
~y :f. 3 -~- :b I 

COOfilllBHMR -t 
OfibBAMHBHHOrO 

MHCTMTYT8 
RABPHbiX 

MCCJIBADB8HMI 

AYfiHa 

E.ll.IMAKOB, HryeH MoHr, A.B . ~eAopoB 

OB O~HOM METO~E llOBMIDEHHH TQqHOCTH 
KBA~PATYPHMX ~OPMYR 

1981 



. ~ 

,.,. 

B HacTo~~eH pa6oTe npeAnaraeTc~ MeTOA yT04HeH~~ KBaApaTyp
HbiX (j>opMyn AnR npo~aeonbHOH r naAKOH (j>yHKL\~~. OH ~en~eTc~ npo
AOil~eH~eM ~Ae~ 3HnepoB~X MeTOAOB

7 
P,aano~eH~~ OCTaTKa KBaApaTYP 

no cTeneH~M wara ~HTerp~poeaH~~ 17, e HeM ~7nonbayeTc~ ~aeecT
Ha~ n~HeHHa~ 3KCTpanon~LI~~ no P~4apACOHY 2 

. 
nycTb f(x)- 2v (v~l)pa3 HenpepbiBHO A~(j>(j>epeHL\~PYeMa~ Ha oT-

pe3Ke ( !1-, b] (j>yHKL\~~: 
2v 

f(x)'i C [a,b]. 

TorAa cnpaaeAn~so cneAY~~ee ee ·paano~eH~e no MHoro4neHaM 6ep

Hynn~ 111: 
b 2v-1 k·1 (k 1) (k 1) 

f(x)•!..(f(t)dt+ I. LBk(~)[f- (b)-f- (a)l+ 
h a k=1 k! h /1/ 

+p2Jf). x~.[ a, b], 

rAe h·b-a, 

h2v-1 b (2 v) 
P

2
v(f)=- {.f (t)[B:v(..!::l)-B; (~)]dt. 

(2v) ! a h· v h 

3AeCb Bk(y) .o~y,S:l,- MHOr04neH 6epHynn~ k-H cTeneH~, a s;(y)
ero nep~OA~4eCKOe npOAOn~eH~e C nep~OAOM, paBHbiM 1 • 

Tenepb, ~cnonb3Y~ !I>OPMYilY /1/, AOKa~eM cneAY~~Y~ TeopeMy. 

T.eopeMa 1 • nycTb aaAaHa nocneAOBaTenbHOCTb LlenbiX riono~~Tenb
HbiX 4~cen: 

n 1 ,n 2 , ... ,nq' q~l. 

nycTb a1, ••• ,aq TaKOB~, 4TO 

q 
I. ak = 1, 
k•l 

rAe 
b-a hk __ , 
nk 

q 2! 
I. akhk .. Q, 

k=1 

k-1,2, ... ,q. 

foe 
I 

/2/ 

i=1,2, ••• ,q-1, /3/ 

...... 1 
: •j c 

' 

1 
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I 

nycTb n k-1 
hk 

T "'--U(a)+f(b)+2~ f(a+ihk)], 
0 k 2 i. 1 

k=1.2 •••• ,q. 

/4/ 

TorAa AilA mo6oi1 4>YHK4"~"~ f(x), 211 paa (11-1 ~q) HenpepbiBHO A"~4>
CI>epeH4"~PYeMoi1 Ha oTpeaKe [a,b],. "'MeeT MecTo cneAY~~ee npeACTae
neHifte: 

b q 
r f(x)dx = 

a 
~ ak Tn + 

k=t k 
11-l 9. 2k 

+ I ck l: a 1 h . + p ( f), 
kaq i=l I 

/51 

rAe Ck- nOCTOAHHble, He 3aBHCA~J.1e OT h1, 

(211) q ak 211 
p (f) =(b-a) 8

2 
f (f) I - h k , (Eo [ a,b]. 

11 k=l(2v)l 

~OKa3aTenbCTBO. nepenHWeM CI>OpMyny /1/ B cneAY~~eM BHAe: 
b 

J (I}!! (f(x)dx = h f(x)- h B 1 ( x;a) [ f(b)- f(a)]-
a 

211-1 h k x-a (k-1) (k-1) 
- ~ -8k(-)[f (b)-f {a)]+p (l), 

k=2 k 1 h 211 

p
2 
(f)-~-tr<211h)[82* (.!.=!)-8

2
* (..!=!.)]dt, 

11 (2v) I a 11 h 11 h 

xc;;[a,b). 

TaK KaK Cl>opMynbl /6/, 171 cnpase,qnHBbl AflA n106oro x H3 
[a, b), To, nonaraA x =a, o6oaHa4aA T2 = -l-£ f(b)+ f(a) 1 
aaMeHy a-t=- h u e nocneAHeM HHTerpane /7 f, nony4aeM 

211-1 k (k-1) (k-1) 
J(f)=T2 -I-1LBk(O)[f (b)-f (a)]+ 

k=2 k I 

h 211+-1 1 
+- r f(a+hu)y (u)du. 

(2r• )! 0 2" 

3AeCb 8k (0)= 8 k - 4Hcna 6epHynnH /t '.a 

Y 211 (u)- B 21 ,(u)- 8 2" (0), O~u-:1. 

/6/ 

171 

oTpe3Ka 
H ,qenaR 

/8/ 

,, 

,t> 

,. 

,~'f!lr, 

;;~<:' 

·~j 
~~,_ .. ·;_ 

·, ~' 

'~)1 
lt 

'~~~~ 
1!.~( 

.,~: 

·m ,. 

l•" 
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C y4eTOM TOro, 4TO 
8k=0, 

AflA Bcex He4eTHbiX HHAeKCOB, OTflH4HbiX OT 1, CI>OpMyna /8/ ynpo
~aeTCR: 

v-1 h2k (2k-l) (2k-1) 
J(f)=T2 -· ~ -82k[f (b)-f la)]+ 

k=1 (2k) I 
191 

h211+1 
+-

1 (211) 
f f (a+hu)y 2 (u)du. 

0 II ( 2v) I 

Ecnlff AflHHa OTpe3Ka (a,b) AOCTaT04HO Mana, TO B Ka4eCTBe np"'-
6nlft>KeHHOro 3Ha4eH"'A K HHTerpany J (f) MOIKHO B3ATb CyMMY: 

T 2 = 0,5 [ C(a) + f(b)]. 

3TO ManaR CI>OpMyna Tpane1,4HH, norpeWHOCTb KOTOpOH HMeeT nOPRAOK 
b3 

TaK KaK OTpe3oK [a, b] npolft3BOnbHbiH, TO ero pa3AenHM Ha n 
paBHbiX 4aCTeH T04KaMH: 

a,a+h, a+2h, ... ,a+(n-1)h, a+nhzb, 

b-a 2 h=-· n~ • 
n 

Tenepb K Ka>KAOMY 4aCT"f4HOMY oTpe3KY 

[ a + i h, a+ (i+1) h] 

np"'MeH"'M CI>OPMYflY /9/: 
a+ih+h 
r f(t)dt- 0,5 [f(a+ih) + f(a+ih +h)]

a+lh 

11-1 h2k (2k-1) (2k-1) 
I - 8

2
k[ f (a+ih+h)-f (a+ih)}+ 

k=t (2k)! 

h211+1 1 (211) 
+ -- r r (a+ih+hu)y (u)du. 

(2v) ! 0 2r/ 

/10/ 

no4neHHO cyMMHPYA paBeHCTBO /10/ no seeM 3Ha4eH"'AM OT 0 AO 

n-1, nony4HM 
b n-1 a+ih+h 11-1 2k (2k-1) (2k-1) 
r f(t)dt .. ~ r f(t)dt=T- I Ls [f (b)-f (a)]+ 

a i=O a+ih n k=l (2k)! 2k /11/ 

+ P211(f), 

2 1 
-~~- ' -----=--------------L 
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rAe 
n-1 

T .. ..l h[f(a)+f(b)+2 ~ f(a+kh)]. 
n 2 k"'1 

/12/ 

h 2v+1 1 n-1 (2v) 
p (t)-- r I. f (a+kh+hu) y (u)du • 

2v (2 v ) ! 0 k•O 2v 
/13/ 

PaccMOTPI1M 11HTerpan 

1 n-1 (2vl 
l(t) "'{. ~ f ( a+kh+hu)y (u)du. 

0 k"'O 2v 

KaK noKa3aHO 8/1/, Ha OTpe3Ke [ a,b] CYI!IeCT8yeT TaKa.A T04Ka (:, 4TO 

I(t) "'-nB2v r<2v>co. 

0TC10Aa 

h2v+1 (2v) 
p J f) •- n B f ( (), 

2 (2 v) ! 2v 

npl14eM T04Ka ( CYI!IeCT8yeT He3a811CI1MO OT 8~6opa 411Cna n.TaKI1M 
o6pa3oM, An.A n106oro n > 0 cnpa8eAn1180 npeACTa8neHI1e 

v-1 h 2k (2k •l) (2k ·1) 
J(t) .. T- ~ --B [f lb)-f (a)]-

n k=1 (2k) ! 2k 
/14/ 

nycTb n 1 , n 2 , ... , nq - 3aAaHHble nonOIKI1TenbH~e 4enble 1..111cna. 
TorAa, nOACTa8n.A.A n 1 8MeCTO n 8 ~OpMyny /14/ 11 YMHOma.A o6e 
1..1acT11 nony4eHHoro pa8eHCT8a Ha at , onpeAeneHHoe 113 ycno811~ 

TeopeMbl, 11 3aTeM CYMMI1PY.A no 8CeM i OT 1 AO q,nony4aeM 

2k 
Q q v-1 h 1 (2k-1) (2k-1} 

J(t) • ~ a 1 T 0 . - I. a1 I. -·B2k[ f (b)- f (a)]-. 
i=1 I i"'1 k"'q(2k) I 

2v+1 (2v) ~ nth i B f ((), _ ~ a 1 2v 
h•l (2v) I 

b-a 
h."'-·· 

I ni 

0TCIOAa cpa3y cneAyeT npeACTa8neHI1e /5/. TeopeMa AOKa3aHa. 

HenocpeACT8eHH~MI1 cneACT811.AMI1 TeopeM~ 1 .A8n.AIOTC.A cneAYIOIIIHe 
YT8epmAeHI1.A: 

4 

~~ 

'''-' 

f 
I 
j 

, .. 
' ~1'»11 
'.ii 

,,~' 

L·, 

'1: 

{.\ ., 
,, 
\''• 
1:1 
I 

TeopeMa 2. An.A ~opMynbl Tpane411~ T0 cnpa8eAnH80 pa3nomeHI1e 
no cTeneH.AM wara 11HTerpl1po8aHI1.A: 

v-1 h2k (2k-1) (2k-1) 
J(f) .. T0 - ~ -B2k[f (b)-f (a)]-

k=1 (2k) I . 

h2v+1 /15/ 

-(2v) I 

B f(2v) 
2v eel. f,;; [a, b].. 

AoKa3aTenbCT8o, ~opMyna /15/ nony4aeTc.A 113 npeACTa8neHI1.A 
IS/ np11 q ·1, a=l. TeopeMa AOKa3aHa. 

3aMeTI1M, 4TO ~OpMyna /15/ 11 eCTb 3HaMeHI1Ta.A ~OpMyna 3~nepa
MaKnopeHa/1/, ycTaHa8nl18aiOIIIa.A CB.A3b MemAY 11HTerpanOM J(f) 11 
CYMMO~ 3Ha4eHI1~ ~YHK41111 f(X) 8 paBHOOTCTO.A1!111X T04KaX: 

n 
Sn"\:

0
f(a+kh) .. h-

1 
T

0 
+0,5[f(a)+f(b)]. 

~opMyna /15/ 6blna nony4eHa ell/ AOBOnbHd cnomHbiM nyTeM. An.A 
yeen111..1eH11.A T04HOCTI1 ~opMynbl Tpane411~ TaM me npeAnomeH cneAyi0-
11111~ np11eM. K cyMMe T n np116aen.RIOTC.A cnaraeMble 

h2k (2k-1) (2k-1) 
-B2k[f (b)-f (a)]. k =1,2, •••• 
(2k)! 

TaKo~ np11eM He 04eHb YA06eH, TaK KaK npi1XOA11TC.A Bbi411Cn.ATb 
npOJ.13BOAHble ~YHK41111 f(X) Ha KOH4aX 0Tpe3Ka (a ,b].. 3TO HeyA06-
CTBO OC06eHHO npO.ABn.AeTC.A B TeX cny4a.AX, KOrAa ~YHK411.A f(~ He 
3aAaHa, a 111!1eTC.A 8 Blo1Ae peweHJ.1.A HeKOTOpOrO ~YHK4110HanbHOrO r 
ypaBHeHJ.1.A. 

KaK B11AHO 113 npeACTaeneH11.A /5/, An.A noBbiWeHI1.A T04HOCTI1 KBaA
paTypHo~ ~OpMynbl Tpane411~ AOCTaT04HO Bbi411Cn.ATb CYMMy T n He
CKOnbKO pa3 An.A pa3nlo14HbiX 3Ha4eHJ.1~ n 11 B Ka4eCTBe KBaApaTypHO~ 
~OpMynbl nOBbiWeHHO~ T04HOCTJ.1 B3.ATb KOM6J.1Ha41110 

q 

T = I. at T0 • /16/ 
i=l .I 

np11 q=2 ~opMyna /16/ AaeT norpewHoCTb nop.AAKa h4, a np11 q=3 -
norpeWHOCTb nOP.AAKa h6 11 T.A. 

04e811AHO ,4TO Halo16onee 3KOHOMJ.14HO~, C T04Klo1 3peHI1.A peanlo13a-
41111 ~opMynbl I 16/ Ha 38M, .A8n.AeTC.A 3Ta ~opMyna np11 cneAYIOIIII1X 
AaHHbiX: 

n 1 = n, 

q 
.~ a.1 "'1, 
1"'1 

n 2 =2n, n3 =4n, ... , 

q -2k(i-1) 
~ at 2 =0, 
i=1 

k=1,2, ••• ,q-1. 

n _ 2 Q-1 
q - n ' 
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B AaHHOM cny4ae ~opMyna /16/ npHHHMaeT BHA 

q 

rAe 

T=!. a 1Tn.= 
i =1 1 

1-1 
q 

= h I 
2 n-1 

a. 1-i 
..2-[f(a)+f(b)+2 I f(a+kh2 )] , 

1•1 21 km1 

b-a 
h =---· n 

CneAcTeHeM ~opMyn~ /17/ ~en~eTc~ cneAY~~a~ 

/17/ 

TeopeMa 3. nycTb Tn H T2nB~4HCneH~ no ~OpMyne /13/ COOTBeT
CTBeHHO An~ n H 2n, a Un- no ~opMyne CHMncoHa: 

n-1 n 
U =.!L[f(a)+f(b)+2 I f(a+kh)+4 I f(a+(2k-1).2h )]. 

n 6 k=1 k=1 

TorAa 

4T2n -Tn 
u =-.---. /18/ 

n 3 

H cnpa8eAnHBO paano~eHHe 

v-1 h2kBz -2k+2 (2k-1) (2k-1) 
J(f)=Un+ I k[l-2 ][r (b)-f (a)]+p (f), /19/ 

k=2 3 (2k) I 2 v 

rAe 
nh 2~'+ 1 - 2v+2 (2v) 

p (f) ... -(1-2 )82 f (f). 
2v 6(2v)! v 

(o;[a,b]. 

~oKaaaTenbCTBO. HenocpeACTBeHH~M o6pa30M nerKo npoeep~eTc~ 
paseHcTeo /lB/. Paano~eHHe /19/ .cneAyeT H3 npeAcTaeneHH~ /5/ 
npHq=2 ,a 1=-1/3 ,a2 =4/3 ,n1=n ,n 2=2n. TeopeMa AOKa3aHa. 

OTMeTHM, 4TO, KaK H ~opMyna /15/, ~opMyna /19/ 6bma nony-
4eHa ell/ 6onee cno~HbiM H rpoM03AKHM nyTeM no cpaeHeHH~ c npH
BeAeHH~M B HaCTO~~eH pa6oTe. 

B o6~eM cny4ae c noMO~b~ KoM6HHa~HH /17/ Mo~Ho nony4HTb paa
nH4H~e KBaApaTypH~e ~OpMyflbl BbiCOKOrO nop~AKa T04HOCTH. 0HH AO
CTaT04HO npoCT~ H YA06Hbl He TOflbKO Afl~ npH6nH~eHHoro B~4HCne
HH~ HHTerpana J(f), HO HAn~ 4HCfleHHOrO peweHH~ HHTerpanbH~X 
ypaeHeHHH. 
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