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C J1. CepAIOKOBa 

OB OQEHKE 
TTOCJIE,lt;OBATEJibHOCTEti l1HTErPAJIOB, . 

CO,Lt;EPlKAllu,1X TTCEB,lt;OPH,lt;U ~YPhE 



Cep.r110Koaa C.H. 5 - 8247 

06 oueaKe nocneaoaaTenhHOcTefi HHTe~panoa, coaepmamax 
ncea.r1opsmh1 4>ypbe 

HccneayeTCR aaa TOHKHX aaanHTHqeCKHX cnyqaR B TeOpHH pa3HOCTHb!X 
KpaeBh!X 3aaaq, !1ccneaoaaHH0 ycTofiqHBOCTH CBOAHTCR K OU0HK0 HHTe~panoa, 
coaepn<aWHX pRAhl no CTeneHRM co6cTB0HHblX 3HaqeHHfi pe30nbB0HTHOfi MaTpH-

Ubl C K03cpcpHUH0HT8MH H3 'L2 • 

Coo6meaHe O6'1,etJ,HHeHH0r0 HHCTHTyTa g,aepHblX HCCJle,aosaHHA 

,.Uy6Ha, 1974 
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Pa6oTa nocBa~eHa uccneAoBaHmo ABYX TOHKBX aHaJIB

TB'-leCKHX cnyqaeB B TeOpHH pa3HOCTKblX KpaeBblX 3aAa'-1. 

HccneAOBaHHe YCTOH'-IHBOCTH CDOMTC.H K OUCHKC nocneAOBa

TCnbHOCTeii HHTerpanoB, COACp)Ka~x P.HAbl no CTeneIUIM 

co6CTBCHHblX 3Ha'-leHBH pe30nbDCHTHOH MaTpBUbl C K03q,q,B

UHCHTaMH H3 'L 2. H3DCCTHO /I/, '-ITO co6CTBCHHble 3Ha'-ICHll.H 

pe30nbBCHTHOH MaTpBUbl CHCTCM C HaKnOHHblMB xapaKTepac

THKaMH B OKpeCTHOCTH onpeAemno~x TO'-ICK AOilYCKalOT 

pa3JIO~CHHe Bll,l.{a 

2µ . 2 
K(<p)=exp{:i¢0 +iy¢+:i_I a.¢1 -/3¢ µ+ ... I. /1/ 

J=p J 

Y, a i , /3 , p , µ - onpeAen.HIO~e napaMeTpbl K( ¢) ;y , a i -
Be~eCTBCHHble, y I= 0 , f3 > 0 ; j , p , µ - uenble. IlyCTb 

Ice I - npoH3BOJibHa.H nocneAOBaTenLH~CTb H3 ,L 2 : II c p 11 2= 
00 2 • 

=I !eel <oo. 

f= I 

"" e 
P11Ahl BHAa I c f K 

f =- I 

IlCCBAOPJIAaMH (!>ypbe. 

6yAeM Ha3blBaTb 

B nepnoM cnyqae uccJieA0BaHBe ycToii'lnnociu CBOAHTC.H 
K OUCHKe ·L 2 - HOpMbl HHTerpaJIOB 

n £ -1/2 oo f ~v in¢ 
lv=fcp (IceK)K e cl¢ 

f=I -( 

(v=l,2, ... ,oo) 

npu n ➔ oo • 3AeCL I ; ( ¢) I :;; a < 1 npu I ¢ I < £ , ; (0) I= 0 
OueHKa ll 1; II s::. c II c e IL c KoHcTaHToii c , He 3aBucs~eii 
OT n , 03Ha'laeT YCTOH'IHBOCTb. Ha caMOM ACJie B pace Ma TpH
BaeM0M cJiyqae npu p < 2 µ ycToii'IHBOCTH H~T. CnpaneA
JIHBa CJICAYIO~aJI TeopeMa. 

Teo p e Ma 1. EcJIH B pa3JIO)KCHHH /1/ p < 2 µ , TO 
HaiiACTCJI DOCJICAOBa TenbHOCTb I c} I C I I Ce* II = I . TaKaJI, 

3 



11To 1111;, lf 2 > a f'n n • ,D;mrnpoH3BonLuoiinocneAoBaTenL

HOCTH Ice I H3 •L 2 cnpaBeAnHBa TaKa.H oueuKa: II I~ 11 2 < 
< b f'n n II ce 11 2• EcnH p =2 µ , To ecTb ycToii11HBOCTb 

11 11;, :n 2 :S, c II c e \I 2 • IlocTO.HHHble a , b , c - IIOJIO>KHTenb-
Hble H 3aBHC.HT TOnbKO OT onpeAen.HIOIUHX napaMeTpOB pa3no
:>KeHH.H K ( <p) • 

,lJ; 0 Ka 3 a Ten b CT Bo. ,D;oKa3aTenbCTBO CBOAHTC.H K no
CTpOeHHIO acHMIITOTHK HHTerpanoB 

n l -1/2 e in<p d e 1 2 y e = f <p K e <p , = , , ... , oo • 

-t 

IlpH p < 2 µ II Yf \1 2 :x f'n n , H TaKoii pocT 06ecne11HBa
eT OCUHnnHpyIOIUa.H 30Ha, pacnono:>KeHHa.H B OKpeCTHOCTH 

..l. 2µ-p +I 

xapaK'repHCTHKH: an p < I ye +n I< bn 2
/1 • ,lJ;n.H I ye +nl > 

.!.. 
> an P 

nepeBana. 

n 
aCHMIITOTHKH Ye HaXOAHM C IIOMOIUblO MeTOAa 

Hcnonb3Y.H rnaBHblH 11nen acHMIITOTHKH, CTpOHM 
IIOMOIUblO 3THX :>Ke acHMIITOTHK B 06IUeM cny11ae 

I 
Ice I. C 

nony11aeM ouenKy cBepxy. ,lJ;n.H I ye +nl S:.an P AOCTaT011no 
• I 

TaKOH oueHKH lrtl:s. en P . IlpH p=2µ, llre 11 s:. c • 
B 3TOM cny11ae rt 3KCIIOHeHuHanLHO Manbl BHe I ye + nl 5 

I 
- n 

.::;; ~n P , H TaKoe noBeAenue ye 06ecne11HBaeT yc-
TOH'IHBOCTb. 

Bo BTOPOM cny11ae HCCneAOBaHHe YCTOH'IHBOCTH CBO
AHTC.H K ouenKe •L 2 - HOpMbl TaKHX HHTerpanoB: 

. n l 00 e -V in<p J "" J ( I c O K ) K e d¢ , v = 1 , 2, ... , oo • 

V -e e =I t:. 

. ~~ 
B 3TOM cny11ae IIOA 3HaKOM HHTerpana HeT <p • 3a TO 

;; (¢) HMeeT BHA / 1/, Bo06IUe roBop.H, c APYrHMH onpeAe
;..HIOIUHMH napaMeTpaMH:y, a j , fJ , p, µ . 

Te Ope Ma 2. ,lJ;n.H IIPOH3BOnbHOH nocneAOBaTenbHOCTH 

Ice I c •L 2 cnpaBeAnHBa ouenKa: :11 J :11 ~ c [Ice 11-
IlocTo.Huna.H C 3aBHCHT TOnbKO OT onpeAen.HIOJUHX napaMeT -

poB pa3no:>KeHH.H K H i< 
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,lJ; 0 Ka 3 a Ten b CT Bo. J~ YAaeTC.H npeACTaBHTb B BHAe 
CYMMbl HHTerpanoB, COAep:>KaIUHX o6bl'IHble P.HAbl <l>ypbe, 

H HeKHX A06aBOK, KOTOpble oueHHBaIOTC.H AOBOnbHO npoCTO. 
IlpHBeAeM noApo6uoe AOKa3aTenbCTBO. 

JI e MM a. IlycTb p ( ¢) =0 npH I ¢ 1-:S e Hp ( <p ) = 0 
npH I¢ I > e • TorAa 

'J < ¢) = P < ¢) e~i ce / < ¢) c 1'\ (-77, 77) H 11 'J '11 ~ c II c e 11 · 

IlOCTO.HHHa.H C 3aBHCHT TOnbKO OT onpeAen.HIOJUHX napaMeTpOB 
pa3nO:>KeHH.H K ( <p) • 

,lJ; 0 Ka 3 a Ten b CT BO n e MM bl. f!pe:>KAe Bcero 3aMeTHM, 
'ITO BeIUeCTBeHHa.H 3aMeHa nepeMeHHblX 

a 
1/J=<p +-f-¢P + ... , 1¢tf,I <c IlpH le/JI~ l 

II03Bon.HeT nepeiiTH K • C -ycTOH'IHBblM K • ,D;anee, ecnH 

'J = i f iv¢ Ve TO An.H 'J = f f e i V <p 
+ v=O V 

HCKO-
-oo 

Ma.H ouenKa nony11aeTC.H 
11aCT.HM. B caMOM Aene, 

oo l iey<p-
fV = I ce J e ' 

e= I -e 

npoCTblM HHTerpupoBaHHeM no 

e /3 ¢ 2 µ + . . . - iv¢ d ¢ , Y < o . 

Ilocne TpexKpaTnoro HHTerpHpoBaHH.H no 11acT.HM nony11aeM 
TaKyro ouenKy: 

00 -~ oo I 
I fv I :s a ( I I Ce I e + I I eel e .fl I I ye -v 13 

). e =I -
1 

e _ -
1 

& 1 .y V. 

3AeCb H HH:>Ke IIOCTO.HHHble a , b , C - nono>KHTenbHble H 3aBH
C.HT TOnbKO OT onpeAen.HIOIUHX napaMeTpOB pa3no:>KeHH.H 

I 
co6cTBeHHblX 3na11enuii K H 7{ • ,D;anee,TaKKaK e i1/1re- v I.-~ 
.:5- I YI , cnpaBeAnHBa TaKa.H ouenKa: 

2 .oo -2b£ 1 c 2 
llc£\I < Ie +I_ . ).:;._ · 2llcill• 

e =l & l lye -vi 2 -IY -vi 
l.f 12< 2a 2 

V --~ 

lrl·lr-v 1
2 
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I .. 
OTc10.na cne,nyeT, 1no 111+ :11 .$ c II c e II• _,lJ;JIH j"_ HY)Kl{LI 60-
nee TOHKHe ouenKH. OTpe3oK HHTerpnponaHHJI [-c ,c] 
3aMeH11eM Ha ,nyry nHHHH ypoBHJI I KI = 1 H coe.nnmnoUU1e 
,nyrH cf:, = c e iw , 0 :S w .S w 1 , - 1r - w 2::;, w :;; 1r • Ilpe)l(Jle 
ocero Haii,ne!.i acHMilTOTHICY w l' w 2 no c • PaccMaTpnoae
Man nHHH.ll ypoBHH y,nonneTBOpaeT COOTIIOmeHmo 

w = - E_p2µ-I(l+O(p))(l+( 61 -2µ2)w2+ ... ). 
y . . 

OTc10.na naxo.nnM TO'!KB nepece11eHn11 JIHHHH yponH11 I Kl = 1 · 
C OKPY:lKHOCTLIO I cf:, I =: p == € ·: 

f3 2µ:..1 ' 1 2 2 · 
w

1 
= - -c (1+0(€)){1+ (-

6 
-2µ )w. + ... ), 1=1,2. 

y • I 

· ivcf:, 
,D;anee MO>ICHO CLlrpaTL Ha TOM, 'ITO e f 3KCilOHemumm.-
HO Mano Ha o,nHOM KOl~Ue )lyrn, a K - Ha ,npyroM. CooT-
BeTCTBeHHO ncnonL3yeM pa3HLie ouenKH 11a,nyrax 

ul} I Cul· . . .• 
0 <w < - 'H -< w ~ w I • 

- - 2 2 -

I 

e . ivcf:, 1· 
K e < 

[ 

w €
2 µ w 

exp(vc- - f3 e --) , 0 < w< -=.I, 
2 4 - - 2 

2µ 
£ w -w WI 

exp (-vf3 ~ + 1 e c 7). 2 $_w$.w 1 

,D;m1 1r - w 2 ~ w .$ 1r cnpane.nnuna a11anorn11ua11 oueaKa. 
Tenepb HeTpy.nHo oneHHTb HHTerpanLI no coe.nHHHIOUUIM 
,nyraM: 

2 
I •v I s C II Ce 

112(.L ! -{Jfc2µ/2 f3 £2µ 

2 

e V -

- V f=l +e 2y 
00 1 
I-) 

f=I f 2 •. 

l:ITO KacaeTCJI HHTerpanon no ,nyre JIHIIHH YPOBHJI, TO 3,necL 
MLI nonyqaeM K03'1>4>~HeHThl «l>ypLe npOH3Be.neHHJI il>YHKUHH 
H3 f 2 1/f orpaHB'leHHYJO d>YHKUBIO: TaKa.H il>YHKUBJI npHHa,n
ne:>KHT 5'!.2 , u ee nopMa ue npenocxo,nuT c 11 c e 11 • 
JleMMa .noKa3aHa. 

IlepeXO,llHM K .noKa3aTeJILCTBY TeopeMhl 2. C IlOMOIULIO 
BeIUeCTBeHHOii 3a:MeHLI nepeMeHHLIX nonyqaeM c -ycToii-

6 

'IHnoe K • Ilpn 3TOM ncen.nopa,n li cf Ke (cf:,) nepeXOlJ,llT 

B ncen,nops.n 

00 e , 
f( t/J) = I C 11 K (cf:,(t/J)). 

f=l L 

Cornacno neMMe II f[I ~c 11 cf II• ,D;anee, TaK Kax cf:,1/1 'e incpl!/JJ 
orpaHH'leHa Ha [ -c , c] , 

j" = cf,; eincf:,(t/J) f(t/J) C f 2 H :JI j" II~ C II cf Tl· 
"" . ·f tjJ O 00 

Ilono:iKHM 5" = I ff e 
1 

= I + I .. j" _ + j" + . 
--oo -_oo I 

Tor)la, TaK KaK y < 0 .nna HHTerpanon, co,nep*aIUHx 5 _ , 
HCKoMa.11 oue11Ka nonyqaeTCJI npocTLIM HHTerpnponauaeM 
no 'laCTHM, KaK 3TO 6Lino C,IJ;enaHO B JieMMe .. ,lJ;mI oueHKH 
HHTerpanon, co.nep>KaIUHX 1+ , OTpe3oK HHTerpnponaHHJI 
,IJ;e4>opMnpyeM n .nyry JIHHHH ypoBH.11 Ii< I = 1 n coe.nnwno~ 
LQBe .nyrn. H11TerpanLI no coe,nnHHIOJ:UHM .[lyraM oueHnna
lOTCJI TaK :iKe' KaK B neMMe. B HHTerpanax no ,nyre JIHHHH 
YPOBHJI .nenaeM 3aMeHy nepeMeHHLIX: 

. {3·'· 2 µ . I: tytp- 'f' + ... =-ls. 

,D;n11 BeJ:UeCTBeHHLIX ( j" + ( 1/1 ( ( )) 
<l>ypbe: • # -

11nm1eTc11 ncen.nop11.noM 

_oo 1e Lg 
j" ( t/J { ()) = I f O e Y 

+ f= I L 

_f_f3_g2µ 
y 2µ 

+ ... 

H ,noKa_3aTenLCTBO CBO,llHTCH K oneHKe TaKHX HHTerpanon: 

£ 2 · -iv( -
j V :, f 1/1 e j" + ( 1/1 (()) e df. 

-q 

CornaCHO n;MMe j" +Ct/J (fl) C ~2 H II j" + II:;. a II ff fl :S, b Tl ce II 
TaK KaK It/Jg I.$ c, 4>YHKUHJI t/Jg 5" + TaIOKe npnHa.nne:iKBT 
5'!. 2. H I j vi, KaK nocne.nonaTeJILHOCTL 1co3'1>4>nuneHTOB <l>ypLe 
noii · <l>YHKUHH, .nonycKaeT BCKOMYJO ouenKy cnepxy: II j II< 

V -. 
;5 C [IC en• TeopeMa 2 JlOKa3aHa. 
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