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1. BBE,llEHHE 

B nocneAHee nRTHaA~aT~neT~e anre6pa~4ecK~e MeTOA~ /MeTOA~ 
a6cTpaKTHoilt anre6p~/ nnOAOTBOpHo npoH~Kn~ B caMble pa3m14Hble 
o6nacT~ Teop~~ o6pa66TK~ ~H~OpMa~~~ ~ ynpaeneH~R. 3To o6DRC
HReTcR anre6pa~4eCKOilf npHpOAOilf 3neKTpOHH~X ~H~pOB~X B~4HCnH
TenbH~X MaWHH 

1
1• 2 : KOTOp~e RBnR~TCR rnaBH~MH HHCTpyMeHTaMH Ma

WHHHOilf o6pa60TK~ ~H~OpMa~~H ~ ynpaBneH~R CnOlKHbiMH CHCTeMaM~, 
a TaKlKe COBpeMeHHOH TeHAeH~~eilf anre6paH3a~HH MaTeMaTH4eCKHX 
MeTOAOB B 3T~X o6naCTRX HCCneAOBaHHR IS-B', MaTeMaT~4eCK~e MO
AenH 06DeKTOB ynpaeneH~R Ha 3UBM H CaM~ B~4HCnHTenbH~e MaWHH~ 
RBnR~TCR A~cKpeTH~M~ A~HaM~4eCKHMH c~cTeMaMH. CneAOBaTenbHo, 
pa3pa60TKa anre6paH4eCK~X MeTOAOB B TeOpHH AHCKpeTH~X AHHaMH-
4eCKHX C~CTeM npeACTaBnReT C060H BeCbMa aKTyanbHY~ npofine-

/4-6 My . 

B HacToRmee epeMR anre6pa~4eCKHe CTpyKTyp~ pa3pa6oTaH~ 
TOnbKO AnR ABYX KnaCCOB AHCKpeTH~X A~HaMH4eCKHX C~CTeM. 3TO 
nHHeHH~e CHCTeM~ H KOHe4H~e aBTOMaT~. 0AHaKO Ha npaKT~Ke BCTpe-
4a~TCR CaM~e pa3H006pa3H~e AHCKpeTH~e AHHaMH4eCKHe CHCTeM~, 
KOTOpble He RBnR~TCR HH nHHeHH~~ CHCTeMaMH, HH KOHe4HbiM~ aBTO
MaTaM~. HanpHMep, B nocneAHee AeCRTHneTHe 6blno o6HapyiKeH0,4TO 
fiHnHHeHHble CHCTeMbl /7,8/ RBnR~TCR 6onee aAeKBaTH~MH AnR PRAa 
~H3H4eCKHX 06DeKTOB, 4eM nHHeHHble CHCTeMbl, 6onee TOrO, B CBR3~ 
C HHTeHCHBHbiM pa3B~THeM CHCTeMHOrO nOAXOAa I< o6pa60TKe HH~Op
Ma~HH H ynpasneHH~, B nocneAHee AeCRTHneTHe Hafin~AaeTCR TeH
AeH~HR o6o6meHHR MaTeMaTH4eCKHX CTpyKTyp AHHaMH4eCKHX CHC-
TeM /5,9-11/' 

Y4HTbiBaR see 3To, asTop AaHHoill pa6oT~ npeAnaraeT H o6ocHOBbl- · 
eaeT o6o6meHHY~ anre6paH4ecKyo cTpyKTypy AnR WHPOKHx Knaccoe 
AHCKpeTHbiX A~HaMH4eCKHX CHCTeM Ha R3b1Ke YHHBepcanbHOH anrefi
Pbl/12,13/. 

nepeA TeM KaK C~OpMynHpOBaTb o6o6meHHYO CTpyKTypy, M~ yno
MHHaeM OCHOBHble Knacc~ AHCKpeTHbiX AHHaMH4eCKHX CHCTeM, AnR KO
TOp~X Mbl XOTHM CTPOHTb ofimyo anre6paH4eCKyD CTpyKTypy, 

1/ nHHeHH~e AHCKpeTHble AHHaMH4eCKHe CHCTeM~. 0HH COCTaBnROT 
Knacc CHCTeM, CTpyKTypa KOTOpbiX OnHC~BaeTCR CHCTeMO~ ypaBHeHHH 
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r,qe t = 0,1 ,2, ... ; X t ~ K n - COCTORHHe CHCTeMbl B MOMeHT BpeMe-
HH t ; U t G-K p_ BXO,QHOe B03,QeHCTBHe B MOMeHT BpeMeHH t ; Y t ~ 9. 
BbiXO,QHaR Bei1H4HHa B MOMeHT BpeMeHH t; 3,QeCb n 1 p H q - nOilOIKH
TellbHble ~,tenwe 4Hcna; A , C H D - nocTORHHble MaTpH~,tbl paaMepos 
n xn 1 n xp H qxn COOTBeTCTBeHHO; K - HeKOTOpoe <!>HKCHpOBaH
HOe none. 

nHHeHHble CHCTeMbl 11.11 RBilR~TCR KOHe4HOMepHbiMH, TeopeTH4e
CKH OHH TaKIKe MOryT 6b1Tb 6eCKOHe4HOMepHbiMH. B TaKOM Clly4ae A , 
C H D RBilR~TCR 6eCKOHe4HOMepHbiMH MaTpH~,taMH. 

21 KoHe4Hble asTOMaTbl, 0HH COCTaBilR~T KllaCC KOHe4HbiX ,QHCKpeT
HbiX ,QHHaMH4eCKHX CHCTeM, CTpyKTypa KOTOpbiX OnHCbiBaeTCR ynopR
,Q04eHHOH WeCTepKOH 

<N,X, Y, Y, 8, TJ > 
8:XxU-+X 

TJ: X ... y' 
11.2/ 

r,qe N =f 0,1,2, ... I; X - KOHe4HOe MHOIKeCTBO COCTORHHH; U- KOHe4-
HbiH BXO,QHOH an<!>aBHT; Y - KOHe4HbiH BbiXO,QHOH an<!>aBHT; 8 - O,QHO
warosaR nepeXO,qHaR <I>YHKI,tHR COCTORHHR H TJ - BbiXO,QHOe OT06pa>Ke

HHe, T.e. Xt+t=8(xt,ut)HYt=TJ(Xt); a,qecb t~N 1 XtEX, Ut~U 
H YtG-Y. 

31 0,qHOpO,QHble 6HI1HHeHHble ,QHCKpeTHWe ,QHHaMH4eCKHe CHCTeMW. 
CTpyKTypa CHCTeM 3TOrO Kllacca OnHCbiBaeTCR CHCTeMOH ypaBHeHHH 

i=p 
x t+ 1 =Ax t + I. u tl Bi x t 

i=t 

y t := Dx t ' 

11.31 

r,qe Uti - i -aR KOOp,QHHaTa BXO,QHOro B03,QeHCTBHR Ut; B I (iz1,2,'.,.,p) 
- nOCTORHHble MaTpH~,tbl pa3Mepa nxn, a OCTallbHble Te IKe CaMble

1 

4TO a CHCTeMe 11.11. CHcTeMw ,qaHHoro Knacca TaK>Ke MoryT 6wTb 
6eCKOHe4HOMepHbiMH. 

41 HeO,QHOPO,QHWe 6HJ1HHeHHble ,QHCKpeTHble ,QHHaMH4eCKHe CHCTeMbl. 
Knacc 3THX CHCTeM npe,qcTaBilReT C060H 061>e~HHeHHe CBOHCTB Kllac
COB CHCTeM 11.11 H 11.31. Hx CTpyKTypa HMeeT BH,q; 

i=p 

xt+l=AXt+i:l utiBixt+Cut, 11.41 

y t = Dx t' 

04eBH,qHo, 4TO npH B 1 =01Hyneswe MaTpH~,twl AllR acex i=1,2, ... ,p. 
HeO,qHOpO,QHble 6HI1HHeHHble CHCTeM~ npespa~a~TCR B llHHeHHble CHC
TeMbl 11.11, a npH C=O OHH npespa~a~TCR B O,QHOpO,QHble 6HJ1HHeH
Hble CHCTeMbl 11.31. 
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51 O~He .QHCKpeTHWe AHHaMH4eCKHe CHCTeMY no BXOA-BWXOAY. 
0HH OOHCWBa~T BHeWHee OOBeAeHHe AHCKpeTHWX AHHaMH4eCKHX CHC
TeM, KOTOpoe npeACTaBJ1ReT co60H no,QMHOIKeCTBO 

cpS:;UT,.yT 11.5/ 

T 
AeKapTOBOrO npoM3BeAeHHR MHOIKeCTBa U 8CeB03MOIKHWX OT06pa-
IKeHHH v: 'i' .... U H3 MHOIKecTaa apeMeHH T eo BXOAHOe MHOlKeCTBO U 
M MHOIKCCTBa Y T BCeB03MOIKHWX OT06paiKeHMM w: T-+ Y H3 T B Bbi
XOAHOe MHOIKeCTBO Y. 

3AeCb T H30MOp$HO MHOIKeCTBy HaTypallbHVX 4HCel1 N ~10.1,2, ... 1. 
0THOWeHHe /1.5/ RBilReTCR O~HM AJ1R ~KpeTHbiX AHHaMH4eCKHX 

CMCTeM ocex Knaccos. Aei1cTBMTellbHO, AJ1R MCCileAoBaHHR no6oro 
CllM3H4ecKoro o61>eKTa npoBOART 3KcnepHMeHTW M Ha6n~,qeHHR Ha,q 
HHM. npH 3TOM Ka*AWH OAHH04HbiH 3KcnepHMeHT IHa6no,qeHHe/ HaA 
o61>eKTOM MOIKeT 6wTb npeACTasneH a BH,qe napw (v, w) opeMeHHbiX 
CllYHKLtHH v: T ... U M w: T-+ Y. Tor ,qa cosoKynHOCTb acex 3KcnepHMeH
TOB HaA 061>eKTOM npeACTaBnReT co6oi1 no,qMHOIKeCTBO 11.51. C ,qpy
roi1 CTOpoHW, Ka*AaR 3aAaHHaR MaTeMaTH4eCKaR CTpyKTypa ,QHHaMH-
4eCKHX CHCTeM TaKIKe XapaKTepH3yeTCR HeKOTOpbiM BHeWHHM nose,qe
HHeM B BM,Qe 11.51. AJ1R pa3nH4HR CTpyKTypw AH~aMH4eCKHX CHCTeM 
OT HX BHeWHero noBeAeHHR B ,qallbHei1weM MW Ha30BeM OTHOWeHHe 
11.51 ,QHCKpeTHWM AHHaMH4eCKHM npo~.teCCOM. 

B HaCTOR~ee BpeMR ,QHCKpeTHble AHHaMH4eCKMe CHCTeMbl, OnHCbi
BaeMble CTpyKTypaMH /1.1/-/1.41, RBnR~TCR CaMbiMH pacnpocTpaHeH
HbiMH. npH 3TOM CTpyKTypW 11.1/, 11.31 H /1.4/ RBilRDTCR OCHOB
HbiMH o61>eKTaMH HCCneAOBaHHR B TeOpHH ynpa&neHHR MHOrOMepHWMH 
,QHCKpeTHWMH ,QMHaMH4eCKHMH CHCTeMaMH [3, 7,8}. a CTpyKTypa 11.21 
RBnReTCR MaTeMaTH4eCKOH MOAellbD BW4HCI1HTellbHWX MaWHH f 1,2}. Ha
KOHe~,t, OTHOWeHHe 11.51 B03HHKaeT KaK OCHOBHOH 061>eKT B O~eH 
TeOpHH CHCTeM H HaXOIK,qeHHe ero ,QHHaMH4eCKOH peaJ1H3a~,tHH npe,q
CTaBilReT 6onbWOH HHTepec ( 4,10). 

HH>Ke aaTopoM pa3pa6aTbloaeTcR anre6paH4ecKaR AHHaMH4ecKaR 
CHCTeMa, KOTOpaR RBilReTCR o6o~eHHOH AJ1R acex CTpyKTyp 11.11-
/1 • 41 H npo~,teccoa I 1 • 51. 

II. AnrE6PAH4ECKHE AHHAHH4ECKHE CHCTEHW 

AflR CTpOrOH $0pMynHpoBKH AHHaMH4eCKHX CHCTeM HaM Clle,qyeT 
OTMeTHTb, 4TO KaiK,qaR AHHaMH4eCKaR CHCTeMa xapaKTepH3yeTCR H 
CTpyKTypoi1, H noBe,qeHHeM, TaK KaK KaiKAaR CTpyKTypa onpe,qenReT 
pa3nH4HOe noBeAeHHe IAHHaMH4eCKHe npo~.teccwl a 3aBHCHMOCTH OT 
BXOAHWX B03AeHCTBHH H Ha4anbHWX COCTORHHH CHCTeM, a KaiKAWH 
,QHHaMH4eCKHH npo~.teCC MOIKeT 6b1Tb peanH30BaH pa3nH4HbiMH ,QHHaMH-
4eCKHMH CTpyKTypaMH. 
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/2.1/ OnpeAeneH~e 

Anre6pa~yecKo~ A~HaM~4eCKO~ c~cTeMo~ Haa~eaercR ynopRA04eH
HaR BOCbMepKa 

S = < T, X, U, Y, ¢, a, {3, p. >, 

rAe T=N=(0,1,2, ... J - MHO>KeCTBO MOMeHTOB epeMeH~; X- MHO>KeCT-
BO COCTORH~~. RBnRO~eecR OCHOBaH~eM npOCTpaHCTBa COCTORHH~; 
U - BXOAHOe MHO>KeCTBO; Y - B~XOAHOe MHO>KeCTBO; cp £;;: U T x Y T -
A~CKpeTH~~ A~HaM~4ecK~~ npo4ecc /eHewHee noeeAeH~e/, np~ 3TOM 
Ha30BeM Ka>KAYO ~YHK4~0 v: T ~U BXOAH~M B03Ae~CTB~eM, a 
w: T ... Y - e~XOAHO~ peaK4~e~; a: X ~ X - npeo6paaoeaH~e 
MHO>KeCTBa X B cefiR, Ha3~BaeMOe BHyTpeHHe~ A~HaM~KO~; {3: U-> p (X) 
- OTOfipa>KeH~e BXOAHOrO MHO>KeCTBa U B MHO>KeCT~O BCeX npeofipaao
BaH~~ P (X) MHO>Kecrea X, Haa~eaeMoe BHewHe~ A~HaM~Ko~; p. :X x X~ X: 
(X, X')>+ X. X' - fi~HapHaR onepa4~R B npOCTpaHCTBe COCTORH~~ X, 
Haa~eaeMaR A~HaM~4ecKo~ KOMn03~4~e~; onepa4~~ a , f3 ~ p. onpe
AenROT OAHOWaroeyO nepeXOAHYO ~yHK4~0 COCTORH~R B npOCTpaHCTBe 
COCTORH~~ X: 

x t+l= xta.xt {3(ut) 

AnR BCeX x
1 
~X, u

1 
E U ~ t ~ T ,AnR KOTOpO~ Cy~eCTByeT no Kpa~

He~ Mepe OAHO AOnyCT~MOe B~XOAHOe OTOfipa>KeH~e, T.e. TaKOe 
TJ: X ... Y, 4TO AnR Ka>KAO~ nap~ (v, w):;. ¢ cy~ecreyeT Ha4aJlbHOe 
COCTORH~e X ~ X, np~ KOTOpOM C~CTeMa S npeo6pa3yeT BXOAHOe 
B03Ae~CTB~e V B B~XOAHYO peaK4~0 w. 

3aMe4aH~R: 

1 • 3aAaHH~~ A~HaM~4ecK~~ npo4ecc ¢ £;;: U T x Y T nOJlHOCTbO on
peAenReT MHO>KeCTBO AOnyCT~M~X BXOAH~X B03Ae~CTB~~ V ~ MHO>KeCT
BO AOnycT~M~x B~XOAH~x peaK4~~ W A~HaM~4eCKO~ c~cTeM~ S,a ~MeH
Ho: 

a/ V ~V TOrAa ~ TOJlbKO TOrAa, KOrAa cy~eCTByeT ~YHK4~R 
w .; Y T TaKaR; 4TO (V, w) ~ cp ; 

6/ w :;oW TOrAa ~ TOJlbKO TOrAa, KOrAa cy~eCTByeT ~YHK4~R 
y(;.UTTaKaR, 4TO (v,w).;cp. 

2. AnR T04HOrO npeACTaBJleH~R anre6pa~4eCKOH A~HaM~4eCKOH 
c~creM~ /2.1/ HaM Hy>KHO e~e AaTb crporoe onpeAeJleH~e Aonycr~
Moro BbiXOAHOrO OTOfipa>KeH~R, KOTOpOe M~ fiyAeM ~OpMyJl~poeaTb 
H~>Ke. AJ1R Ka~<AOH A~HaM~4eCKOH C~CTeM~ S Mbl fiyAeM 0603Ha4aTb 
MHO~<ecTeo ecex ee AOnycT~M~x B~XOAH~X OT06pa>KeH~~ 4epea H s . 

3. B o6~eM CJly4ae M~ He HaKnaA~BaeM H~KaKoro yCJlOB~R Ha 
A~HaM~4eCK~H np04ecc cp, TeM Ca~~M ~ Ha MHO>KeCTBO AOnyCT~M~X 
BXOAH~X B03AeHCTB~H V, ~ Ha MHO>KeCTBO B~XOAH~X peaK4~H W. 
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4. AJ1R YAOfiCTBa B OAHOWarOBOH nepeXOAHOH ~YHK4~~ COCTORH~R 
npeo6paaoeaHHR MHO>Kecrsa X e ce6R I u H {3 (u) I npHnHc~saoTCR 
cnpasa OT COCTORHHR X. 

5. nepeXOAHaR ~YHK4HR COCTORHHR AHHaMH4eCKOH CHCTeM~ 
A: X v U T > T ~X nonHocTbO onpeAenReTCR OAHOwarosoH nepeXOAHOH 
~YHK4J.1eH COCTORHHR C noMO~bO npHH4Hna HHAYK4HH AJlR HaTypanb
HbiX 4HCeJl; 

A(x, v,O) = A(x, v![O,O)) "'x 

A (x,v,l) =A(x,v![O,l)) = xu.x(:J(v(O)) 

Alx, v,t+l)~A(x,vi[O,t+l)) =A(A(x,vi[O,t)),vJ[t,t+l)J /2.2/ 

~A (x, vi[ 0, t))a.A (x, vi[ O,t )) {i(v(t)) 

AJlR ecex t '= T, rAe vi[O,t J - orpaH~4eHHe epeMeHHOH ~YHK4HH v Ha 
HHTepsan [ 0, t) . 

CeH4ac Mbl YCTaHaBJlHBaeM CBR3b MelKAY BXOAH~MH B03AeHCTBHRMH 
J.1 B~XOAH~MH peaK4HRM~. 

/2.3/ OnpeAeneHHe 

nycTb AaHa anre6paH4eCKaR AHHaMH4eCKaR CHCTeMa 

S = < T, X, U, Y, ¢,a, {3, fL > , X o; X 

J.1 TJ; X -> Y - B~XOAHOe OT06pa>KeHHe. TorAa OT06pa>KeHHeM BXOA-
BbiXOA CHCTeMbl S npH Ha4aJlbHOM. COCTORHHH X H BbiXOAHOM OTOfipa>Ke-
HH~ 11 Ha3biBaeTCR OTOfipa>KeH~e S XT} : U T ~ Y T , OnpeAeJlReMOe 
COOTHOWeHHeM 

S"TJ (v)(t);, TJ(A(x,v![O,t))) 

AnR no6o ro v o; U T 11 t o; T . 
C nOMO~bO OTOfipa>KeHHR BXOA-BbiXOA Mbl MO>KeM AaTb CTporoe on

peAeJleHHe nOHRTHR AOnycT~MOrO B~XOAHOrO OTOfipa>KeHHR. 

/2.4/ OnpeAeneHHe 

nycTb AaHa anre6paH4eCKaR A~HaM~4eCKaR C~CTeMa s =<T, X, U, Y, 
¢,a, {3, p.> H 71: X ... Y - npoH3BOJlbHOe BbiXOAHOe oro6pa>KeHHe. 

TorAa OTOfipa>KeH~e TJ RBJlReTCR AOnycT~MbiM BbiXOAHbiM OTOfipa>KeH~eM 
CHCTeMbl S, T. e. TJ o; H S TOrAa ~ TOJlbKO TOrAa, KOrAa AnR Ka>K.qO~ 
napbl (v, w) Go¢ cy~ecTeyeT x'"X TaKoe, 4TO Sx11 (v) = w. 

HTaK, anre6paH4ecKaR AHHaMH4ecKaR c~cTeMa nonHOCTbO onpeAe
neHa. ~CHO, 4TO ee npOCTpaHCTBO COCTORH~~ npeACTaBJlReT COfiO~ 
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HeKOTOpy~ 0 -anre6py, o6naCTb OnepaTOpOB 0 KOTOpOH COCTO~T ~3 
yHapHoi1 onepa1..1~~ a, yHapHbiX onepali~H f3 (u) Anfl ecex u ~ U 
~ 6~HapHOH one pall~~ 11, T. e. 0 = U ~Ia, 11 1 I rAe ~ - cao6oAHOe 
o6oeA~HeH~e/. 

CeH4ac Mbl noKameM, 4TO A~CKpeTHble A~HaM~4eCK~e c~cTeMbl 
/1.1/-/1.4/ flBnfl~TCJl anre6pa~4ecK~M~ A~HaM~4eCK~M~ c~cTeMaM~. 

1. n~HeHHble A~CKpeTHble A~HaM~4eCK~e C~CTeMbl. Ecn~ B /2.1/ 
X = K n , U = K P , Y = K q , a: x ... Ax , f3 (u): x,... Cu Anfl acex 
u G- U ~ 11 = + - cnomeH~e aeKTopoa. TorAa nony4~M anre6pa~-
4eCKy~ A~HaM~4ecKy~ c~cTeMy S = < T, K n, K P, K q , ¢, a, {3, +>, OAHOwa
roaaJl nepeXOAHaJl <llYHKLI~Jl COCTOJlH~Jl KOTOpOH ~MeeT B~A 

Xt+l =Xta +Xt{3(ut) =AXt+CUt' 

T.e. coenaAaeT c /1 .1/. HTaK, n~HeHHaJl A~CKpeTHaJl A~HaM~4ecKaJl 
c~cTeMa npeACTaBnfleT co6oH anre6pa~4ecKy~ A~HaM~4ecKy~ c~cTe
My, B KOTOPOH MHO>KeCTBO COCTOJlH~H, BXOAHOe MHO>KeCTBO ~ BbiXOA
HOe MHO>KeCTBO JlBnfl~TCJl BeKTOpHbiM~ npOCTpaHCTBaM~ HaA <!l~KC~po

BaHHbiM noneM K. eHyTpeHHJlfl A~HaM~Ka - n~HeHHbiM npeo6pa3oaaH~eM 
BeKTOpHOrO npOCTpaHCTBa COCTOJlH~H K n, BHeWHJlJl - n~HeHHbiM npe
o6pa30BaH~eM BXOAHOrO BeKTOpHOrO npocTpaHCTBa KP B BeKTOpHOe 
npOCTpaHCTBO onepal.I~H - KOHCTaHT B npOCTpaHCTB~ COCTOJlH~H K0

, 

KOTOpoe COBnaAaeT C K0
, a A~HaM~4eCKaJl KOMn03~l.I~Jl JlBnJleTCJl 

onepa1..1~eH cnomeH~Jl BeKTOpOB B npOCTpaHCTBe COCTOJlH~H K n. 

2. KoHe4Hble aeTOMaTbl. Ecn~ e /2.1/ X, U ~ Y- KOHe4Hble MHO
mecTea, a~l - TOX<AeCTBeHHOe OT06pameH~e npOCTpaHCTBa COCTOJl-
H~H X e ce6Jl, f1(u): x,... 15(x, u) Anfl ecex u~ U /rAe o: X xU_, X I 
~ 11: (x, x') ._. x', To nony4~M anre6pa~4eCKY~ A~HaM~4eCKY~ c~c-
TeMy S=<T,X,U,Y,¢,1,{3,/1>, OAHOWaroeaJl nepeXOAHaJl <llYHKLI~Jl 
COCTOJlH~Jl KOTOpOH ~MeeT B~A: 

x t+l = xt I.x 1 f1(u 1)= x 1 {3 (u 1) =o(x 1 ,ut), 

T.e. COBnaAaeT C /1.2/. HTaK, KOHe4HbiH aBTOMaT npeACTaBnfleT 
C060H KOHe4HY~ anre6pa~4eCKy~ A~HaM~4eCKY~ C~CTeMy, B KOTOpOH 
BHyTpeHHJlR A~HaM~Ka eCTb TOX<AeCTBeHHOe OT06pa>KeH~~ 1 npOCTpaH
CTBa COCTORH~H B ce6R, a A~HaM~4eCKaR KOMn03~l.I~R nonHOCTb~ 
onpeAeneHa BTOPbiM aneMeHTOM, T.e. 1t(x,x')=x' AnR ecex (x,x')G-XxX. 

B ~3nomeHHOH BbiWe CTpyKType KOHe4HOro aBTOMaTa A~HaM~4eCKaJl 
KOMn03~LI~R RBnReTCR TP~B~anbHQH 6~HapHOH onepa1..1~eH. 0AHaKO B 
nonyrpynnoeoM KoHe4HOM aeToMaTe 161 oHa HeTp~e~anbHa. AeHcTe~
TenbHO, nyCTb cp: U*-> Y - OT06pameH~e BXOA-BbiXOA KOHe4HOrO ae
TOMaTa, 3AeCb U* - CB060AHaR nonyrpynna HaA U C eA~H~4HbiM 
aneMeHTOM, RBnR~~~MCR nycToH nocneAoBaTenbHOCTb~ A. nycTb Aa
nee q.s; U*xU*- OTHoweH~e 3KB~eaneHTHOCT~ MaHx~nna Ha U*, T .e. 
(v,v')r,;.q TOrAa ~ TOnbKO TOrAa, KOrAa ¢(v 1vv2)=¢(v 1v'v 2) AnR 
ecex v1 .v2 G-U*. 06o3Ha4~M Knacc 3KB~eaneHTHOCT~ nocneAOBaTenb-

6 

~. 
·~ .···1' 

\ ~·' 

~ 

I 

ill 
~~~ 

HOCT~ v 4epe3 v q AnR ecex v G-U * ~ nocTpO~M anre6pa~4eCKYIO 
A~HaM~4eCKy~ c~cTeMy 

S = <T, U*/q, U, Y,¢, I/3,11>, 

rAe X= U*/q- <!laKTOpMHomecTeo MHomecTaa U* no OTHoweH~~ q; 
{3: U -> U * /q: U,... U q - eCTeCTBeHHOe OTOfipameH~e MHO>KeCTBa U 
e <!laKTOPMHomecTao U*/q; 11:U*/qxU*/q ... U*/q:(v1q,v~ -(v1v 2)q-
- yMHomeH~e Knaccoa 3Ke~aaneHTHOCT~ a U*/q, 3Aecb v1 v 2 -
CKne~BaH~e nocneAOBaTenbHOCTeH v 1 ~ v2 .04eB~AHO, 4TO A~HaM~-
4eCKaR KOMno3~LI~R 11 npeACTaBnReT co6oH nonyrpynnoeyiO onepa1..1~10 
B npOCTpaHCTBe COCTORH~H X=U*/q, TaK KaK ((vf,v~),V~)=(v 1 v 2v 3 )Q= 
= ~v1Q,(v~.va)) AnR n~6oH TpOHK~ v1 ,v2 ,v3 ~ U*. HTaK, nonyrpyn
noaoH KOHe4HbiH aBTOMaT npeACTaBnReT co60H anre6pa~4eCKY~ A~
HaM~4eCKY~ C~CTeMy, B KOTOPOH A~CKpeTHbiH A~HaM~4eCK~H npol.leCC 
RBnReTCR OT06pax<eH~eM BXOA-BbiXOA cP: U*-> Y, npOCTpaHCTBO COCTOR
H~H eCTb <!laKTOpMHO>KeCTBO U*/q MHO>KeCTBa U* no OTHOWeH~IO 3K
B~eaneHTHOCT~ MaHx~nna q, BHyTpeHHRR A~HaM~Ka ecTb TOX<AeCTBeH
HOe OT06pameH~e 1 npOCTpaHCTBa COCTORH~H X=U*/q B ce6R, 
BHeWHRR A~HaM~Ka {3 - ecTeCTBeHHOe 0T06pameH~e BXOAHOrO MHO
>KeCTBa U a <!laKTOPMHOmecTBo U*/q. a A~HaM~4ecKaR KoMn03~LI~R 
11- nonyrpynnoaaR onepal.I~R, npeAcTaBnRIO~aR co6oH yMHomeH~e 
KnaCCOB 3KB~eaneHTHOCT~ B U*/q. Op~ 3TOM OAHOWaroeaR nepe
XOAHaR <llYHKLI~R COCTORH~H ~MeeT B~A 

vq = vql.vq{3(u )=vq.uq =(v u )q. 
t+l t t t t t t 

nerKO noKa3aTb, 4TO BbiXOAHOe OT06palKeH~e T]: U*jq ... Y:vq .. ,,b(v) 
npeACTaBnReT C060H AOnycT~MOe BbiXOAHOe OT06pameH~e nOCTpOeHHOH 
C~CTeMbl S np~ Ha4anbHOM COCTORH~~, RBnRIO~eMCR KnacCOM 3KB~B~

neHTHOCT~ A q nycTOH nocneAOBaTenbHOCT~ A. ,lleHCTB~TenbHO, AnR 
n~6oro vG-U* ~MeeM Si\qn (v)(t) =TJ(A(Aq,vq))=TJ(vq) = ¢(v) 
AnR acex t;;; f (v), rAe f(v)- An~Ha nocneAoaaTenbHOCT~ v. 

3. 0AHOPOAHble 6~n~HeHHble A~CKpeTHble A~HaM~4ecK~e c~cTeMbl. 
Ecn~ a /2.1/ X=K 0 ,U=KP,Y=Kq, a:x ... Ax,f1:KP ... End(K 0

) 

n~HeHHOe npeo6pa3oBaH~e BeKTOpHOrO npocTpaHCTBa KP B BeKTOPHOe 
npocTpaHCTBO End(K 0

) n~HeHHbiX npeo6pa3oBaH~H aeKTOpHoro npocT-
i=p 

paHCTaa K n s ce6R, np~ 3TOM {3 (u): x .... I u 1 Bi x AnR acex u '"U 
I= 1 

~ /1 = 4 - cnOlKeH~e BeKTOpOB, TO nony4~M anre6pa~4eCKy~ A~HaM~-
4eCKYIO c~c TeMy S = < T, K0

• K P. K q. ¢,a, {3, +>, OAHowaroeaR nepexOAHaR 
<!lyHKLI~R COCTOJlH~R KOTOpOH np~H~MaeT B~A 

i=p 
x = x a+ x f3 (u ) = Ax t + I u 1B. x , 

t+ 1 t t t != 1 t I t 

T.e. coenaAaeT c /1 .3/. TaK~M o6pa30M, OAHOpOAHaR 6~n~HeHHaR 
A~CKpeTHaR A~HaM~4ecKaR c~cTeMa npeACTaanReT co6oH anre6pa~4e-
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CKy~ ~HHaMH4eCKy~ CHCTeMy, S KOTOpOH MHO~eCTSO COCTORHH~, 
SXO~HOe MHO~eCTSO H S~XO~HOe MHOmeCTSO RSnR~TCR SeKTOpH~MH 
npocTpaHcrsaMH HaA $HKCHposaHH~M noneM K. sHyTpeHHRR ~HHaMH
Ka RSnReTCR nHHeHH~M npeo6pa30SaHHeM SeKTOpHOrO npocTpaHCTSa 
COCTORHHH K11 , SHeWHRR AHHaMHKa RSnReTCR nHHeHH~M npeo6pa3osa
HHeM SXOAHOro SeKTOpHOrO npOCTpaHCTSa K p S SeKTOPHOe npOCT
paHCTSO End(K 11

) nHHeHH~x npeo6pa3osaHHH seKTOpHoro npocT
paHCTsa COCTORHHH K 11 , a ~HHaMH4eCKaR KOMn03H4HR RBnRCTCR one
pa4HeH cno~eHHR seKTOpOS S npOCTpaHCTSe COCTORHH~ K 11

• 

4. HeOAHOpO~H~e 6HnHHeHH~e AHCKpeTH~e AHHaMH4eCKHe CHCTe
M~. 0HH OTnH4a~TCR OT nHHeHH~X CHCTeM H O~HOpO~H~X 6HnHHeHH~X 
CHCTeM TOnbKO SHewHeA AHHaMHKO~, KOTOpaR HMeeT SH~ fl (U): X" 

i =p 
•• ~ u . B. x + Cu AnR scex u.;, U. Tor~a nony4HM anre6paH4e-

t = 1 tl I 11 

CKY~ ~HHaMH4eCKY~ CHCTeMy s = .._: T, K . K P. K q. ¢,a, fJ,+ ·.o~HowarosaR 
nepexO~HaR $YHK4HR COCTORHHR KOTOPOH pasHa 

i=p 

xt+lo xta+xtfJ(ut)=AXt+i31 utiBixt+Cut, 

T.e. cosna~aeT c /1.4/. Y4HTwsaR TOT $aKT, 4TO HeOAHOPOAHaR 
6HnHHei1HaR CHCTeMa RBnReTCR o6o6~eHHOH no OTHOWeHH~ K OAHOPOA
HOH 6HnHHeHHOH CHCTeMe H nHHeHHOH CHCTeMe, MW pa3nO~HM ee SHew
H~IO AHHaMHKY fl Ha ~Be COCTaBnR~~He - MynbTHnnHKaTHBHY~, KO
TOpaR npe~cTasnReT co6oA nHHeAHoe npeo6pa3oBaHHe 

i = p 
a :K p-> End(K 11

) :Ut-+_l u 1 81 ,H aAAHTHBHy~ COCTaBnR~~y~, KOTOpaR npe~-
1 ~ 1 

cTasnReT co6oA nHHei1Hoe npeo6pa3oeaHHe y: K P_, K 11
: u » Cu. Tor-

~a {3(u) =a(u) + y(u). 
HTaK, see AHCKpeTH~e AHHaMH4eCKHe CHCTeMW /1.1/-/1.4/ RBnR

IOTCR anre6paH4eCKHMH ~HHaMH4eCKHMH CHCTeMaMH. HaM OCTaeTCR AO
Ka3aTb, 4TO CTpyKTypa anre6paH4eCKOH AHHaMH4eCKOH CHCTeMbl, on
peAeneHHOH B /2.1/, RBnReTCR yHHBepcanbHOH B CM~cne peanH3a4HH 
npOH3BOnbHOro AHCKpeTHOro AHHaMH4eCKOrO npo4ecca /1.5/. C 3TOH 
4enb~ CHa4ana M~ KOHCTPYHpyeM TaK Ha3~BaeMOe npocTpaHCTBO nHHr
BHCTH4eCKHX COCTORHHH, KOTOpoe CnY*HT He TOnbKO HaWeMy AOKa3a
TenbCTBY, HO H AanbHeAweA pa3pa60TKe 3neMeHTOB TeOpHH peanH3a-
4HH ~HCKpeTH~X AHHaMH4eCKHX CHCTeM. 

/2.5/ OnpeAeneHHe 

nycTb A - HeKOTOpoe HenyCTOe MHO*eCTBO H U - BXOAHOe MHO
*eCTBO. TorAa 0=U_" la,pl Ha3~eaeTCR o6nacTbiO AHHaMH4ecKHX 
onepaTOPOB H nOA MHO~eCTBOM X {} (A) nl'tHrBHCTH4eCKHX COCTORHHH 
/COCTORHHA-cnoe/ o6naCTH AHHaMH4eCKHX onepaTOPOB 0, nopO*AeHH~M 
MHO*eCTBOM A,M~ 6yAeM nOApa3yMeBaTb MHO*eCTBO BCeX nHHrBHCTH-
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4eCKHX COCTORHHH, onpeAenReM~X npHnHC~BaHHeM no o6o6~eHHOMY 
HHAYKTHBHOMy onpeAeneHHIO: 
1 I ecnH a Go A, TO a - nHHrBHCTH4ecKoe cocTORHHe; 
2/ ecnH a - nHHrBHCTH4eCKOe COCTORHHe, TO aa - nHHrBHCTH4e

CKOe COCTORHHe; 
3/ eCnH a - m1HrBHCTH4eCKOe COCTORHHe, TO au - nHHrBHCTH4eCKOe 

COCTORHHe AnR BCeX .u E U; 
4/ eCnH a H b - nHHrBHCTH4eCKHe COCTORHHR, TO a~ - nHHrBH

CTH4eCKOe COCTORHHe. 

/2.6/ OnpeAeneHHe 

nycTb A - HeKOTOpOe HenyCTOe MHO*eCTBO H U - BXOAHOe MHO
*eCTBO. TorAa noA npocTpaHcTBOM nHHrBHCTH4eCKHX cocTORHHH /co
CTORHHA-cnoe/ o6naCTJ.1 ~HHaMH4eCKHX onepaTopoe n = u ~ I a, p}'. 
nopOM<AeHH~M MHO*eCTBOM A, 6yAeM nOApa3yMeBaTb ee MHO*eCTBO 
nHHrBHCTH4eCKHX COCTORHHH Xo(A), nOpO*AeHHOe MHO*eCTBOM .A 
CO cneAy~~HMH onepa4HRMH npHnHC~BaHHR: 

a:X 0 (A) -> Xn(A): a .... au; 

fl(u) :X
0

(A) ... x0 (A) :a ... au AnR ecex uEU; 

Jl: Xn (A) xXn (A) ... Xn(A): (a, b) .... abiL· 

' CeA4aC nepexO~HM K OCHOBHOMy YTBeP*AeHHIO, 

/2.7/ TeopeMa 

AnR nto6oro AHCKpeTHOrO AHHaMH4eCKOro np04ecca ¢ ~ U T X Y T 
cy~eCTByeT anre6paH4eCKaR ~HHaMH4ecKaR CHCTeMa S=<T,X,U,Y,¢,a,f3,1L>, 
YAOBneTeopRIO~aR aKCHOMaM e /2. 1/. HH~MH cnoeaMH, cTpyKTypa 
anre6paH4eCKOH AHHaMJ.14eCKOH CHCTeMbl, onpeAenReMOH B /2. 1/, 
RBnReTCR YHHBepcanbHOH B CM~Cne peanH3a4HH npOH3BOnbHOrO AHCK
peTHOrO AHHaMH4eCKOrO np04ecca cpS: U T X Y T. 

,[loKa3aTenbCTBO 

,[lnR npOH3BOnbHOrO 3a~aHHOrO AHCKpeTHOrO ~HHaMH4eCKOro npo-
4eCca cpS U TxyT BbJ6HpaeM HeKOTOpOe MHO~eCTBO A,H30MOp$HOe cp 
H (}· 0 -• A - H30MOp$H3M Me*~Y HHMH. noKa~eM, 4TO BOCbMepKa 
S = ,· T, x0 (A), U, Y. ¢,a, fJ-11 • r~e a , 11 H IL - onepa4HH npHnHc~
eaHHR B npOCTpaHCTBe nHHrBHCTH4eCKHX COCTORHH~ X~l(A), RSnReT
CR anre6paH4eCKO~ ~HHaMH4eCKOH CHCT~MOH, peanH3Y~~eH cp.Tor~a 
Ha~o AOKa3aTb, 4TO AnR Hee cy~eCTByeT ~onyCTHMOe BbiXO~HOe OT0-
6pa~eHHe. B npocTpaHCTse Xn<Al AnR KaiKAOH napbl (V.<·•J•,•/> o6o3-
Ha4HM MHOIKeCTSO AOCTH~HMbiX COCTORHHH H3 (} (V ,., ) no~ SXOAHbiM 
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B03AelllcT~I1eM V 4epe3 f (J(v,w)' T.e. f IJ(V,£,J) eCTb MHOltleCTBO 
COCTOfiHI111 X~ Xn(A) TaKI1X, 4TO AJifl KalKAOro 113 H11X CyiJieCTByeT 
MOMeHT t<;.T TaKOII!, 4TO X=A(0(V,oJ),vj(0,t)). 04eB11AHO, 4TO 
ecn11 t~t', TO ,\(O(v,w),vj[O,t))=x~x'=,\((J(v,w),vj[O,t')), 11 ecn11 
(V, w) f (v:c,') TO fO(v,oJ)f""\f(J(v~w') = f>. J1anee, nonOIII11M r.p 
= u _ r 0( '·) 11 nocTpOI1M OTo6palKeHI1e x: r .1. ... Y:A(O(v,w) , 

(v,w) ~ v, u) 'I' 

vii O,t))t..u,(i}. TorAa n106oe pacwHpeHHe x AO BbiXOAHOro oTo6pallleHH.R 
7J: Xn (A) ... Y npocTpaHcTsa Xn(A) s Y .RBn.ReTCR AOnycTHMbiM Bbi-
XOAHbiM OT06paltleHI1eM AJIR BOCbMepKI1 S=<:T,Xn(A), U,Y, if>, a,~. ~t>, 
TaK KaK AJI.R J11060II! napbl (v,w}~if> CyiJieCTByeT COCTO.RHHe 
O(v,w).,_ Xn(A), AnA KOToporo SO(v,wfv) =c,,, o 

3AKJJI04EHHE 

OpeAJIOltleHHafl 11 o6ocHOBaHHa.R s 3Tolll pa6oTe anre6paH4ecKa.R 
AHHaMI14eCKafl CI1CTeMa RBJIReTCR YHHBepcanbHOH AJIR peanH3a~11H 

npOH3BOJ1bHOrO A11CKpeTHOrO AHHaMH4eCKOrO npo~ecca. 0Ha npeA
CTaBnReT C060H o6o61J1eHHYIO CTpyKTypy 113BeCTHbiX KnaCCOB AHCKpeT
HbiX A11HaMH4eCKHX CHCTeM, TaKHX, KaK J111HeHHble AHCKpeTHble AHHa
MI14eCKHe CI1CTeMbl, KOHe4Hble aBTOMaTbl H 6HJ1HHeHHble /OAHOPOAHble 
11 HeOAHOPOAHble/ AHCKpeTHble AHHaMH4eCKHe CHCTeMbl. CneAOBaTenb
HO, anre6pal14eCKaR AHHaMH4eCKa.R CHCTeMa CJIYlKHT ofillleH MaTeMdTH-
4eCKOII! CTpyKTypoll! AJIR HCCJieAOBaHH.R pa3nH4HbiX 3aAa4 B TeOpHH 
AHCKpeTHbiX AHHaMH4eCKHX CHCTeM. 
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