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UoJten:t.aaa Sala~a onpe~eneHHH ~opuu aauK8yToro aneKTp08Horo 
ny~a C 60XLWHU TOKOU /I/,/3/ U8T8U8TH~eCKH CTaBHTCH CX8lfm~U 
o6paaou. JlaBY ,1.1;B8 JtBJUepHbiX HHTerpam.HbiX ypaBH6HHH 

~(Z,1)= j J G (z,j_, z~:J')t(·z: 1')dl'di' +I {Z,:l) (I) 
./! 

f;_rc.,J.J = JJ A(z,.7,z:.l'J q(z',x')dz'd:z'~- Lfz.z ), (2) 
2 

r.n:e HJUlS 6(-z,:J,z',J'), Arz:,z,z'.~')H cBo60JtHYe ue8Y {rz:,.J.J,Lr~,1J 
0Dpe.n:ene8Y DpH nm6YX t, ~. Z~ 1 1 H HBXHI>TCH JtOCT8TOqJIO rBalKHIIH ~y8K
nHHUH CBOHX apryue8TOB. Kpoue TOro, p6W68HH HHTerpan~HbiX ypaBH6-
8Hli (I) - (2) 88 rpaiiHne q, o6J18CTH Q CBH38HY CX8JtYIIIU!U 86JIH-
8eaayy COOTHOmeHH611: 

¢['t(z,z), f;(z,:n] =o, (3) 

r.n:e ~(Z,1) - JtOCT8TOqJIO rn8,1.1;K8H H6BHH6KH8H ~JHKQlH CBOHX 
apryueHTOB. 

B K08KpeTHol aa.n:aqe o6 onpe.n:eJieHBH ~opuu ny~a aneKtpoHOB 

</>(!, ';)= 'l:.tz,1)-l/'rz,:~)-1. 
Tpe6yeTCH HaiTH o6nact~ ~ c .n:ocTaroqao rna.n:KoB rpaa1nea, ~To6Y 
pemeHHfl HHTerpan:t.HbiX ypaB888Irtlt ~ ( Z 1 l ) , ~ ( 'Z 1 1 ) B STOI o6-
B8CTH YlOBnetBopana 88 ee rpaaane 4 aeJHaelaouy coot801881m 
(3). llna a6cTpaKT8oro paccuorpeHHH nocTaBneHHOH BYWe a8,1.1;aqa 
BB8Jt6U cne.n:ym~e ~Y8KnHOH8n:L8Y8 npOCTp8HCTB8. llyct~ £2 - COBO
KyDBOCT~ SBUKBYTYX KpHBbiX 1 pacnonoaeHHYX B DBOCKOC!I [ 'Z, 1] , 
napaueTpl~eCKI6 yp8B86HHH KOTOpbiX 38,1.1;81>TCH B BH,ll;e: 
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z ~'l (>.> J 
::£=1(;\) 

~(0}-='t.(f} 

'1 (o) = 1 (1) 

"t
1(o) =7.'(1) 

7:. I ( 0) .: X , ( 1 ), 
(4) 

np14 qeu lf!YHK1Ull4 "t ( >.) , 1: (A) aenpepbiBHH 1r1 HlleDT aenpepbiBHH& 

np01r1SBO~HY8 nepBOrO nopR~Ka. B UHOJt6C!B8 KpHBYX Knacca G BBe~eu 
onepaUHH YUHOEeHHR Ha Be~eC!BeHHO& qHCXO lr1 CXOKeHirtH cne~y~ll 

o6pasou: 

I. YIIHOEeHHe KpHBO~ 4 : "t=Z. (A)} 
1 = 1 ()..) 

o~ll ~Iaa 

Be~eCTBeHHOe qHCJIO oL OSHaqaeT, q'fO Hli oL YIIHOKaii!CH o6e lf!YHKUHH 

2. llycT:& 

TOr~a 

. 7., =~t(A) 

41 . 1., = ]:, (J.) H 

't =~~ (,.\) +'t.z Ol 
~== 1, 0) + :itz (A) 

HCHO, qoro of. q, E Q_ . 

Zt" 'Z.t 0) 
lz = 'J.z (.-\), 

q, c Q. 

TaKHU o6pasou, UHOJteCTBO a eC'f:& mmei,t&oe npoc'fpaHCTBO. BBe~eu 
paCCTOHHI48 116&.1\Y 9X6118HT8UH q_. H 4z lrtS fl cne~yll~ll o6pasou: 

f (q
1 

, q
2

) -==0 '::.~: vfz, (A)-Zz(Alf -t(l, (A) -"Iz l>.l)
2
+ (z; ()..)-z'z(J..Jl~fz.: (A) -1; o.Ji. (5) 

JlerKO npoBepltiTI>, qTO lf!YHKUHH f ( ~', ltz ) y~OBJie'fBOpHe'f aKCHOII au 
ueTpHqecKoro npocTpaHC'fBa. Tell ca11Y» Q RBnHe!CR lleTpHqecKJrtll 

npocTpa&ctBou. ]lanee BBe;ztell aopuy q, E Q cne;ztyllllllrtll o6paso11: 

If q, // = f ( 4, o) = tnax ~ J + 1; (A J fZ: "'o.J .,. 1; 
2 

f-" > 

). "[q1] 

4 

(6) 

.__ 

--------------------------



' 

B peayn~rate MY nonyqaeu naaeAaoe aopYBpOBaHHoe npocTpaHCTBO 
rn~KKX DnOCKBX KpiBYX Knacca Q • !KCHOIIY HOPIIY 3l8C~ BYUOBH8HY. 
HSB8CTBO, qro TaK08 DpOC!paBC!BO HBnH8!CH DOnBYM BOplllpOBaBHYM 
npoctpaacuou. Paccuotpau upoctpaactBo C l O,I] r»YBKttHA 4> (.>..) , 

0 ~ ..\ ~ I, BenpepYBBYX I 11118DIIPIX HOPIIY 

II ¢ r >. > 11 = max I tP o > I . c ?> 
06" ~1 

3QlQlBII B8nBB8f.tBHA onepatop t.f (~ ).= 1.{/ (A) 1 rle 4 - npOIIISBOnLHaH 
xpBBaH as Q des toqex ca~~onepeceqesaH 1 YlOBneTBopH~aH npa 
nJXSou A JC.IOBIII 'Z ~ 2 

( ,\) + 1 ~ 2 
( ).) f 0. IIBOKeCTBO TaKHX KPHBYX 4 

dyleT o6nacr~11 onpe)tenesn ~(I/) onepatopa tp • C nouoDU>II one
paropa lf (lp KpBBaH 4 nepeBOlHTCH B aenpepwBHYII WYHKLUIII '+' (A) , 
rAe 0 ~ A ::!:0 I • ). - napa~~etp, npneu 

{ 
t.: t ( ).) 

q, : 1"' l ().). 

llycr~ ~f SD(q~ Torla sta KpBBaH orp&HaqaBaet aexoropy11 o6nact~ 
~~ • PemBII l.IH 8!0A o6naC!B BBTerp~sye ypaBB8BBR (I) H (2) 
a odpasyeu r»YBKttHII 

\.fl(;.): (/)('t('l0.),l.(A))
1 

h (t(>.},:f(A))). 

Tax onpeJteuercH onepaTop tf as 'l)(Cf) B C [ O,I 1 • 
Tenep~ MY cc»opuynapyeu 3Qlaqy (I) - (3) Ha R3YK8 c»YRKLUIOB~

BOrO 8HanBSa C.118lf.,_.ll o6pasou. Tpe6ye!CR BaATH TaKyll KpHBJII 
n :{t=lO.) 
1' 1=:l(.>..), 

DpBHQl.116K8111111 <.() ( lf ) , Uo6Y 

llycu JEPHBaH 
4' (A)::o. 

{
"t="t(>.) 

q,: ~=1-r>-) 

KpHBaH q, orpaaJiqaBae' oonacu Q • llPHlQlBII c»YBKIUIRII KpHBOI q, 
npBp8JleBBe 
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5 ·{'t.=O"t(;..J 
t?· 'l=o'lO) 

n . { oz,; z {,~) + tY.z r A) 

.,.. 1 . :z. " 1 ( Jo.) + 0 7: ( )..) 

Ha O"l (Al 11 dl(>..) HaJIO&Hu orpaHneHHe, 'l!OOY q,.t: ~(cf). KpBBafl 
q,

1 
orpaHHilHBaeo.r o<Snaco.r:D 52. • KpH:soA 4 onepa!opoll 

tf ( il-) C'.raBH'.rCfl B COO'.r:Be'.rC'.rBHe lPYHKUIIIfl lJ' ( >.) 1 a KpHBOf.t 4 1 -

li!YHKUIIIfl ty', (,A) • Hat.tJteM JIHHeltHyll no. oo.rHomeHHil K 0' z (>.) H J z r >.) 

qacn npHpaDJ.eHHfl lJ' ( ,>.) (JtH~epeauHa:n rao.ro). 
Caaqana Halt)teu o 't ( <-., ']; ) • 
ITpeJtnOJIOllHU, liTO o<SnacTH Q H Q 1 pacnonoseHY KaK Ha piiicyliKe I 

( 06JiaCU S(~ CO,ltep&IIIT BHYTPH 2 ) . llpe)tnOJIOllHU 1 11!0 o6:nacn 
L\ Q loiOEHO npe)tC'.raBH'll> B CJI6)tylllll.elol BH)te: 

IT pH 

.1 Q (s) : { ~ (;,, s) = 't. ( )..) + s J' "l 0) 
1: (;\,$) =-1:(A)~ Sd.l (.>-). 

s = 0 

0 ~ 
0 ~ s ::5 I 

~ (A,o) = 'L (,).) 1 
,1.0.,o)=10.) S HM8ell KpiiiBYil q,. 

llpl4 s = I nonyqaeu Kplt!Byll 41 • Paccyoo.rpHu B o<Snaco.rax Q H Q 5 , 

orpaHIII1leHHYX COOTBe'.rCTB8HHO KpHBYMH 4 H ~ 1 1 ypaBH8HIII8 (I) 

~lt, 1 ,o)= J [G(z,:t,-z',z') 't('z;J;oklz'd1'~ /r~,J) 
S2 

~ (z,z,1)= j [ G-(Z,l,z~ :l') 'f(z: 1:S-'dz'cl2' + /tz,'l) 
Si\ 

PHC. I. 
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QqeBB,li;HO, qTO t ( 'Z. , ~ ) 3aBHCHT Tenep:r. 61116 H OT S • Halt
,11;611 DOJIHyll DpOH3BO.ztHYil 01' ~ ( 'l , !l , S ) no S , npe.ztCT8BIDllllltYil 
Oo60it ,li;EIIXf.JepeHL\H8JI raTO 0 j' ( 'Z 1 l ) • COCT8BI4U p83HOCT:r.. 

~ ('Z,:1, s)-% (z, 1,o) = j j G (?.,2, z: l')(tr?-;;;s) -Jcz; 1;o>)th' d.1' + 

5'2 

+ J J G ( 'l I 1' z; l') t ("l', 1 : s) d (;I d 1 1
, 

.dQ(s) 

Paa,11;eJIBH o6e qaora nocne.ztaero B~paxeHHH aa s H ycTpeuHB K HYJIII, 
DOJiy'IU!II: 

r &_.hL: Jf6(~,1,'l-;:i')'t(z;.l',s)clz'd:l', 
5 -o 42 (S) 

~=lim~ JJ G(Z,1,'t~1')(("t',1',s)dz'd2'. 
S • o .dSVs) 

B (9) c.ztenaeu aaueay nepeue&HYX 

f(>..s)='t(A)~"SO"l(.>.) 
1 

i (;.., <;) = '1 (>-.) + so 1 (.A) 

cne~YDIIIHU o6paaou: 

0 £ .X ~ I 

0 == s == 't. 

(9) 

(IO) 

3TH ¢YHKUHH ODp6.zt6IDlllT OOOTB6TCTBHe U6E.ztY ~QqKaUH 06JiaCTH ~~ 
B roqKaue npauoyron:r.HHKa 

ilpe.ztnono~HL!, qTo STO OTo6paxeHHe Y.ztOBneTBOpHeT CJI6.ztYillfiHU 
JOJIOBHfUI: 
I. 0To6paxeHHe :saaeuao O,li;Hoaaaqao, T.e. paanmqauu ToqKau o6nacTH 

!J. r OTBeqaiiT paaneqaye TQq}(H 06JiaCTH A Q 

1 

.................................. 
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BCI>.JU' B o6llaC!B Ll f O!llH11eH OT HyJUI. 
llpH CAellaHHHX npeAnonoaeHHHX 

:J=fi.rn t {f) G(-z,z,t',i!')i{z;z:s)dt'dz'J, 
s ~o AR(s) 

:=lim { f J G ('l-,:, 't(A,s),~(~,s))t(HA,s),~o.,s>,s)l~~:·.!;~s,d>.~ (II) 
S-+0 o o 

= j G (z, r, z (A>, ~ ( .>..)) ~ ('l (.A), l (;..>) / ~ ~ (>.)h (>.)- l!~ Cl..)d<:. (AJ/ d >. • 

0 

TaKBU o6paaOU,AH~epeH~Hall raTO onepaTopa (I) OKOH11aT8llLHO fiOlly-
qaeU :B BHAe: 

i r (z, ~) ::: I J G(z, 'l, z.',l')o} l ?.: ~')d~'dl'+ (I2) 
5'2 t f~ (t,~, 'l{ A), ~{A)) 'X(UAJ, U,>.J) · /?.~ · h(A)- i!~ ·b'z(A)/dA 

TenepL UH paCCMOTpHM cnyqaH,KOrAa 06llaCTB ~ H ~1 paCfiOllOZSHY 
Tax,KaK noKa3aHo Ha pHcyHKe 2 (o6nacTL 5? co~ep&HT BHYTPH 

ce6JI Si\ ). IIpe.n;nonoxHM, qTo o6nacn LlQ MOlltHO npe.n;cTaBHTb 

B cne.n;yD~eu BH~e: 

PBc. 2. 

8 

'~-----~--------------------------.... 



!' 

l 

LlQ(s): r ?.(A,S)=-7.(,\)+SdZ(A) l ~(A,s)-= i!(A) + sh ( >..) 

IlpH STOll sanHmeu no.nHyll npoHSBOJtHYil 0 . ( -z. , i! , s ) no s , npelt

cTa1U1HillllYil C060it Jtl4~peHIU48.Jl raTO J 't ( ?. , 7: ) • COC'l'a.:BHY paaHOCT:&. 

~ ('l, 1,s)- 'Q'('z, z,o) = J J 6 (z, 2, t.: l')(K tr.; 2 ;s)- ~rz: :<oJ)ch'd 2 '-
S? 

~ J J G(z,'l,"l:fl') t(z; l:sJch:.'cO'. (13) 

AQfS) 

Ilo,1leu:s o6e qacTH ( I3) aa s 14 ycTpeiiHB s K synm, nonytm11: 

-f.Lm ~(~,i!,S) -'l{(z,z,o) = s JG{ I ')li 'ttz;?~sF~rz.; z'Jdz'rb' s z, ~. z, e m s . 
s-o 2 s-..o · (I4) 

.lim f J jGfz,~,t;~'/trz;z,'~)dc: 1rii!' • 
s-..o AS2(SJ 

nllfi :BH11HCJI6H14H :BTOporo CJiarae11oro npa.:soA 118.CTH paBeHCT:Ba (14) 
Clt8Jl8.611 88116HY nepelleBHHX ( t. , ~ ) Ha nepelleHHHe ( )... , S ) • Ka.K 
H pas~•e,:s peay~Ta.Te nony11HII 

J' ~ ( 'l, ~) = f f G ( 'l' z J "(, ; ]: ') i u 'l.: ]: , ) d z I cl z I • 

f2 
1 (IS) 

. J G(-,,~, t(,.,),J(>-))'((z(A),l(A))(r.~O')(A)-1;ho..>/d;. ~ 
0 

CJiy11aB, COOTB6TCTBYUli8 pi4CYBK811 (I) 14 (2),0TJII411811TCH TeY, 11!0 BX 

JIKodHaHhl npH 88.11686 nepelleHHHX ( 'l. , ~ ) -- ( ,\ , S ) OTJIH118.1lTCH 

SHS.KOII. B peayJI~TaTe B o60HX CJIY118HX noJiyqaell OltHB8KO:B08 :Bhlp8.E6HH6 

JtllH ltH~epeHUHaJia raTO: 

o¥('t,lJ=SSGc7-,].,'r-',1 1)tfrrz:l'Jdz.'d2'-~-
52 i .~ If )d(I6) 

t f (;.('r,
1

'1:, 'l.(A),~(A))t('tfA),l{A))(C:A02(A) -i!,-~ 2';(A) ,\. 

Tenep~ acuo, liTO iH~epeBUHaJI ra.To J?. ( 'Z.., 1: ) onepatopa (2) aHaJlo

rHlUIO MOXHO HS.UHCaT~: 

9 
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O?(t,'J)= JJ A('t,z,z:z')J'?rt:z')d'l.'ol1' t- ?) 
~ f (I 

_,. JA(z.~. HA),20.l)~rtrA>,l(Al)(~;o1-(A)-~~Jt(A))d-'. 
0 

TaKHM oopaaou,~H~epeHuaan raTo onepaTopa (I)-(2) no nepeueHHHM 
ounacTHM ecT~ nHHelHoe onepaTopHoe ypasaeaue Toro ae THna c 
O~MHaKOBHY H~OM. BepHeUCH K OCHOBHOUJ H6HHH6~HOUJ onepaTopy (3) 
14 ~B~epeH~Hany raTO 3TOrO onepaTopa. RcBO, qTO OB HueeT BB~: 

(IS) 

llpe~nonouu, qTo npHpauteHHH tz ( A ) , 81: ( >-. ) a~a&H 
TaKHM o6paaou, qTo o6nacTH Q H 91 Muem xoaeqHoe qycno 
ToqeK nepeceqeHMH. Tor~a MOSHO DOKa3BT~, qTQ ~B~peHUHBX raTO 
onepaTopa (I) 6y~eT TBKHY ae,KaK 14 npaBaH qaCT~ ypaBH6HMH (16). 
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