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PaccMaTp!!BaeTCII rrp1!6nHJKeHHhlfi MeToA HaXOlKACIII!II pemen11fi o6I.TKHonenHoro 

Al!~~epeHUH8nhHOI"'O ypaBHCHI!H 

!(x,y ,y',y")mO, (0.1) 

yAoBneTBopmonmx rpaHI!'lHhiM ycnooi!SIM 

a 
1 

y(a) + {3
1 

y'(a)=y , 

(0.2) 

a
2

y(b) +{~ 2 y'(b)=8 

3ACCb a I , f3 I , Y , a 
2 

, {3 2 , lJ - 38A8HHbl0 'li!Cna, rip!!'lCM a~ + {3 ~> 0, 

i "' 1 ,2. llpeAf!OnaraoTCII, '!TO rpDHII'IH8SI 3D/l8'10 ( 0.1) -( 0.2) !!MeeT XOTSI 6b! 0/lHO 

pemeime • .ilnH rrpH6nHJKeHHOr'O pellleHHSI 38A8'1H ( 0.1) -( 0.2) np!!MCHHCTCII HCITpOpblB

Hblfi aHanor MeTona HbiOTona. 

B pa6oTe/
1

/ STOT MCTOA Ilpi!MCHeH AnSI I!CcnC/10138HI!II CYIII0CTI30B8HI!II pell!Ollllil 

nenHnefiHbiX ~yHKUHouanhHbTX ypaouenl!fr B 6anaxoooM npocTpanr:TBe. B Hallii!X pn6o-

/2 3/ 
TBX ' A8l!Hblfi MeTOA npHMCHeH rip!! ripH6ni!JK0HHOM pOWCHiiH neKOTOpoil rp8111!'lll011 

38/l8'11! AnSI HCni!HCilHOr'O Ul!q,¢epeHU118nhHOr'O yp8BIICHI!H 2-ro ITOp11AK8 rip!! ycnOBHI! 

cymecTBOBBHI!SI pellloHI!fr. Ha B03MOJKHOCTh npH6nHlKeHHoro pewoHHSI nenHneiiHhiX rpa-
/4/ 

Hl!'lllbiX 38A8'1 C f!OMOIJ1hl0 H<WB8HHOrO M0TOA8 yK838HO TrtKJKe B 

B paaAene I HBCTomueil pa6oThi rrpHBCAeHa TeopeMa o npHMCHHMOCTH nenpe

pbiBHoro aHanora MeToAa HhiOTOHa AnSI pellleHI!H HeJmiioiiuoro cPYHICllHOHflnhHoro 

ypaBHCHH.IJ B npocTpancToe EaHaxa rrpH ycnoBHH cyuwcTnoBaHI!SI pellloHHH. 3AeCh 

JKC paCCMOTpCH npH6nHJKeHHblH MCTOJl H8XOJK)l0HHH STOrO peUJCHHH. 

B paa.llene II paccMoTpeH MeTOJl rrpH6nHl!WHHoro pemeHI!H KpaeBoil 38JlD'lll 

(0.1)-(0.2) II npHOeJ:teH OAHH 113 B03MOlKHbiX anr'Op!!TMOD 'II!CnCHHOrO pellle!IHH 

STOll 38Jl8'1H. 
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I. nycTb </> (X) -HerrpepblBHan <j>yHKUHSI, OT06paJKaJOWaSI 6aHaXOBO llpOCT-

paHCTBO X s 6aHaxoso npocTpaHCTBO Y • PaccMoTpHM ypasHeHHe 

</> (X) • 0 , ( 1.1) 

I. T e 0 p e M a 1. . nycTb ypaBH8HHe ( 1.1) HMeeT 8AHHCTB8HHoe pemeHHe X ... 

B OTl<pblTOii o6naCTH D rrpocTpaHCTBa X • npeAliOnOJKHM, 'ITO B o6nacTH D 

cyllleCTByiOT HerrpepblBHbl8 npOH3BOAHble c;llpeme if>' (X) • if>"( x) · nycTb, Aanee, B 0 
-1 

cyl!lCCTByeT o6paTHblH onepaTop if>'( x) • AnSI KOTOporo BblliOnHSI8TCSI HepaBeHCTBO 

-I 
II</>.' ex> II~ fl. ( 1.2) 

TorAa cymecTayeT c<j>epa S: II x- x*ll ~£, npHHaAneJKaman o6nacTH n, TaltaSI 

'ITO AnSI n106oro x 0 r;,. S AH<l•<!>epeHuHanbHOe ypasaeHHe 

-I 
s- </>' (x) </>(x), 

rAe t -sewecTBeHHblH napaMeTp, c Ha'lanbHblM ycnoaHeM 

x(Ol•xo 

HMeeT jtemeHHe X ( t) AnSI 0 S, t <oo H fim x (tl• x*. 
t .. oo 

il 0 K a 3 a T e n b C T B O. B CHny COOTHOJJJeHHSI 

fim l!<foCxlJ[•O 
x ... x* 

( 1.3) 

( 1.4) 

MOlKHO Bb!6paTb TaKoe l > 0, 'ITO AliSI n1060ro X or;,. S :llx-x*ll~£ 6yAeT BblliOliHSITb-

Cll HepaBeHCTBO 

I[¢Cxolll<8, 

f'/18 8 > 0 AOCT8TO'IHO Mano, a S C D . Bb!6epeM 8 CTOllb M8llblM, 'ITO c<j>epa 

R:!ix-x 0 li~B8 6yAeT llpHHaAnelKa'l'b D AnSI mo6oro •o<PS. 

B c<j>epe R npaBaSI qacTb ypaBHeHHSI ( 1.3) HMeeT HenpepbiBHyJO .npoH3BOAHyJO. 

OoaToMy Ha AOCT8TO'IHO MaliOM 0Tpe3Ke H3M8H8HHSI napaMeTpa t(O,a] cywecTByeT 

8AHHCTB8HH08 pemeHHe ypaBH8HHSI ( 1,3), yAoBneTBOpSI!Oil!ee HaqanbHOMy ycnOBHIO 

4 

.. ...,~'t:., .:-- ·.r· 

'~ 

/5/ 
( ],4) , 3aMeTHM, 'ITO ypaBH8HHe ( 1.3) C HS'ISnbHblM yCllOB!leM ( ],4) IIMeeT 

HHTerpan 

OTKyAa cneAyeT, 'ITO 

</>(xlzif>Cx 0 ) 
-t 

e 

•-</>'(x)-lcp(x ),.-t 
0 • 

• ( 1.5 

( 1.6) 

HHTerpHpySI nocneAHee cooTHOI!leHHe 11 oue1maast no HOpMe, nerKo nony'IHTb 

t t 
·11 x(tl-x

0 
11•11 f 

0 
x't(s)ds II s. f II 

0 
(slll ds :>, Jl8(1-e -t). 

( 1. 7) 

3To HepaBeHCTBO noKa3blBaeT, 'ITO x ( t l ne)KHT B cq1epe R AnH scex t , 

llpH KOTOpb!X OHO onpeAeneHO. CneAOBaTenbHO, OHO llpOAOn>KaeMO Ha BeCb rrpo

Me)KyTOK 0 ~ I <oo • 
00 

lb cooTHomeHHSI (1.7) nerKo cneAyeT, 'ITO HHTerpan J II x;<slll ds stBnSI-

eTCSI CXOASIWHMCSI, 3TO, B CBOIO oqepeAb, Bn8'18T Cyll!eCTBOBaHHe f im X ( t) , 

Bocnonb30BaBmHcb paBeHcTBOM ( 1,5), nonyqaeM fim x( 1 l .. x * . t .. oo 

t .. oo 
TeopeMa 

AOKa3aHa, 

2. PaccMoTpHM MeToA 31inepa npH6nHll<eHHoro HHTerpHpoBaHHSI AH41<j>epeH

UHanbHbiX ypaBHeHHl! THna ( 1.3) B npocTpaHcTBe EaHaxa. 

nycTb X -npocTpaHCTBO EaHaxa, </I (X) -cpyHKUII51, nepeBO.IlSII!last X B ce-

6st. npeAliOliO)KHM, 'ITO B HeKOTOpol! OTKpbiTOli o6naCTH ll C X • 

IJ </I (x l II 'f. M ( 1.8) 

H </I (x) c;;..n D YAOBneTBOpsteT YCliOBIIIO J1HliJJJH!!8, TO 8CTb AliH nl06biX ' X , X B 

II </I (x' l -</I (x"l II$..L II x X "II . ( 1.9) 

PaccMoTpHM AHtjlcjlepeHuHaJibHOe ypAnHeHHe 
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X '
1 

• t/1 (X), x(Ol•xo •o'-D, ( 1. 10) 

I"il<' I -BOI!IeCTBCHIIhlii Hllpa~WTp, Ha f!eKOTOpOM IIHTepnane HaM0H0HI!SI !, 0 ~·t~ a 

('~•li[CCT!IyeT C!LIIIHCT!ICiiiiOC pOIIJQHIIC ypalll!eiii!SI ( 1,10), HpHHaUJI0lKlllll00 o6naCTII 

151 6 [ 0 ' .. ll Paso beM , a; na n 'lllCTeH Y3JIOBb!MII TO'IKllMII a 0 • a 1 , ... , an , 

!'110 

a
0 

aO, a =o +r
1 

q = u +r 
2 I 2 

a au +r sa 
n-1 

nycTb r = max r I 

I ~I ~n 

HasoneM nocnenonaTenbHOCTb sneMeHTOB x 
1 

, 

.. 1 ,2, ... , n nonyqaOMbiX C flOMOIIIbiO COOTHOIII0HI!ft 

'l"''o +t/J(x o 1 '1 

X = X 
2 I + t/J ( ,-1 ) r 2 

.,-;; +t/J<X lr 
n-1 n-1 n 

npnfinHliWHHb!M p01110HHOM ypaBH0HIISI ( ),10), fi0JIY'i80Mb!M MeTOLIOM 3ftnepa, 

(1.11) 

'f c 0 p e M a 2, nyCTb LIJISJ t/J ( x) B Tl Bblfi0JIH0Hbl yCJIOBHSI ( 1,8) -( 1,9) II 

pomen11e ypllBIICHUSJ ( 1:10) np11 o !:>, t ::; a nell<HT B D. nycTb, aanee, Bhmonaeao 

ycnonHe 

< Ku 
n ( 1.12) 

rue K ~ 1 - KOHCTSHTa, He 3llBHCS!IIIllSI OT D • 

Toraa np11 r .. o pellleHHe, fiOJiyqaeMoe M0TOJlOM 3iinepa, CXOJli!TCSI K 

x(l) Ha oTpesKe [0, a]. 

6 

• ( 1-i' 

'I 
! 

n 0 K a 3 a T e n b C T B Q, nycTb X ( t) llpH t =a 0, a 1 , .. , an llpHHHMaeT 

3Ha'ieHHSI X O , X I , , , • , x • npH STOM 

al+l 

X 1+1 •x 1 + f t/J (x(l))dt, i • 0,1, ... , n-1 . 
( 1.1 

a, 

06osna'iHM ~ 1 •llx 1 -; 1 II.OueaHM A
1 

uns:1 1,2, .... n • npll i = I noliY'iaeM 

a I al 
A ... II J t/1 ( xl{ t)) d t - t/1 ( x 0 ) r 1 II • II J [ t/1 ( x ( t) l - t/1 ( x 

0 
) ] d t II :;; 

ao ao 

al C71 
1 ~ L J llx(t) -x

0 
lldt ~L J II J t/J(x(s)ds II dt .S -

2 
L M r 

ao ao ao 

Ha cneuyJOmeM mare noJiy'iHM 

~ 2 ·II X 

C72 

+ J t/J( x(tl)dt 
al 

a2 

X I t/1 <; >, II < 
I 2 -

~II X I -;I II + II J [ "' (X ( t ) ) - "' ( x-1 ) l d I II < 
C71 

2 

a2 
$. A I + L f II X (t)- X 

al 

a 
lldt S A 1 + Lf~llx(ll-x 1 ll+llx 1 -;1 llldtS: 

C71 

1 2 
$A a (1 + Lrl + --r-LMr 

no HHJlYKUIIII nerKO flOKa3aTb, 'iTO 

1 2 
~ 1+1 ~ ..\ 1 (1 + Lr) + -

2
-LM r. ( 1.14 

161 
llanee, npHM0HSISI MeToJl, H3llOlKeHHbift B , nonyquM cnenyJOIIlYJO oueaKy: 

~I 
1 LKa <-
2
-Mr(e -1), i a 1, 2, .. , n • ( 1.15) 

Hs nocnenaeft oueHKH npH r .. o fiOJiyqaeM CXOUHMOCTb llpH6JIHlKCHHOrO pellleHHSI 

K TO'iHoMy, 'ITO 3LtBeplllaeT JlOKasaTenbcTno. 
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If . npHMeHlfM H3nOJI<eHHb!M MOTOa anSI pemeHHSI rpaHH'IIIOM 31laa'IH ( 0, J)

(0.2). Ee3 orpaHH'Iel!HH o6IIlHOCTH MOJKHO B rpaHH'IHhiX ycnoBHSIX (0,2) nonoJKHTb 

y = 8 ~ 0. PaccMoTpHM rpaHif'IHYIO 3aaa'ly 

f(x ,y, y ', y") =0, (2. J) 

a1 y(al + f3
1 

y'(a)mO, 
(2.2) 

a 2 y(b) + f3
2 

y '(b) sO. 

nycTb y [ ll ,b I -MHOJKeCTBO aBBlK!Ibl uenpepb!BHO aHcjlcpepeHuHpyeMbiX HB [a,bl 

rpyHKIIHii y( x) , yaosneTBOpSIIOlllHX rpSHH'IHbiM ycnOBHSIM ( 2,2), DTOpbre llpOH3130a

llble KOTOpblX y "(X) yaosneTBOpSIIOT HB [a. b I ycnoBHIO nHnlllHUa. BaeaeM HOp My 

:maMeHTa y ( xl cneayro!llHM o6pa3oM: 

II y (X) II 2 ( ) 
~ max I y n (xl I+ L Y , 

n•O ~S> 

( 2.3) 

raa L y - HHJKIISI.R rpAI!b KOHCTSHT nHnlllHUS anSI BTOpoii DpOH3BOauofi paCCMSTpH-

BaeMoii 4lyHKUHH y (X). nerKO BHaeTb, 'ITO paCCMSTpHBSeMoe MHOJKeCTBO Y (a, b) 

C BBeaeHHOii TSKHM o6pa30M HOpMOM .RBn!leTCSI IIpoCTpSHCTBOM Eauaxa, 

PaccMoTpHM TSKJKe 6auaxoao npocTpaucTBo z [a,bl, aneMeRTSMH KOTOpO-

ro HBnHIOTCSI ljlyuKUHH z ( x l , yaoaneTBOpSIIO!IlHe aa [a, b I ycnoBHIO nanwaua, anH 

KoTopurx J!OpMa onpeaeneua KSK 

II ·<·>II max I z (x) I + L • 
o.$ X !!Ob 

rae L z -HHJKHSISI rpaHb KOHCTSHT nanlllHUS anSI aaHHOA cjlyRKUHH z ( x) • 

(2.4) 

T e o p e M a 3. nycTb auyTpH 3BMKHyTol! o6nacTH D Y C Y [a, b] coaepJKHTC!l 

eaHH<CTBeRHOe pemeuHe y*(x) 38aS'IH (2,1)-(2,2), npeanonOJKHM, 'ITO f(x,y,y', y") 

II MeeT B D y Renpepb!BHble 'ISCTHbie IIpOH3BOaHbie ao 2-ro IIOpSiaKa BKniO'IHTenbHO 

H, KpoMe Toro, 

fr',f >a >O. 
y -

( 2.5) 
nycTb, aanee, rpaRH'IHBSI 3BaB'I8 

8 

~. f: 
l,j 

l J ,, 
:'1 

I I 
\ 

~ \ 
\ 
I 
i 
~ 
I 
! 
1 
~ 
t' 

1~ 
I J 
1 
t J 

;~ 
1, 

I 

I 
' ,IJ 

i 

I 

I 
~ 
q 

~ 

' t ----

r ' ,< x , r , y ', y " > v 
y 

+ r' ,<x ,y,y',y") v' + f' (x,y,y' ,y'')v.o, 
y y 

a 1 v(a) +f3
1 

v'(al•O, 

a 2 v( b) + f3 
2 

v '(b) • 0 

HMeeT TOnbKO TpHBHSnbROe pemeRHe anSI n1060ii Q'YHKUHH y ( x ) I;. f) y • 

(2,6) 

( 2. 7) 

Toraa cyrnecTayeT TaKoe f > 0, 'ITO amr n10Goi! 'PYfiKUHII y 0 (x)~ Y [ a,b], 

yaoaneTBOp!l10!1ler1 ycnoBHIO 

llrlx,y 0 ,y; .y~ lllz <t, ( 2.8) 

CHCTeMa OTROCHTenbHO rpyHKUKii y (x,l), v(x,l) 

f, (x,y,y ',y" )v, + r, ,(x,y,y' ,y" lv, + f, (x,y,y' ,y" lv--f(x,y,y' ,y"lc2 n) 
y II# X X X X X Y X X X X Y X X X X XX et:f 

y, •v 
t 

C ycnoBIISIMH 

a 1 v(a,l) + {l
1 

v'x (a,l l • 0, 

a 2 V ( b ,I) + {J 
2 

V : (b ,I) • 0 , 

y(x,Ol•y
0

(xl 

HMeeT eaaucT13enrwe pewonHe H 

f lm II y ( x, I l - y * ( x) II • 0 , 
.. t .. 0 

T,e, HMeeT MecTo pllDHOMepnaH ua [a, b I CXOaKMOCTb y(x,y), y ,.'(x,l), 

y, (x,I)K y '(x), y*'(x),y*"(x) COOTBeTCTBellllO llpK I -o+oo • 
"" 

(2.10) 

( 2. J J) 

lloKS3BTenbCTBy HBCTOHIUer1 TeOpGMb! npeanomneM neMMy, npeaBapHTenbllO 38-

MeTHM, 'ITO OIIGpBTOp l(y) • f(x,y, y ',y "), aeliCTBYIOIIlH11 B 6aHSXOBOM llpOCTpaHCT-

ae Y[a,b]. HMeGT 13 !ly IIOIIpOpbiBHbiG llpOH::JBDllllble ¢pewe l'(y) H f"(y). 

nocKOnhKY 1IpOH:JJ30aiiaH <l>peme I'( y) onpeaan>TeTCSI COOTROllleHHeM 
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r ' < r > v- r ',< x , y. y '. y "> v "+ f ',< x, y, y ', y "l v ' + r ' < x, y • y'. y "> v 
y y y 

( 2.12) 

-I 
cymecTBOBaHHe a n Y o6paTHoro onepaTopa I' ( y l o6ycnoaneHo TeM, 'ITO rpa-

HH'Hiall 38A8'1a ( 2.6) -( 2. 7) HMCCT TOJibKO TpHBHaJibHOC pemeHHe AJISI BCCX Y I;. D y • 

fl e M M ll. EcnH BhinOJIHCHLI YCJIOBHSI TeopCMhi 3, TO onepaTOp I 1
(yJ

1 
orpaHH'I9H 

no HOpMe B o6nacTH DY 

II o x a 3 a T e n b c T a o. nycTb n • - clj>epa enHHH'IHoro panuyca c ueHTpoM 

B Hyne IIpOCTp8HCTB8 Z (a, b]. PaCCMOTpHM MHOlKCCTBO pemeHHii rpai!H'lHblX 3a.Qa'l 

f ' , (X , Y t y,, y ") V, + f , J X t Y t Y,, Y,) V , + f , (X, Y, Y,, Y,) V • Z (X) , 
y y y 

( 2.13) 

a 
1 

v ( a) + f3
1 

v' ( a) .. 0 , 

(2.14) 

a 
2 

v(b) +f3
2 
v' (b) .. 0, 

r.Qe Y 1x) c;. I) y , Z (X) c;. D z Lln!! .QOK83aT9JibCTBa JI9MMbl .QOCT8TO'IHO IIOK83aTb1 

"'TO v "( x l ynoaneTBOpSIIOT Ha [a, bl ycnoau10 nanmaua u/ xpoMe Toro, cymecTayeT 

KOHCT811Til P > 0 , .QJISI KOTOpOil 

11 vII v < p' 
(2.15) 

rue V (X) -JII06aSI lj>yHKUH51 paCCM8Tp11BaeMoro MIIOlKCCTBa. 

1. noKalKCM CHa'ISJia paBHOMCpHyiO orpaHH'lCHHOCTb lj>yHKUHH v (x) . Cornac-

HO yCJIOBHSIM TeopeMbl 3, .QJISI J11060ll <jlyHXUHH Y (X) G- I) y pemeHHe 3a.Qa'IH 

( 2.13) -( 2.14) cytuecTayeT H e.QHIICTBCHHO. KalK.Qa!l ci>YHKUHSI v ( x l HenpepbmHa aa 

[ ll' b I 0 npe.QnOJIOlKHM, 'ITO MHOlKeCTBO v (X) 

HH'I9HHbiM, TO ecTb UJISI mo6oro HBTypaJibHOrO D 

II z n ( x) II • I H TO'lKa X n I;. [ a , b 1 

10 

He !IBJI!!eTc!l paBHoMepHo orpa

aalluyTCSI qJyHKUI!H y 
0

( x )1;-D y' 

TaKHe, 'ITO 

lvn(xnll >n. 

H3 nocnenoaaTenbHOCTH Toqex oTpe3Ka [ a , b 1 

x
1

,x
2

, ••• ,x
0 

MOlKHO Bh!6paTb CXOll!IWYIOCSI nOAliOCJieAOBaTeJibHOCTb, npenen XOTOpOil 0603Ha'lHM 

; I;. ( a, b ) . p aCCMOTpHM nOCJiei:IOBBTenbHOCTb lj>yHKUHl! Y k ( X) I;. D , COOTBeT-

CTBYIOWYIO sTofl nonnocncAoBaTenbHocTH. Bee L y nnH y ( x ) '- n Y paaHoMepao 

orpaHH'IeHbi. B cany aaeAeHHoil MeTpHKH ( 2.3) nocnenoaaTenbHOCTH 

y k(x), y 'k(x), y ; (x) paDHOMCpHO orpaHH'ICHhl H paBHOCTeneHHO HenpepblBHhl 

H8 ( a , b 1 · no TeopeMe Apuena H3 nocneAOBaTenbi!OCTH lj>yHXUHil Y k ( X) MOlKIIO 

Bbt5paTb paDBOMepHO CXOA!IlllYIOCSI liOllliOCneAOBaTenbHOCTb, .QJISI KOTOpol! npeAenbHa!l 

lj>yHKUHSI y (x ) c;. D y HeTpy.QHO TaKlKe DOKa38Tb1 'ITO 9Ta DO.QDOCJie.QOBaTenbHOCT 

5yAeT CXOlUimei!cSI no aopMe npocTpaHCTBa Y [a, b I. AnanorH'IHbte paccylKUCHHSI ner 

KO DpOBOA!ITCSI U UJI!I nocne.QOBBTenbHOCTH lj>yHKUUi! zn(x). 

PaccMoTpHM npeAenhHYIO rpaHH'lHYIO 3a.Qa'ly ( 2.13) -( 2.14), rAe a ypanHeaue 

( 2.13) noncTaaneHht npeAenbHbte lj>yHKUHH y ( x ) '- D Y H z ( x ) '- n 

nycTb A -nuuei!Hhtll: onepaTop, KOTOphtil onpenenea xax 

Av= f',J..x,y,y',y")v" + f ',(x,y,y',y")v' +I' (x,y,y',y")v, 
y y y 

vf;.Y [a,b]. 

HapH.Qy c HHM paccMoTpHM nocnenoaaTenbiiOCTb nuHelfHbiX onepaTopoa A +,'\A n , 

KOTOphle onpe.QeJISIIOTCSI COOTHOUl9BHeM 

(A+~A_n )v •f;,(x,y~y: ,y: )v"+fy:(x,y
0

,ya',y
0 

")v'+f; (x,y n ,y: ,y ;')v, 

v'" y [e,b J • 

a y n - sneMeHTht nocnenoaaTenbaocTH, nnH KOTopof! II y - y " II .. 0 . nerxo 

noxa3aTb, 'ITO II~ A n IJ .. 0 npH 
171 

pe3ynbTaTOM ( TeopeMa 8 ) , MOlKHO 

npu n ..... 0TCIO.Qa cne.QyeT, 'ITO 

ao, crrpaaeAnHaa cnenyiOmaH oueaxa: 

J1 

n .. .. . Bocnonh3oaaamucb H3BeCTHhiM 

yTBep1KnaTb, 'ITo II<A+~A:'> -A-
1H .. o 

II v - v n II .. 0 npu n .... 0 Llei!CTBHTenb-



II v- v- II :s II A -I 1111 z - II+II!A +L\A-
0

1
) -A-1 1lll•nll' 

oTKyna nbtTeKaeT rrocnennee yTnepJKnenHe. 

TaKHM o6pa30M, rronyqeao npoTHBopeqHe: pernenHe rrpe.t~enhaol! rpaHH'iHOl! 

3all8'iH V (X) 6yneT 06pamaTbCSl n TO 'iKe x'-[a,b] n 6ecxoaeqaoeTb. Cneno-

naTenbao, MHOR<eCTBO ¢YIIKUHII I v ( x l I paBHOM9piiO orpaHH'i9HO. 

2. LfT06bi llOKa3aTb panaoMepnyiO orpaHH'i9HHOCTb MHOJKeeTB ¢yHKUHll I v '( x l I 
. /8/ 

H I v "( x l I. rrpeo6pa3yeM ypasaenHe ( 2,13) e noMOinbiO H3BeeTHOro rrpeo6pa3oBaHHSl 

HG3aBHCHMOH UepeM9HHOl! K BHlly 

v"(~) + Q(~)v(~) .. S(~), ( 2.16) 

rne 

-I 
~~J p(s) ds, p(xlaexp[f ',J I, y (I), y '( t) , y " ( t) )-If ', (I, y ( t), y '(I), y "(t )) d 1]. 

y y a a 

Q(~)cp(x)P(x), 

-I 
p (X)~ f /•< X 0 Y (X), Y '(X), y "(X)) f ; ( X 0 Y (X), y '(X), Y 0 (X)) p (X) , 

S(~) a z (x) p(x). 

0Tpe3oK [a,b] rrpeo6pa3yeTeH nnH KalK.tloro y '"D B oTpe30K [O,f], rne 
b I y e = f p (s ,- ds • O'IeBH)lHO, 
a 

max I v(x) 
a~ x~b 

•maxlv!~ll• 
0 !:~ ~f 

l-13 ( 2.16) nerKo enenyeT pannoMepaaSJ orpaaHqeaaoeTb MHOJKeeTna ¢yaxuHl! v "<e>. 
lletkTBHTGllbHO, MHOJKeeTBO V ( fl pannoMepao orpaHH'ieno, a paBHOMepkaSJ or-

paHH'i81!HOCTb ¢yaxuHll p < x,. p < x, . s< e >. o < e> 
¢yHKUHl1 H YCflOBHll TeopeMbl 3, 

BblTGKaeT H3 OllpeJleneHll:Sl STHX 

lPyHKUHH V ( e) YllOBll9TBOpSIIOT rpBIIH'iHblM YCllOBHSIM 

a 
1
v(Ol+ (3

1 
v'(O)aO, 

a v ( fl + p ( b l -I v ' ( fl {3 s 0. 
2 2 
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0TciO.tla Bll:.tlHO, 'iTO v '(0) H V '( f) -paBHOMepao orpaHH'I9HHbl9 MHOJKGeTBa, 

Yl.IHTbiBall panaoMepayiO orpaHH'iennoeTb MHOJKeeTn v "<e>, f , nony'laeM, 'ITO 

MHOJKecT!IO v '(~) panaoMepao orpaHH'ieao, Cne.t~onaTenbHO, I v '( xll 
-I 

TaKlKe pas-

HOMepHO orpaHif'ieHO, noeKOllbKY V 'x • p(x) V e • 3aM9TifM, 'ITO 

v "(xl•p(xl-~v"(el-p'(xlp(xl-~v' <e>. 113 noenenaero nbtpaJKeH!fSl eneayeT pas-

HOM9pHaSl orpaHH'ieHHOeTb MHOJK9eTBa V "(x), TaK KaK MHOlKeeTBO p '(x) 

pannoMepao orpaaaqeao. 

TaKlK9 

3. noxaJKeM, 'iTO nee v " ( x l Y.tlOnneTBOpSIIOT Ha [a. b j yenOBHIO nHnmHua, 

llpH'i9M KOHeTaHTbl nHnmHua panHOM9pHO orpaHH'ieHbl, 

113 ypaBHeHHSl {2,13) nony'iHM 

-I 
V "(X )a f, ,h, y (X), y 

1 
(X), y " (X)) [ Z (X)- f , ,(X, y (X) , y '(X), y "(X),) V '(X)- f'(x, y( X), y ~x),y 'tx)) 

y y y 

no yenOBHIO T00p9Mbl 3 nee qaeTHbl9 npOH3nOJlHbl9 f (X • Y • Y , • Y , ) .[lO 2-ro llO-

pl!JlKa nKlliO'IHTGllbHO panHOM9pHO orpaHH'!eHbl B D y npHMeHSISl !jlopMyny KOHG'I-

HOrO npllpameHHH, nerKo y6enHTbell, 'iTO nee f ~,, f;, , f Y ynonneTBOpSIIOT 

Ha [a, b I ycnOBHIO nH!IUJHUa C OllHOl! KOHeTaHTOit. .[lanee .aoeTaTO'IHO 

BCllOMHHTb, 'iTO MHO>KGeTBa cpyHKUHit Z ( x ), v (X) H v '( x) y .00Bll9TBOpl!IOT Ha [a, b] 

ye/IOBIIIO nnllWIIUa, llpH'Il!M H .OllSl HHX MO>KHO Bbl6paTb 06WyiO KOHeTSHTy, 0TeiO.aa 

ene.ayeT cnpane.anHnoeTb aawero yTnep>K.aeHHll. 

TaKHM o6pa3oM, neMMa .aoKa3aHa 

ll o K a 3 a T e n b e T n o T e o p e M hi 3, llmt onepaTopa 

f ( Y) • f (X , Y , Y ' , Y , ) , nepenO.tll!In9rO 6aHaXOBO llpOeTpaHeTBO ': [ a , b J B 

6aaaxono npoeTpancTno Z [a. b l 
1 

BbmonneHbl nee ycnoBHll TeopeMbi 1. Cnenona

TenbHO, lllf!ll¢epenulfanhHOe ypanaen!fe B npoeTpaneTne Eanaxa 

y =-f '(yl-
1 

f{y). y(Ol=y
0 (2.17) 

HMGeT peUieHHG Y (I) If e im y ( t l = y * 
t .. .., 

nnH n106oro n rrpoMeJKyTKe 0 :S t < .., 

y ~ s: II r - r *II < ( 
0 y -

rne E > o nocTaTo'IHO Marro. YpanaeHHe (2,17) 

MOlKHO 3allHCaTb B nlfne 

f'(y)y' a-f(y), y(O)=y 
0 

0603Ha'!Hn y / qepe3 v ( x, t) H nC!IOMHifn BbipalKeHH9 ( 2,12) Jlml llpOH3nOJlHOH 

Cllperne f '( y), llpHXOJlHM K CHeTeMe ( 2,9) e yenOBHSlMH ( 2,10) OTHOCHTGllbHO 
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0TCIOA8. BHAHO, 'ITO V '(0) H V '( f) -paBHOMepHO orpaHH'!eHHbie MHOJKeCTB8. 

Y'IHTbiB8ll paaaoMepayiO orpaaaqeaaocTb MHoJKeCTB v "<e>, f , nonyqaeM, 'ITO 

MHOJKeCTBO v '<e> paaaoMepao orpaaaqeao. CnenoBSTenbao, I v '( x) I T8KJKe pas-
-t 

HOMepHO orp8HH'!eHO, ilOCKOJ!bKY v 'x • p( X) v g • 3aMeTHM, 'ITO 

v "(xl •p(xl -
2
v"<e> -p'(xlp(xl-

2
v' <e>. 113 nocnenaero Bbipa>KeHHll cnenyeT pas-

HOM9pH8ll orpaHH'I9HHOCTb MHOJKeCTB8 V "(x), T8K K8K MHOJKeCTBO p '(x) 

paBHOMepHO orpaHH'!eHO. 

T8KlK9 

3. noKalKeM, 'ITO ace v "(xl YAOBJ!eTBOplliOT H8 (a • b j ycnOBHIO nanWHUa, 

npH'!eM KOHCT8HTbl nanWHU8 p8BHOMepHO orpaHH'!eHblo 

113 ypaBHeHHSI (2.13) nony'IHM 

-I 
v "(x)• I' ,1x,y(x),y'(x),y" (x)) (z(x)- I' ,(x,y(x) ,y'(x),y"(x),)v'(x)-l'(x,y(xl,yh),y'hllv] 

y y y 

no ycnOBHIO T00peMbl 3 BCe '!8CTHbie npOH3BOAHbie I (x ,y • Y, • Y,) AO 2-ro no-

p!1AK8 BKJ!IO'IHTenbHO p8BHOMepHO orpaHH'!9Hbl B D y npHM9H!lSI <jlopMyny KOHe'I

aoro npapaweaa11, nerKo y6eAHTbCI1, 'ITO ace I~,, I~,, I Y YAOBJ!eTBOpSIIOT 

H8 [a, b ] ycnoBHIO nanWHU8 C OAHOll KOHCT8HTOA. .Llanee .aocTBTO'!HO 

BCilOMHHTb, 'ITO MHO)I(eCTB8 cpyHKUHA z ( x), v ( x) H v ' ( x) y .aoaneTBOplliOT a a [a, b 1 

yClJOBHIO nanWHU8, ilpH'!aM H .anSI HHX MO)I(HO Bb16p8Tb 06Wy10 KOHCT8HTy. 0TCJO.aa 

cne.ayeT cnpaae.anHBOCTb Hawero yTBep*.aeHH!l. 

TaKHM o6pa30M, neMMa .aoKa3aHa 

ll o K a 3 a T e n b c T B o T e o p e M bi 3. lln11 onepaTopa 

I ( y) • I ( x , y , y ' , y " ) , nepeBOAS!Wero 6aaaxoao npocTpaHCTBO ~ [ a , b J B 

6aaaxoao npocTpBHCTBO Z [ a • b l, BbmonHeHbi ace ycnoBHSI TeopeMbi I. CnenoBa

TenbHO, na<P<!>epeauaanbaoe ypaaaeaae B npocTpaacTBe Eaaaxa 

y =-I '(y)-1 f(y)' y(O) =yo 

r<MeeT pemeaae Y ( t l B npoMelKyTKe 0 ~ t < .. H fim y ( t) = y * 
t .... 

( 2.17) 

An!l mo6oro 

r o,;;. s: II r - r *II v ~ ( rne £ > 0 nocTaTO'IHO Mano. YpaBHeHHe ( 2.17) 

MQ)!{HQ 38ilHC8Tb B BHile 

l'(y)y' •-l(y), y(O)=y 

0603H8'1HB y t, qepe3 V ( x, t) H BCilOMHHB BbipaJKeHHe ( 2.12) AJ!!l npOH3BOI1HOH 

cl>pewe l'(y), npHXOAHM K CHCT9Me (2.9) C YCJIOBH!lMH {2.10) OTHOCHTenbHO 
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<f>YJIKIU!ii y(x,l) 11 v(x,l) nrronyrronoce a~x~b, O~t<oo. Cornacao 

-rcopc:Me 1, pC!IICUI!e 3BL\B'Ill (2,9)-(2,10) cymecTByeT Hfimlly(x,t)-y*(xlllcO 
t-+oo 

,am1 mo6oii naqanbuor1 <jlyHKUIIII Y (x, 0) ~ Y 
0 

(x) G- S • Ho 113 ycnoBHS! (2.3) 

.:u:>!'l\0 CJH)J.lyeT 61JII30CTb ITO HOpMe IIpOCTpancTBa Y (a, b j H8'181JbHO!i <)JyHKllHH 

y 0 (X) K IICKOMOMY per:JCFIHIO y * (X) • 

TeopeMCJ 3 noKa3aHa, 

PaccMoTp!!M cnenyiOIIlYIO cxeMy '!Hcnouaoro peiiieHHSI 3aaa'IH (0,1) -(0.2), Pa

:wtSbGM nonyrronocy a ~ x ~ b • 0 'f. I <"" npSIMbiMH , rrapannenbHbiMH oc11 x, I• 1
1 

, 

OTCTO~lUI!Mll 0AH8 OT apyrol! H8 r I BTopoe ypaBH9HH9 CHCT9Mbl ( 2,9) 38M9HHM 

llpHOilllll<CIIHbiM fl83HOCTilblM COOTUOIIISHHCM 

-I 

I+ I 
[y(x,l l·-y(x,l ll=v(x,t ). 

I+ t I I 

f-la cnoe I = I I pcmaeM 11Hll9l1li09 06biKHOBCHHOe AH<)J<jlepeHuHanbHOS ypaBHSHHe 

OTHOCII f<o'!ibiiO V ( X , I I ) 

A I ( x ) V " ( x , I I ) + B I ( x) V ' ( x, I I ) + C I ( x) V ( x, I .I ) a F I ( x) , 

1'1{0 

A 1 (x) =IY~,(x,y(x,t 
1
), y'(x,t

1
), y"(x,l

1 
)), 

B I (x) = l;,(x,y(x,t I), y' (x, I I), y "(x,t I)), 

C 1 (x) =I 'Y (x, y(x,t
1 

), y' (x,l
1 

), y"(x,t 
1
)), 

F1 (X)=- I ( x , y( X , t I ) , y ' (X , t I ) , y " (X , t I )) , 

a rllYHKUUSI y( X • t I ) C'!IIT89TCSI 113B9CTHOil, C rpallli'IHbiMII yCIJOBHSIMII 

a 1 v(a ,t
1

) + f3
1

v'(a ,t
1

) = 0, 

(2.18) 

( 2.19) 

a 2 v(b,l
1

) + J3
2
v'(b,t

1 
)=0. 

( 2,20) 

flpll 0 !Hl'l811bH851 r!JynKl!IIH y(x,O) =y
0

(xl 
AOn>KII8 YAOBIJSTBOpS!Tb rp8HII'IIIbiM 
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ycnoBHS!M (0.2). CooTHoiiieHHSI (2.18)-(2.20) II03BOIJSIIOT rrocneaonaTenbHO orrpene-

nHTb H8 CIJOS!X I • I I tjlyHKllHH V ( X , t I ) , y ( x , t I + I ) • 

nerKo BHaeTb, 'ITO naaaaH cxeMa HBJIHeTcH peanH3auHeA MeTana 3Anepa .an11 

peweHHII JlHcpcpepeHUHBnbHOrO ypaBH9HHS! ( 2,17) ,CXOAIIMOCTb KOTOpOrO L!OK83~H8 Teope-

MOil 2, T8K K81{ OIIepaTop o/J (y) •- I' (y)-l f{y) YAODIJSTBOpHeT ycnOBIIS!M 9TOil 

TeopeMbi, 

B rrponecce Bbl'IHCneanii mar rro rrapaMeTpy 

ManbHbiM o6pa3oM. Kpaeey10 3aaa'ly ( 2,19) ":"( 2,20) 

r 1 MOlKHO Bb!6Hp8Tb OIITH-

MOli<HO p9I!l8Tb ll!06b!M H3B9CTHbiM 

'IHCIJ9HHblM MeTOL!OM, C TO'IKII 3p9HlfSI peanH38llHH H8 38M MOJKCT 6b!Tb yno6ea Me

TOLl IIpOrOHKH L!IJS! p83HOCTHOro yp8BH9HHS!, liOily'la9MOrO IIpll 81IllpOKCIIM8llllll L!H$

<)Jepei!UII811bHOrO orrepaTOpa KOH9'1H0-p83HOCTHblM H8 p8BHOM9pHoii CSTKS Y3110D 0Tpe3-

K8 [a, b J • 
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