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B npeanaI'aeMoi! pa6ore crpoHTCH PHAhI no cpyHKUHHM Eeccensi, npeacraB

nmonme repMoynpyI'11e HanpmirnHnsi, BO3HHKaromne B 1mnnHApe B pe3ynbrare 

eI'o 6bICTpOI'O HaI'peBa, PaccMarpnBaeTCH KpyI'nbill 6ecKoHe'IHblll unnHHAP pa-

a11yca R • 3a Manb1i! npoMelKyToK BpeMeHn t_
0 

BO3pacraer OT HynH AO 2B 

(cM, pnc. 1 ). 

T 

\ 

I'paaycoB no 3aKoHy 

O,$t.$t 0 =rr/A; 

3 

reMneparypa unnnHapa 



B peaynhTaTe HarpeBa B UHnHHApe B03HHKa!OT ynpyrne Ae¢opMaUHH H 

HanpmKeHHll. O603Ha'lHM qepe3 u ( r. z. t) paAHanbH0e CMemeHHe B M0MeHT 

BpeMeHH T0'lKH, 3aHHMaBlllell: B Ha'lanbHbIH M0MeHT l = 0 nonoJKeHHe 

( r , z ) , 11 'lepea w ( r , z, l ) - C00TBeTCTByromee CMemeHl!e B HanpaBneHHH 

oc11 u11nnHApa ( oc11 z ) • BoaHnKarom11e TepMoynpyrne aanpl!lKeHnsi o6oaHa

'll!M 'lepea ~. (cJKHMaromee HanpsilKeHHe B paAnanbH0M HanpaBneHHH), azz 

~ClKHMaromee HanpSIJKeHne B HanpaBneHHH OCH UHnllHApa), ac/><f, (paCTSirl!-

Baromee TaHreHu11anhHoe HanpsiJKeHne); a rz ( 'cKanb!Baromee' Hanpl!lKeHne). 

8TH HanpSilKeHHSI npeACTaBneHbl Ha pnc. 2. TepMoynpyr11e HanpmlteHHSI H CMe

meHHSI' CBSI3aHbl / 1 / COOTH0llleHHSIMH 

a 
rr 

z 

..... 1'4i-... :::,,. '- :::::,,, --d • "l 

P1,,1c.2 

l au a. (au u aw) l+a ()l 
= 2G --+ --- -- + - + -- - a--- T l 

ar 1~2a ar r a z l-2a 

u a au u aw ) l+ a T( ) l a =2Gl-+---(--+-+---a--- l , 
cf,¢ r l-2a ar r az l-2a 

a zz 

a 
rz 

2G I aw +-a-( .2.!!.. + ..!!... +.Q..ll:..)- a~ T(l) l. 
az l-2a ar r az 1-·2 a 

G I ..'b!._ + ~ l. 
az ar 
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( 1) 

1 • 

OCHOBHble ypaBHeHHSI ABHlKeHHS! TaKOBbl / l /: 

{ 

2 
• aa a 

a~ . •.• ~ ~ -~¢ p---=---+--- + 
al2 ar az r 

a2w aa aa a • 
p ---=--··-+--·-·-+--··-' al 2 at az r 

3AeCb G - MOAynh CABllra, a - Koa¢¢nuneHT ITyaccoHa, a -TeMne-

paTypHbIH Koa¢¢nuneHT nnHell:Horo paclllnpeHnsi, p - Macca eAHHHUbl 061,eMa. 

IToBepXHOCTb unnHHApa CB060AHa OT BHelllHHX B03Aell:CTBHH: 

a ., = a I = 0. 
rr r=R r.z r=R 

ITp11 paccMaTpHBaeMoM pacnpeAeneHHII TeMnepaTypbI oceBoe CMemeHne 

w paBHO Hynro, _a paAHanhHOe CMemeHHe u He 3aBl!CHT OT z , CooTBeT-

CTBeHH0 CKanhrnaromee HanpsilKeHne a rz paBHO Hynro, TaKHM o6pa30M, pac-

CMaTpHBaeMaSI 3aAatia l!BnsieTcsi nnocKoll:, TepMoynpyr11e HanpsilKeHHSI a rr , 

acf,cf, ' a 
zz onpeAensiroTCSI paAnanbHbIM CMemeHHeM, KOTOpoe S!BnSieTCSI pe-

llleHHeM cneAyromefi CMelllaHHOH 3aAa'l11: 

a2 2G 1- a 
u --- --

~- p l-2u 
~(.!_ ~). 0:s;.r~R. l'~0, a r r ar 

u I t=O = ut I t=O 0, (2) 

u(0,l)=0, c1.u.. + ..!L_ .JJ_ I l+a T(l). =a ---
ar 1-a r =R 1- a 

PellleHHe TaKOH 3aAa'lH npeACTaBnSieTCSI B BHAe pSIAa no ¢yHKUHHM Eec

censi, HaAO Bb!IlHCaTb 3TOT PSIA B SIBHOM Bl!Ae~ HcnonbayeTCSI MeTOA pa3Ae

neHHSI nepeMeHHb!X, CHa'lana Bb!IlHCbIBaeTCSI pellleHne Ha HHTepBane [ 0,lo ] • 

. ITony'leHHbJe npn 8TOM U ( r, lo ) 11. u t (r, .l 0) ncnonb3YIOTCSI B Ka'leCTBe Ha

'lanbHbIX AaHHbIX npn nocTpoeHHH peineHHSI AnSI I'> lo . 

\.,., 

5 ~, 



I. PaAH8llbHOe CMemeHH_e IIPH 0~ t,:S lo 

,llnsi TOI'O 'IT06b! IIpHMeHHTb MeTOA paaAeneHHSI nepeMeHHbIX, H8AO H3-

6aBHTbCSI a (2) OT HeOAHOpOAHOCTH a r-paHH'IHOM ycnOBHH IIpH r= R 

naeM aaMeHy nepeMeHHbIX 

n=u 0 +v, 

• .Ile-

I'Ae U o - HeKOTOpasi I'naAKBSI if>yHKUHSI, YAOBneTBOpmomasi 38A8HHbIM r-pa-

HH'IHbIM ycnOBHSIM, TOI'Aa V siansieTc_si peweHHel>J cneAyromel!: cMewaHHol!: 

38/l8'IH C OAHOpOAHblMH r-paHH'IHbIMH ycnoBHSIMH: 

~ _2G ...!.=.£._ L cL ar V ) + f(r,t), 
2 - p 1-2 a ar r a r at 

av auo I v I = - u ( r ,0 ) , - I = - - · , 
t=0 ° at t=0 at i,.o 

v (0,t) =0, ~+~.!'...I = o. 
ar 1-a r r=R 

IToTpe6yeM AOIIOnHHTem,Ho, 'IT06bI f(r, t) YAOBneTBOpsina OAHOpOAHblM 

r-paHH'IHblM ycnOBHSIM: 

f(0,t)=0, i!_+~.LI =0. 
ar 1-a r r=R 

BcnoMOI'aTellbHYIO il>YHKUHIO uo 

u =Cr+Dr(l+Er2lcosAt. 
0 

HIUeM B T8KOM BHAe: 

ITapaMeTpb1 C, D , E onpeAensirorcsi OAHO3HB'IHO: 

C=Ba(l+a), D= - C 
1 +(3-2a)ER~ 

E=-A
2
/((3-2a)A 2 R 2+8~.l=.£...). 

p 1-2 a 

ITpsiMaSI IIOACT8HOBK8 IIOK83bIBaer, 'ITO 

6 

; 
,l 

\J 
•· ~l 

{1 
I 
I 
' 

i' 
;1! 

v, 
.l 

f(r,tl=(Kr +Lr 3
) cos At, 

K = A
2

D + 8 DE 1-!i --1:::.Q.., 
p l-2a 

L=A2 DE. 

HTaK, aalla'Ia (2) caenac& K cneAyromel!: cMewauuol!: aaAa'Ie: 

a
2 

v _ -2 G ~ _j_ ( .!_ a rv ) + ( Kr + L / ) cos A l , 
~ - p l-2a ar l' ar 

v ( r ,0) = - (C +Dlr -DEr
3 ~I at r =0 

v(0,t)=0, 
av a V -+--! =0. 
ar· 1-a r r=R 

0, 
(3) 

K aTol!: aaAa'Ie npHMeHHM MeTOA paaAeneHHSI- nepeMeHHblX, PeweHHe 

HmeM B BHAe pSIAa no CHCTeMe co6CTBeHHbIX WHKUHJ!: orrepaTopa: 

{ 

ca a ( 1 arv ) 
.LV=- ----, Q<r<R 

ar r ar - -

v(0)= 0, ~ +-a-~I = 0. 
ar 1-a-r r=R 

3To CaMOCOIIpSl)K8HHbil!: orrepaTop. B npocrpaHCTBe L2 C BeyOM r STOMY 

orreparopy orae'Iaer 121 nonuasi opror-ouan&aasi CHCTeMa co6cTBeHHbIX if>yHK

UHi!:: 

IJ
1

(Akr)l, IIpH'I8M f J ( ,\ r ) = - >. 
2 J ( ,\ r ). 

I k k k 

3AeCb J ( x) - il>YHKUHSI Eeccensi nepBOI'O IIOPSIAKa, a >. 
I k 

SIBnSIIOTCSI pe-

weHHSIMH cneAy10mer-o ypaBHeHHSI: 

xJ'(x)+-a-J(x)l ,-=0. 
I I x=~R 

(4) 
1- a 
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ct>yHKUHH f( r, t) H v ( r, 0) , y.ctoBneTBOpsuomHe OJ:lHOPOJ:lHbIM rpaHH'IHbIM 

ycnOBH.IIM, paanaraIOTC.II B P.II.ctbl no JI (,\kr): 

f(r,t) =f fk(t)JI (,\kr)=cosA1frk(O)Jl(,\kr), 

00 

0 
v(r,0)=f vk J1 (,\u), 

PeweHHe (3) TaKJK0 MOJKeT Ob!Tb npe.ctCTaBneHo B BH.cte p.11.cta no J (,\ r ): 
I k 

00 

v ( r , I ) = k v (t) J ( ,\ r ) . 
k I k 

TipH STOM KalK.ctbilt II3 Koa4>4>mmeHTOB STOI'O psma .IIBn.lieTC.II peweHHeM 

Kpaeaolt aa.cta'IH: 

. v +,\ - ---- v =f (0)cosAt, 
k k p 1-·2 a k k 

{ 

.. 2 2G 1 a 

vk(0) =v~, vk (0)=0, 

0TCIO/:l8 H8XOJ:1HM V (t ) : 
k 

2G f (0) ( cos At - cos,\ Y--
k k £ 

V ( t) 
k 2 2G 1- a 

,\ --
k p. l-2·a 

HTaK, npH O.:,; 1.:,; 1
0 

= TT I A 

2 
-A 

1·- a t) 
l-2a 0 

+ vkcos,\ ..,;!Q l-'-a 
k .p.~t·. (5) 

u (r, I)= Cr+Dr(l +Er
2
)cos At+ f (-z cosAt + (vo +z )cos,\ kY~~ I), 

I k k k ·· p l-2a 

z 
k 

f k(0) 

·A2-,\22G 1-a 
k ---

p 1-2 a 

f k (0) 

R 

f r (Kr +Lr 3) J
1 

(,\ kr )dr 

R 2 
f rJ (,\k r) d r 

0 I 

R 2 R 2 
v
0
k =-fr (Cr+ Dr (1 +Er )) J (~ r) d r / f rJ (,\ r) d r. 

0 I k O I k 

8 

(6) r 

fl • p a.ctHanbHOe CMemeHHe npH I > Io 

TipH t'> I 0 

WaHHOlt 38.cta'IH: 

pa.ctBanbHoe cMemeHHe .11ansrercsr peweHHeM cne.ctyromelt CMe-

4= 2G ~ _a_(~ aru ), 
at · p l-2a ar r ar 

2 ·- 0 2 G 1-a TT 
u(r,t

0 
)= Cr-Dr(l + Er )+ k( z +(v +z )cos,\ky-------:-)J1 (,\kr), 

1 k k k p l-2a A 

( ) ~.(,\ _1 2G 1-a ( o ) _1 2G 1-a TT )J ( ) u r,t =-.c. v- -- v +z sin,\ v--.-- - . ,\ r , 
t t k p l-2it k k k p 1-~a A t k 

au a u I ( 0 t) = 0, --+-
1
-- - r=R 

u ' ar -a r 
=2Ba 

l+a 

1- a 

OnlITb OCBOOOlKJ:189MClI OT HBOJ:lHOpO.ctHOCTH B rpaHH'IHbIX ycnOBHlIX, lln.11 STOI'O 

.ctenaeM aaMeHy : u = y r + w • 

TiapaMeTp y no.ctoBpaeTClI TBK, 'ITOObl yr 

rpaHH'IHOMY ycnOBHIO: 

y=2Ba(l+~). 

Y.ctOBneTBOplina npaBOMY 

Tor.eta w lIBn.lieTClI peweHHBM CM0W8HHOlt 38.cta'IH C OJ:lHOpO.ctHbIMH rpaHH'IHbI-

MH ycnOBHlIMH: 

2 
~ = ~ --1.=.!!..._ 2- ( _!_ 
at p 1-..:.2 a a r r 

~). 
a r 

00 0 

w(r,t
0
)=u(r,t

0
)-yr= ~w J (,\ r), 

I k J k 

aw a w ·1 = 0. 
w(O,t >= o, ar+l-a ;-· r=R 

3.cteCb . 
R . R 

w~= V r ((C -y)r-Dr(l+Er1)J1 (,\kr )dr / Jr J: (,\kr )dr) + 

( o ) ,\. • , 2 G 1 -·a TT 
+ Zk + V k + 7lc COS k y- -- - , 

p l-2a A· 

9 
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Pewemie aTofi aaJW'lll mneM B BHAe pSIJla no J
1 

(,\kr) 

w(r,t)=fw (t)J
1
(,\r). 

• I k k 

KalK)lbifi ll3 K09cpcp llllll0HTOB 9TOI'O PSI.eta SIBnSieTCSI peweHlleM KpaeBOfi 

38Jl8'lll: 

2 2 G 1- a 
Wk+,\ k-- ----W =0, 

p l-2a k 

w (t)=w
0

, 
k O k 

• 2 G 1-a ( o ) . 2 G 1-a 
w (t >=-Av-.- --- vk+zk sm,\kv---

0 k p l-2a p l·-2a 
1T -. 
A 

0TCJOAa HaXOAllM wk (t ): 

· o "" 1 0 2G 1-a 17 
W (t)=w cos,\ky..-=---=.Q.._(t-.1!.)-(v +z )sin,\ V----(t--).(7) 

k k p 1-2 a A k k , k p 1-2 q A 

11TaK, npll l ·> l panHanbHOe' CM0W0Hll0 aanaeTCS! T8KllM PS!AOM: 
0 

u(r,t)=yr+I(w 1/,os,\ V 2Gl.::.£..._(1-...!.)-(v 0+z )sin,\ ,; 2G ·1
1

-
2
a (t-2:))J/,\k'). 

I k k p l-2a A k k k · P - a A 

OcTaeTCS! llOJlCT8BllTb paanolK0HH0 (5) ll TOnbKO 'ITO nony'leHHOe paano

lK0Hll0 B ( 1). Torna nony'IHM paanolKeHHSI no J 1(,\ kr) nnsi TepMoynpyrnx 

HanpsilKeHnfi. 

Ill, TepMoynpyrne nanpsilKeHHSI 

ITpn O :s_ 1 :s_ 1 
0 

= 1r I A • 

a (r,t)= 2GI _I_ (C+DcosAtl+ '·3- 2~DE r 2cosA 1 + 
rr l-2a l-2a 

+ivk(t)(,\k.!..=.£._J
0
(,\kr)-J1 (,\kr) )-B.a l+a(l:...cosAt)l, 

1 l-2a r l-2a 

) , I +2a 2 a (r, I = 2 G I ,_i_ ( C + D cos At) + --- DE r cos A I + 
¢¢ l-2a I-2 a 

+ £ v St)(,\ _a_ J (,\ r) + J ,(,\kr) -)-Ba ~-0-cos A 1) l, 
t kl-2 a o k r l-2a . 

10 

r 

2a 4a 2 
a ( r, l ) = 2 G I -- ( C + D cos A I ) + --- DE r cos A I + 

zz 1-2 a 1--Za 

+1 vk(1),\k-~J 0 (,\kr )-Ba l+a (l-cosA1)1. 
l-2a l-2a, 

IV • TepMoynpyrne HanpsilKeHHSI npn t •> 1 0 = "/ A 

( ) I 
Y ; () 1-a (.) J1(,\ . .r)) l+a l a r,l =2G --+kw I(,\ --J ,\~r -~ -2Ba-- , 

rr l-2a I k kl-2a 
O 

r l-2a 

y 00 a ·: J(,\,) l+a 
a (r,1)=2G I -- +Iw (1)(,\ - • J (,\ r)+-1 -k- )-2Ba---}, 

¢¢ 1-2 a I k k l-2a o k r 1-2 a 

2 ya 00 a 1+ a 
a (r,t)=2Gl--+Iwk(1),\k--J 0 (,\i!)-2Ba-l. 

zz l-2a 1 l-2a l-2a 

3ne6b V (1) 'w (1) onpe.QeneHbl cpopMYnBMll (5), (7), llOCTOS!HHbie 
k k 

a, a, G onpeneneHbl B Ha'!ane pa60Tbl, ,\ kSIBnS!IOTCS! peweHHS!Mll ypaBH0HllSI 

( 4). 
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