt.At. oauano, ae.1e11ue Ilo.M..M.ape no1te"11tO a.1.a u, IJO O Bpyzo.M. nop!!Bne nepe
MemibtX z >- y >- x; a.1.a '1'omopozo Up= u. ' ' ' 
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II pn:ae.n:eHHLilt BLIIIIe np!IMep noKa:ILIBaer, qTo He )lJIJI mo6oro IIHBOJJIOTIIBHOro ,n:eJJeHIIH 

cymecTayer KaHOHJiqecKoe npe.n:cTaBJJeHJie KOHeqHoro MHOlReCTBa MOHOMOB, 

B pa3ae.Ae 2.3 ,n;JIJI xapaKTepBCTHKII npocTpaH.cTBa peIIIeHJI:fi cucTeM noJJHHOMOB 

n ,llYqrr llCllOJJb3YIOTCH noHHTllH noJJIIHOMa. fJiiJ:b6epTa, xapaKTepoa KapTaHa, CJIJJa 

( JReCTKOCTb) ,n:ucpcpepeiiu;JiaJibHLIX ypaBHeHH:fi no 9:fiHIIITefiHy, Mero,n:LI llOCTpoeHJIH KO

TOpLIX OCHOBaHLI Ha noJJyqeHHLIX RaHOHJiqecKIIX npe,n:cTaBJJeHJIHX. 

TpeThJI rJiaBa llOCBHmeHa BOilpOCaM HCCJJe)lOBaHJIH CIICTeM nOJJIIHOMOB, 

B pa3ae.Ae 3.1 co.n:eplRIITCH OllHCaHHe OCHOB TeXHHKH 6a:mcoa fpe6Hepa, B TOM 'IlICJie, 

CBO:fiCTBa 3TIIX 6a:iJICOB, ROTOpLie IICllOJJb3YIOTCH B TeKCTe .n:11ccepTall;HII a TaRJRe COOTBer

CTBy1om1Ie anropHTMLI. 

B pa3ae.Ae 3.2 Ha OCH_oae paCCMOTpeHHOro BO BTOpo:fi rJJaBe IIHBOJJIOTIIBHOro ,n:eJJe

HllH BBO,n:HTCH BaJRHLie nOHHTIIH IIHBOJJIOTIIBHOlt pe.n:yKJl;IIII II IIHBOJJIOTHBHO:fi HOpMaJJbHO:fi 

cpopMLI. ,lloKa:ILIBalOTCH HX OCHOBHLie caoltcTBa. IlpH 3T0M .ZJ;JIJI KaJR,ZJ;oro sa.n:aHHOro llOJJII

HOMa pa:i,n:eJJeHIIe nepeMeHHLIX Ha MYJJhTIIllJJIIRaTilBHLie Il He MYJJbTIIllJIIIRaTIIBHbie ocyme

CTBJIJle'fCH no JJll)llII)YIOmeMy TepMy (MOHOMY), ROTOpLilt, B CBOIO oqepe.n:b, onpe.n:eJIJie'fCH 

BLI6paHHLIM ynopn.n:oqeHneM MOHOMOB, 

Cne,!{CTBHe 15 ECAu .uuo:HCecmeo F aemopeayv,upoeauuo, mo uueo.1110mueuasi uop
.ua.11b1tasi <fiop.wa, a.11si npou3eo.11b1tbtX no.11uuo.uoe p1 , p2 u p, 06.11aaaem ceoilcmea.wu: 

(i). Eauucmeeuuocmb: ~e.11u h1 = NF1(p,F) u h2.= NF1(p,F),mo h1 = h2, 

(ii). Jlm1.ei11wcmb: N F1(P1 + P2, F) = N F1(P1, F) + N A(P2, F). 

B 3TOM me pa3,ZJ;eJJe cpopMyJJ11py10TCH JCJIOBHH IIHBOJIIOTIIBHOCTH, ROTOpbie .n:aroT OCHOBY 

.ZJ;JIJI anropIITMnqecKoro llOCTpoeHHH HHBOJIIOTIIBHLIX 6a:incoa. 

Onpe.l{eJieHHe ,16. Y.u110:J1Ceuue no.11uuo.ua f, ua .uouo.u u ,uaJt>teaemcsi npoa0.11:»ceuue.u 
J. Ilpoao.11:HCeuue ua3t>teaemcsi .uy.11bmun.11u11:a~ueut>t.u, eCAu u si~.11siemcsi ,,11y.111,mun.11u-
11:amueubtM mep.uo.ft a.11si ft(!), U_ ue.,uy~bffiUn.llUll:amUBUbtM, B,npomUBUOM r...4yttae. 

Onpe.l{eJieHHe 17 Aemopeayt(upoeauuoe Muo:»cecmeo F ua3bteaemcsi uueo.1110mu
BllbtM, eCAU 

(VJ E F) (Vu EM) [ NF1(fu,F) = 0]. 

TeopeMa 18 Muo:HCecmeo F uueo.1110muouo mozaa u mo.tbll:O mozaa, 11:ozaa ewno.11-
ueubt CAeayiow,ue yCAoeusi uueo.1110mueuocmu 

(VJ E F) (Vx; E NM(f,F)) [ NF1(f · x;,F) = 0]. 

,llanee IlCCJJe,TzylOTCfl BOIIpOCbI 3<p<peRTIIBHOCTII noJJyqeHHhlX a_nropHTMOB, OCHOBaHHbie 

na BBe.n:emm RpIITepneB pe.n:yn;npyeMOCTil R HYJIIO IlHBOJIIOTilBHOlt HOpMaJJbHOlt cpopMLI, 

Onpe.l{eJieH~e 19 "Muo:HC~~moo no.tUIIO~OB F 6yae.u Ua3bl8am~ ttacmuttuo uueo
.1110mue1tbtM ao V E Af eCAU 

(VJ E F) (Vu EM) (lm(f) • u ::5 v) [ NF1(fu,F) = 0). 
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Cne,!{CTBHe 20 M110:»cecmeo no.11uuo.woe F ttacmuttuo uueo.1110mueuo ao .uouo.ua v, 
mozaa U mo.tbll:O mozaa, 11:ozaa 

(VJ E F) (Vx E NM(f,F)) (lm(f) · x ::5 v) [ NF1(f · x,F) = 0). 

9TO CJie.ZJ;CTBIIe n03BOJIJier BBecTn aHaJJOrII Rp!ITepneB Byx6eprepa )lJIJI IlHBOJIIOTHBHOlt 

HOpMaJJbHOlt cpopMLI, ROTOpbie 3HaqJITeJJhHO llOBLIIIIalOT 3<p<peRTilBHOCTb BbiqncJJeHntt. 

3aTeM .ZJ;OKa:ILIBaercn, qTo IlHBOJIIOTilBHLilt 6a:inc HBJIJle'fCH Hepe.n:yu;npoBaHHLIM 6a:in

COM fpe6Hepa. Hnme npHBO.ZJ;HTCH o,ziaa Il3 Bepcntt IIHBOJJIOTIIBHOro anropnTMa. 3.n:ecb 

qepe3 lt(f) o6o3Haqaercn nn.n:npyiomJitt TepM noJJilHOMa J ,n:JIJI 3a,n:aHHoro ynopn,n:oqeHnH 

>-. 

AJiropnTM InvolutiveBasis: 

Input: F - MHOJJ{eCTB0 noJJilHOMOB 

Output: G - JIHBOJIIOTHBHLitt 6a:iuc ,n:JIJI Ideal(F) 
begin 

. G := Ati.toReduce1(F). 
P:=0 
while {(lt(g), x) I g E G,x E NM(g)} \ P =I- 0 do 

choose (g, x) such that 

g E G, x E NM(g,G), (lt(g),x) ¢_ P 
and lt(g) • x - minimal >-

p :=PU {(lt(g),x)} 
h := NF1(g • x,G) 
if h =f- 0 then 

G := AutoReduce1(G U {h}) 
end 

end 

• IlpHMep 21 I(u11:.11uttec11:ue 11:opuu 4-zo nopsia11:a. 

NMJ NMp Hatta.tbUOe MUO:»cecmeo nO.IIUUOMOB 
X2,X3,X4 - X1 + X2 + X3 + X4 

X3,X4 X1 X1X2 + X2X3 + X3X4 + X4X1 

X4 X1,X2 X1X2X3 + X2X3X4 + X3X4X1 + X4X1X2 

- X1,X2,X3 X1X2X3X4 -1 

3.n:ecb BbI6paHHO ynop.11,Zl;oqeHne: cHaqana no noJJHott CTeneHn,. a 3aTeM o6paTHoe Jieltc11-

Rorpacpnqec'iioe· C nopH,ZU{OM nepeMeHHLIX X1 >- x~' ~ X3 >- X40 B Ta6Jlllu;e npmie.n:eHLI 

HeMJJlbTilll~ima:rnBHbie nepeMeHHLie )lJIJI RaJR,ZJ;Oro IIOJIIlHOMa CllCTeMLI. IlpnMeHeHne aJil'O

pllTMa InvolutiveBasis .n:aeT CJie.n:yromntt BII,!{ IlHBOJJIOTHBHLIX 6a:iHCOB no .n:eJieHHHM )Kane 

n IloMMape 

J>' 
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NMJ NMp Baa1Icu JKaIIe II IloMMape 

- - Xt + X2 + X3 + X4 

X1 X1 Xi + 2x2x4 + x~ 

X1,X2 • Xt, X2 x 2x; + x;x4 - x2x~ - x~ 

Xt, X2, X3 x1,x2,X3 X2X3X~ + x;x~ - X2X~ + X3X~ - x: - 1 · 

X1,X2,X3 X1,X2,X3 X2x: + x~ - X2 - X4 

Xt,X2 X1,X2,X3 x~x~ + x5x! - x3 - X4 

X1,X2,X3 X1,X2,X3 x~x~ + X2X3 - X2X4 + X3X4 - 2x~ 

X1,X2,X3 xix~ + X2X3 - x5 - X2X4 + X3X4 - x~ 

··························································· 
X1,X2,X3 x;(x1x~ + X2~3 - x; - X2X4 +,X3X4 - xn 

··························································· 

Baanc B cJiyqae HHB0JIIOTHBII0r0 ,n;eJieIIHH JKaIIe co,n;epJKIIT ceMb II0JIHII0MOB n COBI1a,11;aer 

c 6aancoM rpe6IIepa, Tor,n;a RaR B cJiyqae IloMMape on 6ecRoIIeqen II 1IMeeT rroitaaa1In11e 

rrpo,n;oJIJKeIIIIH mecToro ll0JIIIII0Ma 110 ero 11eMJJibTIIIIJI1'1RaT1IBIIOi1 nepeMeHIIOi1 X3. BH,n;IIo, 

qTo B cJiyqae O,!J;HOMepIIoro· 1I,n;eaJia 6aaHc 110 IIHBOJIIOTIIBIIOMY ,n;eJieIIIIIO Ilo~Mape MoJKeT 

611Tb 6eCROIIeqeII. . 

B '-leTBepToii rJiaBe paccMaTplIBaIOTCH CIICTeMLI JI1I1Iei11I1IX ,ZJ;lI<p<pepeHllliaJiblILIX ypa

B1Ie1I1Ill:. 
Pa3ae.11, 4,1 co,n;eplKIIT pa3BHTIIe 1Il;{ei111ocTp0e1I1IJI 6a31ICa rpe6nepa ,ZJ;JIH ,ZJ;lI<p<pepeII-

lll!aJibll0ro cJiyqan, 
B pa3ae.11,e 4 .2 BBO,!J;HTCJI ll0IIJITIIe IIIIBOJIIOTIIBHOi1 IIOpMaJII,HOi1 qiopMLI ,ZJ;JIJI cJiyqan 

,ZJ;II<p<pepen11HaJihHOro IIIIB0JIIOTilBH0ro 6a3l!Ca II 11p1IBe.n;en aJir0plITM ero llOCTpOe!IIIJI B 

JI!IHell:JI0M cJiyqae. IlpoBO,ZJ;JITCH anaJiorlIII 0TII0ClITeJibII0 aJire6pa1IqecRlIX° CBOi1CTB ,ZJ;II<p

cpepen11naJib1I1IX ypaBire111Ii1 II ll0JIIIH0M0B. IIpeJK,ZJ;e Bcero, 3T0 CJie,n;yI9mee CO0TBeTCTBile 

MeJK,n;y ,ZJ;lI<p<peperr111IaJiblI1IMII TepMaM:l!__II M0il0MaMlI 

/)'>1 +••+<>n U. 

a 
er; :J .. OJ 

X1 '' • OX"n <==} X1 '' •X"n n n , 

R0Topoe 1103B0JIJieT, B qacTH0CTlI, BB0,Zl;IITb y11opJI,n;oqeu1Ie ,Zl;llcpcpepeHll!IaJibilLIX TepMOB no 

arraJiorlill. C 0611qII1IMil M0II0MaMlI. MoIIOMLI, C00TBeTCTBJIOJUIIe paaJI1Iq1I1IM 3aB:qCIIM1IM 

11epeMe1IH1IM .u j, pacciraTplIBaIOTCH RaR 11p1I1Ia,ZJ;JieJKa1It1Ie R paaIIIJM MII0lKeCTBaM MOHOMOB, 

Coo:riercTBeHIIO, ,:MJJibTIIllJIIIRaTIIBIILie II 1IeMJJibTIIllJI1IRaTIIBII1Ie 11epeMe1III1le . ,!J;JIJI 

,!J;lI<pcpepeIIl11IaJiblI1IX ·TepMOB 011pe,n;eJIJIIOTCH 110 IIX M0II0MIIaJiblILIM. aIIaJioraM •. 

Onpe,11eJieH1're 2~· My.t1,mun.tunamueuwe u 1te.My.t1,mun.tunamueuwe nepe.41euuwe 
aurjirjiepe111-1ua.t'b1tozo no.tuuo.,,w u, coomeemcmee1mo, MY.tbmUn.tunamue1tb1e u ue
MY.tbmun.iunamueub1e npoao.t:>1Ce1m51, onpeae.451,10mc51, no ezo .4uaupy10w,e.My mep.A1y {Mo-

noMy}. 
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8To ,n;aer B03M0JKII0CTb 11poBeCTil ll0JIIIJIO aIIaJiorlIIO Mem,n;y ll0JIIllI0MIIaJiblILIMil ypa

BIICIIIlJIMil Il JIIlIIei1IIUMII O,!J;IIOpO,!J;IIUMil.,ZJ;II<pcpepem1mtJiblIUMil CilCTeMaMn C 0,1110!1 3aBncn

M0i1 11epeMeIIII0lt H ll0CT0JIHIILIMII R03q>cpn111Ie1ITaMn. Bo~~-Toro, 11peo6pa30BaHne OT 110-

JIIIH0MnaJibII0il: R ,1ncpqiepeII11naJihHOil: CilCTeMe HplI 11pnBe,ZJ;e1IIlil R Il!IB0JIIOTIIBII0MY Bil,ZJ;y 

coxpanJieT B3aJU!H0-0,!J;II03HaqIIoe COOTBeTCTBIIe Mem,n;y .zmcpcpepeIInIIaJibHLIMil TepMaMil Il 

M0II0MaMn. B 3T0M c11ennaJihll0M CJiyqae, CJie,ll0BaTeJihII0, ll0CTpoenne .llil<p<pepeIInnaJib

rroro IliIB0JII0TilBH0r0 6aa1Ica IIJIIl 6aanca rpe6IIepa M0lKeT ocymecTBJIJITbCH 11ocpe,1CTB0M 

IIX aJire6panqecRnx aIIaJioroB. O111IcuBaIOTCH aJiropnTMIIqecmi:e paaJIII'IHJI B nocTpoennn 

aJire6pa1IqecKnx n ,Zl;ll<pcpepeIInnaJibIIUX nIIBOHIOTHBIIUX 6aancoB. 

Ilp1IBo,n;nTCH 011nca1Ine aJiropnTMa DifflnvolutiveBasis .ztJIJI cncTeM JI1IHell:11ux ,Zl;ll<p

cpepeIInnaJibIILIX ypaB1IeH1Ii1. Ilo,llqepRnBaIOTCH 11pe1IMymecTBa. IIIIB0JIIOTilBIILIX 6aancoB 

nepe,n; pe,n;y11np0Ba111111MH ,n;ncpqiepe1111HaJihIIUMlI 6aa1IcaMn rpe6IIepa RaR Ra11011nqecRoi1 

qiopMLI .llJIJI mmcl!nux .[{YlIII • .[{nqiqiepe11nnaJibnoe 0T06pame1I1Ie IIJJihMepIIott H0JIIIII0-

M!IaJihH0il: CilCTeMU nMeeT o6mee pemeIIne ToqIIQ 3aBncnmee OT R0JinqecTBa 11p0il3B0JibHUX 

IWHCTaHT, ,n;awrn;ero'q_ncJIO ROpHelt .ClI~TeMU C yqeTO~ IIX KpaTIIOCTil, Pa3MCp1IOCTh 110-

JIUll0M!IaJIJ,H0r0 H,lleaJia C0Blla,llaeT C qlICJI0M 11p01I3B0JibIIUX <pJIIRllIIlt B o6meM pemeHIIII 

C00TBeTCTBJ!OJU!IX .[{Yllff: • . . 

HnBOJIIOTIIBIIaH qiopMa JIIIIIei1IIux .[{YlIII MOlKeT IIMUBaThCH Ra1Io111IqecRoi1 ne TOJibKO 

ll0T0MJ, qTo 3T0 - ,ZJ;II<p<pepeHUIIaJibIIUil: 6a31IC rpe6nepa, !IO TaRJKe 6Jiaro,llapJI <paRTY, 

'ITO Ill!B0JIJ0TIIBIIMe CIICTeMU oco6e11110 y,zio611u lI,JlJI au6opa 11aqaJiblI1lX ycJioBnll:, l{0TO

pue 06ecneq1IBa10T cymecTBoBanne e.ztlillCTBennoro n Ji0Kan1,110 roJI0Mopqi11oro peme11nJI. 

KpoMe Toro, M0JKH0_ BJ,tqlICJIJITh Ta_Rne CllilCRII IIaqaJibIIUX ycJI0Blii1, R0Topue naX0,!J;JITCH 

BO B3alIMH0-0,1ll03IIalJll0M C00TBeTCTBIIIl C rrp0II3B0JibIIUMil R0IICTal!Taim llJIII <pJIIIUlilJIMil 

B o6meM pemea!In • 

B TTIITOH rJiaBe o6cyJK,ZJ;aIOTCH Borrpocu peaJIII3a11Illl 0IIIICaIIIIUX B npe,llU,ZJ;YJUilX rnaBaX 

llllB0JIJ0TIIBHUX aJiroplITM0B. 

Il pa3ae.11,e 5.1 onucLIBaIOTCH naRer INVBASE, peaJin3ymm1In noJinnoMIIaJILIILie 1IH

aoJI10TnBnLie aJirop11TMU .llJIJI ,n;eJieIIIIJI IloMMape. n rrplIB0,ZJ;JITCH rrp1IMep11 ncnoJib30BaHilJI 

rraKeTa .ztJIJI BLilJIICJiennH Il0JIIlH0MllaJihHUX llHB0JIIOTIIBIIUX 6aa1ICOB. .[{eMOHCTpupyeTCH · 

npemIymecTBo naRern INVBASE no cpaBrreIIi110 co· cTan,n;apTHLIM naKeT0M GROEB

NER CIICTeMU REDUCE peaJIH3JIOJUeM aJirop!ITM Byx6eprepa ,ZJ;JIH rrocTpoenuJI 6a31ICOB 

rpe6Hepa. Pa3H~CTh B 611cTpOJ1~ncTBllll BapbHpyerCJI OT 2-x ,!10 20 pa3, npuqeM p.a3:11Hlla 

BO BpeMeun ClJeTa B03pacTaeT C pocTOM CJI0JKH0CTil rrpnMepa. 

Bo Bcex BLI'IncJiennJix c naReraMH INVBASE II GROEBNER HcnoJih30Bano ynopJI

.11oqe11ue M0H0M0B no noii:iion CTeiienn, a" nplI paBHLIX _H0JIHLIX CTeneHJIX _HO o6pa:rnoMy 

Jiel{CilKOrpaqiuqecROMY nopJI.zlKY (DegRevLex). PaclJeTU npoB0.zlllJ!IlCb Ha R0MIIbl0Tepe 

AT/386 c 8 Mb RAM n qacmmll: 25 MHz rro.zi yrrpaBJien1IeM MS-DOS. HnJKe npe.n

CTaBJieHLI pe1yJihT1lTU BUlJIICJieHHi1 ,!J;JIH · CJie,n;yIOJUilX np!IMepoB: 

Ilp11Mep (I) 

XiX2X3 + X1X~X3 + X1X2Xi + X1X2X3 + X1X2 + X1X3 + X2X3 = 0, 
22 22"2 0 

X1X2X3 + X1X2X3 + X1X2X3 + X1X2X3 + X2X3 + Xt + X3 = , 
XiX~Xi + XiX~X3 + X1X~X3 + X1X2X3 + X1X3 + X3 + 1 = 0. 
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TipttMep (II) 
' •, 

'Xt + X2 + X3 + X4 + X5:::::: 0, 
. X1X2 +'x2X3 + X3X~ + X4X5 + X~Xt =)), 
X1X2X3 +_x2X3X4 + X3X4X5 + X4X5X1 + X5X1X2 = 0, 

X1X2X3X4 + X2X3X4X5 +.X3X4X5X1 + X4X5X1X2 .+ X5X1X2X3 = 0, 

X1X2X3X4X5 - 1 = 0. 

TipttMep (III) 

,x1 + x2+ X3 + X4:+ X5 = 0, 

' X1x2+ X2X3+ X3X4 +.x4X5 + X5X1 = 0, · 

X1X2X3 + X2.X3X4 + X3X4X5 + X4X5X1 +·X5X1X2 = 0, 

,'!c2X3X4 + X2X3X4X5 + X3X4X5X1 + X4X5X1xrt X5X1i2x3':::: o, 
X1X~X3X4X5 _:, J= 0. , .. 

TipttMep (IV) 
;·.r.' 

Xt + X2 + X3 + X4 + X5 +-x6 =:= 0, 
'.1', 

Xt X2 + X2X3-+ X3X4 + 'x4,X5 + X5X5 + i5X1 = 0, 
' ' . ', .. . ' . 

X1X2X3,+ q;2X3X4 +_X3f4X5 + X4X5X5 :f- X5X5X1 + X5~1X2,= 0, 

X1X2X3X4 + X2X3X4X5 + X3X4X5X5 + 
X4X5X6Xt + X5X6X1X2 _+ X6XtX2X3 = 0, 

X1X2X3X4X5 + X2X3::i:4X5X6 + X3X.4X5X6X1.+_ 

X4X5X6X1X2 + X5X6XtX2X3 + X6X1X2X3X4 = 0, 

X1X2X3;i;~X5X5 - 1 = 0. 

B nplIBO,AllMOit HllJKe Ta6mine llCIIOJII,30BaHU 06oanaqenm1: -

n· 

· • T1 -
1

BpeMJI c~eTa IIHBOJIIOT~Bnoro 6a'.an~a, 3aTpaq~nno~ naKeToM.INVBASE 
, ' .. ' ., . ' ·••-

. ' . ' ' . -·~ . . . . . ' . ,· ·- ' . ' : . ' {. \. 

• T2 ~ ilpeMJI nLiqncnennJI pe;zynnpoBaanoro 6aanca rpe6aepa, 3aTpaqeriaoe'naKeTOM 
GROEBNER. . - - •... . . 

' . _}; 

• N1 - qJlCJI0 3JieMeHT0B 11HB0JIIOTl1BH0ro 6aa11ca 

• N2 - :'IIICJI0 aJieMeHT0B pe;zyn11p0Baµa_oro 6aa11ca Tpe6aepa 
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(np11Mep) nopH,AoK nepeMenaux T1(sec.) T2(sec.) N1 N2 
(I) Xt >- X2 >- X3 •· 16 33 15 15 

(II) X1 :>-= X2 >- X3 >- X4 ->- X5 11 8 23 20. 

(II) Xt >- X2 >- X5 >- X3 >- X4 9 7 23 20 

(III) Xt >- X2 >- X3 >- X4 >- X5 149 341 31 25 

(III) Xt >- X2 >- X5 >- X3 >- X4 1948 3050 32 24 

(III) X4 >- X1 >- X5 >- X2 >- X3 87 · • 1190 32 23 

(III) X1 >- X5 >- X2 >- X3 >- X4 94 2410 25 24 

(IV) X1 >- X2 >- X6 >- X3 >- X4 >- X5 7657 >140000 46 -
(IV) X5 >- X4 >- X3 >- X6 >- X2 >- X1 - 3795 77400 46 45 

Buq11C1IBTem,m.re 3KCIIep11MeHTLI II0Ka3LIBaIOT ,A0B0JII,HO BhICOKYIO CTeIIeHb ycrottq11-
B0CTII qncJia Buqncn11Tem.nux onepanntt no 11HB0JIIOTllBHLIM aJirOp11TMaM np11 ll3MeHeHl11l 

ynopH,AoqeallJl nepeMeHHLIX. _ 

IIpnBe,AeHnaH nnJKe Ta6n11na noKaaLIBaeT BpeMeHa cqeTa c noMOfilbIO naKeTa IN

VBASE np11 pasmiqaux nopH,AKax nepeMennux ,AnH c11cTeMLI (IV) na pa6oqett cTaann11 

IBM RS/6000-550 c qacrorott 41 Mrn. 

nopH,A0K nepeMeHHLIX '. BpeMH (sec.) 

Xt >- X2 >- X3 >- X4 >- _fs >- X6 1085 

X5 >- X4 >- X3 >- X5 >- X2 >- X1 694' 

X1 >- X2 >- X5 >- X3 >- X4 >- X5 869 

X6 >- X2 >- X3 >- X5 >- X4 ?;- Xt 446 

X3 >- Xt >- X5 >- X5 >- X2 >- X4 233 

X5 >- X5 >- X2 >- Xt >- X3 >- X4 662 

X4 >- X6 >- X1 >- X2 >- X5 >- X3 543 

X2 >- X3 >- X5 >- X1 >- X5 >- X5 .729 

IIpnBe,AeHHLie BpeMena roB0pHT O snaq11Tem.no 6onee BLICOKOil: ycroil:ql1BOCTll llHBO

JIIOTl1BH0ro anrop11TMa, no cpaBnenn10 c anrop11TM0M Byx6eprepa np11 nsMenennn no

pH,AKa nepeMeHHLIX. B cnyqae anropllTMa Byx6eprepa BpeMeHa cqeTa paannqaroTCJI na 

nopH,AK11. 

B pa3ae.1.e 5.2 co,n;eplKllTCJI on11canne narreTa DINVBASE, peamisy10mero na H3LIKe 

REDUCE anrop11TM DifflnvolutiveBasis .AnH np11Be,n;en11H c11cTeM Jil1Heil:m,rx ,n;yqrr K 

llHB0JIIOTllBH0MY B!l;zy. 3,n;ecb JKe Ha npnMepe mIHeitnoil: CllCTeMLI wqrr 113 Tpe)l: J7pa

BHeHl1it Tpe'{bero nopH,D;Ka 11 C TpeMH He3aB11CllMLIMl1 nepeMeHHhIMl1 ,n;eM0HCTp11pyIOTCJl 

BLiqncniITeii.nMe npe11MymecTBa pa6oTLI no Bumeon11caaaott aaanor1111 c noJI1Ino!4Ham.

HUM11 ypaBnen1IJIM11 BMecro npHMoro cqeTa ,A114>4>epenn11am.noro pe,n;yn11p0Ba.JJH01'o 6a-
s11ca rpe6aepa. . -

B pa3ae.te 5.3 ii Kaqecrne np11JioJKenllJl paspa60Tannux iurrop11TMOB n naKeTOB pe

maeTCJI sa,Aaqa naxoJK.AE;,HllJl c11MMeTp11tt .AnH aemineitnoro TpaHcsByKoBoro ypuneHllJl 
raaoBoil: ,A11HaM11K11 JlnHH-Pettcnepa-T3HHa 

U11 
2Urt + UrUrr - U 1111 - W- = 0, 

y 
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lI)IJl IlJIOCKOro w = 0 II ocecJIMMeTJ>H'lHOrO w ::::i · 1 cJiyqaea. .YcJIOBI!e Toro, 'ITO 

f ( t, X, y, u, Ut, u,,, Uy) HBJIJieTCII npoII3B0.ZVIIIlel1 q>YHKITIIe~ IIH<pIIHII'l:eiIIMaJII,IlIJX CIIMMe

Tplitt ypaaneHllH ,ZJ;aeTCH CJie.zzyromett CHCTeMott II3 12 JillHeil:Hh!X ,ZJ;IIq>q>epe11u;I1aJIJ,HhlX ypa

BHeHIItt 

fu,u, = 0, fu,tl.z = 0, fu,u 11 = 0, f uzUz = 0, fuzu,,/= 0, .f u'llull =:= 0, 

2Utx +ut fxu + u;-11u+ Ut U:,: !uu) + U:,: Uxx + 2 Ux fxu + 2 Ux Ux. fu\.) -
. - ·- u 

(fyy + 2 Uy f,;u + Uy Uy fuu) + W 2 (2/yuy + 2 Uy fuuy + /,.) 
- ' . y . 

w . u 
--(fy + Uy"'/u) - W --f fu, = 0, f;,,., + U:,: fuu, = 0, 

Y c_- - - - Y 

2 (/u + fxuz + ftu, + Ut fuu, + Ux fuuz} + Ux (2 fxu, + 2 Ux fuu,} -
·: ,2 (2 fyu, + 2 Uy f,.,., + J,.) = 0, _(fxu, + Ux Juuy} - (fyu, + Uy fuu,) = 0, 

2 (ftuz + Ut fuu,} + (fx+ U:,: fu) + U:,: (f,. + 2 fxuz_ + 2 U:,; fuuz}--:--

U:,: (2 fyu• + 2 Uy.fuu, + /,.) = 0, 

ft~•+ Ut fuu,} + U:,: Uxu• +ux·fuu,}·-f11uz - Uy fuuz = 0. 

II pII w = 1 lIHBOJIIOTIIBHhlil: 6a3HC c ynopH,D;O'leHJieM nepeMeHHLIX 

Ut >- Ux >- Uy >- U >- X >- y >- t 

Bhl'llICJieHHhltt C IlOMOJilLIO naKeTa DINVBASE, COCTOIIT Il3 25 ypaBHeHIIil:: 

KJiacc Ut - f u,u, = 0, 
KJiaCC U:,: fu,uz_,,;; 0, 

fuz'Uz = 0, 
KJiacc Uy f u,~, = 0, 

fuz~y = 0, 

fuyuy =:O, 
"• KJiacc u fu,u =:= 0, 

fuzu = 0, 

fu,u = 0, 
f,;,. =·0, 

HJiaCC X fu,x = 0, 
1 

f uzx +_ J f u = 0, 

HJiacc y 

fxx = o; 
fux = 0, 

fu,x = 0, 

fyy - ~ (2 Y2 f rt'...:. fu, - Y fy} = 0, 
y 

fuzY = 0, 

fu,y .= 0, 
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fuy = 0, 

fu,y = 0, 
f;11 =·o, 

1 
KJiacc t f u,t - 3 f,. = 0, 

1 
fusd 6 (ux fu + 3 fx} ;= 0, 

fu,t ~ 0, . 

fut =0. 

XapaKTepLI KapTana ,ZJ;JIH 3Toro aapnanTa CIICTeMLI roaopJIT o TOM, 'ITO B pemennH 6y.tteT 

TPII npmrnBOJILHLie -q>yHKil;IIH OT MJia,zun:ett, B CMLICJie yuopH,D;O'leHIIH, nepeMellHOtt t: 

~=~~=~~=~~=~~=~~~~~=Q 

IIocKOJILKY CHCTe~a npeo6pa30B~Ha K KaHOHH'leCKOMY BI!Jzy IIOJIJ'lellllLitt IIHBOJIIOTHBHLltt 

6a3HC JierKo IIHTerpHpyeTCII, npHBO,Zl;H -K CJie.zzyromeMy o6meMy pemeHHIO . 

r,i;e 

_. 7-

f = "i:,J;, 
i=l 

/1 = 2axux + ayu 11 - 4au, 

Ji = 5bu1 + bxux +_ 3byu11 + 3bu; _ 

h = 5ct2u1 + c(2xy +3y2 )ux + 6ctyui.i+ 6ctu - 2cx2
, 

/4 = ,u:r: - 2,'x -:_ 2,i'y2
, 

ls= dui, 

/6 = lny, 

h := T. 

3,i;eci, a, b, c, d - npoH3BOJILH~e nocTOHHHLl~, a,, u, T - npbH3B~JILHLie q>JHKilffH t. B 
ocecHMMeTpH'IHOM ~Jiyqae pemenne noJiyqeno anepBLie. 

B .3a-~.UO'leHUU nepe'IHCJieHLI OCHOBHLie pe3JJILTaTLI, noJiy'leHHLie B ,Zl;HCCepTau;nn. 

"· . :,-.. ,., 
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