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npH YCKOpeHHH CXOAHMOCTH HTepa~HOHH~X npo~eCCOB peweHHR 
CHCTeM KOHe4HO-pa3HOCTH~X ypaBAeHHH 

Au*"' t, A: RN .. RN /11 

6onbWOH pa3MepHOCTH OAHOH H3 nnOAOTBOPH~X HAeH OKa3anOCb BKn~-
4eHHe 3aAa4H 111 B ceMeHCTBO 3aAa4 

An k u nk "' fn k k, 1,2, •.• ,t; nf .. N, 121 

KOTOp~e COOTBeTCTBY~T pa3nH4H~M AHCKpeTH3a~HRM HCXOAHOrO ypae
HeHHR. npH 3TOM HCnOnb30BaHHe HH~OpMa~HH 0 peWeHHRX Ha 6onee 
11KpynH~X11 CeTKaX npHBOAHT, KaK npaeHnO, K ycKopeHH~ CXOAHMOC
TH. 

4Hcno HTepa~HH AnR AOCTH>KeHHR 3aAaHHOH T04HOCTH E nponop
~HOHanbHO ABYM COMHO>KHTenRM: lne-1 ,H HeKOTOpOMY MHOlKHTen~ R - 1, 
onpeAenReMOMy cneKTpanbH~MH CBOHCTBaMH onepaTopa nepeXOAa HTe
pa~HOHHOrO npo~ecca. B pa6oTax 111 AnR pa3HOCTHbiX 3nnHnTH4eCKHX 
ypaeHeHHH npeAnO>KeH penaKca~HOHH~H npo~ecc Ha nocneAOBaTenb
HOCTH CeTOK, AnR KOTOporo MHOlKHTenb R - 1 He 3aBHCHT OT pa3Mep- I 
HOCTH 3aAa4H N. B 121 yKa3aH anropHTM, TaK>Ke Hcnonb3Y~ll.IHH nocne
AOBaTenbHOCTb CeTOK, n03BOnR~ll.IHH AnR KOHKpeTHOrO HTepa~HOHHO
ro npo~ecca H36aBHTbCR OT COMHO>KHTenR lne-t 06DeAHHeHHe ABYX 
ynoMRHYT~x noAXOAOB AaeT onTHManbH~H no 4Hcny apH~MeTH4eCKHX 
AeHCTBHH anropHTM peweHHR 3aAa4H I 1 I e cny4ae pa3HOCTHbiX 3n
nHnTH4eCKHX ypaeHeHHH. BonpocaM noAaeneHHR MHO>KHTenR lne-1 TaK
>Ke nocBRll.leH~ pa6oT~ /,3,41 .. ApyrHe noAXOAbl K ycKopeHH~ CXOAHMOCTH 
COAep>KaTCR B MOHOrpa~HH 16~. 

EcnH AnR noAaeneHHR MHO>KHTenR R-1 e 1 11Hcnonb3Y~TCR ceoH<::Tea 
rnaAKOCTH C06CTBeHHbiX ~YHK~HH 3nnHnTH4eCKHX onepaTopoe, TO 
H36aBHTbCR OT lnt-~O>KHO B cny4ae AOCTaT04HO npOH3BOnbHbiX One
paTOpOB A0 e 121, HMeR nHWb HH$0pMa~H~ 0 CKOpOCTH CXOAHMOCTH 
HTepa~HH H onepaTOp HHTepnOnHpoeaHHR HYlKHOrO nopRAKa T04HOCTH. 
np~ 3TOM HCnOnb30BaHHe peweHHR Ha rpy60H CeTKe B Ka4eCTBe Ha-
4anbHOrO npH6nH>KeHHR AnR peweHHR Ha 6onee MenKOH CBOAHT 3aAa-
4Y K yMeHbWeHH~ HeBR3KH Ha Ka>KAOH ceTKe nHWb Ha HeKOTopy~ ee
nH4HHY q, He 3aBHCRll.IY~ OT wara AHCKpeTH3a~HH, 4eM H YCTpaHReT
CR 3aBHCHMOCTb o6~ero 4HCna HTepa~HH OT i. 

a1
• 41 o~eHHBaeTCR 3~~eKTHBHOCTb Hcnonb30BaHHR ABYX HnH Hec

KOnbKHx ceToK. B HacTORll.leH pa6oTe Mbl paccMaTpHeaeM npeAenbHbiH 
cny4aH, KOrAa KOnH4eCTBO ecnoMoraTenbHbiX 3aAa4 12/ ycTpeM~ReT
cR K 6eCKOHe4HOCTH H, TaKHM o6pa30M, Bbi4HCnReM aCHMnTOTH4eCKHH 
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K03~H~HeHT 3KOHOMHH. OpH 3TOM B~BOAHTCR AH~~epeH~HanbHOe ypae
HeHHe 4Hcna apH~MeTHI.IeCKHX Ae~CTBH~, Heo6xoAHMbiX AnR peweHHR 
ypaeHeHHR I 1 I c TOI.IHOCTbiO N -p. PaccMOTpeHHR npoeOARTCR cpaay 
AnR cny1.1aR HenHHe~Horo ypaeHeHHR 111. ~opMyna AnR 4Hcna apH~Me
THI.IeCKHX Ae~CTBH~ COOTBeTCTByeT npo~eccy, B KOTOpOM pa3Mep
HOCTb 3aAa4H B03pacTaeT HenpepbiBHO B 3aBHCHMOCTH OT TOI.IHOCTH 
HHTepnonHpOBaHHR H yfi~BaHHR HeBR3KH. XOTR Ha npaKTHKe pa3Mep
HOCTb 3aAa4H npHHHMaeT nHWb ~enOI.IHCneHH~e 3Ha4eHHR, HCnOnb3Q
BaHHe Henpep~eHoro aHanora HarnRAHO noKaa~eaeT MexaHH3M ycKo
peHHR CXOAHMOCTH, ofiofi~aeTCR Ha HenHHe~H~e ypaBHeHHR, AaeT B03-
MOmHOCTb OnTHMH3HPOBaTb CaM B~fiop BCnOMOraTenbH~X nOAnPOCT
paHCTB R0 B 121 H cpaBHHTb K03~H~HeHT yCKOpeHHR CXOAHMOCTH 
AnR paanHI.IH~x HTepa~HOHH~X npo~eccoe. 

OycTb Tpe6yeTCR Ha~TH Hee~pomAeHHOe peweHHe 3aAa4H 111 c 
HenHHe~H~M onepaTopoM A, Ae~CTBYIO~HM H3 R N eRN,AnR 1.1ero Hcnonb
ayeTCR 3BOniO~HOHH~~ npo~ecc: 

~ =-1/J(U), 
dt 

u(O) = U 0
; 1/J(u*) = 0 , 131 

CXOAR~H~CR K peweHHIO u* ypaBHeHHR 111 npH t~~ CO CKOpOCTbiO 

llu(t) - u* [I< exp(~(N)t) flu 0
- u * fl = B exp(~(N)t) 141 

Opo~ecc 131 RBnReTcR Henpep~BH~M a~anoroM HTepa~HOHHoro npo
~ecca: 

uk+1-uk 
T 

=-1/J(uk), u 1 = uo, k = 1,2, ... , 

II uk - u* II~ exp(-(l(N)k) fl uo- u* t1 :. 
151 

4HCnO a(N) ,Ha3~eaeMOe K03~H~HeHTOM 3~~eKTHBHOCTH npo~ecca 131, 
AnR YAOfiCTBa nonomHM paBH~M COOTBeTCTByiOU,eMy 4HCny a(N) = a(N), 
B cny1.1ae HenHHe~Horo onepaTopa A 3TO npeAnonomeHHe onpaeA~ea
eTCR TeM,I.ITOinOKanbHaR CXOAHMOCTb npo~eCCOB 131, 151 onpeAe
nReTCR nHHe~Ho~ l.laCTbiO .p '(u*) onepaTopa I/J(u) 161 • 

OpeAnonol!<HM, '-ITO npo~ecc ycTaHoeneHHR 13/ eeAeTCR AO yMeHt>
weHHR Hal.lanbHO~ norpewHOCTH B = llu0 -u*lil eN paa ,rAe N - paa
MepHOCTb HCXOAHOrO npOCTpaHCTBa RN,TO eCTb 

e.xp(~(N)t) = ~P , t = pa(N)- 1 InN. 161 
3AeCb eenHI.IHHa t HMeeT CMbrcn 4Hcna HTepa~H~ AnR npo~ecca 151. 
OycTb Ha OAHY HTepa~Hro HcnonbayeTcR k·Nm apH~MeTHI.IeCKHX 
Ae~CTBH~, TOrAa CYMMapH~e 3aTpaT~ B~pa3RTCR ~OpMyno~ 

N 
Q(N) = pkN m a -

1 
(N) lnN = ~ fn - 1 a(N)- 1 lnN dn. 17 I 
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PaccMOTPHM 3eonro~HOHH~~ npo~ecc 131 Ha nocneAOBaTenbHOCTH 
npocTpaHCTB R0 , n 0 ~ n::; N, n ~ Z, a KamAOM H3 KOTOpbrx cyl!leCT
eyeT peweHHe uri ypaeHeHH~ 121. OycTb HMeeTCR onepaTop HHTepno
nHpoeaHHR P nm ·: R

0 
~ R m , n .::; m, I P nm·ll = 1 , TaKa~, '-ITO 

fiPnmu~-u~"<c(m,n)n-q-p, c~B, q~O. 181 

4T06br Ha~TH npHpa~eHHe eenHI.IHH~ Q(n) npH nepexoAe K paaMep
HOCTH h +.1 "'Z, HYmHO OT Hal.lanbHOrO npHfinHmeHHR pn+L\ U n I3AeCb 
Pn+-1 = Pn,nt.,-1 ) YMeHbWHTb norpeWHOCTb e npocTpaHCTBe Rn+-1 AO 
eenHI.IHH~ uc_N +-1 )-P · .• B cHny 181 

liP Au -u* A II< tiP Au -P A .u*'ll + n+u n n+u - n+u n n+u · n 

+liP Au*-u* All< liP Aflllu -u*ll + n +u n n +u - n+u n n 
+c(n,n+.1)n-q-p .~(B+n-qc(L\))n-P; c(.1)=c(n, n+l\)~. 

nonaraR, '-ITO AnR vn e~nonHeHo cooTHoweHHe 161, nony4HM 

m -1 -1 -q n P 
Q(n+-1)-Q(n) =-k(n+-1) a (n+L\)ln(l+B n c(-1))(-) ·· 191 

n+-1 

AnR r;rccneAOBaHHR 191 YA06Ho npeAnonomHTb, '-ITO eenHI.IHHa-1 Me
HReTcR Henpep~BHO, H nepe~TH K AH~epeH~HanbHOMy ypaBHeHHIO. 
EcnH AnR cny1.1aR ~eno4HcneHHbiX 3Ha4eHH~ n H .1 AOCTaTOI.IHO no
Tpe6oeaTb, HanpHMep, c(n, m) < B, TO npH nepexoAe K npeAeny 
npH .1 ~ 0 eamHa acHMnTOTHKa -c(-1) npH .1 -+ 0. Boo6~e roeopR, 
H3BeCTHO nHWb, '-ITO c(O) =0, r;r6o P

00
=E, H c(-1)::;8 npr;r Vi\'., Ho 

Y4HT~BaR, '-ITO K03~H~HeHT C(n,m) B cny1.1ae OAHO~ HnH HeCKOnb
KHX BCnOMOraTenbH~X CeTOK He BnHReT Ha K03~H~HeHT YCKOpeH~R 
cXOAHMOCTH npr;r N ~ oo I.SI,M~ nonaraeM c(.1)=o(.1). E~e 6onee ecTecT
BeHHO 3TO npeAnonomeHHe npH q ·> 1 • 

Tenepb npH -1-+0 H3 191 cneAyeT 
m-1 -1 Q(n + .1) - Q(n) = pk(n + .1) a (n + .1).1 + o(-1) , 1101 

'-ITO npHBOAHT K AHCI>t!>epeHL4HanbHOMY ypaaHeHHIO AnR Q(n): 

-dQ=pknm-la-l(n), n0 <n <N. 1111 
dn - -
Ha ypaaHeHHR 1111 nony1.1aeM 3Ha4eHHe Q(N) a cny1.1ae Henpep~a

HOro H3MeHeHHR pa3Me~HOCTH n·: 

Q(N) .. Q(n 0) + pk r nm-l a-1(n) dn. 1121 
no AnR OL4eHKH aCHMnTOTHI.IeCKOrO K03~H~HeHTa yCKOpeHHR CXOAHMOCTH 

K OCTanOCb CpaBHHTb 1121 C B~pameHHeM 171. 
0TMeTHM, '-ITO npH AOCTaTOI.IHO fiOnbWHX n H ~enOI.IHCneHH~X l\ 

~OpMyna, aHanorHI.IHaR 19/, HCnOnb3yeTCR aiSIAnR OL4eHKH K03~H
~HeHTa K Ha nocneAoaaTenbHOCTH npocTpaHcTa. OpH 3TOM MOmHo 
OTMeTHTb npHMepHO TaKyiO me aHanorHIO MemAY ~OpMynaMH 191 H 1111, 
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KaK Me*AY ~Tepa~~OHH~M npo~eCCOM 151 ~ ero Henpep~BH~M aHano
roM 131. B 3TOM CMblcne <)lopMyny I 11 I MomHo C4~TaTb Henpep~BH~M 
aHanoroM BblpameH~.A I 301 ~3181 An .A o6'beMa B~4~cneH~I1 Ha nocne
AOBaTenbHOCT~ ceTOK. 

O~eH~M K03<)l$~~~eHT K An.A KOHKpeTH~x ~Tepa~~OHH~X npo~eccoe 
B cny4ae pa3HOCTH~X 3nn~nT~4eCK~X ypaeHeH~H. nonom~M, 4TO 
N - pa3MepHOCTb 3aAa4~ no OAHOH He3ae~c~Mol1 nepeMeHHOH, a 
m - 4~cno He3ae~c~M~x nepeMeHHbiX. Ben~4~HY Q(n 0) C4~TaeM Hecy
l.lleCTeeHHOH. np~ ycnOB~~ 181 een~4~H~ k ~ J: TaKme He Bn~.AIOT 
Ha K03<1l<!l~~~eHT K·,. HanOMH~M, 4TO cor nacHO' 5/ An.A o6nacT~ c N 
y3naM~ no OAHOMY HanpaeneH~IO MOmHO nO/lOI!<~Tb a(N) =N- 1 An.A 
MeTOAa nocneAoeaTenbHOH eepxHel1 penaKca~~~ lnBP/ ~ MeTOAa 
c 4e6~weecK~M ycKopeH~eM; a(N) = N-2 - An.A MeTOAa 3ei1Aen.A; 
a(N) = N-1/2 - An.A nonepeMeHHO-TpeyronbHOro MeTOAa c 4e6blweecK~M 
Ha6opOM napaMeTpOB; a(N) = [lnN] -1 - An.A MeTOAa nepeMeHHbiX 
HanpaeneH~H; a He 3ae~c~T OT N - An.A MeTOAOB, onT~ManbHbiX no 
4~Cny onepa~~H. 0TMeT~M, 4TO An.A MeTOAOB BTOporo nop.AAKa B cny-
4ae Hen~HeHH~X ypaBHeH~H ac~MnTOT~4eCKa.A CKOpOCTb CXOA~MOCT~ 
HenpepbleHoro ~ A~CKpeTHoro npo~eccoe MoryT He coenaAaTb. Ha
np~Mep, An.A MeTOAa HbiOTOHa-KaHTopoe~4a IHKI ~MeeT MecTo ebl
pameH~e 

lluk -u*fl <e.xp(-a0 2k >flu 0 -U* II, 
a An.A ero HenpepbiBHOro aHanora a =1. no3TOMY e <)lopMyne 141 
e 3TOM cny4ae nonaraeM 

t 
llu(t) -u*ll ~e.xp(-a0 2 ) llu 0 -u*ll'·· 

Ko3<)l<)l~~~eHT K An.A pa3n~4HbiX m ~ a(N) np~BeAeHbl e Ta6n~4e, rAe 
nocn'eAH.A.A CTPOKa COOTBeTCTByeT MeTOAY HK. 

MomHo B~AeTb eo3pacTaH~e K03<1l<!l~4~eHTa K np~ yeen~4eH~~ 

pa3MePHOCT~ 3aAa4~m. a TaKme y6biBaH~e 3TOro K03<1l<!l~4~eHTa np~ 
eo3pacTaH~~ cKopocT~ CXOA~MOCT~ ~Tepa4~0HHoro npo~ecca. An.A 
MeToAa HbiOTOHa /r =1/ c KBaApaT~4HO~ CXOA~MOCTbiO K ~MeeT 
ac~MnTOT~Ky lnlnN, TO eCTb Bbl~rpbiW OT np~MeHeH~.A nocneAOBa
TenbHOCT~ CeTOK He3Ha4~TenbHbiH, OAHaKO np~ r< 1 OH MOmeT CTaTb 
cyl.lleCTBeHHbiM. 0TMeT~M ~HTepecHble 4~cneHHble 3Kcnep~MeHTbl, npo
BOA~Bw~ec.A e 17~no onT~M~3a~~~ Ha nocneAOBaTenbHOCT~ ceTOK An.A 
MeToAa HbiOTOHa np~ r =0, 5 e 3aAa4e Ha co6cTBeHHble 3Ha4eH~.A 
An.A onepaTopa I!JTypMa-Jl~ye~nn.A. B 3TOM cny4ae m =1 ~ K !5: lnN. 3Ha-
4~TenbHa.A 3<1l<!leKT~BHOCTb KOMnneKCHOH opraH~3a4~~ pac4eTOB noA-
4epK~BaeTC.A e/8~.06 3<1l<!leKT~BHOCT~ ~cnonb30BaH~.A nocneAOBaTenb
HOCT~ CeTOK MOmHO CYA~Tb no Ta6n. 5,6 pa60Tbl'/9f:. 

B 3aKnl04eHHe paccMOTP~M eonpoc o6 onT~M~3a4~~ pac4eTa Ha 
nocneAOBaTenbHOCT~ ceToK. Ael1cTB~TenbHO, e ycnoe~~ 161, eblnon
HeHHOM An.A ecex n0~ n6 N, ocTaeTc.A npo~3eonbHbiM ebl6op <llYHK~~~ 
B npaBOH 4aCT~. nycTb B /81 q =0, TOrAa BMeCTO ycnoe~.A 161 3a
n~WeM 
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Ta6JJH~a 

W=2 m =3 
a 

n=N=oonst n~n~N K n =N=ex>nst n0~n ~N K 

N-2 N4lnN j_N4 4lnN 
4 

N5lnN _lN5 
5 

5lnN 

N-1 N 8lnN _lN 8 31nN N 41nN .!.N 4 4lnN 
3 4 

N-1/2 N 512lnN _g_N 5/2 ..Q.lnN N 712 lnN _g_N 7/2 -linN 
5 2 7 2 

[lnN]- 1 N2 ln2N -;f<lnN 2 -1) N 2 
K > 2lnN N8ln 2N ..!N'8(lnN 8-1) 

9 
~<>3lnN 

oonst N2tnN _lN2 2lnN N8lnN ...!_N8 31nN 
2 3 

HK N2lnlnN < J.N2 
- 2 

K>2lnlnN N~nlnN < .l.N 8 
- 3 

K>'3lnlnN 

e.xp(-<r(n)t)=x(n)-1, .J(N) =NP, x-1?_n-P. 1131 

BenH4~Ha Q(N) ~3 /121 .ABn.AeTC.A <llYHK~~oHanoM OT x(n) ,KOTOPbiH 
MOmHO MHH~MH3HpOBaTb Ha MHOmeCTBe $YHK~HH C orpaHH4eH~.AM~ /131. 
JlerKO B~AeTb, 4TO ypaeHeHHe /111 B 3TOM cny4ae np~MeT BHA 

dQ · -1 m -1 dil = k x(n) .J(n) n o (n) , 

a An.A Q(N) nony4HM eap~a~~OHHYIO 3aAa4y: 
N . 

x(t) m -1 
Q(N) = Q(no) + k r --t 0 (t) dt -+ inf, 

n0 x(t) 
/141 

x(t),::;tP, x(N)=Np. 

nonara.A f(t) = t mo - 1 (t) , ~HTerpan B 114/ np~BOAHM K BHAY 

f(t) lnx(t) I~ - f lnx(t) f'(t) dt • I 151 
o no 

8 C~ny MOHOTOHHOCT~ f(t) M~H~MYM nocneAHero BblpameH~.A AOCT~ra-
. eTcR npH x(t) = tP, TO ecTb np~XOA~M K ycnoe~IO 161. TaK~M o6pa-
30M, np~ q=O ycnoe~e 161 .ABn.AeTc.A onTHManbH~M. 

0AHaKo, KaK B~AHO ~3 BblpameH~.A 115/, ecn~ B 3aAa4e 1141 ~3-
6ae~TbC.A OT ycnoe~.A x(t) < tP , TO eCTb ~cnonb30BaTb HHTepnon.A-
4~10 6onee BbiCOKoro nop.AAKa e CMblcne onpeAeneH~.A 181 lq ·~ 1 I, 
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4eM T04HOCTb n-p annpOKC~Ma~~~ ypaeHeH~~ /2/, TO een~4~HY 
Q(~ MOmHo cy~ecTeeHHO yMeHbW~Tb. HMeHHO TaKOH np~HU~n 6~n 
~cnonb30BaH B /9/ An~ YCKOpeH~~ CXOA~MOCT~ np~ ~CnOnb30BaH~~ 
MeTOAOB nBP ~ 3eHAen~, rAe An~ ypaeHeH~~ nyaCCOHa nOCTpOeH~ 
~Tepau~~. Tpe6y~~~e Ha npaKT~Ke O(N 2)ap~~MeT~4eCK~x AeHCTB~H 
e cny4ae AOCTaT04HO rnaAK~x peweH~H. np~ 3TOM ~en~nocb cy~ecT
eeHH~M paanomeH~e np~6n~meHHoro peweH~~ no cTeneH~M wara 
A~CKpeT~aau~~. 
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