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,llllR BeUieCTBeHHOH KOHe4HOH 11 2rr -nep110A114eCKOH II>YHKI.\1111 f 
paCCMOTPI1M ee 11HTepn011RI.\110HHbiH Tpl1rOHOMeTpl14eCKI1H n01111HOM 

l!>ypbe-narpaH>Ka /cM/11 cTp. 10/ 
. (n) n (n) · (n) 
~(f;x)=a 0 /2+ I av (f)cosvx+bv (f)sinvx, /1/ 

V"'l 
coenaAa~llll1i1 c Hei1 a T04Kax 

x\n)=2rrj/(2n+l), j=0,1, ... ,2n /2/ 

/a ClleAOBaTellbHO, TaK>Ke 11 B T04Kax, KOHrpyeHTHbiX T04KaM X~n) 
no mod2i . /. 0603Ha411M 4epe3 I~~(f;x) 4aCTI14HY~ CYMMY 

nopRAKa '"v no1111HoMa I 1 I 11 np11n0MH~M··, 4TO ero K03II>Il>111.\11eHTL>i BbJ­

pa>Ka~TCR 4epe3 3Ha4eHI1R ll>YHKI.\1111 f a y311ax /2/ l!>opMynaMI1 

2n . . (n) 
a<n)(f)= ~·I f(x<.n) )cosv~.J; · 

v 2n + 1 jzO. J 

(v=O,l, ... ,n). /3/ 
2n · 

b(n) (f)= .J.!L_ I f (x (jn) ) sinv x <.n> 
v 2n+1 J=O · J 

B npaKTI14eCKOM rapMOHH4ecKoM· ·aHa11113e no1111HOMbl In (f; x) 11 

1 0 v(f;~) . RBilR~Tc~ YA06H~M 11 o6~4H~M annapaToM np1161111>KeH11R 

I!>YH,KI.\1111 f, TaK KaK 4aCTO 3Ha4eHI1R f MO>KHO Hai1TI1 1111Wb Ha KO!ie4-

HOH CI1CTeMe T04eK nep110Aa. 0AHHM 113 OCHOBH~X BOnpOCOB B 3TOM 

HanpaBileHI111 RB~ReTCR BOnpoc 06 annpoKCI1MaTHBH~X CBOHCTBaX 

no1111HOMOB In, v (f) 11 o BKilaAe, KoTopbiH AaeT v-Tbli1 411eH cyMMbl 

/1/ npH annpoKCI1Mal.\l-fH f. .npH 3TOM RCHO, .4TO noeeAeHI1e 1
0
,v(f), 

a~>(f) H b~~ f) cyllleCTBeHHo 3ae11cHT oT c'rpyKTYPHbiX 

CBOHCTB ll>YHKI.\1111 f 11 .OT Be1111411~~ v 11 n , 

B pa6oTe
121 

HaMH i-lccneAOBallHCb ee11114HHbl (1 < p < oo) 

II f-In,v (f)IILP(f;n+V' 

rAe, KaK 06bi4HO, (lS:p< oo) 
· 2rr ·· 

II g ILp= 12~.'! I g(t)lp dt 1
11

P, 

llglloP . =I 2
" · ¥ I g(( llpJliP 

l2n+1 ]ii'+'f" J=O j 

0 · ... ;Ell~lHEHHbiH 11HC fl'ITY" 

~:.:·rPHLIX :AC•:nCD06;.\HW· 

6V1EnV10TE:KA 

/4/ 
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/B HaWHX paCCMOTpeHHRX BCerAa T04KH ~j , j =0 ~ 1', .••• , 2n 6y­

AYT paBHOOTCTOR~HMH Ha nepHOAe, T.e. ~j-:~j- 1 =2rr/(2n+ 1) ; 
j =1 ,2, ... , 2n · H 3To e AallbHei1weM He 6yAeM cne1.11.1a11bHO oroea­

pt.1BaTb/. 0Ka3ai10Cb, 4TO noBeAeHJ.1e Bei1H4HH /4/ MOmHO xapaKTept.1-

30BaTb HHTerpallbH~M MOAYileM Henpep~BHOCTH ~YHKLIHI.1 C 

wk,<r;_8)LP= su~~~~~~f(x)!lLP: lhl!::o I 

H MOAYileM: 

rk(f;8)LP = ltciJk(f;x:8)J~l.P, /6/ 

rAe . k 
wk{f;x,8)= supiJ~hf(t)l: t,t+kh~,[x-k8/2, X+k8/2L 

k k k-j k 
~hf(t)_= j:a (-1) .< j )f(t+jh), 

k - HaTypallbHOe H 0 < 8 - AeHCTBHTellbHOe /o6 HCTOPHH MOAYilfl 

\(f;8)LP 1.1 era npHMeHeHHRX CM.I S-S/ /. . 

B HaCTOR~ei1 pa6oTe nolly4HM Ol.leHKH Allfl K03~~HLIHeHTOB ~ypbe-
JlarpaHma /3/ ~YHKLIHH C 4epe3 MOAYilH wt(f;8) LP H rk(f ;8) IP , 
a TaKme 4epe3 HeKOTOpble APYrt.1e xapaKTepHCTHKH ~YHKLIHH C. 0 

1<03~~H1.1HeHTaX a(~) (C) H b(~) (t) H3Becnio, 4TO OHH CTpe-

MfiTCfl K HYI110 Allfl BCRKOH HHTerpHpyeMOH B KS1aCCH4eCKOM'CMbiCS1e 

PHMaHa tllYHKLIHH r. KOrAa n~;v ... 00 /cM(11• CTp. 25/, H 4TO eCilH 

. ~YHKLIHR f HMeeT orpaHH4eHHYIO p -eapHai.IHIO ,' T ;"e.,_ 
~1 ·. 

VP(t)=supl(~ l f(tJ 
1 

)-:f(t.')JP)1
1p: O=t <t < ... <te-2" l<oo . 171 

. J=O + J , . 0 1. 

TO./CM 111,CT~. 27, 161 /. . 

(n) (n) . · -1/p 
max(la,... (t)J.Ib,... (t)!J .s.CpVp(t)v• , 

a, eCilH f HMeeT orpaHH4eHHOe k -H3MeHeHHe, T. e. 
(k) f-1 . k . . . ' ' . . 

V (t)=supl.~ l~h.f(tj)J: 0 .. t 0 <t 1< ••• <te~2rrl<oo 
J""O J /6/ . ' . 

/3AeCb hj=(tj+l-tj )/k /, . TO. •. . 

max(la<:>(f)J, I b~n) (t)J).s,Ck (t1(t)+V(k)(t))v- 1 , 

/8/ 

rAe Cp H C k- nOSlOmHTellbHble nOCTORHHble, ,3aBHCfi~He COOTBeTcT­

BeHHO OT p H k, M(t) = supiJ f(t)l: t~•[0,2rrl,l. · 
Bee 3TH pe3yllbTaTbl nolly4aiOTCfl · KaK ClleACTBHe 113 ClleAYIO~ero 

YTBepmAeHHR, I<OTOpOe- fiBilfleTCfl OCHOBH;,IM B HaCTOfl~eH CTaTbe H 

AOKa3b1BaeTCfl B §2. 

'TeopeMa. .L\IlR 11106oi1 orpaHH4eHHOH H HHTerpHpyeMOH 

2rr -nepHOAH4eCKOH ~YHKLIHH f H Allfl 11106biX HaTypallbHbiX 

no PHMaHy 

k ,' v· 

H ll , II ,S,n HMeeT MeCTO Ol.leHKa i ' 

(n) ~ (n) . • -k . 
max(la 11 (1) I ,J b 11 (t)J).S,Ck (rk(f,h)L + (11h) wk(f ,h) L)' 

/9/ 

2 

• - '~ 

l 

rAe O<Ck- KOHCTaHTa, 3aBHCR~aR nHWb (:n k, -a 2rr/(2n+l),S,h -
11106oe. 

B §1 npHnOMH!.1M ceoi1cTsa MOAYriR rk(f;8)LP H nOI1Y4HM HeKo-) 

TOpble ero CBR3H C APYrt.1MH ·xapaKTepHCTHKaMH ~YHKLIHH f. 113 3THX· 

. YTBepl!(AeHHH H 113 TeopeMbl B §3 nOI1Y4HM, KaK ClleACTBHfl, O~eHKH 
K03~~H4HeHTOB /3/ Allfl HeKOTOpbiX KllaCCOB ~YHKLIHH. 

AfiR-0611er4eHHfl ¢0PMYI1HpOBOK YTBepmAeHHH OTMeTHM, 4TO BC~AY 
B AallbHeHWeM paccMaTpHBaiOTCfl TOSlbKO ~YHKLIHH, HHTerpHpyeMble 

e KllaccH4ecKoM CMbiCile PHMaHa H c nepHOAOM 2rr. ClleAoBaTellbHO, 

OHH ecerAa 6YAYT KoHe4Hbl H·orpaHH4eHbl. KpoMe Toro, scerAa • 

V, k H ll ( v ,S, ll) ..; npOH3BOI1bHble HaTypaSlbHble 4HCS1,a, 0 <8 H 

p E•[ 1, oo)- 11106ble. Aei1cTBHTellbHble 4Hclla. HaKoHe4, KOHC.TaHTbl 

/BCIOAY nOilOmHTellbHble/, 6b1Tb MOmeT,. H pa3Hble, scerAa o603Ha4aiOT 

4epe3 C. Ck H Ck,p ,yKa3blsa.R 11HAeKcaMH, I1HWb oT KaKHX napa- · 

MeTpOB OHH 3aBHCRT. 

§1. CBOtlCTBO MO,L\YJlH rk(f;B)LP 

JleMMa 1 /CM.I3,7If. 11MeiOT MeCTO HepaseHCTBa 

1/ wk(f;8)Lp .S, rk(f;8)Lp ~rk(f; 8}Lq 

.Srk(f;8)L00 =~(f;8)0 (p~Q), 

Ck . . I 2/ rk(f; A8\p ,S(l+C>..) rk{f;8)Lp /O<A ... , AeHCTBHTellbH07 , 

3/ r k+t (f;B)IP .S,8rk(f' ;8)Lp, 

4/ r
2

(f;8)IP .S,C8w 1 (f' ;B)Lp, 

5/ r
1
{f;B\p ~ Bllf' IILp. 

. 161 . 
JleMMa 2 /eM. /. CnpaseAilHBbl yTsepmAeHHR 

1/ lima-.+Orl(f;8)L =0 TOrAa H TOilbKO TOrAa,.KOrAa 

~YHKLIHfl f HHTerpHpyeMa no PHMaHy. 

2/ r 1 ( f; 8) L = 0( 8) TOrAa H TOilbKo Tor.Qa, KorAa ~YHKLIHR f 
!.1MeeT orpaHH4eHHYIO 1-eapHai..IHIO, .T. e. HMeeT KOHe4HOe nOll HOe 

J.13MeHeHHe Ha nepHOAe. k 

nycTb wk{f;x,B)=SUP ll~hf(x)l: Jhi.S,81 

H rk(f;B)Lp =llw;(r;x,B)II~P.' /cp. 'c' /6/ I 

noKameM, 4TO cnpaBeAilHBa ClleAYIO~afl 

3 



neMMa 3. HMe~T MeCTO HepaseHCJBa 

rj;_ (f;8)Lp ~,rk(f;8)IY 5 2rk (f;k8)IP. 1101 
,l\oKaSaTellbCTBO, nesoe HepaBeHCTBO 04eBHAHO. J\JlR·,qoKa3aTellb­

CTBa npaeoro aaMeTHM, 4To. 

.wit (f; x, 8) =sup II~~ f(t) I: t,t+kh ~[ x-k8/2, X+k8 I2H 

' 1 1 k~ 1 . . . . . ' . 
~,sup ll(~h+h -~b 1)~h f(x)l:h,h1.1hl:$8, lh 11:Sk8,lh+h 11~k81 1-

~ supl2l~khf(x)l: I hl~,k81.,.2w;(r;x,k8), 

r,qe h 1 = t- x. TaKHM o6pa30M, nOllY4Hf!H, _4TO 

wk(f; x,8) 5, 2 w k (f; x, k8). . 

6epR LP- HOpMy ofieHX CTOPOH nocne,qHero HepaseHCTBa, no­
llY4aeM H npasoe HepaBeHCTBO B 1101. 

nycTb Iln,a.- npOH3BOJlbHOe paafiHeHHe 0Tpe3Ka [a., a.t-2rr] .2n 
T04KaMH t j, j =0, 1, ... ·, 2n-1, y,qoaneTBOPR~~HMH . YCllOBHKl 

a;$ to< tl $ t 2< t3;$, ... ~.t2n-2< t2n·i ~.a.r2rr • 

,l\llR. TOro, 4TOfibl xapaKTepH30BaTb ¢YHKLIH~ f, AllR KOTOPOH p -
sapHal.IHR Hllli k -HaMeHeHHe HeorpaHH4eHbl I eM. 171 H 181 I, no 
aHallOrHH C HX onpe,qeJleHHRMH BBO,qHM CJle,qy~~y~ xapaKTepHCTHKy 
¢YHKLIHH 'r: . . ' ' 

n-1 · 
Kk P(f;n) .. sup sup I(~ I~~- f(t 2. >IP)l/p : Iln a 1: 1111 

• a J=O J J • 

r,qe h J = (t2J+t -t21 );k, j =0 ,1 , ••• , n-1. . 4acTHble cny4aH xa- . 
paKTepHCTHKH Kk,p(f;n) paCCMaTpHBallHCb. J.oi paHee pa3HbiMH aBTOpa-
MH H npHMeHRllHCb B pa311H4H~X BOnpocax TeOpHH annpOKCHMal.IHH. 
T04Hee, npH k =1' p =1 1111 BBellH ·"' HCnOJlb30BallH nonos 19/ 
H 4aHTYPHR 1101, npH k ~.'.1, p = 1- a STOp COBMeCTHO C neTpyweBbiM/ll/ 
H npH k =1 , p ;:: 1 - MywenaK /12/, 

04eBHAHO, 4TO K k,p (f; n) - Heyfi~Ba~~aR ¢YHKLIHR l.lell04HCJleH­
HOro napaMeTpa n "' 1 eM. /7 I H · !81 I 

K 1 ;p(f;n)~;VP(t), · ~. 1(r;n)$,V(k) (f). /l2/. 

Cne,qy~~aR neMMa CBR3blsaei rk(f;2rrln)Lp H 

neMMa 4. HMeeT MeCTO HepaseHCTBO /chy4al1 
CTeH, CM. 141 / 

1/ . 
rk(f :2rrln)Lp ;$ (l+k) P n-1/pK k,p (f;n). 

4 

K k. (f;n). • ,p 
k=), p=) H3Be-

1131 

f 

J\OKa3aTellbCTBO. nycTb f. - npOH3BOJlbHOe .nOJlOIKHTellbHOe H' 
p ==2rr ln. Hcnonb3YR HepaseHCTeo· MHHKoscKoro; riony4aeM ·" n . 

1 2rr · 1/p . n-1 (j+l)Pn 1/p 
Tk(f;pn)Lp= 1-

2 
' ( w·k(f;X,p )pdxi .. IJ_,~ ( w(f;x,p.)Pdxl 

- " 0 n 2rr J•O . k n - JPn 

1 n-1 P 1/p _ 1/p n-1 . . f 1/p> 
$,.1-

2 
.~(wk(f;~J··Pn)+d pI ;$,n l~w(f;~_,p I +£ 

rr.J-0 . n j=ok J n. 

5, n -1/pti
1
( ~~:. ··f(-~j ·)l+dpll/p ~-£ ~,n -1!~ ~-la:, f(~'J)Ipll/p + 2£, 

j•O j . · . · " . i•O j . · • 

r,qe :~j~'[jpn,(j+1)pn],. ~j·.~j·+khj-~{~J-kpnf2, ~J +kpnl2] 

E[(j-kt2pn • (j +1+ kt2)pn ]. H hj- BCer,qa MOlKHO C4HTaTb 
HepaBHbiM' HYll~ ( J =0, 1, ... , n-1). OTMeTHM ,. 4TO napbl T04eK 
~J, 'J + ~J- JlelKaT Ha OTpe3KaX AllHHbl (k+l)pn, l1 TaK KaK 

scer,qa l~hf(t)l;...l~~hf(t+ kh)l~ To, ecnH HYlKHO, nepeo6oa-
Ha4aR T04KH napbl; MOlKHO C4HTaTb hj· nonolKHTellbHbiM. Tor,qa HMeeM 

tniV~k; r<C·>Ipl1/p==II ~ l~k. f{e-: . )lplt/p 
j•O . _h j . j f=O j h(k+l)j+f (k+l)J+f . 

k ' /p 
;$, I (k+1) max ~ I 6: h,. +f ra:~ f >I p 1

1 ~- (k+1)
11

p Kk (f;n), 
0 $,f;$!t J (k+l)j ( +l)j+ ,p 

TaK KaK B KalK,qOH BHyTpeHHeH CYMMe T04KH; no KOTOpbiM fiepeTCR 
k -TaR KOHe4HaR paaHOCTb c soapacTaHHeM j, HAYT cnesa H·anpaso 

Ha 4HC110BOH OCH, H 4HCJ10 cnaraeMbiX B KalK,qOH ·.TaKOH CYMMe He 
npesblwaeT [n/(k+ 1)1+·1 ~, n. HTaK, nony4HllH, 4TO 

. I ..ttp - 11P · (f rk(f;2rr n>r_p ~ (k+1) n Kk,p ;n)+2£, . ,. 

Ha 3Toro HepaseHcTsa ,· BBHAY npqH~BOllbHOCTH £> 0 ,·cne,qyeT YTBeplK-. . 
,qeHHe neMMbl. 

. 3aMe4aHHe 1. ,l\JlR paa6HeHHR IIn ~ Ha. onpe,qeneHHR K.k,p(f;n) 
/eM •. /11// o603Ha4HM -· . 

I rrn,a; I ;, max I t2j+l .:.. t2j;: j ~ 0,1, ... ,n..:11.-. 
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TorAa, npOCileAHB, AOKa3aTellbCTBO nOCileAHeH ·neMMbl,. BHAHM, '.4TO 
. ecerAa AilR.Kkp(f;n) H3 Ol.\eHK11 /13/ llln,al~2rr(k+1)/n, T.e. 

In I :... 0 npH n ... 00. CneAOBaTellbH01131; eCilH n,a · 

Vp* (t) =·lim.,· sup s~plti" 1 1 A~. f(t"2J. )jP)
11

P: Tin .,jll
0 

'I.S:,B I, 
u->+0 n J=O l · .a· · ,a 

TO AilR K k,p( f; n) 113 Ol.\eHKI1 /13/ 11MeeM, 4TO 

li~:...oo Kk,p(f;n) = v;(t). . 
H3 Ol.\eHKH /13/, Y4HTbiBaR 3aMe4aH~e 1, /12/ 11 /3/ 113 neMMbl 1, 
nonyt.raeM: 

fleMMa 5. CnpaeeAI111BO 

1/ eCilH v; (t) < oo , TO r 1(f;2rr/n)Lp.$ 2V;(t)n-t/p, 

2/ eCilH Vp(t)< oo ,' TO r l (f;2rrin)I}l::;:: 2Vp(t)n-1/p, 

3/ ec1111 V(k)(t)<oo, TO rk(f;2rr/n)L ~.(k+1)V(k)(t)n-~ 

4/ eCilH f(k-1) a6COI110THO HenpepbiBHa H ~p(f(k))< ""• TO 

rk+l (f;2rr/n)Lp ~.ck VP(f(k) )n-k-11P. 

CneAYIOlllaR neMMa noKa3bteaeT HeKoTopl>ie ·e3aHMOCBR3H MelKAY xap.iK­
TepHCTHKaM~ Kk,p (f;n) . npH pa311H4Hblx k H p. CnpaeeAilHBOCTb ee 
YTBePlKAeHHH BbiTeKaeT H3 onpeAelleHHR /11/ 11 113; H3BeCTHbiX COOT­
HOWeHHH MelKAY. , p -tiopMaMH 11 k- pa3HOCTRMH npH pa3IlH4HbiX P 11 k. 

fleMMa 6. CnpaBeAilHBO -··i. 

1/ Kk,p(f;n).:::: Kk,q(f;n), rAe 1<£p ~q<oo, 

21 Kk,p (f; n').:::; .Ck,r K,r,p (f;n),_ · rAe .. 1 <£ r <£ k·. 

nycTb Lip(a ,p) - MHOlKeCTBO <I>YHK1.111i1, AilR KOTOpbiX' w1(r;a )Lp = 
O(Ba•), O<a ~ 1, 1.:::; P ~ oo. HMeeT MeCTO cneAYIOlllaR 

fleMMa 7. nycTb T1 (f;B) Lp "": O(Ba'); 0 <a< 1. TorAa 

1/ eCilH ap~1. TO f.'"Lip(a~1/p+1/q,;q) np11.ecex 

gq'"(p,p/(1..,.ap)) 

21 ecnH ap>l, TO f HenpepbtBHa H fE LiP(a~'1/p+1/q, q) ripw 
ecex q ~ · (p, oo l . " · · ' · 

BKI1104eHHR nOCileAHeH IleMMbl CileAYIOT H3 1/ IleMMbl l,H H3 COOT­
BeTCTBYIOl!lero peaynbTaTa XapAH H flHTTilBYAa /eM., HanpHMep,114'l 
AilR <I>YHKL\HH H3 .Lip(a ,p). HenpepbiBHOCTb <I>YHK~HH f npH a p > 1 
BbiTeKaeT 113 CileAYIOl!lero YTBePlKAeHHR: 

fleMMa 8. nycTb ak=f(Xk+O)-f(xk-0), ·rAe Xk~ T04KI1 pa3pbl­
ea <I>YHKL\HI1 f Ha nepHOAe /<!>YHKL\HR,HHTerpHpyeMaR no PHMaHy~He 
HMeeT pa3pbleoe II POAa H MOlKeT HMeTb IlHWb c4eTHoe 4Hcno pa3-
pbleoe 1 POAa/. TorAa . 

6 

il 
i' 

'· I, 
'• 

1\ 
\f 

. ·It 
\] 

! 

00 
• 1/p 1/p . 

I !. lak !PI .::::, sup f n r 1(f;2rr/n) pr. 
· k""l n .. L 

/14/ 

.QOKa3aTellb~TBO~ nycT~ p n = 2rr/n, ~ j ~(jpn ,(j+1)pn ),. 

Mj~sup·lf(t): t~~jl. mj =infiC(t): t~·~jl. j .. o,1, ••• ,n-L 
TorAa 

I i I O.i 1Pl
11

P .::::. sup I "i\MJ. -mj )P 11/p ~.sup I p~ 1"i1 
f w 

1
crix.p

0 
)P dx tP 

k=1 n j=O n n j=O ~-
J 

=SUp.ln 1 fP:~(.d..,("w (f;x,p)~·dx/1P ,l.=suptln11Pr· (f:2rr/n) 1: 
n 2 rr 0 1 n n . 1 .· . . Lp 

fleMMa AOKa3aHa~. 

"" .EcnH r 1 (f; B) LP"' o ( B 11
P), TO H3 /14/. nony4aeM, 4To 

!. I ak I p = 0 . 11. CileAOBaTellbHO. r HenpepbtBHa. :1. 
k=

1 
MOAYilb rk(f ;B)LP MOlKHO CBR3aTb .H C xapaKTepHCTH.KOH, 

nOA06i-tOH MOAYilKl .rllaAKOCTH AP06Horo nopRAKa wk.:. 1 ~(f;8 ), 
eeeAeHHOH ~HroM 11 TepexHHbiM /cM.~ 31 ./ •. 06o3Ha4HM • 

i , , _., I 

(L)k-1/bf; B)n = sup I Kk,p (r:n): nn,a ,. llln,ao I S,B 1., I 15/ 

BenH4HHY (z,lk.:. 1ip ( r: B)n 6yAeM. Ha3btBaTb MOAYileM · HenpepbleHocTH 
nopRAKa k-1/p <I>YHKL\HH f. MelKAY MOAYileM rnaAKOCTH wk_

11
Jf:B) 

· H3113/ 11 MOAYileM wk- 1/p(f; 8 >n o4eBHAHa cneAYIOlllaR CBR3b: 

~-1/p(f;B)~ ~ wk_11P(f;B) 
H 

wk-1/p(f;B) = s~p wk-1/p(f;B)n • 

H3 IleMMbl 4 H CAellaHHOro nocne' ee AOKa3aTeflbCTBa 3aMe4aHHR 
.cneAyeT 

·> fleMMa 9. CnpaeeAilHBO HepaeeHCTBO 
. 1/p -liP 
rk (f; 2rr/n) p .:::: (k + 1) n w (f; 2rr(k+1)/n) • 

L . k-1/p · ' n 

§2 • .QOKA3ATEflbCTBO OCHOBHO~ TEOPEMW. 

C<!>OPMYilHpyeM H AOKalKeM CHa4ana HeCKOilbKO neMM. 

fleMMa 1Q,.HMeeT MeCTO. HepaBeHCTBO 

max( I a<~> CQ 1. I b ~n> en I> .:s; II rtl e1 /16/ 
· 2n+1 
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rAe T04KI1 ~J • j =0, 1, ... ,2n e nocneAHei1 HOpMe /eM. /51 I coe-
naAaiOT C yanaMI1 11HTepnOJ1Rl.ll111 /2/ <I>YHK1.11111. f • . 

AoKaaaTenbcTeo. Y411T~BaR orpaHI14eHHOCTb <I>YHK1.111H sint 11 
cost, nony4aeM 

1 a {D) en I.;. I ..!t-,~ rex<~> > oos v x<D> I' 
v 2n+1J=O J • J 

gp • 
s. k, ~ I f(x~D) )]=]lflle 1 • 

· 2n+1 . J•O . 2D+1 · 

{D) 
Ol.leHKa AnR K03<1><!>11411eHTOB bv (i) nony4aeTCR aHanori14Ho. 

nycTb m 11 ·· r - HaTypanbH~e 411Cna 11 Pm=2rr/m. 4epe3 Sr,m . o6oa­
Ha411M MHOmeCTBO 2#-nepi10AI14eCKI1X cnnai1HOB nopRAKa r Ae<!>eKTa 
1 c yanaMI1 t~m)=jpm+a'rPm• j =0,1, ... , m, at ... (1+(-1)r)/4, 
T. e. 2rr - nep110A114eCKaR <I>YHK1.111R if> i;;·Sr utecn11 r-1 - npOI13BOAHaR 
<I>YHK1.11111 ¢ HenpepbiBHa 11 Ha KalKAOM npoMemyTKe [ t~~)1 , t~m) ] • 

(j =1,2, ••• ,m) <I>YHK1.111R ¢ coenaAaeT c ~nre6pal14eCKI1M MHoro-
4JleHoM cTeneHI1 He e~we r I eM J15/, cTp. 281 I. 06oaHa411M 4epea 

W k MHOmeCTBO 2rr ~nepi10AI14eCKI1X <I>YHK1.111H f, MR KOTOPbiX f {k- 1) 
a6JtoniOTHO Henpep~eHa 11. r<k) I; LP • . 

JleMMa 11. AnR n106oi1. <I>YHK1.111~ ~ 113 W~ f3~nonHeHO HepaeeHCTBO 

max (I a<~ (f) 1.1 b<~>cr') D.::; ck c~-ktrr (k) I fL + llfiiL>. /17/ 
. . ' . 

AoKa3aTenbCTBO. KaK 113BeCTHO /cM/161 I, AnR <I>YHK1.111H f I; w~ 
cy~qecTeyeT cnnai1H ¢(f; x) '"' St,2n+1 , KOTOP~H 11HTepnonl1pyeT. f 
e yanax /2/, T.e. 

¢(£; x~D))•·f(x~D)),. j .. o;1, ••• ,2n+1 /18/ 

11 TaKOH, 4TO 

II 
2 17 k (k) -k . {k) 

¢(i)-fi!L:SCk(2r}.;:i) llf IlL.::; ck n ]]f IlL. /19/ 

TorAa, BB11AY /16/ 11 /18/, nony4aeM 

la<:>cnll<llfll~t =llif><nllet • · /20/ 
-:- 2n+1 . 2n+1 

H?, KaK noKaaan11 e 12~AnR n106oro cnnai1Ha ¢ '"'Sk,2D+1 cnpaeeAn11BO 
cneAYIOtqee COOTHOWeHI1e MemAY ero A11CKpeTHOH f~D+l 11 11HTerpanb- · 
HOH. L HOPMOH 

ll¢11et ~,8rrk2 11¢11L • 
2D+1 

B c11ny 3Toro, 113 /20/ 11 /19/ nony4aeM 

8 

I a<~>(i)]:>: Ckii¢CQIIL:>:Ck(Jiif>cn-r]]L+IIflt> 

$. ~(n-kllf{k)IIL +l]f]]L)' 

4eM 11 AOKaaaHa Ol.leHKa /17 I AllR a<:> (t). Ol.leHKa /17/ AnR K03<lJ-
<ll111.111eHTOB ~D)(i) · nony4aeTcR aHanor~-t4Ho. lleMMa AOKaaaHa. v . . . . k . . ' ·. 

lleMMa 12. AnR n106oi1 <llYHK1.11111 fE, W 1 cnpaeeAn111:3a, Ol.leHKa 

. I. (D) I. I (D) I' c -kll'f(k)ll' . max( av(C), bv (C) ).S, kv,_ L • /21/ . 

AoKaaaTenbcTeo. PaccMo~pi1M cyMMbl Banne-nycceHa /cMJ17< 
CTp. 211/ 

av-1<r:x>,<ll<v-l>I2H:x> + ll<v-1)/2l+1cr:x> + ••• + sv-1 cr:x> >l[v /21 •. 

rAe [x], i<aK o6bi4HO, o6o3HallaeT Lle11y10 .llacTb· 1.111cna x, a S j (f;x) 
j -TaR 4aCTI1l!HaR cyMMa PRAa <llypbe <!JYHK1.11111 C. Xopowo 113BeCTHO, 

tiTO (1,:>:;p :;., oo) 

llf-uv-1(t)]]~p .S4E[(v-1)/2J(t)Lp , /22/ 
. rAe Em(t)~-~ inf(.]]f-TI!i,P; T'":H~ 1-· 

- Hai111Y4Wee np116n11>KeH11e <!JYHK1.11111 f B HOpMe Lp Tpl1rOHOMeTpl14eCKI1-
MI1 nOJ111HOMaMI1 nopRAKa He BbiWe m. 

HaeeCTHO, 4TO AllR c E w~ 
-k (k) 

Em (~p .s_ck m II r. 1ILP ·,. 'k ' .. · 
CneAOBaTeni.Ho, 11a /22/ np11 p =1 AnR f E W 1 nony4aeM 

II f-uv-t<t)IIL ~ ~~[(r,-1)12Ckll rC k)IIL :s Ck·v-kll r(k) IlL. 

. lA s (k) f• - s (k) • r~3 TOro, 4TO .. j (,X)= j (f ,,.x),,. BbiTeKaeT, 4TO 

a(k) (f; x) = a· (f(k) ; x), 
v-1 v-1 

11, cneAOBaTeJlbHO, 

l](f:_·(J (Q)<k>.lf "'II r<k>- u· cr<k> >II .::; 4E . · (£'k>) ~cllc<k>ll • 
v-1 L v-1 L [(v-l)/2] L L 

TorAa, Y411TbiBaR, 4TO AnR 11106oro Tpl1rOHOMeTpl1~ecKoro noni1HOMa 
T(x) nopRAKa He BbiWe v-1 

a<~> (T)= b~D) (T)=O 
.-i 

11, B 4aCTHOCTI1 . :, .. 
. ( ) . 

a<~> (av.-1) = b~ (av~ 1)=0 
,._TO 113 /17/ AnR fEtW~ nony4aeM . 

I a ~!(nl ·I a~>(~- av-1 (t)) I ~.Gk_(n-k :II (f :- '?'v-1 c~>'k)ll L+ll C-~ v-1 (f) II L ) 

.::; ck en -k 11:r<k> II L + v-k 1rr <k> IlL ) 
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·-k .II . <k> II. $,Ckv C L • 

Ot.~eHKa /22/ ,q11R Koa()l()lHI..IHeHTOB b~n) (f) 
IleMMa. ,qoKa3aHa. 

noily4aeTcR aHailorH4Ho. 

~oKa3aTeilbCTeo TeopeM~. 6y,qeM Cile,qoeaTb cxeMe ,qoKa3aTeilbCT­
ea TeopeM~ 1 H3/b/, ~R 11106oro h>D ()lyHKLIHH f CTaBHM B COOTBeT­
CTBHe· ee .MO,qH()lHI..IHPOBaHHYIO ()lyHKLIHIO CTeKilOBa rk .. h /eM'. 13,5/ . I. 

k • . 
I13BeCTHO, \.ITO fk,h ~' W l H . 

I rk,h (x)-f(x)J -~. (Uk (f; X,2h), 

Jj:f~~~ IlL$ ?k h-kwk (f;h)L • 

Tor,qa H3 /16/ H /21/ noily4aeM 

Ja<~>(f)! ~~a~>cr-rk,h )J+ !'a~> (fk,h )J~IIf-rk,h llf1 +Ckv-,rrk~~IIL 
· 2n+l 

-k 
_,:SCk(rk(f;h)L+(vh) ~(f;h)L)' 

r,qe B nOCile,qHeM HepaBeHCTBe BOCnOilb30BailHCb ,QOKa3aHH~M B /5/ 
HepaBeHCTBOM 

llwk(f; x,2h)JI'e1 :;, Ckrk(f; h) L (h ::i,2rr /(2n+ 1). 
2n+l · 

Ot.~eHKa 191 .QilR b~0l(f) · · noily4aeTcR aHailorH4Ho. TeopeMa ,qoKa·-
-3aHa. 

§3. OUEHKI1 ~IlR K03!1l!ll11UHEHTOB !llYPbE-IlAfPAH~A-. 

113 TeOpeMbl H CBOHCTBa MO.QYilR rk(f; o) Lp 
Cile,qyiO~He YTBepm,qeHHR, 

11erKo no11y4a~TCR 

Cile,qcTBHe 1 • 11MeeT MecTo Ol..leHKa (l.S,p ~-"" ) 

(I . <n> I I <n> I . . I max av (f).,· bv (f) } :;., Ckrk(f;l v)Lp • 123/ 
npH k =1 , p =1 H3 nOCile,qHeH Ol..leHKH, c Y4eTOM 1 I IleMM~. 2, . 
noily4aeTcR, \.ITO ,qilR 11106oti HHTerpHpyeMoti no PHMaHy ()lyHKLIHH f 
lcM,/11, CTp, 25/ · . 

(n) (n) . 
av (f)-o 0, bv (C)-> 0 npH · n ;;:,v -. ~. 

113 Ol..leHKH 123/ H 31 H 41 IleMM~ 1 nOily\.laeM 

C 
. k . 

Ile,qcTBHe 2. ECilH r~.wp,TO (l~.P~.oo) 

max(Ja~>_cr)J; lb~>(f)!).S Ckv-kw
1 
(f(k);l/v\P· 

Ot.~eHKH 1131 H /231 ,qaiOT 

/ 10 

.~ 

~ ,~ ' ~ . '. Cile,qCTBHe 3. Cnpaee,qilHBO HepaeeHCTBo 

max(la<E> (f)l.lb~)(f)I).S ,Ckv-:- 1/pKk,·p (f;v): . 

B 4acTHOCTH, ,H3 I 1_21,. IleM~ .. 5 H noch.e,qHero 
no11y4aeM 

/.241 
HepaB~HC~Ba 'j~4/ 

Cile,qcTBHe 4 

11 V*(f)< ~, 
p . . . 

2/ .Vp(f)<"" • , 

31 v<k>< "" . ·, k • 

41 f E• W P 

max (I a <t> (f)!; 

. ·.';':,·· 

lcM. 161 I. Ec11H 

TO max(! a~n)(9l;lb~~>(t)J)::;~C v; (C)v -l'!> 

TO max(l a<t>(f)l, I b<t>(f)J)$CVP(f)v -_lip 
TO max (I a~n)(f) J, I b(n) (f)J).S C V(k) (f)v:-1. . 

. . v ..... k ' • ' . 
H :Vp(r(k))<.oo ,' .TO . . , \ ... 

lb(n)(f)J)<C V (f(k)) :-k-1/p 
v -· k p v -

JleMMa' 9' H Ol..leHKa 123/ noSBOilRIOT nOilY4HTb Ol\eHKH ,QilR. K03()l­
()lHL\HeHTOB Qypbe-JlarpaHma 13/ . H 4epe3 MO.QYilH Henpep~BHOCTH 
H MO.QYilH rila,qKOCTH ,qpo6iioro·nopR,qKa. 3ciAciHHOH ()lyHK4HH f. J.1MeeT 
MeCTO . ' 

Cile,qcTBHe 5. tnpaee,qilHB~ HepaeeHcTea 

max(la<n?(C)I lb·(n)(f)J)::; C v-1/pw .· (f; 2rr(k+l),) 
v• .. • v k k-1/p ·v ·v· 

·max<}a(n)(f)l .• lb(n)(f)J)<C v-:-1/pcu (f· 2rr(k+l\ 
V V - k _K-1/p . ' ')• 

3aMe4aHHe 2. ~IlR 06bi4H~X K03$()lHI..IHeHTOB ()lypbe. a
0
(f) H b

0
(f)· 

XOpOWO H3BeCTHO, 4TO 

max(l an(f) I :I b n<f)l.s. ckli1t (f; llh)Lp .• 

~IlR K03()l()lH1..1HeHTOB <!>ypbe-JlarpaHma /31 Ol..leHKH TOilbKO 4epe3 
Wk (f;o)LP nOilY4HTb Heilb3R, TaK KaK OHH onpe,qeilRIOTCR no 

3Ha4eHHIO ()lyHKI..IHH f Ha KOHe\.IHOH CHCTeMe TO\.IeK, a wk(f;o)L~ 
He BilHReT Ha H3MeHeHHe <!>YHKI..IHH Ha Ili060M MHOmeCTBe HyileBOH Mepbl, 
XapaKTepHCTHKa rk(f;o)LP a TaKOM cM~Cile 6o11ee npHro,qHa .QilR 

xapaKTepHCTHKH BeilH4HH, 3aBHCR~HX OT 3Ha4eHHH <!>YHKI..IHH f Ha 
,QHCKpeTHOM MHOmeCTBe. 

~/ . . 
3aMe4aHHe 3. B pa6oTe HaMH noily4eHbl OlleHKH .QilR eeilH4HHbl 

/4/(l<p <oo) 4epe3 MO,QYilb rk(f;o)LP !llYHKLIHH r. Y4HT~BaR 
noily4eHH~e CBR3H 3Toro MO.QYilR C ,qpyrHMH xapaKTepHCTHKaMH ()lyHK­
LIHH f, ,QilR 141, KaK B §3.HaCTOR~eH CTaTbH, MOmHO ,qaTb Ol..leHKH 
4epe3 3TH. xapaKTepHCTHKH, 
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XpHCTOB B.X. 0K03cl><PH~HeHTax l!lypbe-llarpaHJKa . . 5-:-81...:.318 
IIonyqeHbi o~eHim ,r:r;JIH K03tPtPH~eHTOB l!lypbe-narpaHJKa no paeHo-. 

OTCTOfliJUiM Y3JiaM nepHOp;a tJepe3 'Mop;yJib rk( f; 0) Lp . · tPYHK~HH f •. 
Hccnep;oeaHbi ero CBfl3H c xapaKTepHCTHKaMH tPYHK~H f, ytJHTb!BaiOJlUie 
ee BapH<l~HIO," H Ha HX OCHOBe TIOJiytJeHbi TIOpfl,lJ;KOBhie O~eHKH K03ti>­
tPH~HeHTOB 'l!lypbe-llarpaHJKa p;Jifl HeKOTOpb!X KJiaCCOB tPYHK~H •. 

Pa6oTa. BblllOJIHeHa B lla6opaTOpHH BbltJHCJIHTeJibHOH. TeXHHKH H 
aBTOMaTH3a~HH ORHH. 

llpenpMHT 06MAMHeHHOro MHCTMTYT8 ll~ePHWX MCc:neAOB8HMii • .Qy6Ha 1981 ~: 

Hristov V.H. On Coefficients of Fourier-Lagrange '5-81-318. 

Estimates for the Fourier-Lagrange coefficients in equal­
distanced points of- period by modules rk(f;o)LP of function 
f are obtained. We investigated its p connections. with the 
chavacteristics of function .f accounted her variation and 
by means of them obtained order estimates for Fourier-Lagrange 
coefficients for some classes ·of.functions. 

The investigation has been performed at the Laboratory-of 
Computing Techniques 'Automations, JINR. · · 
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