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·. H~KOTOpblO 3BIIB'IH HOJIHHel!nol! TOOpBB nOnB. CTBTBCTII'IOCKOl! TOOpHH BI{pa, Bb!BOI{B 

ny'IKB B3 yCKOPBTenn II T..tt. npnBOJlBT K paCCMOTpoHBIO KpBOBblX 3BIIB'I )lnll Hennael!Hb!X 

nnljl<jlepeunnallhHbiX ypaaaennl! BToporo nopl!IIKa, Hapl!IIy c KB'IOCTBoHHhlMB nccnenoaaanl!MB, 

aTnx aana'I B03HnxtaeT aeo5xonnMOCTb nocTpoennB anropn'l'MOB 'IliCneaaoro pemeHBll. CpeJlli 
/1/ 

H3BaCTI!hlX MOTOJlOB OTMOTBM, HanpnMep, BTepBIIBOHI!blil KOIIO'IHOpB3HOCTHblil MOTO)l , ,Uo-

K11311TOilbCTilO CXOJlBMOCTB MOTOI{B OCHOBblBBOTC.ll HB npnnnnne ClKBTblX OTOOpalKei!Bil, 'ITO 

aanaraeT cymecTaenuble orpaHn'IennB aa uennnel!uyro 'IBCTb ypaaueunl!, npyrol! nonxon 

K llOCTBBnaHHOfi npooneMe 3aKniO'IBOTCB B npiiMOIIOHH.B K peWOIIl!IO KpBOBblX 3B)lll'I )lnl! HO­

nnHeliHblX nn,P<jlepennllallhnhlx ypaaaeanl! B'l'oporo nopl!IIKB oomero Me'I'ona HhiOTona pemennll 

ljlyHKD:BOIIBilbHb!X YPaBHeHnll, npennoJKeiiHOro n.B,Kai!TapOilli'IOM, 3TOT MOTon, paapaOOTBHHblfi 

H.H. rnnncxol! n H.n. ~blcoacxtnx121 , npeAnonaraaT·noaollbao JKecTxne orpaHJI'Iennn xaxt 

aa aennnefiayro 'IaCTb ypaaaeung, TaK n na Bhlfiop Ha'Iallhaoro npnonnlKeHnn .a nTepannoaaoil 

cxeMe, HaaecTnoe pacnpocTpaneane nony'Inn MOTon "cTaonnnaannn" nn11 pemeunn cTannonap­

HhlX 381:111'1, CyTh sToro 1>;1eTona a npnMeuennn K pewennro xpaeahiX aana'I aaKniO'IaeTC!l a 

cnenyromeM,_ llycTb nano aennnel!noe nnljl<jlepennnallhnoe ypannenne 

L[y]=y" + Hx,yl = 0 (0.1) 

C rpaHH'IHblMH ycnOBHBMH 

y (0) = y (1) - 0 . (0.2) 

BBOJlll nenpephiBHbiil napaMeTp "apeMn 

I{nR ljlyHKllHII n(x,t): 

", Mhi paccMaTpnaaeM necTannouapnyro aanaqy 

n 1 = u xx + f(x,n) (0,3) 

C rpaHH'IIIbiMH ycnOBBBMH 

u(O,t)=n(l,t)aO (0.4) 

B C IIOKOTOpblM HB'Ianbllb!M ycnOBIIOM 

u(x,O) • cp(x), qi(O) • cp(l) = 0. (0.5) 
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Pemenne 'cTa6nllH3npyeTC!I" • ecnn npn t ... 00 u', ... 0 • B aTOM cnyqae pemenne 

aecTanlionapaol!: aa.rta'!n cxo.rtnTC!I K pemenmo aa.rta'!n (0.1)- (0,2). B cnyqae 'cTa6nnnaa­

nnn· MOJKHO npnMeHSITb paann'!Hble ceTO'!Hble M9TO.rtbl, '!TO n03nongeT o6oi!Tn • Tpy.rtHOCTn, 

CB513aHHbl9 c aennnei!aocTbto .rtn,P,Pepeanna/Ibaoro ypanneaug. K coJKaneuuto, n pa60Tax, 
/3/ 

nocnmueHHbiX. 'cTa6nnuaannn', aanpnMep , TaKJKe nanaratoTCII cymecTneHHble orpaanqe-

Hnll· na <jly.HKnnto f( x, y l 

B npe.rt!IaraeMoll: pa60Te nanoJKeH . neKOTOpblil o6o6meHHblil MeTOA cTa6nnnaaunn no 

.HenpepbiB.IIOMy- napaM9Tpy pemeHHB KpaeBbiX 3a.rta'l TUna (0.1 ) - (O,:l}, 3TOT MeTOA He 

aan~ra9T cTonh cymecTBeHHbiX orpaHn'lennl!: na nennnei!nocTu ypannenni!; KpoMe Toro, on 

BBJ1B9TCB 6onee o6mHM no cpanHeHHIO c M9TOAOM H.H. rnnncKoil II 11.n. MbiCOBCKHX, no-
/2/ 

c~~:on&Ky nanaraeMblll: n anropHTM BBn!leTcB 'laCTHbiM cny'laeM peannaaunn npennarae-

Moro MeTo.rta. B paanene 

· npepbiBHoro napaM9Tpa 

HaCTOBmell pa60Tbi npe.rtJlOJKeH H9KOTOpbli!. MBTOn BBeneH!lll He­

' KOTOpbiil MOJKeT 6biTb npnMeHen, KpOMe nn¢¢epeuuaan&HbiX 

ypannennl!:, K aeKOTOpbiM .rtpyraM nanaM ypannenni!, nan)>aMep, TpancuenJ:teHTHbiM anre6paa­

'leCEHM, nennnellnbiM naTerpa/IbHbiM. 3nec& JKe cljlopMYnnponan ocnonnol!: peaynbTaT pa6oTbi, 

P aa.rte/Ibl II n III nocnmuenbi o6ocaoaanato npennoJKenaoro MeTona. B paa~:tene II no-

Ea3b!Ba9TC!I CYlli9CTBOBaHHI& D orpaHH'!9HHOi! o6naCTH pemeHHB nmi nony'!BHHOfl CHCT9Mbl 

ypaBH9HHB B 'JaCTHbiX npOH3BOnHb!X, 

B paanene III uccne.rtyeTCSI aonpoc npononJKHMOCTH 'pemennsr cncTeMbi npu t ... oo , 

a TaKJKe OU9H.HBaeTCSI CKOpOCTb 'cTa6nnH38UHH' pemeH.IISI CHCT9Mbl .K pemeHHIO aana'!B 

(0.1)- (0.2}. 

B paa.rtene IV npuaeneHhl npnMepbl, 

1. BaeneM aenpepbiBHbill: napaMeTp a 3anaqe (0.1)- (0.2} cnenyromnM o6paaoM. 

PacCMOTpnM ,Pymmaro y( x, t l , nnsr EOTopol!: cocTaBHM cnenyromee J:tn<jlq>epennaa/Ibnoe 

COOTHOW9.11B9; 

;, Lx[y]=-Lx[y]. 
( 1.1) 

rna Lx - onepaTop 'laCT.IIoro .rtn<jlq>epennupoaaHBB no x , cooTBeTCTByromnl!: (0.1). 

BhlpaJKe!Ine 
a.­

a;-Lx[rl MOJKHO npencTaBHTb B BHne 

a [ ] a " I' ( l , -a Lx y ~--y + x,y r, 
t at XX Y 

llpennoiiAI'aSI, 'ITO y( x, tl 
. a n 

nMeeT nenpepbiB.IIYIO npon3aonnyro a; Y xx II 0603Ha'I8H 

'lepe3 v ( x , tl , npaxonnM E cnenyromel!: cncTeMe ypaanenal!: B 'laCTHbiX npoa3BOilHbiX, 

paBHOCBJlhHOll: COOT.IIOID91llll0 (1.1) 

v'~x +I~ (x,y) v a- [y'~ + f(x,yl] , 

y; - v. 

4 

y~ 

(1.2) 

.. 

I 

! 

l ., 

I 

·"' 

--

Jlng nony'lennol!: c.ncTeMbl pacCMOTpHM 3AJ:taqy: n nonynonoce 0 ~ x .~1, OSJ<oo nai!Tn 

ljlyHKHHH v(x,t) H y(x,t) y.rtonneTnopRIOmue ycnoaamM 

v(O,t) = v(1,t) = 0 ·, 

y(x,O) = cp(x), ( 1.3) 

rJ:te cp (x) - II9KOTOpag H3B9CTHaSI .rtBa)K.rtbl Henpepb!BHO .rtn<jl¢epeannpyeMaH ljlyHKUHH, npH'19M 

cp"(x) YllOBn9TBOpH9T yCJlOBHIO nunmuna HA OTpe3Ke [ 0,1] • flpennonaraeTCSI TaKJK,e, 

'ITO .p<xl ynoaneTaopseT xpaeaoMy ycnoanro 

cp (0) - cp (1) a 0 (1.4) 

Ecnn pemeaue 3ana'la (1.2)-{1.3) cymecTayeT, To, KaE ner~~:o auneTh B3 (1.1), peme-

nne y(x,t) CTaOIIJlH3HpyeTCB K p9lli9H.IIIO 3ana'lll (0,1}-(0.2), Jlel!:CTBHT9JlbH00 113 (1.1) 

nenocpencTaenno cneJ:tYeT, 'ITO 

Lx [y]= r(x)e-t (1.5) 

rna r( xl - neKoTopasr nenpepbiBHaH ljlyHKnaSI •• 0Tcrona npn t ... oo L x [y] ... 0 , T.e. pemenne 

cTa6nnuanpyeTCII, y(x,tl ... y(x) • r~:te y(xl - ,PynKU~H, ynoaneTaopsromag (0,1 ). '81>1:-

nonneane Kpaeaoro ycnoanSI ( 0,2) o6ecne'lnaaeTCII ycnoaaBMH ( 1.3}. Mo:>~mo npeJ:tnono)!{!lTh, 

HanpnMep, cnenyromyro peaJl!l3aUHIO npennoJKeHHOrO. MeTona. 8bl6npaeM mar nBHJK9HHSI no 

napaMeTpy , o603Ha'!IIM ero r • Paa 6uaaeM nonynon.ocy 0 ~ x ~ 1, o ~t < oo npHMbl-

Milo napanne/IbHbiMH OCB " , t = t,l , t I+ I - t I = r 

3aM9HHM KaKnM-:-IIn6yiUo pa3HOCTHbiM ananoroM, HanpnMep, 

BTopoe ypaanenne cncTeMbl 

-I 
r [y(x,t 1+1

)-y(x,t 1 ll-vlx,t
1
). (1.6) 

Ha cnoe t=tl pe.maeM nnaei!noe o6biKHOBe~noe nn.¢¢epennna/Ibaoe ypaanenne oTn6-

CllT9/IbHO v(x, t I ) 

v"(x, t 1 ) + f'y (x,y(x,t 1 llv(x,t1 ). =-[y"(x,t 1 ) + f(x,t 1 ))], 
(1.7) 

rne ¢YHKHHSI y(x,t 1 ) C'IHTaeTCH H3BeCTHOil, C KpaenbiMH ycnOBH!IMH 

v( 0, t I ) = v (1, t I ) = 0 . (1.8}' 

llepexon K (I+ 1 l -y s:noro ocymeCTDnSI9TC!I npn noMomn ( 1.6}. 'incnennoe pemenne 

(1.7}- (1.8) MOJKHO peannaonaTb nro61>1M H3DeCTHbiM. MeTonoM. l13noJKeHHblil anropnTM ne­

)!{HT D ocnone noKa3aTC/IbCTna cymecTnonannSI pemenng 3ana'IH (1.2)- (1,3), Pa3yMee.TcSI, 

MO)!{HO npennoJKHTb H .rtpyrne 'IHCJl9HHble M9TOnbl OTbiCKaHHII 9TOro pemeHHSI, 

C¢opMYnnpyeM Tenepb ocnonuol!: pe3y/IbTaT pa6oTbl n anne cnenyromero yTnepJKne-

• HH~. 
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.TeopeMa. flyCTb peweaue Kpaeaoll 38ll8'1H (0.1)-(0;2) cyweCTayeTH B cny'lae 

HOOllHHCTBOHHOCTH MOlKOT i5biT b '1IOK81IH30B8HO', TO OCTb MOlKRO llOCTpOHTb llB8lKllbl aenpe-

pbiBHO nucjlcj>epeH!lHpyeMbiO cjlyHKilHH z(x) H Z(x) 

T8KH00 'ITO B ·o15naCTB d 

t ol5p8W8IOWBOCB B aynb B x•O B X • 1 , 

O!>,x~1, z!x)~y~Z(x) (1.9) 

UMOeTCB TOnbKO Ol!HO peWOHBO 38ll8'1B (0.1)- (0.2), flpeiUI01IOlKBM, 'lTO f(x,y) HMOeT 

B (1,9) HOnpepbiBHbiO npOB3BO.[lHbiO nO X , y l!O BTOporo nOpHllK8 BK1IIO'lBTOnbHO, flpenno-

noJKHM, nanee; 'ITO Bhmonaeabl cnenyiOmue ycnoaaa: 

l) I¢" + Hx, 4>>1 ~ t , rne t - nocTaTO'lHO Manoe nonoJKaTenbHOe 'lacno,- <f>(x) 

nealKllbi aenpephiBHO nuljlcjlepeanupyeMaH cjlyHKilHH, cf<x) ynoaneTnopHeT ycnoauiO Jlunwuna 

Ha 0Tp03KO [ 0,1] , npB'IOM <f>(x) YllOB1IOTBOpBOT KpaeBOMY YC1IOBBIO (1.4) j 

~) Kpaeaaa 3anaqa 

v" + I'Y (x,ylv=O (1.10) 

v(O) = v(1) a 0 (1.11) 

HMOeT. TOnbKO TpBDII8nbHOO pOWOHHO ll1IH 11101501! .[lB8lK.[lbl Henpepb!BHO l!BcjlcjlepeH!lBpyeMoll 

<jlyHKilBB y(x) , ynoeneTaopBIOmall ycnoBBIO (1,9), 

Torna peweaue cucTeMbi .(1,:.!), ynoBneTaopBIOmee ycnonuaM (1.3), cymeCTBYeT so 

seen nonynonoce 0 ~ x ~ I , o ~ t < ~ • flpul5nuJKeHHoe peweaue cucTeMbi, nonyqaeMoe 

U3 (1,6)- (1,8), pilBHOMepHO CXOIIHTCH npB r .. 0 K peWOHHIO 38ll8'1H (f,2)- (1,3), 

CKopocTb 'cTal5unu3anuu' y(x,t) K peweuu10 3ana'IH (0.1)- (0,2) npl! llBBlKaHBI! no napa-

MeTpy onpOll01!HeTCH COOTHOWOHHOM 

' -' lr!xl- y(x,tll $. £e cl>(x), ( 1.12) 

rne cl>(x) - HOKOTOpaH orpai!H'IOHHaH n01IOlKHTenbHaH ljlyHKilHH, ol5pa!Jla!OIIl8HCH D Hynb npl! 

xaO H X= 1 , 

II , nepeXOilHM Tenepb K llOKa3aTe1!bCTBY cymeCTDOBaHHH peWOHHH CHCTOMbl (1,2), 

yAonne':'nopHIOmero ycnoaastM ( 1,3), B aeKoTopoll orpaaaqeaaol! ol5nacTH D 

0 $. x $.1 , 0 $. t $. o , z (x) ~y (x,t) $. Z ( x) , I v(x, t) I $. V ( x) • 

3AeCb z(x) H Z(x) - ljlyHKUHII, Oll;Jel!01IeHHbie yC1IODHSIMH TeopeMbl pa3Jlena 

.npepLI13Hall llOHO~:aTe1!bHast tPYHKUHII, ol5pawaromastCSI B Hy11b D TO'IKaX x=O I! X= 

(:.!.1) 

V(x) - He-

r KOTo-

pyiO . Mbl Onpea.enuM HUiKe j 0 > 0 - ll,OCTBTO"lHO :-.fanoe 'lJ_HCno, 3HatteHHe KOTOpOrO TBKX<.e 

15yl!eT •onpe)leneno, 

6 

• 

j 
' 

/ 

npOH3BOllOM pa36l!OHHO o15naCTB D no nepeMOHHOII : 0 • t0 < t 1 .< .•. < t 11 • a , 

tl+l -1
1 
•r • PacCMOTpi!M npi!I511BlKOHHblll aaanor CHCTOMbl (1,6)- ( 1,8), 0603H8'li!M AlUI 

JtpaTKOCTH Y (x,t1 ) 'lepe3 v 1 (x) , y(x, t 1 ) 'lape3 y 1 (x) , r;· + Hx,y1 ) 'lepea 

r 
1 

( x) • 

.noK838T011bCTBO COCTOHT 1!3 C1IO)Iy!OIIlHX nyaJtTOB: 1) llOKa3aTe11bCTBO HOKOTOpb!X BCno­

MoraT011bHbiX yTBOplKJlOHI!IIj 2) OllBC8HI!O MeTOJla nocTpOOlii!B cjlyHKili!B V(x) j 3) llOK838-

TOnbCTBO Toro, 'lTO BCe cjlyHKilHB vI , Y I , onpe)leneiiHble. (1.6) - (1.8}, np11 onpe11anen-

HOM Bblliope a , r , Ha'lanbHOII cjlyHKilBI! <f> ( x) u nocTpoeaaoll cornacao n. :J, cjlyaxnun · 

V(x) npi!Hall1IOlKaT o15naCTI! D j .4) llOCTpOa!lllO npi! llOMOIIll! cjlyHI(!lDII V1 (x,t) I! Y 1 (x,t) 

MOTOJlOM 11BHOI!HOI! BHTOpn01IS!IlllH no nocnenoeaTenbHOCTell nenpepbiBHhiX cjlyHK!ll!ll 

V n ( x , t) B Y D (X, t) B llOK83aT011bCTBO, BX pll.BHOMepliOII CXOJlllMOCTH j 5) .[lOK838T011bCTB00 

'lTO npel!OnbHbiO cjlyHK1!BH v( x,t) I!· y(x,t), SIB1ISIIOTCSI pemeHI!OM 3a.[l8'lll (1.2)- (1,3) B 

ot5m;cTn (:.!,1), 

1, JleMM8 1. nycTb Y1 (x) MHOlKOCTBO .[lBalK)lbl Henpeph!BHO lln<jlcj>epeH!lHpyeMbiX 

ljlyHKilllli, npnHa)l1!0lK8IIlHX Oi51!aCTH d ( 1,9), npe)l!l01!0lKllMo 'ITO COMOliCTBO <jlyHKnl!li r 1.( x) 

paBHOMOpHO orpaHR'lOHO, TO OCTb ll1IH BCOX i 

lr 1 !x>l~R 

Torna MHOJKOCTBO cjlyHK!lBll I'Y (x ,y4 ) paeaocTeneaao aenpepbiBHO no x 

Ke [ 0,1] 

L!oKa3a~n.P.C..!!lQ. f ( x, y) - JlBI!OKllhl aenpepb!BHO nu,PcjlepeanRpyeMast B d 

nycTb X I • x2 G [0,1 I. npu noMOIIlB TeopeMbl 0 KOHe'IHOM npupameHHB Jl1ISI mol5oro 

JKeM nony'li!Tb cnenyromyiO oneaKy 

\f'!x
1

,y
1

(x 1ll-f' (x 2 ,y 1 (x 2 lll<maxlf'' 'j!x 1 -x.! +max 11" Wr (x 1)-y (x,l!, 
y . Y - d xy ,Ill d yy I l ..:~ 

(:.!.2) 

aa OTpe3-

<jlyHKilBSio 

Mo-

l13 (2,2) C1!e)lyeT paBHOMOpH8SI orpallH'IOHHOCTb <jlyHK!lBli y"(x) 

paBHOMepHO orpaHH'IOHbl, 

noaTOMY Y; (x) TaKlKO 

CnenoeaTe11bllo, 
lrl (xl)- r, (x2ll $. m:x lr; r·lx I -x2 I 

YTBeplKI!eiiHO neMMbi, TaKBM ol5pa3oM, JlOKa3aHo. 

n eMMa 2, MHOlKOCTBO pemeaal! vI (x) KpaOBblX 38lla'l 

v'; + f'Y(x,y 1 )v 1 • -r1 (x), (2.3) 

v, (0) = .. , (1} = 0. (2.4) 

7 



rne y 1 (xl 

mux o6nacTn 

- ceMeilcTBO naalKJlbt nenpepb!BHO nu<jl<jlepennupyeMhiX <jlyrumull:, npunannelKa­

d (1.9), paBHOMepHO orpaHB'IOH~ B cny'lae BbiUOnHeHBB (2,2), 

lloxaaaTenhCTBO. IlyCTb w II (x) H w 21 (x) - nunei!HO H938BHCHMbl9 perueHBB OJlHQ-

ponnoro ypaBHei!HB (1.10), ynoaneTBopmowue naqan&Hb!M ycnoBHBM 

w 
11 

(0) = 1 , w;
1 

(0) = 0 , 

w 21 (0) = 0 • w ;I (0) = 1 . 

JlerKO UOK838Tb 1 'ITO 

IloxalKeM, 'ITO 

w
11 

(x) H w21 (x) paaHoMepno orpaHu'leHbi na OTpeaxe [ 0,1] • 

inllw 21 (1) J= a>O 
d 

IlpennonolKBM npOTBBnoe, TO eCTb i~f ~ w 21 (1) I·= 0. MolKHO BblopaTb cxonSIIUytocB non-

nocnenoaaTenbHOCTb w 21 (1) , nns KOTopoi! lim t w 21 (1) I = 0. Ell 6yneT coOTBeTCTBo­
J .. oo 

aaTb nocnenoaaTenbHOCTb <jlynxnui! I'Y h, y 1 (xll , paanoMepno orpanuqennas u, B cuny 

neMMbt 1, paanocTenenno nenpepbiBHast, Ilo TeopeMe Apuena MOlKHO BbtnenBTh paBHOMepno 

CXOll!IIUYIOCB UO)lUOCn&JlOB8TenbHOCTb <jlyHKUHH 1'7 (X, Y k (x)) 1 npenenoM KOTOpoi! SIBnBBTCB 

nenpepb!BHSB <jlyHKHBB 1'
7 

(,.,y(xll , npn'leM y(x) npunaanelKBT o6nacTH d • Pewenue 

yp8BH9HBII 
v" + l'(x,y)v= 0 

C H8'18nhllb!MII ycnOBIIHMH 
v(O) = 0, v'(O) c 1 

6yneT o6pawaTbCH B HYnh B TO'IKe x = 1, 3To npOTIIBOpe.{uT npeanonolKeHIIto :.! TeopeMbi 

pa3aena 1. 

IlpiiMBHSIB MBTOA B8pH8UHH UpOH3BOllbHbiX UOCTOBHHbiX0 MOlKHO 38UIIC8Tb p9W&HIIe Kpae-

BOll 3Gll8'111 (:.!,3)- (2,4) B BHAe: 

I 
-I 

v 
1 

(x) = w
21 

(xl[-w
11 

(l)w 
21 

(1) j r 1 (x)w21 (x) dx + 

I X X 

+ Jr
1

(x)w
11

(x)dx- fr
1 

(x)w
11

(x)dx]+w 11 (xlfr 1 (x)w 21 (x)dx, 
0 0 0 

OTKyaa yTaeplKJleHKe neMMbi nenocpencTsenno cneayeT. 

(:.!.5) 

i1Cnonb3yB MBTOJUIKY AOK838TenbCTB8 neMMbl 2, MOlKHO nerKO JlOK838Tb C:IBAytomee 

yTB&plKA9HII90 KOTOpOO Mbl UpBBOlliiM 3A9Cb 093 AOK838TenhCTB8, 

JleMM8 3. IlyCTh peweHKe xpaeaoll: 3ana'IH 

8 

·., 

.. 

~J 

v'a + I',BvB • :-• B ' 

v8(0) •YI) (1). 0 

cymeCTB:f9T B BllHHCTBBI!BO Jl:ISI BC&X cjl)'IIXHI!Il 1';.6 H fl'J 0 :fllOBnBTBOp!DOIUBX ycnOBHSIM 

!'
7

(x,y
1

) -li :S; 1'
7

[)"5_ 1'
7

(x,y
1

) + lJ , 

r 
1 

(x) -li ~ r 8 ~ r 
1 

(x) + lJ , 

rne lJ > 0 Jl0CT8TO'IHO M8:I01 a Y1 (x) - B&ltOTOpaB AB8lKllbl nenpepbtaao nu<jl<jlepemta-

pyeM8SI <jlyHKHBII0 . npBH8Jl:I9lKaiU8B d (1.9). 

Torna )lnB nto6ol! <jlyHKlli!H v lJ IIM99T MBCTO 

lv/) -v
1 

I<: blJ , (2.6) 

rne b > o ttoncTanTa, a v
1 

( xl - pemenue xpaeaol! aana'IB (2.3).;. (2.4). 

JleMwa 4. IlyCTb ¢ynKUBH y 1 (x) u v1 (xl , onpeaeneHHbie (1.6)- (1.8), npa-

naanelKaT oonaCTB D (2.1) a Bhmonneno (2.2). 

Ecnu l!a'lanhl!aB <jlyHKUHB Yo (x) • cf>lxl Bb!opaaa TaKHM o6pa3oM, 'ITO Yo (x) 

yaosneTBOpHBT ycnOBHIO Jlanwuna, TO npll nto6b!X pa36HeHHHX oonacTH D no MHOlKe-

CTBa <jlynxnnl! _r';(x) 11 v;'(x) paBHOCTeneHHO nenpepb!BHbl, 

llotta3aTenbCTBO, l.f3 (1,7) II (:.!,2) HBUOCpeAC.;.BeHHO Bb!T9K86T paBHOMepHaB orpaHB-

'19HHOCTb.¢yHKUHJ! v;'(x), v~(x), Y.;'(x), y;(x) , IlyCTb JlnB X 1 ,x 2 ~ [0,1] IIM99M 

Jy0 (x 1 l-y;,'(x 2 ll :S. Llx 1 -x 2 1 (2.7) 

Toraa UpB UOMOWH Te0p9Mbl 0 KOHB'IHOM npupaiUBHBH II COOTHOWeHHB ( 1,7) nony'I89M 

rae 

lv;,'(x 1 )-v~'(x 2 li:S.Mix 1 -x 2 1 

M = max II.,' I max I v
1
' I + max [1 11" I max I v1 I + max ·1 I" I max I v1 I max I y1' I + 

.1) ·o D 'Y .P b yy .[) 1) 

+L + max 
D 

If' l+max [!' lmax[y1'1 
X D y D 

llanee, ·cornaCHO ( 1.6) 1 BM99M 

lr'!(x 1l- y'{(x 2 ll.S (L + rM) I x 1 - x 2 1. 
IlepeXOAB K <jlyHKUBH v!' ( x) npB UOMOIUH ( 1, 7) II TeopeMbl 0 KOHO'IHOM npspameHHB 

nony'!aeM 
lv;'(x 1 l-v'~(x 2 ll $_0+rlMix 1 -x2 1. 
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nnll y~(x) nony'!aeM 

I:Y;'!x 1 )-y'; !z 2 ll-~ IL +rM +r!l+'r ')MJii 1 -x 2 1 

nn11 •;'(x) 6yneM HM9Tb 
2 

lv;'(x 1 )-v';<z 2 >l~!l+r) Mli 1 -x 2 1 

nanee no HHnyKnHH nerKO nOKS38Tb1 'ITO npH IIID60M pa36B9HHH H nnH nro6oro 1 

I 
lv;'(x 1 ) -v';(x 2 li~O+rl Mlx 1 -x 2 1, 

2 1-1 

lr;'<x 1 l-y;'<~>I;:;IL+rM+r0+rlM+r!t'+r) M+ ... +rU+rl Mllx 1 -x2 t. 

Orcrona nn11 nro6oro nonyqaeM paaaoMepable oneHKH 

(] 

lv;'(x1 )-v;'(x 2 >I $_e Mlx 1-x2 1, 

IY;'{x 1)-y!'(x2 >I~IL +CJM+M(e" -1)llx 1 -x2 1. 

TaKHM o6pa3oM, paaaocTeneaJia!l aenpephiB!IOCTb y'; (x) H v;'(x) ll0K83B.H8. 

2. 0CTSHOBHMCSI !IS MeTone nocTpOeHH!I ¢YHKUHH V(x) .. npennonolKHM, 'ITO y I c;. ~ 

a (2.2) Bhmonaeao. Torna, cornacao neMMe 2, ace v 1 {x) paaHoMepHo orpaHH'I9HhJ1 

I v 1 ( x) I :> K · (2,8) 

Ho n3 (1.7) aenocpencTaeaao cnenyeT, 'ITO v;'(x) TSKJKe paaHoMe~Ho orpaas'!e!lbi, 

CnenoaaTen&ao, v; (x) paaaoMepao orpaHn'leHbi 1 TO ecT& nn11 nro6oro 

0'19BHnH01 'ITO 1jlyHKUH!I 

V(x) 

lv; (x) IS.: C. 

{ 

ex • · o ,::; x ::;. )1 , 

= - C(x-1), )1_s: x ~ 1 

ynoaneTaopaeT :;ycnoaaro lv 1 (x)l::; V(x), V(O) = V(1) = 0. 

(2.9) 

(2.10) 

3. noxaJKeM, 'ITO npa onpeneneHHOM Bbi6ope Ha'lallbHoro npa6naJKeHH!I y0 (x) • ~(x) 

B03MOJKHO nocTponTb ¢yaxuaro V(x) H nono6pSTb KOHCTSHTY CJ TSK1 'IT06bl BC9 

¢yaxnan y
1 

(x) · a v
1 

{x) , onpeneneaHhle npa noMoma (1.6)- (1,8), npaaanne>KSna o6na-

CTH D {2,1) npH nOCTSTO'IHO MSIIOM 

8hi6epeM Ha'!SilbHy¥> <jly;HKUlllO Yo {x) 'IT06hi 

z(x) < y (x) <Z(x). 

\ 

10 

.. 

• j 

t 
l 

) 
1, 
1 
1 
i: 

t 
1' 
~ 
I 

f 
I' 

npennMOlKHM TSKJKe
1 

'ITO Bb!UOIIH9HO (2, 7) i on!laltO 8TO Tpe60BaHH9 HCUOI!b30BSHO B U. 5, 

nycTb R>O - KOHCTSHTS1 ynoaneTnOpHroma!l COOl'llOWBBBro 

lr0 (x>l <R. 

Cornacao neMue 2 n o6oaaa'!eHHRM n. 2 1¢yBKllllB lv0 {x)l n IT~(x)l orpaHH'!ellbi KOilCTB.B-

TSMH K H C COOTBeTCTBeHHO, nocTpOBM 1jlyllKIUiro V{x) (2.10). 8hiDepeM Tenepb 

a TaKHM 1 'ITOohi obin o Bhlnonneao 

z <Yo -uV <Yo< Yo.+ aV <Z. (2.11) 

113 (1.6) H (2,11) cnenyeT, 'ITO 1jlyHKnRR y1 {x)•y 0 + rT0 npHHSM9lKBT ODIISCTH d 

BhlpalKeHHe nnR rl+ 1 {:1;)-y;~, +f(x,yl+ 1 ), a KOTopoM y1+ 1 n Y1 

(1.6), Mhi MOJKeM npencTannT& a cnenyromeM sane 

CBSI38Hbl npB nOMOWB 

2 2 
r I + I ( x) • (1- r) r I { x) + )1 r VI f ;/ x,y I + 191 r T i ) , (2.12) 

0 < 19
1 

.< 1, i-0,1, ..• ,o-1. 

<l>yaXIUIR Yo + 190 r v 0 npaaanneJKBT o6nacTn d • CnenoaaTellbao, npa = 0 B3 

(2.12) ahiTeKaeT cneAyroma!l oneaxa 

lr 1 (x)l <S_(1-r)R +l1r
2

K
2
m,rlt;,.l 

113 nocnenael! oneBX'! cnenyeT, 'ITO nocTaTo'lao ahlopaTb 

-2 -1 

r < 2RK [max If'' ll 
d yy (2.13) 

,'IT06bl lr 1 (x)l< R • 113 neMMbi2 Ani! ¢yaxnal! T 1{x)· a ... ;(x) 

JKeoneHKB,KaKannR v 0 (x) a v~(x) .noaTOMY lv 1 {x)I,S.V(x) 

onpenei!SIBM 1jlyHKUHro 

nonyqaroTC!I TaKHe 

• Cornacao (1.6) 

y
2 

(x) • y
0 

+r(v 0 + v 1 ), 

KOTOpa!l T8KlK9 npRHS,ItlleJKHT OOIISCTH d . • JlerKO aaneTb1 'ITO npn HameM BbiDOpe 

(2.13) lr
2 

{x) I <R. Te JKe paccyJKneHR!I MOlKHO .nponenaT& nmr nro6oro i 

TaKHM o6pa30M1 ace y 
1 

(x) n v 1 ( x) npaaanne)l(aT o6nacTn D 

4. Pacc~OTpRM aceaoaMOlKHble pa36aean!l o6naCTH D c maraMB r , ynoaneTaopmo-

mHMH (2,13), nnSI KSlKnoro pa30H9HH!I 1jlyHKUHSI y 0 (x) onpenen!leT ¢yHKUHH Vo(x),vl(>;),_,vn(x) 

H YJ {x), Y2 (x), .•. ,yn {x),.o = f-- . nocTpOBM c noMOmbro 3TBX ¢yHKUBll aenpepbiBHble ¢ynKUHH 

V.n(x,~) n Yn(x,t); npnMenaa nanel!ayro RHTepnon!IUHro no t aa xa}imoM H3 OTpe3KOD 

tiS.:t<>..tl+l OnpeneneHHbie TatrnM o6pa3oM 1jlyHKUBB 6ynyT sMeTb aan 
-1 

Vn{x,t) = v 1 {>;)+t {t-t1 Hvl+ 1{x)- T1 {x)], 

Yn{x,t) • y
1
{x) + {t-t 1 ),;. 1 {x), t 1 ::;t::;t1+ 1 

11 
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O'IOBIIJUIO, 'ITQ nee <jlymtlUIII V., (:z:,t) 11 Y., (x,t) npnnaAneJKaT ofinacTH D -(2.1). Cneno-

_ naTem.ao, oBll pa!laoMepao orpanH'!Oilhi. noKa}!{eM, 'ITO on11· pannocTeneH!to nenpepbiDI!hl no 

nepeM8lliibiM x , t B npSIMoyrollhlliiKO 0 !>X!> 1 , O!>t'>..U • nycTb (x', t') II (x", t") 

.. napa TO'IOllt STOro npHMOyr01IbBliKa1 paCCTORHHO MO}!{ny KOTOpbiMII nOCTilTO'lHO Mano. Y'IB-

TbiBaH, 'ITO y; paBnOMepii:O orpllH11'19Hb11 Tlllt Klllt Bbln01IBOHO (2.2), nerKO nony'IIITb 

C1IOJlY10ntyiO OI{Omty Jl1IH <jlyHKUIIJ!: Y n (X, t) 

IY,. (x', t"')- Y,.(x" ,t")l !> p lit'- t"l. +I x'- x"ll, 

rna · p • max I max V( x), 3max ti; II • nocnennee nepanencTno noKaablnaeT pannocTenenayro 
o.s; x~l 4 

nenpepbiBHOCTb <jlyHKBIIl!: Y,. (x,t) 

)loxaaaTellbCTBO pac!lOCTenennol!: nenpepbiBllOCTH <jlynKnHl!: V,. (x,t) Mbl na'lHeM c 

yCT8HOB119HIIH cnenyromero !jlaKTil OTHOCHT91IbHO T I (x) : n1IH (jlyHKUHJ!: vi H Tl+l 

na ttnyx cocenHIIX cno!!X t - t 1 H t a tl+ 1 

lv
1

+
1
(x)- v 1 (x)l $ Tr, (2.15) 

rne T > 0 - xonCTau:ra, a r nOCTilTO'IHO M81IO. )leJ!:CTBHT91IbH01 n1IH JI:OS(jl<jJHIU!OHTOB 

1!lll19l1Hb1X ypanS:eHIIll. (1.7) Ha nnyx COCOIIHHX C1IOSIX cnpaBen1IIlBhi COOT!Iomenng; 

f~ (x, y1 +I) • f'y (x,y I ) + rv I f;y (x,y1 : 01 r vI), 0.< 0 I< 1 , 

r;~ 1 + f(x,y
1

+
1
)-(1-r)[y'; +f(x,y 1 )]+l{r

2 v:f~Y(x,y 1 +02 rv 1 ), 0<0 2 <1. 

<llyHXIU!H v 1 (x) J1 r 1 (x)· pABHOW:OpHO orpaltlt'lOHble' nosTOM;r M0}!(1t0 liOCTpOIITb [i -oxpeCTHo­

CTll (B ClolJ,IC1le 1!91ollolbl 8) <jlyHXI{IIA f; (x,y 1 ) II r 1 (x) (li • T 1 r) , B KOTOpblX 6yAyT HaXo­

ti.IITbCII <jlyHXItHH f'Y(x,y1+ 1 ) 11 r1+ 1 (x) • Bocnol!haonanmncb peaym.TaT.OM 11eMMbi 8, no-:. 

ny'laeu (2.15). )la11ee OTMOTIIM, 'ITO v'1 (x) paBHOMOpHO orpaHn'leHbl1 . npR'IOM Cnpanenl!IIBO 

(2.9) • nosTOM;r nmr ,liJo6oll. (jlyHXIUIH V,. (x,t) MO}!(IIO nony'lHTb 

IV,.(x',t')-V,.(x",t")I::S q lit'-:-t"l + lx'-x"ll, 

rna q • max I T,3C I . , 'ITO ~~:oxaabiBllOT 'panHOCTeneHIIyJO aenpephiBHOCTb V., (x,t); 

no TeopeMe Apue11a 113 nocnenonaTem.aocTel!: <jlynxn:a:l!: V.,(x,t) 11 Y,.(x,t) MO}!(HO 

Bblfipll'l'lo p11BIIOM9plt0 CXOnHmHOCJl B npsrMoyr01IbHHXG 0 $ X ~ 1, 0$ t. :su liOAnOC11eiiOBB.-

Te1IbHOCTll. HenpepbiBIIhle npenellhHble <jlyHXlUIII o6oaH.a'DIM v ( x, t) 11 y( x, t). 

5. nou:lKeM, 'lTO <jlyHXDIJI T(x,t) II y(x,t) HB1!HIOTCH pemeHneM 31lllll'lH 

(1.2) .. (1.8). l1CC11eAyeM H9Bli3KII1 nonylraJOntHOCH npn noACTilHOBKO <jlyHKlUIH V,. (x, t ) 

II Y,. (x,t) B ypaBHOHHH CUCT9Mbl (1.2). no~8}!{9M CHB.'lll1!a 1 'lTO HOBH3Kil nepnoro ypan-

HOHIIll 

pl(x,t)aiVi,"xx +f;(x,Y,.)V,.+ f(x,Y., )+Y:~,I (2.16) 

12 

.. 

CTpeMUTCH It 1ty1110 npU r -> 0 • 3aMeTHM1 'lTO 

,, ,,.-. -1 ,, ,, 
V nxx. = VI + r ( t-t I ){VI+ I -VI ) ' 

Y~:x = y;' +(t-t 1 )v'[, t 1 ~t "!_t 1 _~ 1 • 

nerKO UOK838Tb 1 'ITO npll ltOCTilTO'!HO Mll110M r 

lv;:, (x)- v;'(x)j~2 r. 

Y'!IITbiBast nocneAHee HepaneHCTBo, (2.15), a Tax}!{e pannoMepnyro orpana'!ennocTb (jlynKulll!: 

vi ' f II IIX llpOH3BOIIHbiX 110 BTOporo liOpSIAKil BK1110'!HT91IbHO, nonyqaeM CnenyJOmyJO OUOHKY 

111151 HOB513KH 
p

1 
(x,t) !> r-

1
lt-t

1 
llv" -v" l+lt-t 1 jv

2

1 max jf" I+ 
1+1 1 d yy 

+r-
1 lt-t

1
llv

1
+

1 
-v

1 
I maxlf' I+ r-

1
(t-t'1 )

2
jv -v llv jmaxj£"1 + 

d .Y . f + 1 i l d YY 

2 

+It -t
1 

llv;'l +It-t 1 1lv1 !max If~ I +~(t-t 1 ) v 1
2 

max lf;Yl $. 
d d 

$. T3 r , tl$_t$.tl+l" 

Bwfipan AOCTilTO'IHO M811biM, MO}!{HO CII91I8Tb HOB513KY MOHbme 1IIOOOrO nanepe11 38-

llllHHOrO '!HC1IIl £ > 0 • 0TC!OIIIl HenocpeACTBOHHO BbiTOKilHT paBHOMepHllSI CXOIIHMOCTb 

HOC119IIOBST911bHOCTH V" + Y" n xx nxx 

PaccMOTpBM nenSI3KY nToporo ypanHeHBSI 

np0113BOIIHilSI Y' 
nt 

p 2 (x,t) = IY~t -v. I. 

1 
KOTopy!O MO}!(HO npeiiCTSBHTb KllK 

Y~t = v 1 (:x:) , t I ~ t $. t I+ I 

(2.17) 

• HMOOT paapbiB B Kll}!{IIOJ!: Y3110BOH TO'!KO t I- iun-l • 0JtHSKO afiC01I!OTHilSI B91IH'!HH8 

CKil'!Ka, cornacHO (2.15), HMOeT nopstllOK r • Y'!HTbiBB.li (2.15), H3 (2.17). 1111!1 

t 1 ~ t ~ t !+I nony'!aeM -I 
p

2
(x,t) = lr (t-t 1 )(v1+1 -v 1 li$Tr. 

B yanoablx Touax ouenKa fiyJteT Toro :lKe nopliiiKa. CneAoBaTenbno, npn r .. 0 

p
2
(x,t) .. 0 • OrcroAa nenocpeiiCTnenHo cneAyeT pannoMepnast cxoJtHMOCTh nocne11onaTe11b-

HOCTH y~t K HenpepbiBHOli (jlyHKilHII V (X, t) • lleliCTBIITe1IbHO, 

Y~t :-v(x,t) = [Y~t -V 0 l+[V 0 -v(x,t)]. 

Ha pannoMepnoii: CXOIIHMOCTH ofionx c11araeMbiX npaaoii: '!BCTH K nynro cneAyeT pannoMep-

HilS! cxoltllMOCTb 11enoil '!aCTII K rry1110. Mo>KHO yTnep}!{IIBTh,'lTO y(x,t) 

npOH3BOilHYIO Y~ , npH'!OM 

13 
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y'i =-n~ooy;i 

CnellOBaTeiibno, <pyHKilBH v(:r,t) n y(:r,t) YllOBJieTBOPIDOT BTOPOMY ypaBnennro CHC'l'OMhl 

(1.2). 

fimtali<OM Tenepb, 'ITO nocne,llOB8TOIIbHOC'l'H Y" nxx II V" nxx paBHOMOpHyiO CXOilaT-

Cll. nnst STOrO HaM llOCTaTO'lHO paCCMOTpOTb CXO,IlHMOCTb OllHOil 113 HHX1 HanpHMep, 

Y" + V" 
nxx nxx llOXB.38H8. fiocne,llOBSTeiib-HMO!l B Bll,lly1 'ITO CXO,IliiMOCTb ,llJI!l CYMMhl 

HOCTb Y" nxx paBHOMepno orp8llli'IOH8 B np!tMOyrOIIblliiXO 0 s:r S1 • 0 s t -~ 0 • nn!l llBYX 

,llOCTaTO'lHO 6JIH3XJIX TO'IOK ( :r', t') B (:r",t") STOrO npstMoyrOIIbllBKa npB UOMOlll.B neMMhl 4 

(Tax xax y~'(:r) yAoaneTBOp!teT na OTpeaxe [ 0,1] ycnoanro nnnmnna) nerxo nony-qnTb 

CJIOilYIOWOO HepalleHCTBO 

rae 

IY~:x(:r',t') -Y;:x(x",t")l< s llt'-t"l + l:r'-x"ll, 

s = ma:r{3[L+oM +M(e
0 

-1)], ma:r lv'((:r)ll, 
D 

a JtOHCTaiiTa M onpeAenena B neMMe 4. 3To nepaaenCTliO AOX83biBaeT paaaocTaneueyro 

nenpephiBHOCTb UOCJIOAOB8T91IbHOCTH y;:x • no Teopeue Apne.na cymeCTByeT paaHOMep-

HO CXO.IlS!IIl8SI'CSI It HenpepbiBHOil <jlyHXIliiH UOilUOCitOilOB8TOIIbliOCTb cPyHKnHII: 

lt83hiB80T1 'ITO y(:r, t) HMOOT 'l8CTJIYIO npOH3BO,IlJIYIO Y~: ,. npH'IOM 

y' = lim y'~ 
xx n-+ 00 nxx 

Ho OTCJOAa cneeyeT, 'ITO v (x,t) HMOOT npOH3BOAJIYIO v;~ • Jl 

Y;x =lim vnxx ....... 

Y" 
nxx • 3TO AD-

Taxl!M o6paaou, cPyHKnHll y(x,t) n v( :x,t) YAOWieTBOpmoT n nepBOMY ypaanenl!ro 

CHC'l'OMhl (1.2). O'leBBAH01 'ITO ycnOBBli (1.3) BbiUDnHe!Ibi. 

c n e AcT B II e. Benn'IHH8 max I r k (:x) I y6hiBaeT c pOCTOM k npn AOCTaTO'lHO 
O~xS:l 

MllJIOM · r • 0603R8"1HM AJISI Xp8TKOCTB 38UKCH "l0p93 f~ <jlyHXILKIO f;y (x,yk +llkrv k), 

rAe 0 < o. <1 • TorAa <jlyHK!lllJO r~(:r) MO)J{HO npeAcTaBHTb cneAYromaw: o6paaow:: 

k 2 k-1 2 k-2 2 
r,(x)=(1-r) r0 (x)+~r [(1-r) v0 f;;+(l-r) v 1 f~+ •.. +Vk_ 1 f~_jl. 

0TCIOA8 

ma:r j t k (:r) I ~ (1- r) k maz It 
0 

( x) \ 
OSx~l OS:xS:l (2.18) 

k-1 2 
-~r2 

[(1-r) maz v 0 maz If~' I+ ... + ma:r v 1max If" 111. 
0 fx ::;1 OS:x :S:I O_:Sx .S: I k- 0:;;:,.9 k-

14 

.. 

nanee nerxo nony'IHTb cneAYromy!O onenxy 

m~ lr.(:r)l-max lrk+l(:x)l>rlmax lrlt(%)1-.!.-ma:r .. : ma:r IE'~ ll. 
O~x$1 O_:SxSI · O~x~l -~ O_:Sx$,1 .O~x.S:l 

OTcro.na u na (2.18) cne.nyeT, 'ITO 

.. k 2 k-l 2 
max lrlt(:r)l- max Irk 1(:r)l_:::rl(1-r) ma:r lr0 (x)l-~r [(1-r) ma:rv0 ma:r Jf;;l+ 

OS:x <;_1 O.!> x:S:l + OS:x .!>I 0 ~x$,1 ,OS:xS:l . 

lt-2 2 
+0- r) ma:r ,. ~ ma:r If'; I + .•• + ma:r ,. ma:r If'' IJ-~r max ,.lt2 ~!""" If'~ II 

0,$_x$_1 O.!>x:S:I o:::;x~l k-lo~<;:l k-l 0;$x$,1 O.!>x.S:l 

4>ynxnuu ,.k !I f" 
k 

pannoMepno orpann'lOHhl a o6nacTn D • 

fiycTb li > 0 KOHCTaJIT81 YAOWIOTBOp!t10In8!l yCJIOBBIO 

li < ma:r I ro ( :r) I . 
O.!> x S: I 

TorAa· 

k r k 2 
ma:r. lr (x)- maz I rk+ 1 (:r) I~ r[(1-r) li- y(2-(1-r) ) maz vlt ma:r If" 11. 

O_:Sx$_1 O_:Sx$_1 . D D yy 

• 

fipH AOCTaTO'lHO MllltOM npaBa!l 'lllCTb nocne.nnero nepaaencTaa 6yt~eT 6on&me nynll, 

UOCKOIIbKY 
It r r It 2 

lim [(1-r) li --
2 

(2-(1-r) ) ma:r vk ma:r If" IJ~li>O. 
r -+0 • D D yy 

Cne,lloBaTen&no, npa AOCTSTO'IHO ManoM B o6naCTH D 

ma:r Irk (:r)l -· ma:r I r k+l(:r) I > 0 
o<x<l OSxSI 

ann nro6oro k ( k = 0,1, .•• , n -1) . 

ill • fiOK8)1{9M1 'ITO npH .AOUOllHHTOJibHOM npOAHOJIQ)KOJliiH OTHOCHTOIIbHO BhlflOpll 

H8'18JlbHOil cPyHitllHH y(:r,O) =cp(:r) HOCTpOeHHOe B o6naCTB 0 (2.1) pememr:e CHCTOMhl 

(1.2) c aa,lla~ell: (1.3) npoAOJI)KHMO a nonynonoce 0 ~ :r ::; 1, 0 .s; t < oo • 

CAenaeM npet~nOJIO*eHBe OTHOCHTOJibHO '6nuaocTn' Ha'lan&Horo npn6nn)J{eHBB cp(:r) 

K ncxouoMy pemenaro. fipe.llnono)J{BM, 'ITO Bbmonneno ycnonae 

lro(:r)l= lcf>" +f(x!cf>)IS:.•, (3.1) 

r.ne £ - AOCTSTO'IHO M8JI09 HOJIOlKHTOJibHOe 'IHCJIO, 3H8'19HIIe KOTOpOrO 6y.neT ,onpe,llOJIOHO 

HB*e• Kax 6Lmo noxaaano a paa.nene 1, cnCTeM~ (1.2) aKBHBaneHTHa o6blKHOaennoMy ne­

nnnelinoMY .nnqxpepennuan&HOMY ypannennro BTOporo nopHAKa (1.5) c napaMeTpOM 
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Ha HA'181lh!Ioro ycnonal! y(x,O) • </>(x) IIOJIY"l8 eM, . 'ITO 

r(x) - r 0 (:r). 

Taxnu o6paaou, aa.qa'la (1.2).:. (1.3) paBilOCIIIlblla ypaa11emuo, coJJ.eplKameMY. llapaMeTP t 

y"(x,t) + f(x,y(x,t)} • r 0 (x)e-' (3.2) 

c KpaeaoA 3aAS'IeA 

y (O,t) - y(l, t) • 0 • (3.3) 

Ka:r cne)tyeT ua paaaena ll , peme11ae 3aJJ.a'lH ·(3.2)- (3.3) cymecTayeT AAll acex 3118'19-

HHA napaMOTpa t , 0 :$. t :$.U , npH'IOM Bb160p U Ollp9JJ.OAlLllCJ:4 B OCIIODHOM1 BblllMHOHIIOM 

ycnonuli (2.11). 

noK8:lKOM TOUOpb, 'ITO llpll llO)lXOIJ.lllllOM Db16ope ,. 

6yJJ.eT 38KniO'IOHa B o6nacTH 

<P -uV <y (x,u) < <P +uV, 

B (3.1) <JlYilltllllli;Y(:r,u) 
) 

(3.4) 

TO ecT& pemeaae 3SI18'1H (1.2)- (1.3) MO:>KBO npoJJ.on:>KHTb 110 t eme, no KpallaeA Mepe, 

n nBTepnane [u; 2u l .. 

npeiJ,BBpHTOn&IIO OllOHHM 86cOJIIOTI!y10 ,BOJIH'Il!HY p83B:OCTH MO:>KJJ.y pOIIIOHHOM y(x) 

aaJJ.a'lu (0,1)- (0,2) a Ha'lan&HbiM npaonaJKeaaeM rf>(x) , yaonneTBopS!IOIIIHM ycnonnro (3.1). 

3aMeTaM, 'ITO c;l>(x) yaonneTnopaeT nu<Jl<PepeanaallbaoMY ypanaeJIHIO 

c;P" + f(x,cp) = r 0 (x) 

H KpaOBblM ycnOBHS!M 
cp (0) = cp ( I-) = 0 • 

Rer:ro BHIJ.OTb, 'ITO p83HOCTb u(x) = y (x)- c;l> (:r) YJJ.OBJIOTBOpSIOT JIHB:el!B:OMY iJ,H<jl<!>epe~na'an&­

HOMy ypSBHOB:HIO 

u" + f ~ ( x, c;1> + 0 ( y - c;1> ) ) u = - r ( :r) , 0 < 0 < I 

C KpllOBbiMH YC~OBBSIMH 
u(O) = u(l) = 0 •. 

npaMOHSIH MOTOJJ. BapaaUHH npOH3BOilbllbiX llOCTORHIIbiX, MO:>KHO nony'IHTb CJIOJJ.yromyro 

onea:ry anSI lu(x)l 

-1 I 

I u (x) I !: • I sup I w 2 (:r) I [ sup I w 1 (1) I ( inf I w2 (1) I) f sup I w2 (:r) I dx + 
c;l>~n cpr;,.n ~ n o c;P~n 

I X 

+sup fjw1 (:r)ldx +sup [lw1 (:r)lch:J + 
c;P~n 6 ¢~ n 

(3.5) 

X 

+9~g I w1 <x>l;;;nfl w2 <;o;JI cb:: 1 , 

• 

I'JJ.O WI (:r) ll w 2 (x) - ABS JlHBOl!JIO 803SBHCHMbiX pOIIIOIIHll OllHOpOilHOI'O ypaBHOHHS! 

w"+f'/x,c;P +0(y-c;l>))w.O, 0< 0 <I, 

yaoaneTnopSI!Omae aa'lallbHbiM ycnonanM 

WI (0) a 1 , W '1 (0) • 0, 

w 2 (0) = 0, w; (0) = 1 • 

HeTPYilBO noJtaaaT&, 'ITO Bblpa:>KeHHo, CTOl!llleo a <jmrypabiX c:ro6:rax a aepanoacTne (3.5), 

HBnHOTCH orpaBH'IOHJioll nono:lKHTOilbHOl! .pya:ruael!, o6pamaromeil:cn a Byn& npa x = 0 • TaxaM 

oopa30M, 

I u( x) I 5 f <PI ( x) ' 

(3.6) 

I'iJ,O 
<I> 1 (0) a 0 , <I> 1 ( x) > 0 0 < :r !>.1 

I 
npaMOB:HH M'eTOJJ. BBpHSUKJI npOB3BOilbiibiX llOCTOSIHBbiX C HHTel'pBpOB81IHOM OT TO'IltB 

X= 1 JJ.O X= 0, MO:>KHO llOJiy'iHTb JJ.JIH lu(x)j OUOBKY BHIJ.S 

ju(x)l :$. f <1> 2 (x), (3.7) 

1'110 <l> 2 (1)=0,, <1>2 (:r) > 0 iJ,JISI 0,5 X <1 • nycTb x 1 Bl!yTpOHHSIH TO'IK8 OTp03K8 [ 0,1) 

AIIH KOTopol! <1> 1 (x 1 )=<l>2(x 1). KoM6aanpyg oneHKH (3.6) n (3.7), nony'laeM na oTpeaKe [ 0,1] 

oneaxy 

rae 

lu(x) I!>.< <l>(x), <l>(O) = <1>(1) = 0, 

<l>(x) 
{ 

<t>l (x)' 

<t> (x) ' 2 . 

0 :$. X ~ XJ 

XI !SX :$.1. 

(3.8) 

npeiJ,UOIIO:>KHM Tenep&, 'ITO H8'18JibHOO llpH61IU:>KOBHO cp( x) Bbr6paao TBKHM o6paaoM, 

'ITO BOJIH'IHHB a (3.1) o6ecne'lunaeT Bhlnonaeaue s:epaneacTna 

-a 
< <l> ( x)( 1 + e ) < u V ( x) . {3.8) 

nng <jlyHKUHB y(x) 6yiJ,OT BblllOJIHOHS CHCTOMS S:ep8BOHCTB 

cp - u V < c;1> - < <t> < y( x) < c;1> + • <I> < c;1> + u V • (3.9) 

C JJ.pyroil CTOPOHbl, iJ.JISI pa3JIOCTU tPYHKIUil! y(x) H y(x,u), I'JJ.O y(x,u) -pemeaue 

38118'1H (3.2)- (3.3) npH t = U , MO:>KJIO UOny'IHTb OUOHity, 8JI8AOI'H'II!yl0 (3.8) 

-u 
l,y(x) -y(x,u)1 ~<e <l>(x). (3.10) 

Ha nocneAaeil: onea:ru, y'IBTblna~ (3.8)- (3.9}, ner:ro nony'IHT&, 'ITO JJ.nSI ¢ya:rnau y(x, u) 

Bhmonaeao (3.4). Ta:ruM o6paaoM, pemeuue aaaa'IH (1.2)- (1.3) npoJJ.omKaMo OT t = u JJ.O 

t =2u • Ho JJ.anee BCO HSIIIH pBCCY:>KAOHHSI OCTBIOTCSI B cane. nosTOMY,POIIIOHBO y(x,t) 

npoaon:>KuMo no nceil: nonynonoce O.s; x :::;: I , 0 S. t < ~ . 
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O:n:eHIUl 

!y(:a:)-y(x,t)!~•e-• ~(x) (3.11) 

IIOKa3biBAeT CKOpOCTb CTa6Hilll3ai:Ulll pemeJmSI y(x,t) 34AA'UI (1,2)- (1,3) K KCKOMOM}' 

peweJmD y(x) KpAeBol! 3IUIA'lll (0,1)- (0.2). 

IV , 0!IItCAH.IIbll! NeTOA pemeRHSl KpAOBhlX 34J:IA'l TIIIIA (Q,l)- (0.2) 6bt.n 01Ip060BBH 

HA HOJWTOpbiX npi!Mepax HO COCTABli9HHOll Al!Sl 38M uporpAMNO, 8 KII"'9CTB9. aJirOpHTMa 

'liiC1lOHHOro. pemeRHSl CIICTeNbl (1,2) C 3aAa'lell (1,3) 61.111 B3SlT pA3HOCTHblll IIHA110r CHCTe­

Mhl (l,tl)-(1.8), fipn STOM KpaeBast 3aAa'la (1,7)-(1,8) A11Sl o6b!XHOBOHHOro nnael!noro 

AB<jl4JepeHllll81lbHorO ypaBHOHHSl Hll C1100 t a tl pewanaCb MCTOAOM nporomtn, IlpHMOl[OH-

HbiM J:: pa3HOCTHOMy ypaBHeHIIIO, nony'IAIOW9M}'Cst upn pa36neann OTp03KA [ 0,1] lUI n 

pABHbiX 'l&CTel! C y3naMII X I II 3AM9JIO B ypaBHOHIIII (1,7) BTOpOI!: npOB3BO.!UtOll B Y3119 

x 1 aa aupa:lKeHHe 
-2 

h [v(x
1
+l' t

1 
)-2v(x 1 ,t1 ) + v(x 1_ 1 , t 1 )], h a :il+ 1:- x 1 

llpnMep-1. PaccMOTPHM ypanaene 

e B:paeBbiM ycnoaneM 

ay 
y"+Ae .o 

y(O) - -y(l) • 0 . 

(4.1} 

(4.2) 

3.z~eeb A, a>O 'lncnoBble napAMeTphl. PemeHBe aToro ypaneHBst MOJKJIO nOJiy'IHTb 

B KOJI9'1HOM BRAe, IIpOKOilTpOJIIIpOBAB, TAKBM o6pa30M, TO'IHOCTb, e KOTOpOl! HOliY'laDTCII 

npH6nBJKeaaue pemeusr. 06roHa'll!M· Aa 'lape3 p , Jler:t::o BIIAOTb0 'ITO cymaCTDyeT 

neJ::OTopoe 31Ul'leane P = P1 , upn :s:oTopoM JtMeeTCst eJUIBCTBOHHoe pemewe 3aAa"!DI 

(4.1)- (4.2), llpn p <p 1 cymecTByiOT ABB pemeusr B, sa:s:onen, ups p > p 1 pcmeull 

:s:paeBOii 31Ulii'IB He cymeeTByaT, rpy6hle OiteHKII ll0Ka3b!BAIOT, 'ITO IIpH 3Jta'l911ItlfX napa-

MeTpOB A It a , YAOBliOTBOp!IIOmHX yCJIOBIIKI 

Aa S: 3,5 , 

CymOCTBYIOT ABA pemaHIISl 38Aa'lll (4,1)- (4,2}, 0603Jta'IHM 3TH pemeHBSI y-1 (x) j[ y2 (x) . 

./lnsr A "' 1,5 11 a • 2 rpa.pmm IIX n3o6palKeHhl Ita ·pile, 1 • 

YpaBHea.:<ol (4,1} IIHTepecHO TaM, 'ITO MCTOA CTA6HI1H3a!IIUI e ItOMOHlblO ypaBBOHHSl 

(0,3) e yeJIOBBltMll (Q,4)- (0.5), OltlleaBHblli B BBOAHoli 'laCTB 118CTOlliiiOll pa60Tbl, ll03BOJI~ 

lOT OTblCKaTb B Cny'lae cymeeTBOBIIHBSl llB)'X pemeHIIll 3aAA'lll (4,1)- (4.2) TOllbKO IIH:r.Jtee 

pemaHHe y 1 (x) , llpn AOCTaTO'IHO rMJtKHX tPyllJ::IUillX u(x,O) , B3SlTbiX B KA'lOCTBe Ha'lanh­

HOro llpHMH:lKOHHSl0 YAOB119TBOp!IIOmHX yCJIOBBIO 

0 < u (x, 0) < y 2 (x) , 
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U (X, t) CTa6Hn113HpyeTClf It y
1 

(x) • fipH Ha'l81lbHbiX tPyWuutlfX u(x,O) , B3llTblX 

Bblme pemenll Y 2 (x) , B u(x,t) .. oo IIpB t -+ oo 

llpe.z~naraeMhlll B AaHJIOll pa60Te MeTOA n03B01lll1l upu6nu:aceaao Bbl'liiCnBTb o6a peme­

HHSI 31Ula'lll ( 4.1) - ( 4.2) • 8 XA'leeTBe Jta'la1lbnoro upu6nu:lK9HIISI Bbl6llpAilliCb tPYHJ::IUIIl BIIAA 

y(x,O) • t1 sin"", 
(4.3} 

' . 
. rAe li - 'lliCJlOBoA napaMeTP, np~IIHMAIOHlBft pa31lll'lllbl9 31Ul'l9lllllol. 

~· . . . . . . /2/ 
fipll r a 1 (CI11'Uilio AIIAnOrH'IHhlll Me'tO.zxy, OlllleaHJIOM}' B ) C llOMOHlblO tPyiiKilllll 

!lllA4 (4.3) 6u1111 nOCTPOOHbl upa61UilKOIIIIble .. o6naeTII BniiSIHIISI' BOiqlyr pemeJIBli Y 1 (x) 

B y
2 

(x) • HaxoAstmneen BHyTpll aTnx.o6nacTell tPyiiKIUlii BIIAA (4.3) ooecne'lnnann ex~ 

AIIMOCTJ> tiJyllJ::IUill Y ( x, t I ) JI: eOOTBOTCTBYJOHlOM}' peme111110 JtpaeBOli 3aJUl'lll, llpll 

0 < ti <0,6; r • 1 tPy111tltHB- 'y(x,t) CTa6nllli3HpyeTCH It pemeHBIO Yt (x) , llpu 

0,8 $. t1 ~3.09 Jta6nK~AS.eTCSI cTaonim3annn K peme.IIHIO Y~ (,.) • B CliY'lae li =0,7 n r •1 
' CTa6nmi3AitiiJI .tte npOH30mno. STo 6bm- KPHTII'lecxal! cnyqali B61lll31l rpallnltbl "o6nac-reli 

BllllSIHIIR'. OltllaltO BbiOop Mallbmero mara r - 0,1 ooecne'llln c-ra61lllll3altll!O It peweHIIIO 

Y 2 (x) • Bo acex cliY'laS!X mar no x h = 0,05, a Bbl'lliC119111lll npOBOAH1lllCb AO ycTa-

IIOB119Hllll 9 AOCsrtJI'lllhlX 311altOB, 

Ha pile. 1 IICltS.3AIIbl "3onu Bnii!IIIBSI', a TaKJKe upouecc CTa6BnR3aunn B cny'lae, 6m~:3-

ltOM It KPBTH'l9CKOM}': t1 • 3,09, r = 1.' Bee KpiiBble CHMMeTpn'lllbl OTIIO<::IITenhiiO npsr­

Moll X a ~ , II OSTOMY Ita pac. · 1 01111 II306pa:>Kellbl 11a OTpe3Ke [ 0, ~] • fipHBeAellllbl& 
. ~/ 

Bbl'laeneua noJtA3biBAIOT
1 

'ITO TPe6oBaHilll TeopeMbl 1 pa60Tbl MOJKHO ocna6nTb, nocxonhKY 

CXOAIIMOC'I'J> MOTOJ:(a HB.6ruoAa9TCH B enyqae, KOrAa ycnOBil9 3) TeOpeMbl He BblHOnlleHg, 

fipllMep 2, H3110lKOHHhlll MOTOlt 6un npHMOHOH TaKJKe Jt11SI HAXOJI!A9Hil51 peme1111ll 

Allljl4JepelllU18.1lbHOrO ypaBHOHIIll e CHHryngpiiOlt TO'IKOll X = 0 
2 

y" = y( 1 - 4) . 
X 

(4.4) 

yAoBnOTBOpstK!~X J:paeauu ycnoBHSlM 

y(O) = y (b) = 0, b > 0. (4.5) 

./laHHoe ypaBB&Illle BCTpe'laeTCB B 1191lHHeliHOll nGneBOll TeOpiiH II B TeOpHH HApa, 

OTMeTIIM, 'ITO 0110 11e yAOBnCTBopsreT ycnoeHRM TeopeMbl, ctiJopM)'napoBaiiiiOii B pa3nene 1. 

0AHaKO !Ipll OJipeAeneHHOM Bbt6ope lla'lanhHOll tPYBKIIIIH Y (X, 0) 11: mara t tPYHKitiiB 

Y (X, t I ) CTS.61lllli3HpOBanaeb It pa3nH'lllblM pemeiiHBM 3aAa'lii ( 49) - (50) llpll t I -+ 
00 

3aMe'tHM
0 

'IT<) llMOeTCSl C'leTHOO MIIOlKOCTBO pemeHHli Kpaenoli 3aAa'lll (4.4)- (4,5}, H3y'le-' 

. ( 4) /4/ . 
HBJO eaoliCTB pemeiDlll ypaBIIeHIIli 4, ll0CB1111I911bl 0 lla!IpHMOp, paoOTa H Apyrlle, 

./lnll JtoHTp01lll Bbl'liiCnenll oblno. cna'!ana upa6nnmeHHo llallAello pemene ypaane1111sr 

( 41}), YAOB1leTBOp!IIOmee ·Ha'lanhROMy yCJIOBHIO 
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y(O) • 0 , y' (0) • 5. 

To'III:Il nepece'IeHJig peweruur c OChiO % b ~ 1.885867 china B3sn'll B Jtll'IOCTBe npaBoA 

rpaHBnhl RBTepsana s ~~:paeBhiX ycnosRliX (4.5). 

3a Bll'IIlllhllhle DpRCI1li}!{8JOUI y(%, 0) cpanHCh ljlyHEIU!IR BRAS 

y(x,O)- llsin !£-x, l1 = 1,3; 2,5. 

B cny'Ial!X l1 = 1,3 R r x 0,001; 0,01; 0,05; 0,1; 0,5; 0,6 npoRCXoAHna. CTacRnu­

aanRH pemeBRii y(x,t) It DOnO}!(RT~IlhHOuy pemCHRIO 11:paesoii 3aAa'Lit (4,4)- (4.5). npR 

r > 0,6 (0,7; 0,9) cTacRnnaalll!IH npoacxonRna x nexOTopoA 'nR~oocpaaRoA' ~~:pRsoA, 
KOTOpaii ae IIBnSIOTCSI pemeRBeM 3alla'Lit (4.4)- (4.5), 

B cny'Iae l1 =2,5, TO ecTh Korna aa'Ian&noe npRCnH}!(e!Ufe noson&so cnn!.ao OTnR· 

'IaeTcn OT scex pemomd! xpaesoii aana'IR (4.4)- (4.5), ynasanoc& ·npR BeEOTOphlx aaaqe-

JIRRX naATR nexOTophle ApyrRe pemeBRSI xpaesoJ! 38Ail'IR •. Tax, npir r •0,005 chino 

• 

nonyqoa·o pemeJIRe c onBRM ayneM BJIYTpR OTpeaxa 

pemeJIRe C ABYMR nyn.HMH Bl!YTPH 0Tpe3Kil [O,b) 

381lRJil llpRBOARnll K 'IIRnOOCp83BhiM' KpRBhiMo 

[O,b] , npR r •0,002 chino aaAAeno 

B neKOTOpbiX ApyrRx cnyqanx CTacanu.,-

Bo acex cnyqasrx mar no ocR x cpancli! paaRhiM h • ·o,05b , a Bhi'IncneJIR.H 

Benne& no ycTSHOBneliR.II 9 llOCRTR'IllhiX 3BaXOB. Ha pnc. ~ noxaaaa nponecc CTa6nnR3anRR 

K DMO}!(RTOilhROMf pemel!RIO 38All'IR (4.4)- (4.5) IIPR t1 = 1,3 R r =0,6. 

Onncaaahlll npnMep noEa3hiB8eT, 'ITO ycnoann TeopeMhl paaAena I MoryT chiTb, aeposrr­

ao, ocnacneHbi. 
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