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I. BneJteHlle 

MeTOJlbl uaTeuaTllllecKo!1 Teopl'IH uacconoro o6cnylltl'IBaH!lH .ztJIH Cl1CTeM 
C deCKOHa'IHbiM llllCJIOM OdCJIYlltllBaiD~HX YCTpOtiCTB MoryT 6b1Tn C ycnexoy 
HcnonnaOBaHbl npll pemeHllll HeKoTop~ aKTYaJinH~ npo6neu H.ztepHol1 Wll
allKll. 

Hanplluep, KaK noitaaaHo B /I/, CllCTeua M/GI/.oo .ztOCTaTo'IHo xopo
ruo onllcunaeT CTPYKTYPY cne.zton aneMeHTapH~ llaCTll~ n TpeKon~ Kauepax 
Wll3l!Kll BHCOK!lx aHeprHtl ll noanonaeT nony'lllTD BalltHue CTaTl'ICTl'IIIecKlle 
o~eHKll B a~aqe onpe.zteneHl'IH nepnl'I'IHoil llOHllaa~l'Il'I CTpl'IMepH~ TpeKon 
(CY. TaKllte / 2 •3/). 

Eonee o6~aH cxeua GI/GI/GI/~ noanonHeT paccuaTpl'IBaTn l'I .ztpyrl'Ie 
nonpocu, BOSHl'IKaiD~l'Ie B aKcnepl'IMeHTaJinHol1 Wll3l'IKe, B TOM qJilcne aa.ztaqy 
pacqeTa nepHo.zta aaHHTOCTl'I npll rpynnonou npll6HTllll aaHBOK 131. 

0.ztH0!1 lla npllKJia.ztH~ aa.ztaq HBJIHeTcH onpe)leJieHlle l{l'ICJia o6cnyxl'Ina
euux Tpe6oBaHl'Ill Ha npoTHllteHllll nepl'Io.zta aaHHTOCTll Cl'ICTeuu. ToiiHoe perue
Hl'Ie aToll sana~,a T~e npe)leJinHble pacnpe)leneHllH, KOr)la cpeJtHee 'lllc
no Tpe6oBaHl'Itl cTpeMHTCH It 6ecKoHeqHocTll, 6w111 nnepn1:1e nonyqeHhl n 
pa6oTe / 4/. 

B HaCTOH~en aaMeTKe TO'IHue pacnpe)leneH!lH qJilcna Tpe6oBaHllfl nony
lleHhl 6ea peweHllH llHTerpaJI:&H~ ypaBH6Hl'Iit 1 KaK B / 4/, a SJICM6HTapllbiM 
llyTeY llpl'I llOMO~Jil T60pl'Il1 peityppeHTHbiX C06biT!lt\ /S/ ,J(aHbi Ta.IOKe reoMeT
pllqecK!le o~eHKll TOIIHhlX pacnpeJteJieHl'Itl. 8Tl'I peaynnTaTbi.BbiTeKaiDT lla He
KOTopux llOJIYIICHHbiX Halll'I npe)leJinHLJX CBOHCTB )lJIH peKyppeHTH~ C06b1Tl'Ill 
C H8B03pacTaiD~l'IIIl'I BepOHTHOCTHMJII, 

2. llpeAennHble T80p6MN AJIH peKyppeHTH~ C06b1Tl'IH 

PaCCMOTpm! llOCJI8,llOBaTeJI:&HOCT:& l'ICllhlTaHl'IH 1 llpll KalK)lOM l'I3 KOTOphlX 
ll0HBJIH6TCH (l'IJIJII He ll0HBJIH8TCH) C06hlTJile A , llOHBJI8Hlle C06b1TJIIH Ha 
n -M mare 6y)leM o6osnaqaTn KaK An , a ero HenoanneHl'Ie - An 
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3~eci> qepe3 'l'lx) o603Hal:leHa cyMMa \j'(X.J=PrA1)~+~ {P(/Jn)-P(Ait-f))iii.~ 
n•.t 

,lloKa3aTeJI:&CTBO 
I 

113 4)opMyJihl Kom11 161 BbiTeKaeT, qTo 
I 

- _1 ,-f.. t.f(~)d~ _ __j_lf, '/J{~Jcl.il 
P,. - :l1Li. ':Y . ~>1+1 - ~:nl. ':Y {1-~ +'/'l.iil))ii::"i-' 

l'!/=1 /il./=1 

l!Jcnon:&3YH ycJiomw TeopeMhl, MOlKHO ~oKaaan, l:ITO ypaBIIeH:I'Ie 1-:t+'l'f.z:J=-D 
:I'IMeeT e~:l'll!CTB8HHbiH ( npOCTOH) llOJIOlKl1T8JI:&llblH KopeH:& i!! == j > i , KOTO

pbl~ Ml1H:I'IMaJI8H no MO~YJI~, TaK KaK 

\ 
i- i- +'f'(.;O== -1-J; L U.rt~n. u Cl.n. ~ 0. 

n.:O 

ITycn R > 1.- pa):{Hyc Kpyra, B KOTopou !IJY.HKUHH 1.- Z: + 1./!Ci) :I'IMeeT e~:I'IHCT
BeHHHil HYJI:& ~ = P . 
Tor~a 

r "'~if> 'fJC~>cl.E-= 't'(f>> + . 
r'l $~ lii=R. ~ tt.i-1 ("f'(p)-1) }11+1 p., (2.10) 

filHTerpan B JieBO~ qaCT:I'I (2.IO) :t.!Oll!HO OU8H:I'IT:& :t.laKC:I'IMYMOM YO~YJI.fl 

/Y'..,/ f: C R-
11

• 06oanaqa.a f>" == 1 /(1-'f'~pJ\ :1'13 (2.10) rroJiyqaeu 4)opMyJiy 

(2.9). 
l.iTo6bl HailTH HBHbl6 IlblpallteH:I'IH ~JiH f-' li !'1 , paCCYOTpliY 4)yHK

U:I'JIO W= :1: -'f'W, KOTOpaH KOH!lJOp:UHIDI o6pa30.II OT06pallta6T HBKOTOpyJO 

oKpecTHOCT:& TOqKH. ul=.f • IIoaTouy 7JY=W'Ci:.) 11.11eeT o6paTHY~ K Hen 

!IJYHKUHIO ~=:Z..(W'),JierKo BH~eu, qTo }="i.(1) M }1.=::;; 1 (1). 

PacCMOTp:I'IY Terrep:& npHMeHeHl1e paaBHTOH HaMli TeOp:I'IM ~Jill O~HOH 

aa~aqM uacco:Boro o6cnylKHBaHl1H. 

Tpe60BaHl1H IIOCTynaiOT Ha Cl1CTeYy OOCJIYliUIBaHl'IH, COCTOHlll.YBJ 1'13 6ec-

KOH8l:IHOrO ~CJia O~HOTl1IIHbiX Ilpl160pOB B MOYeHTbl 0<:'!:., <'!:2. < ... < 00 • 

Bpeua oocnylltl'IBaHI1H n -ro Tpe6oBaH!dH - cnyqatlHa.a Benll~Ha .X n-, 

npldqey l!Ce {..X. n }~ ~ - nOJIOllt11T6Jil>Hbl, H83aB!dCl1Mbl B COBOKYIIHOCTM l1 

o~MHaKollo pacrrpe~eneHbl c !lJYHKUMei.i pacnpe~eneHMH H {tJ:: P (.X~ "'t). 
IIpe~nonouw, qTo { T n. = 'Ln.- t n.-1 } ~ = ~ ('C 0=0)- nocne~oBaTeJI:&HOCTl> o~M-
HaKoBo pacnpe~eneHHbiX nonolKHTe1!I>Hwc cnyqatiHbllC BenMqtm c !lJYHKUMett 

pacnpe~eneHMH F (t) :::: P (T1 L t) He aaB:rr~ KaK ,n;pyr OT ,n;pyra, TaK H 
) 

OT nocJie~OBaTelll>HOCTM {:f.. n J ;= 1 

ITycu a - cJiyqai.iHa.a Benl1ql1na, oooanaqaroma.a nep11o~ 3amtTOCTll 

CV.CT8Ybl GI/GI/ ~ , T .e • nep110~, KOr~a 3aHHT, no Kp~Hel!: Mepe, O~l1H 

4 

np1.16op. PaccMOTPl'll.! l.\BJIOqi'JCJieHHYJO cnyqa~iHYJO BemoJqwHy · v -1111CJIO Tpe-

CioBaHlilit, KOTOpble Obl.llld oCicnylKeHbl B Te'!eHlle neplolo,lla· B . 
Ec1111 oooaHa'llo!Tl> qepea Cl-11. q~1cno aaHf!TbiX np116opoB B 1:t.IOMeHT no-

cTynneHHH n -ro Tpe60BaH11H, TO 

PC~=1>= P(CVz=D), 

11 

P(~=n)= P(C}.t::-1, .. ,, q,.n.::r1, Cj,n1'f'=O}, 

PaccMOTpl1M noc.ne~oBaTe1!I>Hocn co6b1Tl1ii fJ n} :=1 

IJ- ;;- ~ • 

TaKl1X 1 qTo 

. An= [CJ,»+1 =0], 
Ecmt npe~noJIOlltl1T:&, qTo P(A1)>0 (P{II1):0cooTBeTcTByeT cnyqaJO~ Kor~a 
aa nep110~ 3aHHTOCTI'l 06C1!Yllti1Ba8TCH 6eCKOH8l:IH08 ql1CJIO TpeCiOBaH11ti) 1 TO 

co6HTl1H [fin.f::'d - peKyppeHTHbl 11 y~oBneTBopHJOT TaKllte ycnOlll'lJO (2.3). 

Teopeua 3.1: Ecn1.1 P(A.,) >0 , TO BepoaTHOCT:& P., Toro, 'ITO aa nep11o~ 
3aHHTOCT!tl CldCT8Mbl GI {I;[ foo 6blJIO o6CJJyJtteHO v = n. Tpe-

CiOBaHl1tl, llblqldC1!HeTCH no WOPMYll8 (2.4), r~e 

00 "" 

P (A,.)= j · · · j H (t1) ... H (t1 + ... <-t,)dr:{t1) ... cl f: (in) (3 .I) 
0 0 ) 

n >;-1., 

11 cpe~Hee 'll'lc.no -

P=ti.m P(An) >0. 
no lj)opMyne (2.6) TOJJ:&Ko Tor,n;a,Kor,n;a 

,l{JI.fl TOrO, qT06bl C1Jy1JatiHaH B8.ll11'111Ha Obl.lla COOCTBeHHOfi (T.e. 

P{v<.aa)= .i ), .ztOCTaTol:IHo, qToCibl p > o • B pa6oTe / 4/ .naa pH~ ycnoBft1!tt, 

rapaHTl1PYHJUU1X, qTo p >o • Harrp1.1uep, ~ocTaTel:IHo, '1T06h1 

/1(.Xn) = J tdH(t) < oo , 

BBe~eH:e ~YHKUI'lfi ~YL noaBOJII'l.llO HaM l1cno.ni>aoBaT:o BHmepaaBl1Tb1lt 

npOCTOl\ arrnapaT peKyppeHTHbiX C06b1TJ.1ti C H6BOapaCT810ll(HMlol BepOHT!!OCTH-

:Ul1. 

Tenep:r, .zta):{RM ~ocTaTOl:IHoe yc.non11e, qToobl ~na cft1cTeMh1 GI/GII~ 

ltlUeJia M8CTO Teopeua oo·oueHKe BepOHTHOCT11 qncna Tp660Ba!!l'lll, 06C1JyllteH

HblX 3a nep110~ 3aHHTOCTH. 

JleYua 3.2. IIycT:& cnyqal\Ha.a BeJll1qMHa ..X: 1 orpaa~o~qeHa. Tor~a ltlYeeT 

M8CTO COOTHOW8HI46 (2.9) TeopeMhl 2.2 •. 
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noKaaaTeHbCT:BO. HMeeM cne~yromyro uerro~y HepaBeHCTB: 

' 
I ' 

o:; a.n. ~ P (An)- P (lln+1)=P(X1-<-1:'~, ..X;z ~1: ... , ... ,.i...,<?;,_,:Xn.,~'LM1) 
:<: P(:X,..,+1:?'L:n+1). 

Ida orpaH>ltie'HHOCTl-1 :J-1 :BUTeKaeT, 'iTO ,1lHl1 mo6oro ). >0 M(i''J-J<<x> 11 

IT03TOYY 

P ( -v "'" { >.x,) ( -.A1:'1 11+1 AnH'?L-n+?)~M.e He ) ' 

M p11,11 f.Clnt:n. HloleeT pa,1111yc cxo,1lHMOCT>~ R>/ -t/M{e-)..7:,) >1.. 
n::-o 

Y CTpelUIHll >. K 6ecKOHe'iHOCTl1, noHyt~aew R= oo. Y cnoBHe TeopeMU 2 • .2 
:BUITOHH6HO, 

B p'a6oTe /?I H~i1.1leHh! np~o6paao:saHHl1 Jiamraca nep110.11a aaHllTOCT>l 

,1\Jlll CHCT611 &I/'D/oo H M /G-Ifoa. 061JlHi! CHy'iai! ,1lJll1 Cl1CT6M!l uacco:soro 

'o6CHYlltH:BaHHfl G-I/fi-I/ 00 a:BTopau noKa Heua:secTeH •. Ho MMeeTca cne,1ly-

IDI!laa :sepXHl1l1 o~eHKa: 

n-1 

B ~ L. 'T'i. = B2.. 
i.:1 

ilpR aTOM fiCHO, 'iTO 

CTOll B~ . ' 
B2 - aTo cyMMa nepRo,11o:s 3aHl1TOCTl1 B H npo-

TeopeMa 3.3. ITpeo6paao:saa>~e Jiannaca UHKna o6CHYlltH:BaHHl1 HueeT BH.1l 

c:fJ (S)::: <f~ {CL(SJ) .:; >, o, 
) (3.2) 

r,11e 
00 -st Cl.(SJ=Je o/F(tJ s~o (3.3) 

H 
0 

lf *' (;!) o6oaHat~aeT npoHa:so.n;l11JlYIO <lJYHK~HIO tp(=c) , :s KoTopoH> F(t.> 
88J!6HJHO Ha 

t 
If f s -S><_, F (t,s).:: ci (S) e 01.F(x) 

0 

Cpe,1lHl1H :senH'iHHa ~HKna o6cnylKHBaHHl1 M (B2 ) . HMeeT BH.1l 

H(Bz) :::-1'-f('T',)H(V). (3:4) 

6 

} 

\ 
:) 

/ 

AoKaaa1'em.CT:BO, 

rh -sBz ~ s e-s('TZ + ... .,. r,..,.,) 
'1-'(S):::.fl{{e )= L-> ciP::::: 

11=1 f~=n} 

~ J J -r{t2 + ... +-t,.,.,) , 
" L.... .•. e dF{tz)· .. dF(tn+i)ciH(X-1) ... c:/I{(Yn) I 

M=1 Cn 

r,l(e 06HaCTb RHTef>pHpOBaHHll C n. HM66T Bll,l( 

(Jt',. f, t2.{, (X1 < t 3 rtz)c 
Xz~t3 

7 

( 

X 1 .c.. t n + 1 -+ .. • + -1:. z.) 
Xn"-:tl1+1 

(

x1 .:: t.:.,-(' ... 
' ' ' ' : 

x ... _,.c. -t ... 

+~, )c 

\ 

" £~ ( 3,l(6Cb 8HaK 11 C 0Cl03Ha'ia6T ,1l0ITOHH6H>'le B K MHOllt6CT:BY, yKaaaH-

HOYY B CKOOKax) : 

00 

¢rs> =< L.. et ... (SJ P(v*=n)= '-f-f(a.rsJ)_ 
lt=1 

JdcnOJib3Yl1 3TO TOK,ll6CT:BO HJIH T0llt,l(6CTBO BaHb,1la, MOlltHO ,ll;OKaaaTL (3.4), 

Teopeua .1\0Kaaaaa. 

4. llpRMepu npHJIOEeHH~ 

HcnonLsya npe,l(eJILH~e c:so~cTBa cnyqana~ :senHqv.a ~~ , Hccne,1lo-

:saaa~e JI.TaKaqeM/B/, MOlKHO Bh!B6CTl1 COOTHOW6H>'ll1, rroneaaue B 

KOHKpeTHUX npHJIOllt6Hlll1X • 

ITpHMep 4,! • ilpOCTei1uJIDi :BX0,1lHO~ ITOTOR ( CHCTeYa M/GI/00 ) • 

Ilycn 

F(t) = i - e-H t ~o 
) ' 

Tor.n;a 

00 t 11 

P (!In J:::: J n " 1 I n! j { f H rxJ 'd.x} e-At d:t n: 0,1,2, ... , 
0 0 

>'l 
00 t 

i.f(~) = 1..- (),J .exp (-Aj (1-l.H(xJ}dx) dtr 1 

0 0 

7 



~cnonbsya TeopeMy 3.3, MO~Ho HaliiT~ npeo6pasoBaH~e nannaca ~nH ~~Kna 

Bz: 
IX> t ~ 

<Pes)= i -'( (),+S l Jexp (-st -AS (1- H CxJ) d.x) dt )- ( 4.!) 
0 , 

0 

a Y'UITblBafl He3aD!tlCl1MOCTb nepno~oB npocTofl 11 srutflTOCT!tl, nonytn1u TaK
xe npeoopasoBaHHe nannaca ~nfl ~111ma srutHTOCT!tl B 

00 1:: 

<P B (S) ~ 1 + s I). - ( >- J exp (- st - >.. S ( 1- H (lC Jlc{x) d.. t) -.~ 
0 0 

( 4.2) 

9TH BblBO~bl OTJIJtlqabl OT TeX, qTQ OblJill C~8JI8Hbl B /?/ 11, UO-B!tl~llUO!Jy, 
npome. 
Ecmt oO 

Jz. =St. o{H(t)-< cc' 
0 

TO 
H(v)=e>-·h-

' 
(4.3) 

:Xh: 
M(Bz)=e j).., ( 4.4) 

N (B)={e>.h._-1)/>.. { 4.5) 

B np~noxeHHl1 K s~aqe o6 onpe~eneHHll napaueTpa HOH!tlsa~w CTpnuepHhlX 
Tpe!tOB /I/ (4.3) ~aeT HaM cpe~Hee q!tlCJIO nepBllqffblX ~eHTpOB 110Hll38~!tl 
B crycT!te CTpHMepoB,(4.5) - ~aeT cpe~HIDID ~JillHY cryCTKa H (4.4) -
cpe~HIOIO ~nnny crycTKa l1 npouelltyTKa. 

ilp!tluep 4.2. llO!t838T8JibH08 Bp8Ull OOCJIYlltl1BaHl1fl (CllCT8M8 GI/M/oo ), 

llycn 
-_ut 

H(t)=1-e t.:::..o 

TOr~ a 

M (v) = p-1 
r~e 

00 

p = L. c~ nk &k 
k=O 

!) - rl a., ( ~)<) k > 1 Bo== i k- . 1-Cl(~) ' . 
L: 1 

Q(~) - npeo6pasoBaHHe nannaca (3.2). 

8 

~---- ·; 

)! 

1 
H 

}) 

ll 
:·l 

llpnuep 4.3. !IOCTOHH!IOe BpeUH o6cny~l1B8HI1ff {CHCT8148 GI/Il/oo ) • 

llycn p > o ~ 

ror~a 

r~e 

H (tJ == { 
0 

' 
1., 

t ~ f> ) 

t :> p 

PCI'Jn)=I n-::1,2., ... , 

n-1 P., = I ( 1 - I ) , n = ,, z , . . . , 

M{v)=I-1.. 
' 

I== 1-F(f), 

C~CTella GI/D/o<> Y0llt8T C1IYlltl1Tb M0~8JibiD CTpHMep!lbiX Tpe!\OB C nysblpb
ltOBb!X KaMep {cu., Hanp~uep, /9/). 

ilpl1Yep 4.4. rpynnOBOe TipllOblTl18 SaflBOK (C~CTeMa GI/GI/GI/CO ), 

TiycTb Tpe6oB8Hl1fl npnxo~flT na o6cnylltl1Ban~e napT~flM~ o6~euoB 
v 4, v z, ... , a .X n1, ... ,.Xn ~n?· .. - cnyqaJiiHhlii BeitTop BpeMeH o6cnyllt~BaH~it 

B rt. -lit napT!tlll n J- n= m_a.x .X" i.. Tor;~~a {X" J ,:""'1 - nocne;~~oBaTeJib!IOCTb 
16 L~ Yn 

nesaBHC!tlMhlX, o;~~HnaKOBO pacnpe~enennux cnyqaliinb1X'De~~H, !tl ~cno nap: 
Tliit ~ 1 OOCJIYlK8HHblX sa nep~O~ S8HflTOCTH C~ICT6Mhl GI/GI/GI/oo 1 paB
HO qHCJIY Tpe60B8HHH 1 OOCJiylltel!Hb!X sa nep~O~ 38HflTOCT~ CliCTe!Jbl 
GI/GI/oo C T6M lite BXO;llllb!Y llOT,OltOM 1 !10 ~pyr!tll.! Bp8U6!16M OOCJIYllt!tlBaHiifl ~ 
pacnpe;~~eneHHhiM no saKoHy 

o()O 

H{i)=P(.X.1A..t)==L H
11

{t) PU,=n). 
11=1 

CliCTeMa &1/&I/~1/oo MOllt8T CJI~llt!tlTb MO;li8HbiD CTp!tlUepHoro TpeKa Tip~ 

yqeTe awweKTOB Cltan!tlpOBaHiifl I I. 
llyCTb }( - qRCJIO Tp660B8H!tlH, o6cnymeHHblX sa nepliO;ll SaHHTOCTii 

CHCT8Mbl GI/GI/GI/oo • Tor:z~a ITO T80plill 0 llOJIHO~ B8pOHT!IOCTii llY68T 
uecTo 

N 

P (]{ = N) = L > ' P {V 1 "t 1 ) ... P (1), =I:'") P (V <> n) , 
Yl"1 k, + ... .,.j(k := N 

~1 ... JJ.YI?-1 

N==i,.:t, .... 

9' 
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B 3rut1IIO'leHl1e OTMeTllM 1 'ITO ·:s CI1CTeMe GI/GI/m C Ollti1.ZJ:a!Il10L! 'lllC-
JIO Tpe60Ba.Hl1W ~ = Yl.. , 06CJIYlK6HHbiX sa nepi10.ZJ: 3a.HliTOCTI1, .ZJ:JI!I 
n = 1, ..• ,m BN'li1CJI!I6TCH no ~OpMyJie (2,4), 
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10 

t 

l 

J 

HET RH nPOBEROB B BAWEA BHBRHOTEKE? 
81>1 MOlKeTe noJiy'IMTb no no'!Te nepe'IHCJJeHuble HHlKe KHHrH, 
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Recurrent Events and Deten~lnatlon of the Number of Customers 
Served During the Busy Period of a GI/GI/• Queue 

By the method of recurrent events the distribution of the number of 
customers served during the busy period of a queueing system with Infini
tely many servers Is Investigated. Some basic characteristics as a mean 
value and a reproducing function are determined. Under some conditions the 
limit theorems assure the exponential type of a limit distribution, as we l l 
as the geometric type of a distribution queue. The results are applied to 
a solution of the problem on the number of streamer centres In a streamer 
blob, and to the blob length determination. 

The Investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 
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