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1. BBEaEHHE 

B pa6oTe 111 paspa6oTaHa anre6paH4ecKaR AHHaMH4ecKaR CHCTeMa, 
KOTOpaR RBnReTCR o6o6~eHHOH anre6paH4eCKOH CTPYKTYPO~ AnR nH
HeHH~X AHCKpeTH~X AHHaMH4eCKHX CHCTeM, KOHe4H~X aBTOMaTOB H 
6HnHHeHH~X /OAHOPOAHbiX H HeOAHOPOAH~X/ AHCKpeTH~X AHHaMH4eCKHX 
CHCTeM H YHHBepcanbHOH AnR peanH3a~HH npOH3BOnbHOrO AHCKpeTHO
ro AHHaMH4eCKOro npo~ecca. 0AHaKO Ka*A~H AHCKpeTH~H AHHaMH4ec
KHH npo~ecc MO*eT 6~Tb peanHsoeaH c noMO~bo pasnH4H~x npocT
paHCTB COCTORHHH. CneAOBaTenbHO, OAHOH H3 OCHOBH~X 3aAa4 Teo
PHH peanH3a~HH AHCKpeTH~X npo~eCCOB RBnReTCR HaXO*AeHHe Heo6-
XOAHMOrO H AOCTaT04HOro ycnOBHR MHHHManbHOrO npOCTpaHCTBa 
COCTORHHH, peanH3YO~ero 3aAaHH~H AHHaMH4eCKHH npo~ecc 1 2·4 1 , B 
npeAnaraeMOH pa6oTe AnR ycTaHoeneHHR Heo6xoAHMoro H AOcTaTo4-
Horo ycnOBHR MHHHManbHOH anre6paH4eCKOH AHHaMH4eCKOH CHCTeM~, 
peanH3y~eH npOH3BOnbH~H AHCKpeTH~H AHHaMH4eCKHH npo~ecc, pas
pa6oTaHa TeOpHR 3KBHBaneHTH~X npeo6pa30BaHHH, OCHOBaHH~X Ha 
MeTOAaX YHHBepcanbHOH anre6p~/5,6~Cy~HOCTb TeOpHH 3KBHBaneHT
H~X npeo6pasoeaHHH saKno4aeTcR e onpeAeneHHH ycnoBHH, npH IKoTo
p~x npeo6pa3oBaHHe npocTpaHCTB COCTORHHH CTaHOBHTCR 3KBHBaneHT
H~M npeo6pasoeaHHeM anre6paH4eCKHX AHHaMH4eCKHX CHCTeM, peanH-
3YO~HX OAHH H TOT *e AHCKpeTH~H AHHaMH4eCKHH npo~ecc. 

2. 3KBHBAflEHTHWE nPE06PA30BAHH~ AflrE6PAH4ECKHX 
aHHAt1H4ECKHX CHCTEM 

HanoMHHM, 4T~ no onpeAeneHHO e 1 1~ anre6paH4ecKaR AHHaMH4ec
KaR CHCTeMa eCTb BOCbMepKa 

S=<T,X,U,Y, ¢,a,f3,f.L>, 
rAe T=N=f0,1,2, ... J - MHO*eCTBO MOMeHTOB epeMeHH; X, U H 
Y- MHO*eCTBO COCTORHHH, BXOAHOe MHO*eCTBO H BbiXOAHOe MHO*eCT
BO COOTBeTCTBeHHO; rp s;; U T x Y T - AHCKpeTH~H AHHaMH4eCKH~ npo
~ecc; a: X _. X - BHyTpeHHRR AHHaMHKa; f3: U-+ P (X)- BHeWHRR 
AHHaMHKa, SAeCb P(X) - MHO*eCTBO ecex npeo6pasoeaHH~ MHO*ecTea 
X e ce6R; f.L: X x X ... X: (x, x ') .. x. x' - AHHaMH4ecKaR KOMnosH~HR; 
onepa~HH a,f3 H f.L onpeAenROT OAHOWaroeyo nepeXOAHYO $yHK~HO 
COCTORHHR B npOCTpaHCTBe COCTORHHH X: 

xt+t"'xta.xt f3(ut) 

AnR BCeX X t G- X, U t'" U H t'" T; nepeXOAHaR $yHK~HR COCTORHHR 
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A: X xU TxT -+X onpeAeJ1ReTCR c noMOIJtbiO npHHLVma HHAYKLIHH AI1R 
HaTypaJ1bHWX 4HCeJ1: 

A(x,v,O) =A(x,v![O,O)) = x 

A (x, v,1) =A (x, v ![ 0,1)) -= xa. xf3(v(O)) 

A(x, v, t+1) =A(x, vi[ 0, t+ 1)) =A(X, vi[ 0, t))a.A(X, v![O,t))f3(v(t)) 

AI1R 8cex t~ T, rAe v ![ 0, t) - orpaHH4eHHe 8peMeHHOH <llYHKLIH~'~ 
vG- U T Ha HHTep8aJ1 [ 0, t); AI1R KOTOpOH CyuteCT8yeT no KpaAHeH 
Mepe OAHO AOnyCTHMOe BWXOAHOe OTOfipameHHe, T.e. TaKOe 8WXOA-
HOe OT06pameHHe TJ: X-> Y, 4TO AI1R KamAOH napbl (V, w )~ cp cyutecT-
8yeT Ha4aJ1bHOe COCTORHI'Ie xo;X, npH KOTOpOM SxTJ (v) =w, rAe 
SxTJ - OT06pameHHe 8XOA-BWXOA CHCTeMW 8 npH Ha4aJ1bHOM COCTORHHI'I 
X H 8WXOAHOM OT06pameHHI'I TJ, onpeAeJ1ReMOe CJ1eAYIOIJtHM 06pa30M: 

S ·UT-+yT 
XTJ • 

S xTJ (v)(t) = TJ (A (x, vi[ 0, t))) 

AI1R 11106oro V o; U T H to; T . 
~J1R KamAOH anre6paH4eCKOH AHHaMH4eCKOH CI'ICTeMW S MHOmeCTBO 

8Cex ee AOnyCTHMWX 8WXOAHWX OT06pameHHH 0603Ha4aeTCR 4epe3 H8 . 

~R KamAOrO AHCKpeTHOrO AHHaMH4eCKOrO npOI..IeCca cp MHomeCTBOM 
8XOAHbiX 803AeHCT8HH V Ha3bl8aeTCR COBOKynHOCTb <llYHKLIHH V o; U T 
TaKHX, 4TO AI1R KamAOH H3 HI-IX CYuteCT8yeT <llYHKI..II'IR w-= Y T TaKaR, 
4TO (V, w) -= cp. 
/2.1/ OnpeAeneHHe 

Mw 6yAeM Ha3w8aTb nOAMHomecT80 X'npocTpaHCT8a cocTORHHA X 
anre6paH4eCKOH AHHaMH4eCKOH CHCTeMbl 8=<T,X,U,Y,cp,a,f3,f.L> 
nOAnpOCTpaHCT80M ee npOCTpaHCT8a COCTORHHH TOrAa H TOJ1bKO Tor
Aa, KOr Aa X' 3aMKHYTO OTHOCHTeJ1b HO a,f3 H fl• T. e. AJ1R J1106biX 
x,x 'G- X' 1-1 u-= U YA08J1eT80PRIOTCR ycJ108HR xa-= X', xf3 (u) G- X' 1-1 
x.x'-= X'. 

MomeT 6b1Tb cny4aH, KOrAa noAnpocTpaHCT80 X' 8 C8010 04epeAb 
TaKme MomeT peanH30BaTb npo1..1ecc ¢. Mbl c<llopMynHpyeM 3TO nono
meHHe. 

/2.2/ OnpeAeneHHe 

nycTb 6yAeT AaHa anre6paH4ecKaR AHHaMH4ecKaR cHcTeMa 
S=<T,X,U,Y,¢,a,f3,f.L> 1-1 X'- nOAMHomecT80 MHomecT8a X. 
EcnH X' ecTb noAnpocTpaHCT80 npocTpaHCT8a cocTORHHH X 1-1 AI1R 
80CbMePKH S=<T,X', U,Y, ¢,a', f3',f.L'>, rAe a'=a!X~ f3'(u) = 
= f3(u)!X' AilR 8cex u-=u 1-1 f.L'=f.L!(X'xX'), cyuteCT8yeT AOnycTH-
Moe 8WXOAHOe OT06pameHHe, TO 8' Ha3W8aeTCR anre6paH4eCKOH AHHa
MH4eCKOH noACHCTeMOH CHCTeMw 8. 
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/2.3/ OnpeAeneHHe 

06naCTbiO AOCTHmHMOCTH COCTORHHR x-=X anre6paH4eCKOH AHHa
MH4eCKOH CHCTeMW 8 Ha3W8aeTCR MHOmeCT80 ~X 8CeX TaKHX COCTOR

HHH x'-=X, AJ1R KamAOrO H3 KOTOPWX CYuteCT8YIOT 8XOAHOe 803Aei1-
CT8He vG- V H MoMeHT t.; T TaKHe, 4TO A (x, v ![ 0, t)) = x'. Kam-
AOe COCTORHHe X' E :R x Ha3bl8aeTCR AOCTHmHMbiM H3 COCTORHHR X. 

04e8HAHO, 4To x,; :R x AI1R 8Cex x G- X . 

/2.4/ npeAJ10meHHe 

nycTb X' - noAnpocTpaHCT80 npocTpaHCT8a cocTORHHH anre6paH-
4ec.KoA AHHaMH4ecKol1 CHCTeMbl 8=<T,X,U,Y,¢,a,f3,f.L>. TorAa 
06J1aCTb AOCTHmHMOCTI'I Jli060rO COCTORHHR X EX' 8Klll04aeTCR 8 X', 
T.e. :R eX'. 

l[ -

~OKa3aTellbCT80 

nycTb x'o; :Rx, TOrAa CyuteCT8YIOT vo;V H t-= T TaKHe, 4TO 
A(x,v![O,t)) = x'. ~OKameM npeAJ10meHHe HHAYK1..1He~1 not. npH 
t= 0 HMeeM A (x, v ![ 0,0)) = x, TOrAa no ycno8HIO npeAllOmeHHR 
xG-X'. npH t =1 HMeeM xa.xf3(v(O)) =A(x,v![0,1))-= X', 
TaK KaK X' 3aMKHYTO OTHOCI'!TellbHO a,f3(v(0)) H fl• flpeAnO-
llOmHM, 4TO A(x,v![O,t)) EX'. TorAa aHanorH4HO HMeeM 
A(x,v ![O,t+1)) =A(x,v![O,t))a.A(x,v![O,t)) f3(v(t)) E X'. 

TaKHM o6pa3oM, no HHAYKLIH~'~ nony4HM A(x,v![O,t))-€ X' AllR 
8cex t c;. T . o 

/2.5/ CneACT8He 

06naCTb AOCTI'ImHMOCTH Jll06oro COCTORHHR X anre6paH4eCKOI1 
AHHaMH4eCKOH CHCTeMbl 8 8KJll04aeTCR 8 nOAnPOCTpaHCT80 1 KOTOpoe: 
npeAcTa8J1ReT co6oA nepece4eHHe 8cex COAepmautHXX noAnpocTpaHCT8 
1'1 Ha3WBaeTCR noAnPOCTpaHCT80M 1 nopOmAeHHWM COCTORHHeM X. 

~OKa3aTeJ1bCT80 

04e8HAHO, 4TO nepece4eHHe 11106oro MHOmeCT8a nOAnpOCTpaHCT8 
npOCTpaHCT8a COCTORHI'IH X eCTb CH08a ero nOAnpOCTpaHCT80. 
0TCIOAa ClleAyeT ClleACT8He. 

0 

/2.6/ npeAJlOmeHHe 

nycTb S' = < T. X,' u, y. ¢,a', t3 ~ IL '> - anre6paH4eCKaR 
AHHaMH4ecKaR nOACHCTeMa CHCTeMbl S = < T, X, U, Y, ¢,a, f3, fl > 
H TJ'E H8 • - AOnycTHMoe 8biXOAHOe OT06pameHHe nOACHcTeMbl S'. TorAa 
111060e paCWHPeHHe TJ' AO OT06pameHHR npocTpaHCT8a X CHCTeMbl 8 
8 BWXOAHOe MHOmeCT80 Y R811ReTCR AOnyCTHMbiM 8WXOAHWM OT06pame
HHeM CHCTeMW a ClleA08aTeJ1bH0 1 111060e AOnyCTI'IMOe 8WXOAHOe OT0-
6pameHHe nOACHCTeMbl S' ecTb orpaHH4eHHe HeKoToporo AOnycTHMo-
ro 8WXOAHOrO OTo6pameHHR CHCTeMW 8 Ha nOAnpoCTpaHCT80 X' 
CHCTeMW 8. 
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,0oKa3aTeJlbCTBO 

nycTb 77'G-Hs· H 77- npOH3BOJlbHOe pacwHpeHHe77' AO X.TorAa 
AJl.R 11106oro (v, w) E cp Hai1AeTC.R X EX' TaKoe, 4TO S 'x77 •(v) = w , 
no /2.4/ .A(x,vi[O,t)) E X' All.R 11106oro tET.OTCIOAa HMeeM 
.A'(x, v 1[0, t)) = .A(x, vi[ 0, t)) AJl.R ecex t E T 1-1 S' x11 •(v)(t) = 
= 77'(..\(x,vi[O, t))) = 77(..\(x,vi[O, t))) = sx77 (v) (t). CneAoea-
TenbHO, Sx77 (v) = 8'x77 •(v) = w 1-1 77 .RBJl.ReTc.R AOnycTHMbiM BbiXOA-
HbiM OT06pa>KeHHeM CHCTeMbl 8. D 

/2.7/ OnpeAeJleHHe 

nycTb 8=<T,X,U,Y,cp,a,f3,jL> H S'=<T,X',U,Y,cp,a', 
f3~1L'> - ABe anre6paH4eCKHe AHHaMH4eCKHe CHCTeMbl, peaJlH3yiO
~He OAHH H TOT >Ke AHCKPeTHbl~ AHHaMH4eCKH~ npo~ecc cp. TorAa 
rOMOM6p¢H3MOM CHCTeMbl 8 B CHCTeMy 8' Ha3biBaeTC.R OT06pa>KeHHe 
f: X ... X', YAOBneTeop.RJO~ee ycnoBH.RM: 

f(x.x ') = f(x). f(x ') 

f(xa) = f(x) a' 

f(xf3(u)) = f(x) f3 '(u) 

All .A ecex X, X' EX H u E U . 
B AanbHe~weM All.R coKpa~eHH.R Mbl e~e 6yAeM Ha3b1BaTb anre6paH-

4eCKHe AHHaMH4eCKHe CHCTeMbl npOCTO CHCTeMaMH, a CHCTeMbl, 
peaJlH3yiO~He OAHH H TOT >Ke AHCKpeTHbl~ AHHaMH4eCKH~ npo~eCC cp, 
npOCTO CHCTeMaMH npo~ecca cp H YCJlOBHMC.R, 4TO eepXHH~ HHAeKC 
j CHCTeMbl gj ecerAa 03Ha4aeT, 4TO COOTBeTCTBYIO~ee npOCTpaH

CTBO COCTO.RHH~ H onepa~HH Ha HeM HMeiOT OAHH H TOT >Ke HHAeKC, 
T. e. X j, a j, {3 j H 1L J, KOrAa ace :no He npHBOAHT K nyTaHH~e. 

/2.8/ npeAJlO>KeHHe 

06pa3 rOMOMOp¢H3Ma f: X .. X' CHCTeMbl 8 B CHCTeMy 8' npo~ec
ca cp .RBJl.ReTC.R nOAnPOCTpaHCTBOM npOCTpaHCTBa COCTO.RHH~ CHCTeMbl 
S',a npoH3BeAeHHe ABYX roMoMop¢H3MOB ecTb CHoea roMOMOP¢H3M. 

,0oKa3aTeJlbCTBO 

.Qn.R 11106oro x 'E fX CYI!IeCTeyeT x EX TaKoe, 4TO f(x) =X'. CneAo-
eaTeJlbHO, x 'a'= f(x) a'= f(xa) E fX H x '{3 '(u) = f(x) f3' (u) 
= f(x {3(u)) G- f X All.R 11106oro u E U. EcnH x 1, x '2 E f X, TO cy
~eCTBYIOT x 1,x 2 EX TaKHe, 4TO f(x 1)=x'1 1-1 f(x 2 )=x2. Cne-
AOBaTeJlbHO, Xt.X2=f(x 1).f(x2 )=f(x 1.x 2 ) E fX. nycTb 
f: X ... X '- roMOMOP¢H3M cHcTeMbl S a cHcTeMy S ', a g: X' ... X" -
roMOMOp¢H3M CHCTeMbl 8' B CHCTeMy S': noKa>KeM, 4TO npOH3BeAe-
HHe gf: X _.X" eCTb rOMOMOp¢H3M CHCTeMbl 8 B CHCTeMy 8". ,Qe~cT-

BHTeJlbHO, AJl.R XG-X HMeeM g f(xa) = g(f(x) a') = gf(X)a" H 
gf(x{3(u)) = g(f(x) {3'(u)) "'gf(x) f3"(u) All.R ecex u~U. a All.R 
x1,x 2c;.X HMeeM gf(x 1.x2 ) = g(f(x 1). f(x 2)) = gf(x 1) . gf(x 2). b 
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/2.9/ OnpeAeneHHe 

nycTb s H S' - ABe CHCTeMbl npo~ecca cp. TorAa 3KBHBaneHTHbiM 
npeo6pa30BaHHeM CHCTeMbl 8 B CHCTeMy 8' Ha3biBaeTC.R OT06pa>Ke
HHe r: X .... X', YAOBJleTBOP.RIOIIIee yCJlOBH.RM: 

a/ f - rOMOMOP¢H3M 
B/ o6pa3 fX OT06pa>KeHH.R f o6pa3yeT nOACHCTeMy CHCTeMbl 8 ', 

T .e. AJl.R BOCbMepKH S"= <T, rx. u, Y, cp,a", {3"' IL ">' rAe 
a",.a'lfX, f3"(u) .. f3'(u)lfX All.R ecex u~U H IL"=IL'I(fXx 
xfX), cy~eCTByeT AOnyCTHMOe BbiXOAHOe OT06pa>KeHHe. 

3aMeTHM, 4TO yCJlOBHe /a/ eCTb roMOMOP¢HOe OTHOWeHHe npocT
paHCTB COCTO.RHH~, a yCJlOBHe /B/ eCTb OTHOWeHHe 3KBHBaJleHTHOCTH 
Me*AY o6pa3oM H npoo6paaoM a CMbiCJle peanH3a~HH npo~ecca cp. 

B o6111eM cny1.1ae npoH3BeAeHHe ABYX 3KBHBaneHTHblx npeo6paaoea
HH~ He .RBJl.ReTC.R 3KBHBaJleHTHbiM npeo6pa30BaHHeM. 0AHaKO Mbl BbiAe
Jl.ReM OAHH none3Hbl~ CJly4a~. 

/2.10/ npeAJlO>KeHHe 

nycTb f: X ... X, H g: X .... X, - ABa 3KBHBaJleHTHbiX npeo6pa3o-
eaHH.R CHCTeM 8, 8 ' H 8" npo~ecca cp. npH 3TOM OT06pa>KeHHe f 
ecTb oTo6pa>KeHHe ·Ha. TorAa oTo6pa>KeHHe gf .RBJl.ReTc.R 3KBHBaneHT-
HbiM npeo6pa30BaHHeM CHCTeMbl 8 B CHCTeMy 8". 

,0oKa3aTellbCTBO 

Ha /2.8/ npoH3BeAeHHe gf ecTb roMoMop¢H3M. KpoMe Toro, 
o6paa gfX coenaAaeT c o6pa30M gX ', TaK KaK r .RBil.ReTC.R oTo6pa-
>KeHHeM Ha. CneAOBaTellbHO, All.R gfX cy~ecTeyeT AOnycTHMoe 
BbiXOAHOe OT06pa>KeHHe. D 

EcnH r: X ... X· - roMoMop¢H3M cHcTeMbl S a CHCTeMy S' npo~ec
ca cp, TO Mbl TaK>Ke 6yAeM o6o3Ha4aTb ero 1.1epe3 f: S ... S'. B 4acT
HOCTH, eCilH f - 3KBHBalleHTHOe npeo6pa30BaHHe, TO Mbl 6yAeM 
o603Ha4aTb nOACHCTeMy CHCTeMbl 8', o6pa3yeMyiO nOAnPOCTpaHCTBOM 
COCTO.RHH~ fX, 4epe3 fS. 

fOMOMOp¢H3M /3KBHBalleHTHOe npeo6pa30BaHHe/ CHCTeMbl 8 B ce-
6.R Ha3b1BaeTC.R 3HAOMOP¢H3MOM /3HAOMOp¢HbiM 3KBHBalleHTHbiM npeo6-
pa30BaHHeM/. 3HAOMOP¢H3M /3HAOMOp¢HOe 3KBHBalleHTHOe npeo6pa-
30BaHHe/ CHCTeMbl S, .RBil.RIO~H~C.R TO>KAeCTBeHHbiM OT06pa>KeHHeM 
npocTpaHCTBa COCTO.RHH~ X B ce6.R, Ha3b1BaeTC.R TO>KAeCTBOM CHCTe
Mbl 8 H 0603Ha4aeTC.R 4epe3 lg .fOMOMOp¢H3M /3KBHBalleHTHOe npeo6-
pa30BaHHe/ f: X ... X', o6pa3oM KoToporo .RBil.ReTc.R ace npocTpaHCTBO 
X', Ha3biBaeTC.R 3nHMop¢H3MOM /3KBHBaneHTHbiM npeo6pa3oBaHHeM 
Ha/. foMoMop¢H3M /3KBHeaneHTHOe npeo6pa3oBaHHe/ f: S ... S' Ha3bl
eaeTC.R H30MOp¢H3MOM /H30MOp¢HbiM npeo6pa30BaHHeM/, eCJlH Cyl!leCT
eyeT rOMOMOp¢113M g:S'-. S TaKO~, 4TO gf= ls H fg:lg' .H30Mop
¢H3M /H30MOP¢Hoe npeo6pa30BaHHe/ CHCTeMbl 8 B Ce6.R Ha3biBaeTC.R 
aBTOMOP¢H3MOM /CaMonpeo6pa30BaHHeM/. fOMOMOP¢113M /3KBI1BaJleHT
HOe npeo6pa3oeaHI1e/ f: X .. X' Ha3biBaeTC.R eno>KeHHeM /e3ai1MHO oA-
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H03Ha4HbiM npeo6pa30BaH~-teMI CI'ICTeMbl 8 B CI-ICTeMy 8', eCJll'l OT06- i 
paiKeH~-te f B3a~-tMHO O,QH03Ha4HO, ·~[ 

04eBI't,QHO, "'TO 3nHMOP$1-13Mbl H 1'130MOp$H3Mbl /B TOM 4HCJ1e H aeTo- h . ,, 
MOp$H3Mbl H TOIK,QeCTBal RBJlR~TCR 3KB~-tBaJ1eHTHbiMH npeo6pa30BaHHRMH. 
8 o6~eM CJ1y4ae AJ1R YCTaHOBJleHHR YCJlOBHH, npH KOTOpbiX rOMOMop
$H3Mbl RBJlR~TCR 3KBHBaJ1eHTHbiMH npeo6pa3oBaHHRMH, HaM noHa,q06HT
CR HeKOTOPbiH npoMeiKyT04HbiH pe3yJ1bTaT. 

/2. 11 I JleMMa 

nycTb 8 H 8' - ,qee CHCTeMbl npOI..jeCCa cp H f: 8-+ 8' - rOMOMOp-
$H3M, Tor,qa AJ1R n~6oro x EX, v E U T H t E T BblnonHReTCR paeeHcT
eo 

f(A(x, vi[O, t))) = A'(f(x), vi[ 0, t)). 

,llOKa3aTeJ1bCTBO 

ECJlH t=O, TO no onpe,qeJleHH~ nepeXO,QHOH <llYHK4HH HMeeM 
f(A(x, vl[O,O)))af(X)..A'(t(x), vi[O,O)). npH t = 1 Mbl HMeeM f(,\ (x, vI[ 0~1)))= 

= f(xa.~x;&(v(O))) = f(xa). f(xf3(v(O))) = f(x) a'· f(x) f3'(v(O)) =A '(f(x), vi[0,1)). 

npe,qnoJlOIKHM, "'TO f(,\ (x, vI[ 0, t))) =A, (f(x). vI[ 0, t)) • 
HMeeM 

f(A(x, vi[O, t +1))) = f(A(x, vi[ 0, t)) a.A(x, vi[ 0, t)) f3(v(t))) 

= f(A(x, vi[O, t)))a'.f(A(x, vi[O, t))) f3'(v(t)) 

=A '(f(x), vI[ 0, t)) a'. A '(f(x), vI[ 0, t)) f3'(v (t)) 

=A '(f(x), vI[ 0, t+ 1)) , 

OTC~,qa no HHAYK4HH nOJ1Y4HM f(A(x,vi(O,t))) =A'(f(x),vi(O,t)) 

Tor,qa 

.QJlR Bcex tE T. o 

12,121 npe,qJlOIKeHHe 

BJlOIKeHHe f:S:+S' CHCTeMbl 8 B CHCTeMy 8' np04ecca cp RBJlReT
CR 3KBHBaJ1eHTHbiM npeo6pa30BaHHeM, T,e, B3aHMHO O,QH03Ha4HbiM 
npeo6pa3oBaHHeM, 

,lloKa3aTeJ1bCTBO 

,llnR npoH3BOJ1bHoro 71 E H 8 nonoiKHM 71 ': fX -+ Y: x '~-+ 71 (f -l (x ')). 
Tor,qa AJ1R n~6oi1 napbl (v,cuh:cp cy~ecTeyeT xEX TaKoe, "'TO 
s X11 (v) =CU. no JleMMe 12. 11 I HMeeM s 'r(x) , (v) (t) = 

= 71 '(A' (f(x) , vI[ 0, t))) = 71 '(f(A (x, vI[ 0, t )))) = 717A (x, vI[ 0, t) )) = S VI (v) (t) • 
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0Tc~,qa S'r(x)
71

,(v)=S 
71 

(v) =cu. TaKHM o6pa3oM, 71 • ecTb ,qonyc-
THMOe BbiXO,QHOe OTo6paiKeHHe ,QJlR no,qnpOCTpaHCTBa fX. o 

12.131 TeopeMa 

nycTb s H S' -cHCTeMbl npo4eCca cp H f: s ... S' - rOMOMop
<llH3M. Tor,qa f RBJlReTCR 3KBHeaneHTHbiM npeo6pa3oeaHHeM Tor,qa 
H TOJlbKO TOr,qa, KOr,qa cy~eCTBY~T Ha6n~,qeHHR ryEH S H 1/ 'E·H s' 
TaK~-te, "'TO 7/=ry'f, T,e, ,qHarpaMMa OT06paiKeHH~ 

KOMMyTaTHBHa. 

,lloKa3aTeJ1bCTBO 

X~ d y 

X'~ 
nycTb f:S ... s· - 3KBHBaJ1eHTHOe npeo6pa3oBaHHe. Tor,qa fX 

o6pa3yeT no,qc~-tcTeMy fS CHCTeMbt S ', no 12.61 cy~ecTeyeT ,qonyc
THMoe BbiXO,qHOe OT06paiKeH~-te ry'EHg•TaKoe, "'TO orpaH~-t4eHHe 
ry'lfX eCTb ,qonyCTI'IMOe BbiXO,qHOe OT06paiKeHHe no,qCHCTeMbl fS. 

noKaiKeM, "'TO ry=ry'f eCTb ,qonyCTHMOe BbiXO,qHoe OT06pa1KeHHe Cl't-
CTeMbl S. PaccMOTp~-tM npoH3BOJ1bHY~ napy (v,cu) E cp, Tor,qa cy~ecTey-
eT X'G-fX TaKoe, "'TO S~'ry' (v) =cu. C ,qpyroi1 CTOPOHbl, B c~-t-
CTeMe S cy~ecTeyeT xEX TaKoe, "'TO f(x) =x'. Tor,qa no neMMe 
12. 11 I ,qnR n106oro t E T ~-tMeeM S X1/ (v) (t) = 11 (A (x, v 1[0, t))) 
= 71'f(A(x,vi[O,t)))=rJ'(A'(f(x). vi[O,t)))= ry'(A'(x', vi[O, t)))= 
= S'x'ry' (v)(t). 0TciO,qa S xry (v) =S'x'TJ' (v) =cu. TaK~-tM o6pa30M, 
11 RBJlReTCR ,qonycT~-tMbiM BbiXOAHbiM oTo6paiKeH~-teM c~-tcTeMbl S. H Hao-
6opoT, nyCTb e c~-tcTeMax S "'S' cy~eCTBY~Try.:;H 8 ~-try'EH 8 •TaK~-te, 
"'TO 71=71'f. Tor,qa ,qnR 11106oi1 napbt (v,cu)E cp cy~ecTeyeT xEX 
TaKoe, "'TO S xry (v) =cu. C ,qpyroi1 CTOPOHbl, AJ1R ecex tE T no neMMe 
12.111 HMeeM Sf(x)ry'(V)(t) =ry'(,\'(f(x),vi(O,t))) = 

= 11 '(f(A (x, v I[O, t )))) = 11 (,\ (x, vI[ 0, t))) = S xry (v) (t) . 0TciO,qa 
S 'r(x) 71"(v) = S xry (v) = w • H TaK ,qnR n106oi1 napbt (v, cv) E cp 
cy~eCTByeT COCTORHHe f(x) = x' E fX TaKOe, "'TO S~'ry' (v) = w. 
Cne,qoeaTenbHO, fX o6pa3yeT no,qc~-tcTeMy CHCTeMbl S' H f RBnReTcR 
3KB~-tBaJ1eHTHbiM npeo6pa30BaHHeM. 0 

H3 nepeoi1 1.1acT~-t ,qoKa3aTeJ1bCTea TeopeMbl 12.131 Mbl TaKIKe no
ny4~-tM 

12.141 npe,qJ10IKeH~-te 

EcnH f: S ... S' - 3KBHeaneHTHOe npeo6pa3oBaHHe CH~TeMbl S e 
CHCTeMy S', TO ,[IJ1R J1106oro ry'G- Hg'• ,qJlR KOToporo orpaHH4eHHe 

11 'If X ecTb ,qonycTHMoe Bbtxo,qHoe oTo6paiKeHHe no,qcHcTeMbt fS, 
cy~ecTeyeT TaKoe 11 EH

8 
, 4TO 11 =ry 'f. o 
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12.151 OnpeaeneHHe 

nycTb X -npOCTpaHCTBO COCTORHHH CHCTeMbl s, q c Xx X - OTHO
weHHe Ha X. Toraa q Ha3biBaeTcR KoHrpy3H~He14 e npocTpaHcTee 
X, ecnH q yaoeneTeopReT cneayo~HM ycnoBHRM: 

11 (x,x) ~q AnR ecex xc;; X; 
21 eCJ1H (X 1' X 2) ~ q, TO (X 2 , X 1 ) c;; q ; 
31 ecnH (x 1,x 2)c;; q H. (x 2,xl))c;; q, TO (x1'x 3 )~q 
41 ecJ1H (x 1 ,x 2 )~q. To {x 1 a,x~)c;; q; 
51 ecnH (x 1,x 2) ~ q, To (x1 fl(u), x 2fl(u)) ~ q AJ1R ecex 

u G- U; 
61 eCJ1H (X 1, X 2) ~ q H (Xl , X 2) G- q , TO (X 1• X l , X 2 • X 2) ~ q • 
nepBble TpH yCJ10BHR RBJ1ROTCR ycnOBHRMH 3KBHBaJ1eHTHOCTH q 

Ha X,a OCTaJ1bHble - YCJ10BHR 3aMKHYTOCTH q OTHOCHTeJ1bHO a,fl H ~· 
ECJ1H f:X-+X'- rOMOMOP$H3M CHCTeMbl S B CHCTeMyS: TO RAPOM 

rOMOMOp$H3Ma f, 0603Ha4aeMbiM 4epe3 k~f, Ha3biBaeTCR OTHOWeHHe 
f -1 , f, T, e, kerf= f -1, f. J.iHbiMH CJ10BaMH, (X , X 2) ~ kerf 
Toraa H TOJ1bKO Toraa, Korea f(x 1) =f(x ) • d4eBHAHO, 4TO kerf 
RBJ1ReTCR KOHrpy3H~HeH B npOCTpaHCTBe g,,lleHCTBHTeJ1bHO, 111, 
121 H 131 npoeepROTCR TpHBHaJ1bHO; 141 H 151: eCJ1H (x1,x 2 )c;;q, 
TO f(x 1a)=f(x 1)a'=f(x 2)a'= f(x 2 a), OTCOAa (x 1a, x 2 a)~q. 
aHanorH4HO (x 1,B(u) ,x 2 tJ(u)) G- q; 161: ecnH (xrx2 )c;;q H 
(x'1, x2)G-q, TO f(x 1 .xi) = f(x 1).f(x'1) = f(x 2). f(x'2)=f(x2 .xz) ,oTco
aa (x 1• x 1, x 2 • x 2) ~ q. 

EcnH q-KoHrpy3H~HR e X, TO Mbl o6o3Ha4HM ee MHomecTBO ecex 
Knaccoe 3KBHBaneHTHOCTH 4epe3 Xlq, H Ha HeM onpeaenHM onepa
~HH a*, tl* H ~· cneaYIOIJtHM o6pa30M: xqa*= (xa)Q, xq fl*(u) = 
= (xfl(u))q anR ecex u~UH x~.xa =(x 1.x 2)q, rae xq- Knacc 
3KBHBaJ1eHTHOCTH COCTORHHR X. Toraa MHOmeCTBO X*=XIq BMeCTe 
C onpeaeneHHbiMH Ha HeM onepa~HRMH a*, tJ * H ~ * Ha3b1BaeTCR 
$aKTop-npOCTpaHCTBOM npOCTpaHCTBa COCTORHHH no KOHrpy3H~HH q, 
04eBHAHO, 4TO ecTeCTBeHHOe OT06pameHHe, KOTOpoe 0603Ha4aeTCR 
4epe3 nat q: X .. Xlq: x .. x q , RBnReTcR roMOMOP<I>H3MOM npocTpaH
cTea X e <!>aKTopnpocTpaHcTeo X*=XIq.,lleHCTBHTeJ1bHo, natq(xa) = 
= (xa) q = x q a* = natq (x) a*, natq (x,B (u)) = (xfl (ll)) q= x qtl *(u) = 

. = natq(x) tl *(u) AJ1R acex u ~ U , natq(x 1' x2) =(x1• x2)q = natq(x1) • natq( Jte). 

12.161 TeopeMa 

nycTb f: S,. S' - 3KBHBaJ1eHTHOe npeo6pa30BaHHe CHCTeMbl S B 
CHCTeMy S' npo~ecca ¢ c RAPOM q=kerf. Toraa <!>aKTopnpocTpaHcTao 
X*=XIq npocTpaHcTea cocTORHHH X o6pa3yeT cHcTeMy S* = 
= <T, X*, U, Y, ¢,a*, fl*,~*) npo~ecca ¢, ecTeCTBeHHOe oTo6pa-
meHHe 8=natq RBJ1ReTCR 3KBHBaJ1eHTHbiM npeo6pa30BaHHeM CHCTeMbl 
S Ha CHCTeMy S* H HMeeT MeCTO pa3J10meHHe f..;Jfll, rae j -
B3aHMHO OAH03Ha4HOe npeo6pa30BaHHe CHCTeMbl ffi B CHCTeMy S' 
H f: Xlq -+ fX - H30MOP$HOe npeo6pa3oBaHHe CHCTeMbl S* B CHCTeMy 
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fS, HHbiMH cnoaaMH, AHarpaMMa 3KBHBaJ1eHTHbiX npeo6pa30BaHHH 

KOMMyTaTHBHa, 

,lloKa3aTeJ1bCTBO 

s 
6:11dtq j 

S* 

~~S' 

lj 
______....~ fS 

·CHa4aJ1a AOKameM, 4TO AJ1R S* cy~eCTBYeT AOnYCTHMOe BbiXOA
HOe oTo6pameHHe. f - 3KBHaaneHTHOe npeo6pa3oBaHHe, cneaoea
TenbHo, no onpeaeneHHO 12.91, ffi eCTb nOACHCTeMa CHCTeMbl 
S'. Toraa no 12.61 Kamaoe aonycTHMOe BbiXOAHOe oTo6pameHHe noa
CHCTeMbl fS MOmeT 6b1Tb npeACTaBJ1eHO B BHAe 11'jfX, rae 11'~Hs• • 
C APYrOH CTOpOHbl, no 12.141 AnR 11' cy~eCTByeT 11~Hs TaKoe, 
4TO 11 =17 'f. OnpeaenHM BbiXOAHOe oTo6pameHHe AJ1R CHCTeMbl S * 
CJ1eAYO~HM o6pa30M 11 *: Xlq .. y: X q .. 11 '(f(x)) • noKameM, 4TO 
11* RBnReTCR AOnyCTHMbiM BbiXOAHbiM OT06pameHHeM CHCTeMbl 8*. ,llei4-
CTBHTeJ1bHO, AnR J1060H napbl (v,cu)~ cp cy~eCTByOT X~X H x'~ fX 
TaKHe, 4TO x' = f(x) H 8~·11 , (v) .. s'r<~, (v) =cu. Toraa,. 
noJ1b3YRCb neMMOH 12. 11 I, HMeeM S* q * (v)(t) =11 (l *(x q, vI[ 0, t))) = 

= 11*(.\*(8(x), vj[O, t))) =11*(8 (,\(x, vj[O~tf))) = 11*(,\(x, vj[O, t)))q = 
= 11'(f(,\(x,vj[O, t)))) = 11 '(>.'(f(x), vj[O, t))) "'' S r(x)l1' (v)(t). 
0TCOAa s;qi1*(V)=8't(J:) •(V) = cu H 11*- AOnyCTHMOe BbiXOA-
HOe OTo6pameHHe CHCTe~bl S*. CneaoeaTenbHO, s• RBJ1ReTCR cH
CTeMOH npo~ecca ¢. a 8=natq - 3KBHBaneHTHOe npeo6pa3oBaHHe cH
cTeMbl 8 Ha CHCTeMyS*, TaK KaK AJ1R npOH3BOJ1bHOrO Xq~X*8(X)=Xq;, 

- q 
04eBHAHO, 4TO f: Xlq .. rx: X ... f(x) RBJ1ReTCR H30MOP<I>Hb1M npeo6-
pa30BaHHeM. KpoMe Toro, c y4eTOM 12.121 cnpaeeAJ1HBO pa3nome-
HHe r = Jf8. o 

,lln.A Kamaoro BbiXOAHOrO OT06pameHHR 11: X-+ Y CHCTeMbl S Mbl TaKme 
6yaeM Ha3biBaTb ker 71 =71•

1•71 ero RAPOM. B o6~eM cny4ae RAPO Bbl
xoaHoro OT06pameHHR RBJ1ReTCR 3KBHBaneHTHOCTbO Ha MHOmeCTBe 
COCTORHHH X,HO He RBJ1ReTCR KOHrpy3H~HeH B npOCTpaHCTBe co
CTORHHH X. Mbl 6yaeM Ha3b1BaTb KOHrPY3HTHbiM TaKoe BbiXOAHOe OTo6-
pameHHe 11,RAPO ker17 KOTOporo RBJ1ReTCR KOHrpy3H~HeH B npocTpaH
CTBe COCTORHHH X. 

12.171 TeopeMa 

nycTb q - KOHrpy3H~HR B npoCTpaHCTBe COCTORHHH X CHCTeMbl 
S npo~ecca ¢ H X*= Xlq - <!>aKTOpnpocTpaHCTBO npocTpaHcTaa X 
no KOHrPY3H~HH q. Toraa BOCbMepKa S*=<T,X*, U, Y,cp ,a.*,f3*.tJ.*> 
RBJ1ReTCR CHCTeMOH npo~ecca cp TOrAa H TOJ1bKO TOraa, KOrAa AJ1R 
CHCTeMbl S CY~'eCTByeT TaKoe 17~HS ,RAPO ker11 KOTOporo COAepmHT q, 
T.e. qs_ker17. 
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,l\OKa3aTellbCTBO 

nycTb S*- CHCTeMa npo~ecca ¢.TorAa 04eBHAHO, 4TO O=n~q 
eCTb 3KBHBalleHTHOe npeo6pa30BaHHe CHCTeMbl S Ha CHCTeMy S*. no 
12.141 AilR 11106oro 77*EHs* CyllleCTByeT 77EH TaKoe, 4TO 77=77*0. 
noKa>KeM, 4TO qs;_ker77· ,Qe.:ICTBHTellbHO, eCilH ~x. x')Eq, TO O(x)=O(X') 
H 77(x) =77*(0(x)) = 77*(0(x')) = 77(x'). 0TCIOAa (x,x')-E- ker77. 

06paTHo, nycTb CYlllecTeyeT 77G-H 8 TaKoe, 4TO qCker77. TorAa 
MO>KHO onpeAellHTb BbiXOAHOe OT06pa>KeHHe 77 *:X/A ... Y: X q ,_. 71 (X) , TaK 
KaK ecnH xq=x'Q,To x77=x'77 H 77*(xq) =77(x) =77(x')=77*(x-<ll.noKa
>KeM, 4TO 77*G- H s* • 

/leHCTBHTellbHO, AilR 111060.:\ napbl (v,w)E ¢ CyllleCTBYeT XEX TaKoe, 
4TO Sx77 (v) =w. TorAa no neMMe 12.111 HMeeM S*xq 77 *(v)(t) 
= 77*(,\*(xQ,vJ[O,t))) =77*((,\(x,vJ[O,t)))q) = 77(,\(x,vJ[O,t))) 

s x7l . (v)(t) . 0TCIOAa S*x q77 * (v) = S x7l (v)=W, T .e. 77*EH 8 • o 
B AallbHeHWeM KOHrpy3H~HRQ B npocTpaHCTBe COCTORHHH CHCTeMbl 

S npo~ecca ¢,AI1R KOTopo.:\ ~aKTopnpocTpaHCTBO X*=XIqo6pa3yeT 
CHCTeMy npo~ecca ¢, 6yAeT Ha3b1BaTbCR AHHaMH4eCKOH KOHrpy3H~HeH. 

/2.181 TeopeMa 

nyCTb f: S ... g•.- rOMOMOP~H3M CHCTeMbl S B CHCTeMy S' npo~ecca 
¢. TorAa f RBilReTcR 3KBHBaneHTHbiM npeo6pa3oeaHHeM TOrAa H 
TOilbKO TOrAa, KOrAa CYllleCTByeT 77EH8 TaKoe, 4TO kerf£,ker77. 

JloKa3aTellbCTBO 

nycTb f - 3KBHBalleHTHOe npeo6pa30BaHHe. TorAa no TeopeMe 
12. 161 Xlker f o6pa3yeT cHcTeMy npo1.1ecca ¢. 0TCIOAa no 12. 17 I 
cyllleCTByeT 77G-H 8 TaKoe, 4TO kerfCker77. 

C APYro.:l CTopoHbl, ecnH CYllleCTByeT 77EHgTaKoe, 4TO kerf£_ker71, 
To no 12.171 Xlkerfo6pa3yeT CHCTeMy npo~ecca ¢. Ho $aKTopnpocT
paHcTeo X*= Xlkerf H30MOP~Ho npocTpaHCTBY fX, cneAOBaTellbHO, H3 
12.121 rx o6pa3yeT nOACHCTeMy fS CHCTeMbl S'. TaKHM o6pa30M, 
f RBilReTCR 3KBHBalleHTHbiM npeo6pa30BaHHeM, 

3. M~H~MAnbH~E AnrE6PA~4ECK~E 
A~HAM~4ECK~E C~CTEMW 

0 

B 06111eM Clly4ae HHTYHTHBHO nOA MHHHMallbHO~ MaTeMaTH4eCKOH 
CTPYKTYPOH AHHaMH4eCKHX CHCTeM noApa3yMeBaiOT TaKyKl CTPYKTypy, 
npOCTpaHCTBO COCTORHHH KOTOPOH Hellb3R yMeHbWHTb H npHMeHHTb 
3KB~BalleHTHble npeo6pa30BaHHR, KPOMe B3aHMHO OAH03Ha4HbiX npeo6-
pa30BaHHH, T.e. AallbHe.:lwHe 3KBHeaneHTHble npeo6pa3oeaHHR He 
npHBOART K yMeHbWeHHIO MOLIIHOCTH npOCTpaHCTBa COCTORHHH, Ce.:\4aC 
Mbl C$OPMYilHpyeM CTporoe nOHRTHe MHHHMallbHbiX anre6paH4eCKHX 
AHHaMH4eCKHX CHCTeM. 3aTeM 6yAeM HaXOAHTb HX He06XOAHMOe H 
AOCTaT04HOe YCilOBHe, 

10 

13.11 OnpeAeneHHe 

Anre6paH4eCKaR AHHaMH4ecKaR CHCTeMa S npo1.1ecca ¢ Ha3bleaeT
cR npOCTOH TOrAa H TOilbKO TOrAa, KOrAa OHa He COAeP>KHT HHKaKOH 
C06CTBeHHOH nOACHCTeMbl, T.e, eAHHCTBeHHOH ee nOACHCTeMOH RB
IlReTCR CaMa 8. 

13.21 OnpeAelleHHe 

Anre6paH4ecKaR AHHaMH4ecKaR cHcTeMa S npo1.1ecca ¢ Ha3bleaeTcR 
TynHKOBOH TOrAa H TOilbKO TOrAa, KOrAa 111060e 3KBHBalleHTHOe 
npeo6pa3oBaHHe ee B APYrYKl CHCTeMy npollecca ¢ RBilReTCR B3aHMHO 
OAH03Ha4HbiM npeo6pa3oBaHHeM, 

13.31 OnpeAeneHHe 

Ailre6paH4eCKaR AHHaMH4eCKaR CHCTeMa Ha3biBaeTCR MHHHMallbHOH 
TOrAa H TOilbKO TOrAa, KOrAa OHa npOCTa H TynHKOBa. 

B pa6oTe 111 Mbl nonb3oeanHcb npocTpaHcTBOM IlHHrBHCTH4eCKHX 
COCTORHHH Allfl AOKa3aTellbCTBa TeopeMbl anre6paH4eCKOH peanH3a
LIHH npoH3BOilbHoro AHCKpeTHoro AHHaMH4ecKoro npo1.1ecca. B 3TOM 
naparpa~e Mbl 6yAeM nonb3oeaTbCR 3THM npocTpaHCTBOM AilR Hc
cneAOBaHHR MHHHMallbHbiX anre6paH4eCKHX AHHaMH4eCKHX CHCTeM, 
HanOMHHM OCHOBHble ero nOHRTHR, 

13.41 OnpeAeneHHe 

nycTb A -HeKOTOpOe HenyCTOe MHO>KeCTBO H U - BXOAHOe MHO>Ke-
CTBO, TorAa 0= u~ I a, p.l Ha3biBaeTCR o6nacTbiO AHHaMH4eCKHX 
onepaTopoe H nOA MHO>KeCTBOM Xo(A) IlHHrBHCTH4eCKHX COCTORHHH 
lcocTORHH.:I-cnoel o6nacTH AHHaMH4eCKHX onepaTopoe O,nopO>KAeH
HbiM MHO>KeCTBOM A,Mbl 6yAeM nOApa3yMeBaTb MHO>KeCTBO BCeX IlHHrBHi 
CTH4eCKHX COCTORHHH, onpeAellReMbiX npHnHCbiBaHHeM no 0606llleHHOMY 
HHAYKTHBHOMY onpeAelleHHIO: 

1 I ecnH aGo A, TO a - IlHHrBHCTH4ecKoe coCTORHHe; 
21 eCilH a- IlHHrBHCTH4eCKOe COCTORHHe, TO aa- IlHHrBHCTH4eC

KOe COCTORHHe; 
31 eCilH a - IlHHrBHCTH4eCKOe COCTORHHe, TO au - IlHHrBHCTH-

4eCKOe COCTORHHe Allfl BCeX U E U; 
41 eCJll.'l a H b - IlHHrBHCTH4eCKHe COCTORHHR, TO abf.t - IlHHrBH

CTH4eCKOe COCTORHHe, 

13.51 OnpeAeneHHe 

nycTb A- HeKOTOpoe HenyCTOe MHO>KeCTBO H U- BXOAHOe MHO>KeCT
BO, TorAa n·oA npocTpaHCTBOM IlHHrBHCTH4eCKHx cocTORHHH lco
CTORHH.:I-cnoel o6naCTH AHHaMH4eCKHX onepaTOPOB 0 = tj '-'-'Ia, p.l, no
pO>KAeHHbiM MHO>KeCTBOMA, Mbl 6yAeM nOAPa3yMeBaTb ee MHO>KeCTBO 
IlHHrBHCTH4eCKHX COCTORHHH X0 (A),nopO>KAeHHOe MHO>KeCTBOM .A CO 
CileAYKlliiHMH onepaLIHRMH npHnHCbiBaHHR: 
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a :X n (A) ... X o(A) : a ~-+ a a; 

{i(u): Xn (A) ... Xn (A): a~-> au AllR 8Cex u ~ U; 

p:X0 (A)xX 0 (A) ... Xn(A): (a, b), ... ab1t. 

/3.6/ OnpeAelleHHe 

nycTb rp- npOI-1380/lbHbiH 3aAaHHbiH AHCKpeTHbiH AHHaMH4eCKHH 
npo~ecc. TorAa noA YHH8epca/lbHOH anre6paH4eCKOH AHHaMH4eCKOH 
CHCTeMOH npo~ecca rp 6yAeM noApa3yMe8aTb CHCTeMy S<T,Xo(A) , 
U, Y, ¢.a, f3,,t>, rAe X o<A)- npocTpaHCT80 /1HHr8HCTH4eCKHX co

CTORHHH o6naCTH AHHaMH4eCKHX onepaTOP08 0 = U ~a, p}, nopOlKAeH
HOe MHOlKeCT80M A, H30MOP~HbiM MHOlKeCT8y rp. 

To, 4To AllR YHH8epca/lbHoi1 cHcTeMbl cy~ecT8yeT AOnycTHMoe 
8biXOAHOe OT06palKeHHe, 6bl/10 H38eCTHO 8/1/npH AOKa3aTe/lbCT8e 
TeopeMbl anre6paH4eCKOH pea/1H3a~HH npOI-1380/lbHOro AHCKpeTHOro 
AHHaMH4ecKoro npo~ecca. AnR YA06CT8a 8 AallbHei1weM Mbl e~e 
0603Ha4HM YHH8epca/lbHY~ CHCTeMy npo~ecca rp 4epe3 S~ a COOT8eT
CT8Y~~ee npOCTpaHCT80 COCTORHHH - 4epe3 X¢. 

/3.7/ TeopeMa 

AnR 11~6oi1 cHcTeMbl S npo~ecca ¢ cy~ec;T8yeT 3K8H8a/leHTHoe 
npeo6pa308aHHe YHH8epca/lbHOH CHCTeMbl S¢ 3TOrO npo~ecca 8 CH
CTeMy S. 

AoKa3aTellbCT8o 

AnR npoH380ilbHoro AOnycTHMoro 8biXOAHoro oTo6palKeHHR ~~ H8 
CHCTeMbl S 8b16HpaeM MHHHMa/lbHOe no 8K/1~4eHH~ MHOlKeCT80 I Ha-
4a/lbHbiX COCTORHHH, T.e. AllR 11~60.:1 napbl (v,w)~rp cy~eCT8yeT 
COCl'ORHHe XG-1 TaKoe, 4TO SX~ (V) =W, H 11~6oe C06CT8eHHOe noA
MHOlKeCT80 MHOlKeCT8a I He YA08/leT80pReT 3TOMy YC/1081-1~. 04e-
8HAHO, 4To no MO~HOCTH III~ 1¢1 =lA\. nocTpoHM npoH380ilbHoe 
OTo6palKeHHe h: A ... I MHOlKeCT8a A Ha MHOlKeCT80 I. npoAO/llKHM 
OT06palKeHHe h AO OT06palKeHHR f: X n (A) ... X C/leAY~~~-~M o6pa30M. 
KalKAOe COCTORHHe-c/1080 X OAH03Ha4HO npeACTa8HMO 8 8HAe 

X=a 1 ... aM(ai~Q_, la,pl._.A). 

nonolKHM f(x) = a1 ... aM, 

rAe a'= \ 13a(~), 
l h (a), 

ecn~-1 

ecn~-1 

ecn~-1 

a~ U 
a~ la,pl 
a~ A. 

04e8HAHO, 4TO f(~ R811ReTCR eAHHCT8eHHbiM 3/leMeHTOM npocT
paHCT8a COCTORHHH X, KOTOPbiH no/ly4eH 3aMeHOH a~A Ha h(a). 
TaK KaK a H J-1 HH8apHaHTHbl npH 3aMeHe, Mbl HMeeM f(Xa) = f(X)a 
H f(xx'p) = f(xx')p = l'(x) f(x')p = f(x). f(x') AllR 
8cex x, x 'G. X n (A). Aanee, HMeeM f(x u) = f(x) /3 (u) AllR 8cex 
X ~ X n (A) 1-1 uG- u. TaKHM o6pa30M' f R8/1ReTCR roMOMOPCI>H3MOM 

• 
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npocTpaHCT8a 2ll (A) 8 npocTpaHCT80 X. KpoMe Taro, f X n (A) co
AePlKHT I, TaK KaK h eCTb OT06palKeHHe Ha. 0TC~Aa no /2.4/ orpa
HH4eHHe ~\fXQ(A) eCTb AOnyCTHMOe 8biXOAHOe OT06palKeHHe AllR 
o6pa3a fXn(A). TaKHM o6pa3oM, f R8~ReTcR 3K8H8aneHTHbiM npe
o6pa3o8aHHeM YHH8epca/lbHOH CHCTeMbl S ¢ 8 CHCTeMy S. 0 

/3.8/ TeopeMa 

Anre6paH4ecKaR AHHaMH4ecKaR CHcTeMa S npo~ecca ¢ R811ReTCR 

MHHHMa/lbHOH TOrAa 1-1 TO/lbKO TOrAa, KOrAa 11~6oe 3K8H8a/leHTHOe 
npeo6pa308aHHe f: S rp_. S R8/1ReTCR 3nHMOP~H3MOM /3K8H8alleHTHbiM 
npeo6pa308aHHeM Ha/ H RAPO kerf - MaKCHMa/lbHOH no 8K/1~4eHH~ 
AHHaMH4eCKOH KOHrpy3H~HeH Ha X~T.e. /1~6aR APYraR KOHrpy3H
~HR q Ha X if> ,coAeplKa~aR kerf. He o6pa3yeT CHCTeMbl npo~ecca ¢. 

AoKa3aTellbCT80 

nycTb S - MHHHMa/lbHaR CHCTeMa npo~ecca rp. EC/11-1 f:S¢ -oS -
npOI-!380/lbHOe 3K8H8a/leHTHOe npeo6pa308aHHe YHHBepca/lbHOH CH
CTeMbl S rp B CHCTeMy S, TO o6pa3 fS rp eCTb nOACHCTeMa CHCTeMbl S. 
0AHaKO CHCTeMa S npocTa, ClleAOBaTe/lbHO, fgP=S,noKalKeM, 4TO 
RAPO kerf RB/lReTCR MaKCHMa/lbHOH no BK/1104eHHIO AHHaMH4eCKOH 
KOHrpy3H~HeH Ha X~npeAnO/lOlKHM npOTHBHOe, T.e. 4TO cy~eCTByeT 
KOHrpy3Hl.IHR q, CO~eplKa~aR kerf, T • e • ker fC q, H AJ1R Cl>aKTop
npOCTpaHCTBa X rp/ q cy~eCTByeT -~.AOnycTHMOe 8biXOAHOe OT06palKeHHe. 

cp '~'! kerf q _ TorAa OT06palKeHHe F: X /ker-o X q: x ... x RB/llleTcR 3KBHBa 
/leHTHbiM npeo6pa30BaHHeM Ha.AeHCTBHTe/lbHO,eC/11-1 0603Ha4HM Onepa
~HH B X¢/kerf 4epe3 a*,f3* H p*, a B X ¢/q - 4epe3 Ci*, 'fJ* 
H IL*• TO HMeeM F(xkerf a*)=F(xa)kerf=(xa)q=xqii*=.F(xkerf)QT; 
aHanorH4HO F (x kerr /3 *(u)) = F(x kerf) {J*(u) AllR ecex u~ U H 
F(x~err .x ~err) =F((xl.x2)kerf)=(xl.x2)q=xl.xq =F(xkr~.F(x ~err). 
O~BHAHO, 4TO F ecTb oTo6palKeHHe Ha. H3 72.,~/ npocTpaHCT80 
X /kerf H30MOP~Ho npocTpaHCT8Y X, TaK KaK ffi =8. EcnH nonolKHM 
g: X ... X ¢I kerf - H30MOPCI>H3M npocTpaHCT8a X e npocTpaHCT80 
x¢/kerf,TO no /2.10/ Fg eCTb 3KBHBa/leHTHOe npeo6pa3oBaHI-!e CH-

CTeMbl S B CHCTeMy, o6pa3yeMyiO npOCTpaHCTBOM X¢/q. Ho S - TynH
KOBaR CHCTeMa, C/leAOBaTellbHO, Fg - B3aHMHO OAH03Ha4HOe npeo6-
pa30BaHHe. 0TC~Aa F- B3aHMHO OAH03Ha4HOe npeo6pa3oBaHHe, cne
AOBaTellbHO, OHO RBilReTCR H30MOpCI>HbiM npeo6pa30BaHHeM H q =kerf. 
3To npOTHBOpe4HT npeAilOlKeHH~ kerfcq. TaKHM o6pa3oM,kerf R811ReTcR 

MaKCHMa/lbHOH no BK/1104eHHIO AHHaMH4eCKOH KOHrpy3H~HeH Ha X¢. 
H Hao6opoT, nycTb BblnonHRIOTCR ace ycnoeHR 1-1 noKalKeM, 4TO 

CHCTeMaS MHHHMa/lbHa, T.e. OHa npOCTa H TynHKOBa. npeAnO/lOlKHM, 
4To S He npocTa. TorAa oHa coAePlKHT a ce6e co6cTBeHHY~ nOACH
cTeMy S'cS. no TeopeMe /3.7/ cy~eCTByeT 3KBHBalleHTHOe npeo6-
pa30BaHHe h: S ¢_. S' YHHBepca/lbHOH CHCTeMbl S rp B nOACHCTeMy S ', 
nycTb j: S ' ... S - BllOlKeHHe nOACHCTeMbl S, 8 CHCTeMy S. no /2 • 12/ 
OHO RB/lReTCR 3K8H8a/leHTHbiM npeo6pa308aHHeM. TorAa 04eBHAHO, 
4TO jh RB/lReTCR 3K8HBalleHTHbiM npeo6pa3oBaHHeM CHCTeMbl S rP 
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B CHCTeMy S, KOTOPOe He RBnReTCR 3nHMOp~H3MOM, 3TO npoTHBOpe-
4HT TOMY ycnOBHIO, 4TO n1060e 3KBHBaneHTHOe npeo6pa30BaHHe CH
CTeMbl S¢ 8 CHCTeMy S RBnReTCR 3nHMOp~H3MOM, TaKHM o6pa30M, 
CHCTeMa S npOCTa, ~anee,nyCTb g: S~S'- npOH380nbHOe 3K8H8a
neHTHOe npeo6pa308aHHe cHcTeM~ S 8 n106y10 cHcTeMy S' npo4ecca 

cp H f:S¢~s - 3K8H8aneHTHOe npeo6pa3oBaHHe CHCTeM~ S¢ 
a cHcTeMy S. Tor,qa no /2.10/ gf: s¢_.s· ecTb 3KBHeaneHTHoe npe
o6pa3o8aHHe CHCTeM~ S cp 8 CHCTeMy S', TaK KaK f - 3nHMOP~H3M, ' 
OTCIOAa kerfC kergf, O,qHaKo no ycno8HIO kerf RBnReTc~ MaKcH-
ManbHOH no -BKnl04eHHIO AHHaMH4eCKOH KOHrpy3Hl.IHeH Ha X , cne
,qo8aTenbHO, kerf=kergf H g R8nReTCR 8nOlKeHHeM,T.e. 83aHMHO OAH0-
3Ha4H~M npeo6pa30BaHHeM. TaKHM o6pa30M, CHCTeMa S TynHKOBa, D 

/3.9/ Cne,qcT8He 

n106aR MHHHManbHaR anre6paH4eCKaR AHHaMH4eCKaR CHCTeMa S 
npo1.1ecca ¢ R8nReTcR o6pa3oM HeKoToporo 3KBHeaneHTHoro npeo6-
pa3oeaHHR YHHBepcanbHOH CHCTeM~ SifJ. 

~OKa3aTenbCT80 

H3 TeopeM~ /3.7/ 8~TeKaeT, 4To 8cer,qa cy~ecTeyeT 3KBHea
neHTHoe npeo6pa308aHHe CHCTeM~ S cp B CHCTeMy S. Tor,qa no 
TeopeMe /3.8/ OHO RBnReTCR 3nHMOp~H3MOM, Cne,qoeaTenbHO, CH
CTeMa S ecTb o6pa3 HeKOToporo 3KBHeaneHTHoro npeo6pa3oeaHHR 
yHHBepcanbHOH C!I1CTeMbl S ¢, D 

3AKJ104EHHE 

3KB!I1eaneHTH~e npeo6pa3oBaH!I1R anre6pall14eCKII1X AII1HaM!I14ecK!11X 
C!I1CTeM RBnRIOTCR OCHOBH~MII1 3neMeHTaM!I1 TeOp!11!11 anre6pa!l14eCKOH 
pean~3al.I!I1H A111CKpeTH~x A111HaM!I14eCKII1X CII1CTeM. C noMo~biO 111x Teo
PII1111 3,qecb nony4eHO He06XOA111MOe 111 AOCTaT04HOe ycnOB!I1e MII1H!I1-
ManbHOH anre6pa!l14eCKOH A111HaM!I14eCKOH CII1CTeM~, peanii13YIO~ei:\ 

npo!I13BOnbH~H A111CKPeTH~H A111HaM!I14ecK!11H npo1.1ecc. 
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AnR HCCneAOBaHHR npo6neM MHHHManbHOH anre6paHqeCKOH peanHsa
QHH AHCKpeTHbiX AHHaMHqeCKHX npOQeCCOB paspa60TaHa TeOpHR 3KBH
BaneHTHbiX npeo6pa30BaHHH anre6paHqeCKHX AHHaMHqeCKHX CHCTeM, 
OCHOBaHHaR Ha MeTOAaX YHHBepcanbHOH anre6pw, C UOMO~biD paspa6o
TaHHOH TeOpHH nonyqeHO He06XOAHMOe H AOCTaTOqHoe ycnOBHe MHHH
ManbHOH anre6paHqecKOH peanH3aQHH npOH3BOnbHOrO AHCKpeTHOrO 
AHHaMHqecKoro npoQecca. 

Pa6oTa BbJnOnHeHa B Jla6opaTOpHH BbJtiHCnHTenbHOH TeXHHKH H aBTO
MaTH3aQHH OIDIH. 

C~eHMe 06~AMHeHHOro MHCTMTyTa RAePHWX MCcneAO•aHMA. ~Ha 1981 

Vu Xuan Minh. Minimal Algebraic Realization of 
Discrete-Time Dynamical Processes 

5-81-267 

The theory of equivalent transformations of algebraic dyna7 
mical systems is elaborated for investigation of problem of 
minimal algebraic realization of discrete-time dynamical proces 
ses. The theory is based on methods of the universal algebra. 
The necessary and sufficient condition of minimal algebraic 
realisation of any discrete-time dynamical process is obtained 
with the use of the elaborated theory. 

The investigation has been performed at the Laboratory of 
Computing Techniques and Automation, JINR. 
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