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Cvi,,f{,u 1990 r. Ha 

3acenaHHH cneuuanH3llp0BaHH0ro C0BeTa K047 -f 1. 01 JladopaT0pllH 

TeopeTuqecKoa WH3HKH 0db8llllH8HH0ro HHCTHTyTa anepHblX HccnenoBa­

HHU, .llydHa, M0CK0BCK0U odnacTH. 

C llHCcepTauuen M0!'.H0 003HaK0MHTbCH B dHdnH0TeKe 0db8llHH8HH0ro 

HHCTHTYTa anepHblX HCCnenoBaHHU. 

YqeHNU CeKpeTapb C0B8Ta 

KaHllHllaT ~3HK0-MaTeMaTHqecKHX HayK ~ 

OBIUAH XAPAKTEPMCTMKA PABOT~ 

AKTyanhHOCTb T8Mbl 

MccnenoBaHne CllCT8M B3allMOll8i!:CTBYl:llll.llX HenHHei!:HblX BOJIH 

3aHHMaeT OllHO ll3 Benymnx M8CT B H8JillH8iHOU T80pHll BOnH. 

_ ITpaKTnqecKll BO Bcex odnacTHX Wll3llKll, TaKHX KaK ~ll3HKa TBepnoro 

Tena. ~ll3HKa nJia3Mbl, HeJIHH88HaH o,nTHKa. rnnponnHaMHKa. C HX 

IlOMOmhl:l ynaJIOCb cymecTB8HHO pacwnpllTb npencTaBJI8HllH 0 

B03MO!'.HblX H8JIHH88HblX 3c(xpeKTaX B nncneprnpyl:llll,llX cpenax. 

CymeCTBeHHOe IlPOllBll~8Hll8 B Teopnn H8JIHHe8HblX BOJIH CBH3aHO C 

Il0HBJI8Hll8M B KOHU8 60-TblX ronoB MeTona odpaTHOtl 3anaqn 

pacceHHllH. B 1974 r. ,dJiaronap~ IlllOHepCKOtl padoTe C.IT.HOBllKOBa. 

B . pa3BllTlle :3Toro M8TOlla B03HllKJIO HOBOe HanpaBJI8HHe-Teopna 

KOHeqHQ30HHOro llHTerpnpoBaHllH, Ee OCHOBbl db!JIH 3aJio~eHbl B UllKJie 

padoT C, n. HoBHKOBa, B. A. .llydpoBnHa, B. B. MaTBeeBa A. P. MTca. 

M. M. KpnqeBepa H IT. JlaKca. B qacTHOCTH MeTOllOM KOHeqH030HHOro 

llHTerpnpoBaHHH db!JIO HaaneHO Bblpa~eHne KOHeqHQ30HHblX peweHntl 

qepe3 g-MepHyl:l 8-wyHKUHl:l PHMaHa, KOTOpaa CBH3blBaeTCH C 

pnMaHOBOtl noBepXHOCTbl) pona g. TaKoe npe,ncTaBJieHne Il03BOJillJIO 

ennHblM odpa30M paccMaTpHBaTb pa3nllqHble THilbl HeJIHHet!HblX BOJIH 

(COJillTOHbl, KHOHllaJibHble BOJIHbl, dllKHOHllaJibHble BOJIHbl,paunoHaJibHble 

COJillTOHbl, TOilOJiornqecKne COJIHTOHbl ll np.J.B pe3yJibTaTe pa3BllTllH 

Teopnn dblJia OC03HaHa Ba!'.HOCTb ll HeOdXOllHMOCTb Knaccml)nKaunn 

B03MO!'.HblX TllilOB HeJIHHet!HblX BOJIH B pa3HblX MO,!teJIHX 

MaTeMaTHqecKotl WH3HKH. 3Ta Teopna HMeeT Ba!'.Hoe npHM8H8HH8 llJIH 

nonyqeHHH 8llHHblM odpa30M KBa3HnepnonnqecKHX, nepHOllHqecKHX. 

3JIJIHilTHqecKHX, COJIHTOHHblX, paUHOHaJibHblX peweHHil wnpoKoro 

KJiacca H8JIHH8HHblX 3BOJil:lUHOHHblX ypaBH8HHH. OHa Il03BOJIHeT 

Knaccn¢nun'poBaTb HennHet!Hble BOJIHbl llJIH ¢H3HqecKH Ba!'.HblX 

ypaBHeHHtl MaTeMaTnqecKotl ¢H3HKH. B CBH3H C peweHHeM 3Toa 

npodJieMbl Knaccn¢~~iiwNiP~W.~H!illt=m~oBblM H B.A . .llydpOBHHblM 
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Ob!Jia Bhl.UBlfHyTa nporpaMMa 3c,txl)eKTlfBlf3aUlflf peweHlffi HeJIHHefiHh!X 

ypaBHeHlffi. 

C .upyrofi CTOpOHhl, B IIOCJie.UHlle ro.Uh! HaOrrv.uaeTC$i OblCTpoe 

pa3BlfTlle KOMnbDTepHOfi arrreOphl, cpaBHlfTeJibHO HOBOfi oOrraCTll 

npnMeHeHll$i KOMIIbDTepoB B 3a,naqax MaTeMaTnqeCKOfi q>lf3lfKll If 

.upyrnx oorracT$iX. Pe3KOe B03pacTaHHe 3a,uaq, Tpeoyi:mmx BhmorrHeHH$i 

rpoM03.UKllX npeoopa3oBaHnfi B CllMBOJibHOM Blfne. TpeoynT 

pa3paOOTKll cneuncpnqeCKllX MeTO.UOB .UJI$i lfX peweHll$i. MeTO.Ilhl 

KOMnbDTepHOfi arrreOphl Il03BOJI$iDT norryqaTb HOBh!e pe3yJihTaTh!, 

IIplfHUllIIlfaJibHO He.UOCTlfJ:lfMhle .UPYrHMlf MeTO.UaMH. U.UHlfM ll3 

aKTyaJibHh!X HanpaBJieHlffi 3TlfX MeTO.UOB $iBJI$ieTC$i nccrrenoBaHHe 

HeJIHHefiHhlX ypaBHeHlffi MaTeMaTlf'qeC~Ofi q>ll3lfKlf,B qaCTHOCTlf,Teoplllf 

B3alfMO.UefiCTBYD111,RX HeJilfHefiHh!X BOJIH. 

Uerrh paOoTh!: 

lfCCrre.noBaTb KOHKpeTHhle lfHTerpupyeMhre MO,UeJilf B3alfMO.UefiCTBYDmlfX 

BOJIH; HafiTll HOBhle. BIIOJIHe lfHTerpupyeMb!e CllCTeMbl TaKoro Tllna; 

IIOCTPOllTb .UJIH HllX KBa3HIIepllO,Ulf'qeCKlle peweHH$i; nplfMeHHTb MeTO.Uhl 

KOMnbt>TepHOfi aJireOphl B 3TlfX llCCJie.UOBaHll$iX . 

HayqHa$i HOBlf3Ha ll npaKTlf'qeCKa$i ueHHOCTb paOOThl: 

C IlOMOmht> npe.UJIOKeHHOro B .UllCCepTaUHll HOBoro IIOH$iTll$i .uonon­

HHTeJihHhlX .UHHaMHqecKHX ClfCTeM (CM . .naJiee TeopeMy 1.onpe,neJieHHe 

2) .UJIH .UHHaMHqecKHX CllCTeM, CB$i3aHHh!X c O.UHOMepHh!M ypaBHeHHeM 

llipe,UHHrepa, BIIepBble y.naJIOCb npOllHTerpnpoBaTb q>lf3lf'qeCKll BaJKHble 

.UHHaMlfqecKne cucTeMh!: HanpnMep. cncTeMy fapHbe, ypaBH8Hl!$i, 

onHch!Banume aHH30Tp0IlHW rapMOHll'q8CKllfi OCUHJIJI$iTOp B 

KBa.upaTH'qHQM IlOT8HUHane. ypaBH8HllH XapTpll-<kiKa .U1I$i ¢ePMlfOHOB C 

6-noTeHuuanoM H .up. Ha ocHoBe 3Toro nonxona ynarrocb .noKa3aTh 

cymecTBOBaHlfe HOBOro KJiacca IlOT8HUllaJIOB ( runep31IJillilTlf'q8CK,llfi, 

r.ue 00 HBJI$i8TCH TOtJKOfi B8TBJieHll$iJ .UJIH H8CTaUHOHapHoro onepaTo-
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pa Wpe.uuHrepa II nocTpOllTb 

HoBnKoBa-llyOpoBnHa peweHll$i .U1I$i 

3¢cpeKTllBHhle 

BeKTOpHoro 

B CMbICJie 

HemrnefiHoro 

ypaBHeHll$i WpennHrepa. 3TH peweHJ.!~ OIIllCb!BaDT !!BJieHll$i pa3Jill'qHOfi 

TIPllPO.Ilhl B Teop1rn q/ , TeOplrn HerrnHefiHb!X BOJIH B nrra3Me, Tecp1rn 

BOJIH Ha BO.Ue, HerrnHefiHhle BOJIHhl B M01I6KYJI$ipHh!X uenJ'IX. 

Pe3yJibTaTh! uccrre.noBaHll$i, npoBeneHHOro B .UllCCepTaUllll, MOryT 

crrylKl!Tb .Il1I!! Oorree rrryOoKoro TIOHllMaHll!! ((ill3ll'qeCKOfi cyTn 

3TllX !!Brre1-mn. 

l11I$i 3amnThI Bhl.IlBHraDTC!! crrenyvmne OCHOBHb!e pe3y1IbTaTbl, 

norryqeHHhre B .nnccepTaunn. 

1. TipuMeHaeTC$i BapnaHT MeTo.na ycpenHeHna 5oroJin6oBa-Kph!rroBa­

MnTponorrbcKoro )lJIJ'I llCCJI6.IlOBaHll$i qeTh!peXBOJIHOBOro B3allMO.UeficT­

Bll$i B MO.UeJIH ¢4 If TpeXBOJIHOBoro B3~llMO)l6HCTBll$i B TIJia3M6HHOM 

CTOJI6e. BnepBb!e nonyqeHa CllCTeMa ypaBHeHHfi B tJaCTHhIX 

IIPOll3B0.UHb!X, KOTOp0$i OIIllCb!BaeT TpeXBOJIHOBOe B3allMO.UefiCTBlle 

Bh!COKO'qaCTOTHh!X noBepXHOCTHh!X BOJIH B IIJia3M6HHOM CTOJIOe C 

yqeTOM noBepXHOCTHblX 3ap$i.llOB ll IIO.IlBlllKHOfi rpaHllUhl. 

2. nonyqeHbl HOBhle BIIOJIHe llHTerpupyeMble .UllHaMll'qeCKlle CllCTeMhl 

THIIa ypaBHeHllfi caM03aXBaTa B MOJieKynapHb!X ueII$iX. 

3. 11na HecTaUHOHapHoro ypaBHeHna Wpe.nnHrepa BnepBh!e Hafi.ueH 

HOBblfi KJiacc runep3JIJlllIITlf'qeCKllX KOHetJH030HHblX peweHHfi ll peweHllfi, 

CB$i3aHHhlX C runep31IJlllIITll'q8CKUMll HaKpb!Tl{j{Mlf Ha.n TOpOM. 

4. BBe.neHO IIOH$iTlle .UOIIOJIHllTeJibHh!X .IlllHaMHqecKHX CllCTeM 

CcM. ,uaJiee TeopeMy l,onpe.neJieHne 2J.TipnBe.neHh! ¢n3uqecKH BaJKHh!e 

KOHKpeTHh!e npnMepbl TaKllX CllCTeM'll Hafi.neH o6mnn Bll.ll llX KBa3une­

PllO,Ull'qeCKHX peweHHfi. 

5. Pa3pa6oTaHh! OpHrHHaJibHh!e anropnTMbl n peaJIU30BaHbl 

KOHKpeTHble nporpaMbl Ha $i3h!Ke cncTeMhl aHaJIUTll'qeCKUX BbJql{CJieHllfi 

REDUCE .JlJiji peweHH$i cne.uyvumx 3a,uaq: 

A. n3yqeHlle rpaBHTaUHOHHh!X BOJIH Ha BO,Ue. 
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B. nocTpOeHl/le pRnoB TTbDl/l30 MeTonoM n111arpaMM HbDTOHa. 

C. nocTpoeHne cpyHKUlllil BeilKepa-Ax111e3epa. accoum1poBaHHhIX c 

rtaKphlTIIIHMH Han TOPOM nJIR ypaBH9Hlllil KJiacca AJib<tJaHa. 

AnpodaUIIIR padOTbl. OCHOBHble pe3yJibTaTbl n111ccepTau111111 noKJianbI-

BaJIIIICb Ha: 
-CeMHHapax B JladopaTOPHIII Bblql/lCJIIIIT9JibHOil TeXHIIIKIII Ill aBTOMaTl/l3a­

Ullllll Ill JiadopaTOPIIIIII TeopeT111qecKOil <plll3UKIII QJAfll,1. 

-MellC,llyHaponHoil KOH<pepeHUHH no noBepxHOCTHblM BOJIHaM B nJia3M9 

BnaroeBrpan. 1981, 
-Mel!CllyHaponHoil KOH<pepeHUIIIIII no noBepXHOCTHblM BOJIHaM B nJia3Me Ill 

B TBepnoM TeJie, llydpoB~I/IK, 1985, 

-·MellCllyHaponHOM coBemaHIIIIII no aHaJII/ITl/lqecKIIIM Bblql/lCJieHIIIRM Ha 3BM 111 

I/IX np111MeHeHIIID B TeopeT111qecKOil (plll31/1Ke. .lly6Ha •, 1985. 

-eBponeilCKOil KOH<pepeHUIIIIII no KOMilbDTepHOil anredpe EUROCAL'87. 

Jieilnu111r, 1987. 
-II lllKoJie no H9JII/IHeilHblM ypaBHeHIIIRM, BapHa, 1987, 

-Mel!CllyHaponHoil KOH<pepeHUllll/1 "KoMilbDT9Pbl Ill MaTeMaT111Ka",. 

Maccaqy3eTC CCillA).1989, 
-Mel!CllyHaponHOM coBemaHIIIIII "COJII/ITOHbl 1-1 npllllIOlK9Hl-lH", .lly6Ha, 1989, 

- IV MellCllyHaponHoil padoqeil rpynne no HeJinHeilHblM Ill TypdyneHTHblM 

npoueccaM B cp1113111Ke. KneB, 1989. 

nydJil-lKaUl/llll. no pe3yJibTaTaM 1/lCCJienoBaHnil, cocTaBl-lBWIIIM OCHOBY 

nnccepTaUIIIIII, onydJIIIIKOBaHO 12 padoT. 

Od~eM n111ccepTau1111-1. 1I111ccepTau1-1a cocTol-lT 1113 BBeneHIIIH, Tpex rnaB, 
' 

3aKJIDqeHIIIH, cnncKa n1-1TepaTypbl. OHa coneplKIIIT 125 CTpaHl-lU 

MaWIIIHOillllCHOro T9KCTa. CnlllCOK JII/ITepaTYPbl COCTOIIIT 1113 135 

Hal/lM9HOBaHlllil. 
CO.lIEPlKAIDIE PABOT~ 

BBeneH1-1e coneplKIIIT KpaTKlllil o63op n111TepaTypbl, n~cTaHOBKY l-1 

aKTyaJibHOCTb 3anaq, paccMOTpeHHblX B n111ccepTau111111. a TaKlK9 

KpaTKoe conepJKaH111e no rnaBaM. 4 

1. l 

nepBaa rnaBa. 

B nepBoM naparpacpe paccMaTp1-1BaeTCH odmaa qiopMyn1-1poBKa HeJil/1-

HeilHhIX 3BOJIDUIIIOHHbIX ypaBH9Hlllil Tl/Illa B3amioneilCTBYDIUIIIX BOJIH Ha 

onHoponHblX l-1 CIIIMM9TplllqecKl-lX npocTpaHCTBax. OdcyJKJiaeTCH I/IX 

cp11131-1qecKaH l-lHTepnpeTau111a.3ToT naparpacp IIIMeeT BBonHhlfi xapaKTep. 

Haildonee nonpo6HO 1113yqeHHblM TIIIIlOM B3a111MoneilcTBYDIUIIIX 

H9Jil-lHeilHhIX BOJIH HBJIHeTCH 

npocTpaHCTBeHHO - BpeMeHHaH 

Cl-lCTeMOil H9JII/IHeilHblX ypaBHeHlllil 

CI/ICTeMa l-13 Tpex BOJIH, 

3BOJIDUIIIH KOTOpblX Oill-lCblBaeTCH 

C Q + V Q ) q = iA q* q , at g1 ax i 1 2 3 

C a + V a) q = iA q* q at g2 ax 2 2 1 3 • (1) 

C ~ + V t) q = iA q q 
93 3 3 1 2, 

rne V . Ci =1 , 2, 3)-rpynnOBble CKOpOCTl/1, ql. - aMilJIHTYnhl BOJIH. A1· 
g1 . ' 

C i =1 • 2. 3)-Koacpcpnu:neHTbl CBH3H. HeJII/IHeilHble 3BOJIDUIIIOHHble 

ypaBH9HHH T:nna ( 1) B cnyqae CJiadoil HeJIHHeilHOCTH MOryT Oh!Tb 

IlOJiyqeHbl Ha OCHOBe 

BoroJIDOOBa-MHTPOilOJibCKoro 

oomero 

111n111 MeTona 

MeTona 

MHor:nx 

ycpenHeHl-lH 

MaCWTaOOB, 

npencT.aBJIHDIUero coooil (paKTHqecKl/1 onHY 1113 MHOroq:ncJieHHhIX 

MOn111cp1-1Kau111il MeTona BoroJIDOOBa-M111TponoJibCKOro.0606meH111eM Cl-lCTeM 

THna Cl) HBJIHeTCH 3anaqa n-BOJIH, KOTopaa B npencTaBJieHIIIIII 

3axapoBa-illa6aTa :nMeeT B111n 

[iat +AA - U ,iax +BA - U l = 0 (2) 

np111 YCJIOBI/IHX penyKUl-lH u:=-JUAJ. u;=-JUBJ. rne A,B IlOCTOHHHble 

B9l!L9CTB9HHble n111aroHaJibHble MaTpl-lUbl nopanKa n , . UA, UB - nxn 

MaTplllUbl C HYJI9BhlMH n:naroHaJibHhlMH 3JieMeHTaMI/I, A-cneKTpaJibHb!il 
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napaMeTp, J-imaroHaJibHall MaTpnua c . imaroHaJihHblMll a11eMeHTaM11. 

paBHb!Mll ±1. ITpn n=3 CllCTeMa ( 2) OilllCb!BaeT pa3/Ill'!Hble Tllilbl 

B3allMO,IteficTBllll Tpex BOJIH, B TOM 'lllCJie C 1) . I1epBbl9 npnMepbl TaKIIX 

ypaBH9Hl'lfi Obl/Ill Hafi.neHbl B. E. 3axapOBblM II C. B. MaHaKOBb!M. . 
Bo BTOpoM naparpaipe npnMeHlleTCll BapnaHT odmero MeTo.na ycpen­

HeHnll Boro111JOOBa-Mnpono11bCKOro .It/Ill noJiy'leHllll ypaBHeHllH, Ont!CbJ­

BaDmnx pe30HaHCHOe ll Hepe30HaHCHOe B3allMO.It9fiCTBlle H911l'IH9HHblX 

BOJIH B c11adoHe11nHefiHblX cpenax c MaJioil: nncnepcnen. He11nHeil:HOCTh 

C'lllTaeTCll c11a6on, ec11n 06yCJIOBJieHHOe ev ll3MeHeHne aMnJillTYltbl 

BOJIHbl llB/Ill9TCll M9.!t119HHblM no cpaBH9Hl'IIJ C 6blCTPblMll rapMOHll'l9CKll­

Mll KOJiedaHllllMll. .llJill ll/I/IIJCTpaunn nnen BblBO,!ta Mbl ncnoJib3Y9M qe­

TbipeXBOJIHOBOe B3allMO.ItefiCTBl!e B MO.IteJill rj} , rne Bb!KJia.ItKll npome. 

Ha do11ee C/IOJJ!OM npnMepe Hepe30HaHCHOro B3allMO.!t9il:CTBllll Tpex 

BblCOKO'laCTOTHb!X noBepXHOCTHblX BOJIH B nJia3M9HHOM CTOJI6e c 

Y'l9TOM noBepXHOCTHblX 3apll,!tOB ll IlO.!tBllJJ!Oil: rpaHllUbl naeTCll Bb!BO.!t 

ypaBH9Hllfi CBll3aHHblX MO.It C 1). 

TpeTllfi naparpaw IlOCBllmeH nocTpOeHlllJ JiaKCOBblX npe.ncTaBJI9HllH 

,It/Ill KOHKpeTHblX MO,!teJieH Tnna H911llH9HHb!X B3allMO.ItefiCTBYDmllX BOJIH. 

HOBb!M pe3yJibTaTOM 3,!t9Ch llB/Ill9TCll nocTpOeHne ll aHa/Ill3 ltBYX HO­

Bb!X BilOJIHe llHTerpnpyeMblX CllCTeM. O.nHa ll3 HllX B cJiy'!ae ltBYX 

CTeneHefi CBOOO.!tbl ll30MOp4JHa Henepno.Itll'!eCKOH ueno'lke To.!tbl, 

.npyrall conep:mT B Ka'!eCTBe pe.nyKunn ypaBHeHnll caMo~axBaTa. 

BTopall r11aBa conep:mT nocTpoeHne KOH9'!H030HHbIX peweHnfi .It/Ill 

Wll3ll'l9CKll BaJJ!b!X H9/IllHefiHblX 3BOJIIJUllOHHblX ypaBHem1n. BcKpb!BaeT­

Cll llX CBll3h co CTaunoHapHb!Mll 3a,!ta'!aMll. T.e. C ,!tllHaMll'leCKllMll 

BilOJIHe llHTerpnpyeMb!Mll no JlnyBll/IJIIJ Cl!CTeMaMll. 

0.ItHllM ll3 OCHOBHb!X TllilOB 3BOJIIJUllOHHblX ypaBHeHllfi, OilllCb!BaDllll!X 

H9/IllH9HHOe B3allMO.ItefiCTBlle BOJIH; llBJill9TC_ll B9KTOPHOe H9/Il!HefiHOe 

ypaBH9Hll8 Wpe,Itl!Hrepa 
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g 

iatqJ + 8xx qJ +c J lcii 12 ) qJ 
l:1 

0. (3) 

CTaH,ItapTHb!M o6pa30M B M9TO,Ite oOpaTHOil: 3a.Ita'ln paccellHllll 3TOMY 

ypaBH9HlllJ conocTaBJilleTcll nepapxnll HeJinHeil:HbIX ypaBHeHnn. 

KOTOpble B KOMnaKTHOM Bll.Ite MOJJ!O npe.ncTaBllTb B Bll,!te YCJIOBllil: 

HyJieBOH KpllBll3Hbl ( rrpe.ncTaBJieHne 3axapoBa-llla6aTa): 

[ax - u.a~ - vCNJJ = o. (4) 

rne yCN) = Vo"N + V1 ,_N-1+ ... VN· UCx,t,A),vCN)cx.t,A) -nxn 

MaTpllUbl, A -crreKTpaJibHblH rrapaMeTp. C11e,ny1Jmee orrpe.ne11eHne, KOTO-

poe BIIepBble Ob!JIO 

3Wip9KTllBHO CBll3aTb 

.naHo c. n. HOBllKOBblM II03BO/Ill9T HaM 

TeOplllJ IIOCTpOeHllll 'laCTHb!X peweHnil: 

( KOH9'lH030HHbIX peweHnil: ) .It/Ill ypaBH9Hllil: Tl!IIa ( 4) C Teopneil: 

llHTerpnpyeMblX ltllHaMll'leCKllX CllCT9M: 

Orrpe.ne11eHne 1. By.neM Ha3blBaTb KOH9'lH030HHb!Mll peweHllllMll 

ypaBH9Hllll (2) TaKne peweHllll, .It/Ill KOTOpb!X cymecTByeT 

IIOJillHOMllaJibHall no A MaTpll'!Hall WYHKUllll LCx,t.A) TaKall. 'ITO 

Lt=[vCD_LJ. i=l. ... . N. Lx=[U.LJ. (5) 

_ N N-1 
L-L0 A + L1 A + ... LN. 

Ha ocHoBe aHa11n3a noc11e.nHero orrpe.ne11eHl!ll B nnccepTaunn .noKa3a­

Ho. 'ITO. BTopon ll3ocneKTpaJibHblfi KJiacc N=2 orrpe.neJilleT HOBblfi BIi.It 

peweHnfi, a llMeHHO, rnnep3JI/IllIITll'l9CKllfi 
K11acc. rne ro llBJilleTcll 

3TO II03BO/IllJIO npOl!HTerpnpoBaTb B llBHOM Bll,!te 
TO'lKOfi BeTBJieHllll. 

BTopoe ypaBH9Hlle B C5J, N=2. KOTopoe B c11yqae BeKTOpHoro 

H9JillHefiHoro ypaBH9Hl!ll Wpe.nnHrepa llBJill9TCll 0.!tHOMepHOil: Cl!CTeMofi 

XapTpl!-~OKa .It/Ill ipepMllOHOB B 6-noTeHuna11e. 
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B nocnenH1-1e ronhl 6hln nocTHrHyT 3Haq1-1TenhHhlfi nporpecc B 

on1-1caH1-11-1 cneKTpa onHoMepHoro ypaBHeH1-1a illpennHrepa 

d2 
C0x2 - uCxJJ~ =A~. l6) 

BKnnqaa on1-1caH1-1e 1-1 nocTpoeH1-1e KBa31-1nep1-1on1-1qecK1-1x noTeHu1-1anoB no 

no nByM cneKTpaM. B 3TOM cnyqae cneKTpOM onepaTopa L =~; 2 - ulxJ 
2g 

aBnaeTca r1-1nepsnn1-1nT1-1qecKaa p1-1MaHOBa noBepxHoCTh K: µ2=n lA - A. J. 
. 1 
1~ 

BaJKHb!e BnonHe 1-!HTerpnpyeMb!e n1-1HaMHqecK1-1e CI-ICTeMhl HEJIHDTCH 

CBH3aHHb!MH C ypaBHeHl-!eM (6) B cnyqae KOHeqHO3OHHoro noTeHu1-1a­

na. CBH3aHHb!e ypaBHeHl-!H HefiMaHa, ypaBHeHl-!H HefiMaHa, ypaBHeHHH 

PoccoTaxnyca aBnHDTCH np1-1MepaM1-1 3Toro Tl-Ina .. Dp1-1BeneM HeKoTopue 

~1-131-1qecK1-1 BaJKHb!e n1-1HaM1-1qeck1-1e cncTeMhl: 

i) CBH3aHHb!e ypaBHeHl-!H HefiMaHa 

rne xi ,Yi 

nonyqaeM 

g 

1
2

2 x1 + Cl b.x.y +~xx. ~x y Jx1=b1xi. 
dx 1 =o 1 J J 1 J 

2 g I 
l,j=O, .... ,g 

~x2 yi + CI bixjyj+ gx xj ~x Yj Jyi=biy1• (7) 
J =o 

g 

ynoBneTBopaDT ycnoBHD l x1yi=l. 
l=o 

penyKunefi x1=yi. 3Ta cncTeMa 

YpaBHeHne HefiMaHa Mb! 

onl-!CbJBaeT nBnlKeHHe 
2 g 

HecBa3aHHb!X ocu1-1nnaTopoB ~x2 xi =b1x1 Ha c¢epe l xi= 1 non 
l=o g 

2 
neficTBHeM cnnu _ l b- t-

1
2 +C ~ x.) . IlycTh x. =r-

1 
exp(Bi J. 

1 =O i l 1 

Y1 =riexpC-BiJ. ci=riei i=O •... ,g • Torna np1-1 noMOIIUI npouenyphl 

liCKnnqeHI-IH ,l{efi~Ta ypaBH9HliH TpaHcq>apMliPYDTCH B CliCTeMy 

PoccoxaT1-1yca II 

8 

Ji 
J 

-~ 

r ,' 

l 
11 
'j 
~j 

~; 
li 

d" 9 2 2 2 2 . 2 3 
ctx2 ri=biri- CJ!objrj+rj -cj/rj)ri-ci/ri CS) 

Cii) C1-1cTeMa fapHbe 

d2 -
g 

ctx2 xi-CI 2xjyj + ai)xi, 
J =1 

(9) 

d2 
g 

ctx2 yi=CI 2xjyj + ai)yi, 
J =1 

rne 'l <'2 ... <'g -qmKClipOBaHHb!e B91U9CTB9HHb!e q1-1cna. g-MepHb!fi 

aHli3OTponHb!fi rapMoH1-1qecK1-1fi ocu1-1nnaTop B pan1-1anhHOM KBapT1-1qHoM 

noTeHu1-1ane nonyqaeM np1-1 ~ =yi . Cy1UecTByeT npyraa liHTepecHaa 

n1-1HaMHqecKaa c1-1cTeMa, KOTopyn Mb! Ha3oBeM c1-1cTeMofi PoccoxaT1-1yca 

I. 8 HaweM KOHTeKCTe 3TY CliCTeMy nonyqnM npn noMOlUI-I npouenypb! 

1-1cKnnqeH1-1a .l{efiq>Ta. IlycTh x1 =11 expCBi J, :![ =11 expC -ei ) . ci =112a1 , 

i=l •... ,g, Torna CliCTeMa_ fapHbe TpaHcq>apMHpyeTCH B CliCTeMY 

PoccoxaT1-1yca I 
2 g 

gx2 ri= 2C I r 2J.)ri + airi-ci/rI· 
J =I 

C 10) 

· CTaUliOHapHb!e BeKTOPHb!e ypaBH9HliH llipen1-1Hrepa nonyqaeM penyK­

u1-1en xr=yi 

d2 g 

ax2 xi=C2J;
1 

lxj 1
2 

+ ai) xi (11) 

STa CI-ICTeMa COBnanaeT . C onHOMepHofi CliCTeMOfi XapTpl-l-~Ka nna 

q>epMHoHOB B 6-noTeHunane. 

B TpeTbeM naparpaqie noKa3aHa cnenyn1Uaa 

TeopeMa 1. ITycTb u(x)-BelUeCTBeHHW rnanKHfi KOHeqHO3OHHW noTeH­

unan, accou1-11-1poBaHHhlfi c HeBb!pOUeHHofi r1-1nepann1-1nTnqecKon 
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KPllBOfi po.zta g ll P, , ... , Pg ; qi , ... , qg - ,!tBa ,!tllBll30pa cTeneml g 

ll g+l COOTBeTCTBeHHO. 0603HaqnM qepe3 I.Jr(x,pl ) ....• wcx.pg) ll 

tl<Cx, q
0

) •••• , 'l'Cx. q
9

). coc:lcTBeHHble cpyHKUllll l(!lyHKUllll 

Befi1tepa-Axne3epa) o.ztHOMepHoro ypaBHeHllH illpe.ztnHrepa 

(~;2 -uCxJ)'I' = A'I' C12J 

ll qepe3 A(p,), ... ,A(pg) ll A(qo), ... ,A(qg) - COOTBeCTByDmne 

coc:lcTBeHHble qncna. Tor.zta cnpaBe.ztnnBbl paBeHCTBa 

C iD 
g T -2 g 29 

u(x)=2 L Hp. )tl<(x,p. )ti< Cx,p. )EI +2 L A(p. )- L "i, 
i:, 1 l J i:i 1 i=o 

-2 g g . 
ei ~n Cacµ/0))/n Cai-aj), 1=1. ... ,g. 

J =• P'J 
1:1 

Up. J=a
1
-

J. . C 13) 

(ii) 

g T -2 g 29 

uCxJ=2 L Hq.J'l'Cx,q.)'I' Cx,q. Je. -2 L Hq. )+ L ;>.,. 
i=o I l l I i:o 1 i=o l 

g . g 
~-2 . ei =n (bi-µj(O))/n (bi-bj)• 1=0, ... ,g, 

J =• l;,<j 
g i=o 

~-2 T Le 'l'Cx,q. )ti< Cx,q.)=1, A(a.J=b. 
i:o 1 1 i 1 1, 

r.zte µ.CO)-nonnca WYHKUllll 'l'(x,p) Ha pllMaHOBOfi noBepXHOCTll 
I 2g '-

w2=R0,)=;=n CA-Ai) .'l'TCx,p)='l'Cx,Tp). T-rnnepannnnTnqecKaH llHBonn-
l=o 

UllH COOTBeCTBynmne ypaBHeHllfi Ha co6cTB9HHble 3HaqeHllH 

HBnHDTCH CllCTeMOfi rapHb9 ll CllCTeMofi CBH3aHHblX ypaBH9Hllfi 

Hei1MaHa. 

Q!!P..e,µ;eneHll9 2.:... Ha3oBeM ,D;llHaMnqeCKll9 CllCTeMbl, QITP.9,D;eneHHble ;!!. 

TeopeMe ! ,µ;ononHllT9nbHblMll CllCT9MaMll. 

CBOi1CTBO .ztononHllT9nbHOCTll ,!tllHaMllqecKllX CllCT9M 9CT9CTB9~HblM 

o6pa3oM MOJKHO oc:loc:lmuTb .ztna onepaTopa .llllpaKa, .ztna 0606meHHoro 

onepaTopa 3axapoBa-illa6aTa. 
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TpeTbH rnaBa IlOCBHmeHa n3yqeHlll) HennHei1HblX ypaBH9Hllfi, KOTO­

pble o6na.ztaDT npencTaBneHneM 3axapoBa-illa6aTa, c noMomon cncTeM 

aHannTnqecKnx BbJqncneHni1. 

B nepBOM naparpa<Pe npe.ztnoxeH o6mni1 anropnTM nna nccnenoBa­

HllH 3TllX HeJillHefiHhIX ypaBHeHllfi, KOTOpblil BKJil)qaeT B ce6H KaK 

HeKoTopbre xopowo ll3BeOTHbte anropHTMbl: HanpnMep, Bnncca-KoyTca, 

6yx6eprepa ll ,!tp. , TaK ll PH.It HOBblX anropllTMOB, Il03BOJIHl)mllx: ' 

i) CTpOllTb qacTHble,. <pll3llqecKH BalKHbl9 peweHllH ,!tJIH ypaBHeHnfi 

Tnna 3axapoBa-illa6aTa. 

1 i) reHepnpoBaTb <pll3llqecKll BalKHble peweHllH ,!tJIH 06blKHOBeHHblX 

Jlll<l>¢epeHUllanbHblX ypaBHeHllfi Knacca AJibcj;>aHa. 

iii) CTPOllTb llHTerpnpyeMble ceMefiCTBa KOMMyTnpyDmnx onepaTo­

poB B COOTBeCTBllll C TeOpllll BypxHana-~ayH)lll. 

Bo BTopoM naparpa¢e oc:lcyxnaeTCH peann3aUllH MeTona 6oronn6o­

Ba- KpbmoBa-MllT!)OilOJibCKOro Ha H3b!Kax CllCTeM aHannTnqecKllX BbI­

qncneHllfi B oc5meM nnaHe n Ha KOHKpeTHOM npnMepe paccnpocTpaHe­

HllH HennHefiHblX BOnH Ha BO)le. 

B naparpa¢e 3 nccnenyeTCH cneKTpanoHaH KpnBaH 

delCLCA) - µ IJ=O. (14) 

MeTonoM nnarpaMM HonToHa.ITpennoxeH anropnTM n peann3aunH aToro 

anropnTMa Ha H3b!Ke aHannTnqeCKllX BblqncneHllfi REDUCE 3.2. XapaK­

TepHble_ BpeMeHa cqeTa nponeMOHCTpllpOBaHbl Ha KOHKP9THblX.npnMepax 

ll3 Teopnn oco6eHHOCT9fi anre6panqeCKllX KPllBblX. 

B naparpa<Pe 4 npennaraeTca nonHOCTbD anropnTMll30BaHHblfi non­

xon K npo6neMe IlOCTP09HllH C06CTB9HHblX ¢1YHKUllfi ll cneKTpanbHOfi 

KPllBOfi )lJIH ypaBH9Hllfi K03~llUll9HTaMll KOTOpblX HBnHDTCH 3nnnnTll­

qec1tne cpyHKUllll. B KaqecTBe npnMepoB paccMaTpnBaDTCH JlBYX30HHble 

IlOT9HUllanbl RaMe ll Tpe6nxa-Bep)lb9, a TaKxe qeTblpeX30HHblfi 

noTeHUllaJI RaMe ll TpeX30HHblfi IlOTeHUllaJI ypaBH9HllH .. Anb¢laHa. · 
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lll'ITblli naparpac(l IlOCBJ:rll\eH npliMeHemm MeTOllOB KOMilblJTepHOfi 

anreOphl llil!'l peweHli!'l HeKOTOpb!X CliCTeM HeilliHefiHhlX anreopaJiqecKliX 

ypaBHeH!ili, B03HliKalJll\liX npli KilaCC!ic(lliKaUlili liHTerp!ipyeMhlx 

HeilliHeliHbJX 3BOillJUliOHHblX ypaBHeHlili. 
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