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6onbwo~ HHTepec e nocneAHee epeM~ e~s~ea~T npo6neM~ 3KCTpa
non~~HH no Man~M napaMeTpaM e HeKoppeKTH~x saAa4ax 11 • 2~B pa-
6oTe121noKasaH~ B03MOmHOCTH MeTOAa noB~WeHH~ T04HOCTH pewe
HH~ CHCTeM~ anre6paH4eCKHX ypaeHeHH~ c nnoxo o6ycnoeneHHO~ 
MaTpH~e~. B AaHHO~ pa6oTe noKameM, 4TO yT04HeHHe peryn~pHso
eaHH~x peweHH~ MOmHO npoBeCTH C nOMO~b~ aCHMnTOTH4eCKOrO paa
nomeHH~ peweHH~ no cTeneH~M Manoro napaMeTpa peryn~pHsa~HH. 
TaKo~ noAXOA,K npo6neMe 3KCTpanon~~HH no ManbiM napaMeTpaM 
enonHe MomeT 6~Tb npHMeHeH H e APYrHx HeKoppeKTH~x saAa4ax. 

HTaK, 6yAeM paccMaTpHBaTb cHcTeMy nHHe~H~x anre6paH4eCKHx 
ypaeHeHH~ 

Ax= f /1/ 

c nnoxo o6ycnoeneHHO~ KoMnneKCHO~ KBaApaTHO~ MaTpH~e~ A nop~A
Ka n. 3AeCb BeKTOp~ X H f - H3 npoCTpaHCTBa en. CKan~pHOe npOH3-
BeAeHHe H HOpMa B npocTpaHCTBe en onpeAen~~TC~ CfleAY~~HMH CO
OTHOWeHH~MH: 

n -
(u, v) = I. u. v. , 

i~ 1 I I 

u = (u 1, u2 , ... , u J , 
nycTb 

II u II = (u, u) lh 

v=(v1,v 2, ... ,vn). 

U=luG-en:IIAu-fll = inf IIAv-flll. 
v~C n 

3neMeHT Uf ~U Ha3~BaeTC~ HOpMaflbH~M nceBAOpeweHHeM CHCTeM~ 
/1/, ecnH 

II u r II = inf II u II . 
u~U 

~n~ HaxomAeHH~ HOpManbHoro nceBAOpeweHH~ ur CHCTeM~ /1/ 
MOmeT 6~Tb HCnOflb30BaH MeTOA peryn~pH3a~HH, npeAnOmeHH~~ a 11 ~ 
BMeCTO BeKTopa U C Tpe6yeTC~ Ha~TH B en BeKTOp Ul , AOCTaBn~~~H~ 
MHHHMYM $YHK~HOHany 

flull 2 +..l.iiAu -fli 2 /2/ 
( 

rAe l - HeKoTop~~ nonomHTeflbH~~ napaMeTp. 3Ta aaAa4a HMeeT 
eAHHCTBeHHOe peweHHeul ,Afl~ KOTOporo cnpaBeAflHBO COOTHOWeHHe 

lim u r = u r . 
(->0 r--~~··.. ···-····· .] 

e ,.81 Otlooll·--r
0
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PeweHHe ~ 3aAa4H MHHHMH3a~HH ~YHK~HOHana /2/ MO*HO nony4HTb 
H3 CHCTeM~ ypaBHeHH~: 

A*Au( + Eu( = A*f, /3/ 

rAe A* - MaTpH~a, conpR*eHHaR K MaTpH~e A ; E - eAHHH4HaR MaT
PH~a OOPRAKa n. 

nycTb Tenepb YHHTapHaR MaTpH~a p H AHaroHanbHaR MaTpH~a 
D=dig["t .~ .... ,..\n] TaKoB~, 4TO 

A*A =PDP*. 

TorAa cHcTeMa /3/ nyTeM saMeH~ 

y€=P*u( 

MO*eT 6~Tb npHBeAeHa K cneAy~e~ CHCTeMe ypaBHeHH~: 

(D HE)y ( = F, 

rAe 

F=P*A*f. 

OTCIOAa 

( F . 
Y 1 = , 1 = 1,2, ... , n. 

,\ i + ( 
3AeCb A i 2:, 0 ; F i - KOMOOHeHT~ 

PaccMoTpHM ~YHK4HIO 
y(£) = (,\ H)-1, € 2:_ 0. 

eeKTopa F. 

0Ha 6eCKOHe4HO AH~epeH~HpyeMa B OKpeCTHOCTH HynR, ecnH 
,\ > 0. nycTb ,\ > 0, TOrAa 

1 ~ (-1)k k 
y(() = - + I k 1 ( • 

..\ k=1..\ + 

TaKHM o6pasoM, ecnH ..\ 1 >0, TO H3 /5/ HaXOAHM 

/4/ 

/51 

y ( = F (_L + I (-1) k ( ( ) • 
i ..\. k=1 ..\k+1 

!61 
1 1 /1 I 

EcnH *e ..\ 1 = 0, To, KaK noKasaHo e ·S, F 
1 

= 0 
HO, f, = 0. 

OfrosHa4HM 

H, cneAOBaTenb-

-1 . -1 -1 
D = dig[,\ 1 ' ... , ,\ n ] ' 

npH4eM, ecnH ..\1 =0, To ..\ ~1 - npoH3BOnbH~e 4Hcna. H3 paeeHcTea 
!6/ nony4HM 

2 

y( =FD-1+ I (-1)kF(D-1)k+1£k 
k= 1 
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HMeeT MecTo cneAYIO~aR TeopeMa. 

TeopeMa l. JlnR peweHHR u( perym~pHsoeaHHO~ 3aAa4H /3/ cnpa
BeAnHBo pasno*eHHe 

u( = u r + i c ( k, 
k=1 k 

rAe Ck- He 3aBHCR~He OT € KOHCTaHTW. 

/8/ 

,lloKa3aTenbCTBo. YMHO*aR o6e 4acTH paeeHCTBa /7/ Ha MaTPH4Y 
P , nony4HM 

Py( = PFD-1 + I (-l)k PFD-kf k • 
k=1 

TaK KaK y€=P*y€ H P- YHHTapHaR, TO H3 nocneAHero paaeHCTBa 
cneAyeT, 4To 

00 

u( =PFD-1 + I (-1)kPFD-k£k. 
k= 1 

nocKonbKY ~pMyna /9/ cnpaeeAnHBa Amt nl06oro £, a 

limut=ur, 
£-+0 

/9/ 

rAe Ur- HOpManbHoe peweHHe CHCTeMW /1/, TO 143 paBeHCTBa /9/ 
nony4HM 

t r "" k -k k 
u = u + I (-1) PFD t • 

k=1 

I' 

/10/ 

0TCIOAa cneAyeT pa3no*eHHe /8/. TeopeMa AOKaaaHa. 
nycTb Tenepb MaTpH~a A H BeKTOp f 3aAaHW HeT04HO, TO eCTb 

BMeCTO ypaBHeHHR /1/ paCCMaTpHBaeTCA ypaaHeHHe 

Ahv=r~;. /11/ 

rAe Ah - MaTpH4a, OTnH4a~aRCA OT MaTPH4W A Ha aenH4MHY OOPRA
Ka h I h - HeKoTopw~ nono*H~en.HwM M AOCTaT04Ho Manw~ napaMeTp/: 

((A h - A) U, u) ~ II u II h ' /12/ 

f~; - BeKTOP npocTpaHCTBa en, YAOBJleTBOPA~H~ YCilOBMIO 

11r8 -r11~8, /13/ 

8 > 0 - Manw~ napaMeTp. 

I 
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TaKHM o6pa3oM, eMecTo peweHHR uf ypaeHeHHR 11/ H~eTcR 3ne
MeHT V£ , y,qosneTBOPR~~HH CHCTeMe 

/141 A*A Vf+£Vf=A*f.,. 
h h h u 

npH Ka>K,qOM <I>HKCHPOBaHHOM napaMeTpe ( > 0 CHCTeMa I 141 HMeeT 
e,qHHCTBeHHOe peweHHe vE,y,qosneTBOPR~ee ycnOBH~ 

lim v £ = vf , 
r (-+ o I v - peweHHe CHCTeM~ 111 . H3secTHO TaK>Ke, 4To 

lim v f = u r , 
h->0 
a ... o 

npH4eM napaMeTpbl h H o CTpeMRTCR K Hyn~ He3aBHCHMO ,qpyr OT ,qpy-
ra. 

nocTaBHM 4enb~ o4eHHTb pa3HOCTb v£-uf. HMeeT MecTo cne,qy~-
~aR neMMa. 

JleMMa. ,[InA Ka>K,qoro nono>KHTenbHoro £ cnpaee,qnHBO HepaeeHCTBO 

\\v£- u£ II ;:Cc1h + 8)£-1 , 1151 

r,qe C 1 - KOHCTaHTa, He 3aBHCR~aR OT h , 0 H £ • 
,L:\oKa3aTenbCTBO 3TOH neMM~ 04eBH,J:IHO. 
nycTb 3a,qaHa nocne,qoBaTenbHOCTb 

( >£ > ... >£ >0. 
1 2 · m-

Tor,qa, ,qnR ycKopeHHR cxo,qHMOCTH npo4eccoe Haxo>K,qeHHR ycTOH4H
e~x ·peweHHH vc 1 , v £ 2 , ... , v £m , Mo>KeT 6b1Tb HCnonb30BaH npe,q-
no>KeHHbiH a 121 anropHTM. nycTb HaH,qeHo peweHHe v £1 Tor,qa a 
Ka4eCTBe Ha4anbHOrO npH6nH>KeHHR K peweHH~ v£2 MO>KHO B3RTb 
v£ 1. nycTb y>Ke HaWnH peweHHR 

(1 £2 fk 
v ' v ' ••• , v • 

Tor,qa ,qnR peweHHR v£k+1 

( k+1 
vo 

k 
l (.J v fi 

i i=1 

6epeTCR Ha4anbHOe npH6nH>KeHHe: 

KOTOpOe OTnH4aeTCR OT V £ k+ 1 Ha BenH4HHY nopR,qKa £\ 121
• 

K03<!l<I>H4HeHTbl 1'1 , !'2 , ... , 1/k Bbi4HCnR~TCA no <!>OpMyne 

k fk+l-f· 
V, = lJ --. J 

j = 1 f.- f 
j ;i i 

I 

4' 

3,qecb 

t
;;,: 

:'1 ' 
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nocne OT~CKaHHR peweHHR Jm OKOH4aTenbHOe npH6nH>KeHHOe pewe
HHe U K peweHH~ uf CHCTeM~ 111 CTPOHTCR no <i>OpMyne 

m £· 

u=la.v 1
, 

i=t I 

r,qe a 1 , a2' ... , a m 

m -£ j 
a. = n 

I j= 1 ( . - ( . 

j,.:; i 
I J 

/161 

onpe,qenR~TCR H3 COOTHOWeHHH 

/171 

Ten.epb Ha OCHOBe neMMbl aHanorH4HO / 2 / MOIKHO nony4HTb OKOH4aTenb
HY~ 'o4eHKY ,qnR 3KCTpanonHpoeaHHoro no <!>opMyne /161 peweHHR. 

TeopeMa ~· Cnpaee,qnHBO cne,qy~ee HepaeeHCTBo: 

m ch+o m 
~ l \a. \ 1 + C l \a . \ £ ~ , 

i=1 I fj i=1 I I 

1181 llur-u\1 

r,qe C, c 1 - KOHCTaHTbl, He 3aBHCR~He OT h, 0 £, 

,[loKa3~TenbCTBO. TaK KaK a 1 , a 2, ... , am onpe,qeneH~ H3 co-
OTHoweHHH 1171, TO HMeeT MeCTO cne,qy~~ee HepaBeHCTBO: 

m £ m 
II l a. u i - u r II < c l \a. I ( m , 1191 

i= 1 I - i~1 I I 

r,qe C - KOHCTaHTa, He 3aBHCR~aR OT £ 1 , £2 , '"' f m • 
HepaeeHCTBO /181 nerKo cne,qyeT H3 HepaeeHCTB /151, 1191 H 

HepaBeHCTBa TpeyronbHHKa: 
m £ 

1\u-urll= II l a. vi -ur II :S 
i = 1 I 

m f• m (. m £· r 
<\\I a.v 1

- I a.u 
1

1\+11 I a.u 
1
-u 1\ < 

- i=1 I i=1 I i=l I -

m 
< I \a. I 

i= 1 I 

TeopeMa ,qoKa3aHa. 

c 1h+o m m 
-- + c I \a .\ f . 
£. j = 1 I I 

I 

!' 

Cne,qyeT OTMeTHTb, 4TO perynRpH30BaHHoe peweHHe ~ /HnH ~ I 
OTnH4aeTCR OT HOpManbHOrO peweHHR uf CHCTeM~ /1/ IHnH peweHHR 
v r CHCTeMbl I 11 I I Ha eenH4HHY nopR,qKa £ • ,[InA ,qocTH>KeHHR BbiCo
KOH T04HOCTH perynRpH30BaHHWX peweHHH Heo6xo,qHMO B3RTb napa
MeTp £ ,qocTaT04HO Man~M. YMeHbWeHHe ~e napaMeTpa £ s ceo~ o4e
pe,qb yxy,qwaeT cxo,qHMOCTb npo4ecca Haxo>K,qeHHR perynRpH30BaHHbiX 
peweHHH. 4HcneHH~e ~ac4eTw noKa3~Ba~T, ·4To npH trpeMneHHH na
paMeTpa £ K Hyn~ KOnH4eCTBO Htepa4HA l3aSHC~~ee OT B~4HCnHTenb-

5· 
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HOf"O MeTOAa onpeAeneH~ft perynRpH30BaHH~X peweHH~/ MOHOTOHHO 
pacTeT, A6con~THaR norpewHOCTb /pa3HOCTb MeMAY HopManbH~M H 
perynRPH30BaHH~M peweHHRMH/ npH 3TOM naAaeT AO HeKoToporo 3Ha-
4eHHR napaMeTpa Em H, Ha4HHaR c 3Toro SHa4eHHR, yaenH4HBaeT
CR. TaKHM o6pa30M 1 HMeeT CM~Cn Ha~TH perynRPH30SaHHWe peWeHHft: 

ft f2 em v • v , ... ,v • 
H 3aTeM OKOH4aTenbHOe npH6nHMeHHOe peweHHe U CTpOHTCR no ~p
Myne /16/. 3$$eKTHBHOCTb pa3nOMeHHft /8/, a TaK*e nony4eHHOH 
Ha ocHose 3Toro pa3noMeHHR $QpMyn~ /16/, noKa3aHa a cneAY~~eH 
Ta6n1114e: 

( llu£ -uri! llu-uf!J 

O,Ot 6,2lxl0-4 

0,0075 4,66xto-• 

0,0050 3,llxi0-4 

0,0025 1 ,55xto-• 3,00xl0'"'12 
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PyKonHCb nocTynHna a H3AaTen•cKHH OTAen 
8 ceHTA6pA 1981 f"OAao 

mHAKOB E.n., HryeH MoHr, ~eAopos A.B. 
YToqHeHHe perynnpH30BaH~ pemeHHH CHCTeMbl 
nHHeH~ anre6pa~eCKHX ypaBHeHHH 

5-81-595 

llpeAnaraeTCH MeTOA YTOqHeHHH perynnpH30BaH~X pemeHHA 
CHCTe~ nHHeA~x anre6paHqecKHX ypasHeHHA. llonyqeHo acHMnTo
THqecKoe pasnoEeHHe pemeHHH no cTeneHHM napaMeTpa perynnpH
sa~H H Ha OCHOBe 3TOro pasno~eHHH npOH3BOAHTCH yToqHeHHe 
npH6n~eH~x pemeHHA. 

Pa6oTa BhlnOnHeHa B na6opaTOPHH B~HCnHTenbHOH TeXHHKH 
H asToMaTH3a~HH OHHH. 

CooCflleHMe 06-..eAMHeHHOrO MHCTMTYU IIAePHIIIX MCcneAQaattMA, .Qye5Ha 1981 

Zhidkov E.P., Nguyen Mong, Fedorov A.V. 5-81-595 
Increasing of Accuracy of Regulation Solutions 
of Linear Algebraic Equations 

A method is proposed for increasing the accuracy of re
gulation solutions of linear algebraic equations. The asymp~ 
totic expansion of solutions by powers of grid regulation pa
rameter is obtained which allows one to increase the accuracy 
of approximate solutions. 

The investigation has been performed at the Laboratory 
of Computing Techniques and Automation, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1981 

llepesoA O.C.BHHorpaAosoA. 
I 


