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OBIUA5I XAPAKTEPHCTHKA PABOTbI 

AKTYaJihHOCTh TeMhl. l13BeCTHO, 'ITO CHCTeMhI C 6om,mHM 'IHCJIOM 
CTeneHeil: CB06o,nhI, 6y,nh TO CTaTHCTH'leCKHe HJIH :>Ke KBaHTOBO-IlOJieBhie CH
CTeMhI, 3aTpy,nHHTeJibHO nccm~.D:OBaTb B CJiyqae 60Jihmo:il: KOHCTaHThI CBK3H, 
Kor.na HenpnMeHHMa Teopmi: B03Mym:eHHH. B CBK3H C 3THM npo,nOJI:>KaeT OCTa
BaThCX aKTyaJihHhIM IlOHCK TO'IHO pemaeMhIX MO,nene:il: B 3THX o6JiaCT.si:x Te
opeTH'leCKOH q>H3HKH. Bex BTopax IlOJIOBHHa xx BeKa 6hIJia 03HaMeHOBaHa 
6ypHhIM pa3BHTHeM .D:ByMepHhIX KBaHTOBhIX BilOJIHe HHTerpnpyeMhIX Mo.ne
Jie:il:. O,nHaKO 60JihmHHCTBO HHTepeCHhIX CHCTeM CTaTHCTH'leCKOH lpH3HKH 

TpeXMepHhI, a B KBaHTOBO:il: Te0pHH IlOJIX - no Kpail:He:il: Mepe 'leThipeXMepHhI. 
ITo3TOMY, Ha Ham B3rJIK.D:, 3aCJiy:>KHBaIOT BHHMaHHH JII06hle IlOilhITKH Il0CTpO
eHHX HeTpHBHaJihHhIX TO'IHO HHTerpnpyeMhIX MO,neJie:il: npOCTpaHCTBeHHOH 
pa3MepH0CTH 60Jihme .D:Byx. 

Ham IlO.D:XO.D: OCHOBaH Ha HCCJie.n;0BaHHH .D:HCKpeTHOH 3BOJIIOilHH .D:HHaMH
'leCKHX CHCTeM, accounnpOBaHHhIX C .D:ByMepHhIMH pemeTKaMH, T.e. C IlOJI
HOCThlO .D:HCKpeTHhIMH 2 + 1 3BOJIIOUHOHHhIMH MO.D:eJIKMH. TaKax IlOCTaHOBKa 
XBJIKeTCX ecTeCTBeHHhIM o6o6m:eHHeM .D:ByMepHoro no.nxo.na, HCCJie.n;OBaHHK 
3BOJIIOUHH CilHH0BhIX O.D:HOMepHhIX ueno'leK, npHBO,nxm:ero K q>OpMyJIHpOBKe 

1 + 1 MepHbIX HHTerpnpyeMhIX MO,nene:il:. 

B OTJIH'IHe OT 06hI'!HOro no.nxo.na K MHOrOMepHOH HHTerpnpyeMOCTH BO 
rJiaBy yrna CTaBHTCH HCCJie,n;OBaHHe He anre6panqecKoro yCJI0BHK HHTerpn

pyeM0CTH (ypaBHeHHK CHMilJieKCOB, B tiaCTH0CTH ypaBHeHHK TeTpa3,npoB), a 
BCilOMOraTeJihHaR 3a.zi:aqa, YCJIOBHe HYJieB0il: KpHBH3HhI .D:JIH KOTOpoir H npHBO

.D:HT K ypaBHeHHIO CHMilJieKCOB (ypaBHeHHIO TeTpa3,npOB B CJiyqae Tpex npo
CTpaHCTBeHHhIX H3MepeHH:il:). C 3TOH TO'IKH 3peHHK .D:ByMepHhie pemeTKH, C 
KOTOphIMH accounnpoBaHhI .D:HHaMH'leCKHe nepeMeHHhie, KBJIXIOTCX BCilOMO
raTeJihHhIMH. TpexMepHhie BepmHHHhie onepaTOphI, T.e. CilJieTaTeJIH BCilOMO
raTeJihHOH 3a,naqn, B HameM no.nxo.ne 6y,nyT B03HHKaTh KaK q>yHKUH0HaJihH0e 
OT06pa:>KeHHe TpOHKH .D:HHaMH'leCKHX KOMilJieKCOB, accounnpOBaHHhIX C Bep

mnHaMH opneHTHp0BaHHhIX TpeyrOJihHHKOB lpHKCHpOBaHHOro THna, B TpO:il:Ky 
:>Ke .D:HHaMH'leCKHX KOMnJieKCOB, accotinnpOBaHHhIX C BepmnHaMH TpeyroJih
HHKOB .nyanhHoro Tnna. IT paBnna, no3BOJIK10m:ne conocTaBHTh ,nByMepHhIM 
pemeTKaM anre6panqecKne Bhipa:>KeHnx c yqacTHeM ,nnHaMHtieCKHX KOMIIJieK
coB, TaKHe 'ITO 3KBHBaJieHTHOCTh TaKHX anre6panqeCKHX . Bhipa:>KeHH:il: npn

BO.D:HT K B03HHKHOBeHHIO OT06pa:>KeHn:il:, MhI 6y,neM Ha3hIBaTh OCHOBHhIMH an
re6panqeCKHMH CHCTeMaMH 3BOJIIOUHOHHhIX MQD;eJie:il:; 

KoM6HHa}lHH 3JieMeHTapHhIX CilJieTaIOW:HX OT06pa:>KeHH:il: .D:JIK .nocTaTO'IHO 
60JihmHX BCilOMOraTeJihHhIX pemeTOK 6y,nyT o6pa30BhIBaTb HHTerpnpyeMhie 
3BOJIIOUHOHHhie OT06pa:>KeHHX. EcTeCTBeHHaR reOMeTpH'leCKaR HHTepnpeTa
UHK IlOCJie,n;OBaTeJihHOCTH 3BOJIIOilH0HHhIX OT06pa:>KeHH:il: - TpexMepHax pe-
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llleTKa (Kyfin:qecKM B IIpOCTeilmeM cnyqae), Ce'leHHeM KOTOpoii .RBJI.ReTC.R 

,n;ByMepHM BCIIOMoraTeJihHaJI pellleTKa. B cnyqae CIIHHOBbIX MO.n;eneii, Kor.n:a 

3BOJIIOUHOHHble OT06proKeHH.R OCYllleCTBJI.RIOTC.R KOHe'lHOMepHbIMH MaTpH

uaMH, Tpex:MepHM pellleTKa npn:o6peTaeT 6yKBaJibHblll CMbICJI, IIOCKOJibKY 

ecTeCTBeHHO B03HHKaeT IIOH.RTHe BOJibUMaHOBCKOro Beca, accoun:n:poBaHHOro 

C BeplIIHHOll Kyfin:qeCKOll pellleTKH. 

Ba:>KHbIM B IIOH.RTHH OCHOBHOll anre6pan:qeCKOii CHCTeMbI .RBJI.ReTC.R BO

nepBbIX TO, 'ITO CHCTeMa ,ll;HHaMH'leCKHX nepeMeHHbIX ,ll;OJI:>KHa 6bITb KBaHTO

BOii, n: BO-BTOpbIX TO, 'ITO OCHOBHM anre6pan:qeCK8JI CHCTeMa .D:OJI:>KHa no,n;

pa3yMeBaTb MeTO,ll; IIOJiy'leHH.R IIOJIHOrO Ha6opa HHTerpaJIOB .D:BH:>KeHH.R ,ll;JI.R 

3BOJIIOUHOHHbIX OT06proKeHHll B BH,n;e IIOJIHHOMOB B anre6pe Ha6n10.n:aeMbIX. 

8THM acneKTaM B .n:n:ccepTaUHOHHOii pa6oTe y,n;eJieHO OCHOBHOe BHHMaHHe. 

ll;eJib .n:nccepTlmHOHHO:U pa60TbI. OcHOBHOii ueJihIO ,n;n:ccepTaUHH 

.RBJrneTC.R IIOHCK n: HCCJie,ll;OBaHHe OCHOBHbIX anre6paH'leCKHX CHCTeM, IIOCTpo

eHHH me CIIJieTaIOIIIHX OT06pa:>KeHHii, npHBO,ll;.RIIIHX K HHTerpn:pyeMbIM (KBaH

TOBbIM, CIIHHOBbIM, paBHO KaK H KJiaCCH'leCKHM) 3BOJIIOUHOHHbIM MO.n;eJI.RM. 

Iln.sr O,ll;HOll H3 IIOJiy'leHHbIX MO.n;eneii C XOpOIIIO onpe,n;eneHHbIMH KJiaCCH

qecKoii, KBaHTOBOll n: CIIHHOBOll !pOpMaMH, B ,n;n:ccepTaUHOHHOll pa6oTe npo

Be,ll;eHO BeChMa no,n;po6Hoe HCCJie,ll;OBaHn:e, ueJI.RMH KOTOporo .RBJI.RIOTC.R: 

• HCCJie,ll;OBaHHe CBOHCTB CIIJieTaroIIIero H 3BOJIIOUHOHHOro OT06proKeHHll 

H IIOJiy'leHHe HX onepaTOpHOii HJIH MaTpH'IHOll peaJIH3aUHH, 

• IIOHCK HHBapn:aHTHOro MeTo,n;a IIOJiy'leHH.R IIOJIHOro Ha6opa HHTerpanoB 

,ll;BH:>KeHH.R onepaTopa 3BOJIIOUHH ,ll;JI.R Tpex:MepHbIX MO.n;eneii, 

• HCCJie,ll;OBaHHe CTPYKTypbI ypaBHeHHll ,ll;BH:>KeHH.R COOTBeTCTBYIOIIIeii 

KJiaCCH'leCKOii HHTerpn:pyeMoii MO,ll;eJIH, 

• IIOHCK !pyHKUHOHaJibHbIX ypaBHeHHll ,ll;JI.R IIOJIHOro Ha6opa HHTerpaJIOB 

JJ:BH:>KeHH.R B cnyqae CIIHHOBbIX MO.n;eneii, 

• HCCJie,ll;OBaHHe KBa3HKJiaCCH'leCKOro npe,n;ena KBaHTOBbIX ·Mo.n;eneii, 

• n:ccne.n;oBaHn:e 5lHr-BaKcTepoBcKoii CTpyKTYPhI cnneTaroIIIHx · onepaTo

poB, nonyqaeMbIX npH o6paTHOll TpaHcMyTaUHH pa3MepHOCTH B paHr. 

Hay,:mrui HOBH3Ha. B pa6oTe npHBOJJ:HTC.R KJiaCCH!pHKaUHOHHaJI TeopeMa 

.n:n.sr pellleHn:ii npocToro ipyHKUHOHaJihHOro ypaBHeHn:.sr TeTpaa.n:poB, ocHoB

HOii anre6pan:'IeCKOll CHCTeMoii JJ:JI.R KOTOpbIX .RBJI.ReTC.R OJJ:HOnapaMeTpH'Ie

CKaJI BeKTOpHM MOJJ:eJib. IlaeTC.R !pOpMyJIHpOBKa HOBOH OCHOBHOll anre6pan:

'IeCKOii CHCTeMbI KaK CHCTeMbI BCIIOMoraTeJibHbIX JIHHeiiHbIX ypaBHeHHll ( CJie

JJ:YeT no.n;qepKHYTb BO H36e:>KaHHe He,n;opa3yMeHHll, 'ITO BCIIOMoraTeJibHble JIH

HeiiHble ypaBHeHH.R BbIIIHCbIBaIOTC.R JJ:JI.R -x;aaumoaoil. JJ:HCKpeTHoii TpexMepHOii 
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Mo.n:enn:). B 3TOM cnyqae npocTpaHCTBO JJ:HHaMH'leCKHX nepeMeHHbIX H3Ha

qaJibHO .RBJI.ReTC.R KBaHTOBbIM, paBHO KaK H 3BOJIIOUHOHH8JI MO.UeJih. IlpOH3BO

JJ:.RIIIHM ipyHKUHOHaJioM .n:n.sr HHTerpanoB JJ:BH:>KeHn:.sr .srBn.sreTc.sr onpe,n;enn:TeJib 

onepaTOpH03Ha'lHOll MaTpHUbI K03!p!pHUHeHTOB JIHHeiiHOll 3a.D:a'IH. IlpIIMe'la

TeJihHa IIOJIHOTa npOH3BO,ll;IIMOll CHCTeMbI IIHTerpaJIOB JJ:BH:>KeHH.R. Ilo.n:po6HO 

paccMaTpHBaeTC.R KJiaCCH'leCKilll npe.uen 3TOH 3BOJIIOUHOHHOH MO.n;enH, JJ:JI.R 

KOTOporo HCCJie.llYIOTC.R narpaH:>KeBhI ypaBHeHII.R JJ:BH:>KeHII.R H npHBOJJ:.RTC.R 

IIOJIHOe pellleHHe B KOHe'lHOM 06'heMe, a TaK:>Ke COJIIITOHHOe pellleHHe B 6eCKO

He'lHOM 06'heMe. JiarpaH:>KeBbI ypaBHeHII.R JJ:BH:>KeHII.R .RBJI.RIOTC.R TpeXKOMIIO

HeHTHbIM 0606IIIeHI1eM ypaBHeHH.R Xn:pOTbI. B KBaHTOBOM cnyqae KOHe'lHOro 

'lHCJia COCTO.RHHll ( CIIHHOBM MO.n;eJib), Kor.n:a II Tpex:MepHbill BeplIIHHHblll one

paTop, H onepaTOp 3BOJIIOUHH, H TpaHcipep-MaTpn:ua THIIa CJIOH-CJIOll .RBJI.R

IOTC.R KOHe'lHbIMH MaTpHUaMH, 'ITO COOTBeTCTByeT HJIH MO.n;eJIH 3aMOJIOJJ:'lH

KOBa - Ba:>KaHoBa - BaKcTepa IIJIH 6onee o6meii 3d "lllaxMaTHoii" Mo.n;eJIH 

B BeplIIHHHhIX ipopMyJIIlp_oBKax, .n:n.sr npoH3Bo.n:.srmero ipyHKUHOHana .n:n.sr HH

TerpanoB JJ:BH:>KeHI1.sr npe,n;naraeTc.sr HOBoe yHHBepcaJibHOe ipyHKUHOHaJihHoe 

ypaBHeHHe, npHHUHIIHaJibHO Il03BOJI.RIOIIIee BbI'lHCJI.RTb cneKTpbI KOMMyTa

THBHbIX HHTerpaJIOB JJ:BH:>KeHH.R. Bee 3TH p~3YJibTaTbI .RBJI.RIOTC.R HOBbIMH. 

Ha 38n:(HTY BbIHOC.HTC.H CJie.n;yrow:ne pe3yJibTaTbI: 

1. Knaccn:ipn:Kaun:.sr pellleHHii npocToro ipyHKUHOHaJibHOro ypaBHeHn:.sr Te

Tpaa.n:poB. 

2. <l>opMyJIHpOBKa JIHHeiiHOii BCilOMOraTeJibHOll 3a.n;aqn KaK OCHOBHOH 

anre6pan'leCKOll CHCTeMhI JJ:JI.R accounaTHBHOro HeKOMMyTaTHBHOro 

KOJihUa Ha6n10.n:aeMbIX. 

3. <l>nKcaun.sr npoeKTIIBHbIX KaJIH6pOBO'lHbIX HeO.n;H03Ha'lHOCTeii B KOJihUe 

Ha6mo.n:aeMbIX, npnBOJJ:.RIIIee K B03HHKHOBeHHIO JIOKaJibHOll anre6pbI 

Beiin.sr II CIIJieTaIOIIIero OT06pa:>KeHH.R n KaK aBTOMOp!pH3Ma JIOKaJib

HOll anre6phl Beiin.sr. 

4. Peann3aun.sr cnneTaromero oTo6proKeHn.sr B Bn,n;e nepecTaHOBO'lHoro co

OTHOIIIeHn.sr c onepaTopH03Ha'lHOii ipyHKuneii R, onpe.uen.sreMoii B Tep

MHHax q-,n;nnorapnipMH'lecKoii ipyHKUIIH n o6o6meHHOii nepecTaHOBO'l

Hoii ipyHKUHH. 

5. Pe,n;yxun.sr onepaTopa R K cnyqaro KOHe'lHOro 'lIICJia cocTo.srHnii npn 

qN = l, 6a3nc HHBapnaHTHM ipopMa KOHe'lHoii Tpex:MepHoii R(N)_ 

MaTpnuhI n Bn.n; ipyHKUHOHaJibHoii qacTII oTo6pIDKeHn.sr. 
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6. <I>opMyJrnpOBKa 3BOnIOUllOHHOH MOJleJJn .n:m1 napaMeTpa KBaHTOBOii .n:e
q:iopMaunn q o6mero noJJO)KeHll.S! ll JlJJ.S! peweTKll npOll3BOJJhHOii q:iopMhl 
Ha Tope. 

7. IloJJy<IeHlle nOJJHOro Ha6opa llHTerpaJJOB JlBll)KeHll.S! JlJJ.S! 3BOJJIOUllOH
HOro OT06pa)KeHll.S!, accounnpoBaHHOro co BCnOMOraTeJJhHOH peweTKOii 
npOll3BOJJhHOii q:iopMhl, B Bn.n;e onpe.n;eJJnTeJJ.S! onepaTOpH03Ha'-IHOii Ma
TPllllhl K03q:Jq:JllUlleHTOB BCnOMOraTeJJhHOii JJllHeiiHoii 3a.n;a'-lll. 

8. KoM6nHaTOpHoe npe.n:cTaBJJeHne llHTerpaJJOB JlBll)KeHll.S! B Bn.n:e CJMMbI 
no IlJT.S!M C q:JllKCllpOBaHHhIM KJJaCCOM roMOTOnnn OTHOCllTeJJhHO Topa. 

9. PacCMOTpeHne KJJaCCll'-leCKOro npe.n:ena 3BOJJIOUllOHHOii MO.n;eJJn Ha Bcno
MOraTeJJhHOii peweTKe KaroMe: nOJJHOe peweHne B KOHe'-!HOM 06'heMe 
(KOHe'-IHhlii pa3Mep peweTKll KaroMe C nepno.n:n'-leCKllMll rpaHll'-IHhIMll 
yCJJOBll.S!Mll), napaMeTpn3yeMoe B TepMnHax TeTa-q:iyHKUllli Ha .SIK06n
aHe cneKTpaJJbHOH KpnBoii, B KOTOpy10 npeBpamaeTC.S! npOll3BOJl.SIIUM 
q:iyHKUll.S! JlJJ.SI llHTerpaJJOB JlBll)KeHll.S!. 

10. 

11. 

12. 

COJJllTOHHbie peweHn.S! JJarpaH)KeBbIX ypaBHeHnii JlBll)KeHll.SI OJlHOpo.n:
HOH KJJaCCll'-leCKOH 3BOJJIOUllOHHOii MO.n;enn, .S!BJJ.S!lOllllIXC.SI o6o6meHMeM 
ypaBHeHn.sr XnpOThl-MMBhl. 

<I>opMynnpOBKa KOHe'-!HOMepHhIX, JlJl.S! qN = l, llHTerpIIpyeMbIX MOJle
Jieii HOBoro TMna (L-waXMaTHhie MOJleJJII), B KOTOpbIX HeTpllBllaJihHO 
Y'-lllThIBaeTC.S! q:iyHKUlIOHaJJhHM '-!aCTb 3BOJJIOUlIOHHOro OT06pa)KeHlI.S!. 

<l>yHKUllOHaJJhHOe ypaBHeHne JlJJ.S! cneKTpa KOMMyTaTlIBHhIX llHTerpa
JIOB JlBll)KeHM.S! npll qN = l, YHMBepcaJihHOe no CBoeii npMpo.n:e, T.e. 
cnpaBe.D:JlllBOe JlJl.SI Jil06hIX BCnOMOraTeJJbHhIX peweTOK c JJJ06oii CTene-
HblO HeO.n;Hopo.n;HOCTlI. 

13. B Ka'-leCTBe '-!aCTHOro CJIJ'-IM paCCMOTpeHa 3BOJllOUlI.S! .n:nHaMn'-leCKOii 
CllCTeMhl, "onpe.n;eJieHHOii Ha nOJJOCe. B 3TOM CJiy'-lae 3BOJJIOUlI.SI onpe.n:e
JJ.S!eTC.SI KBaHTOBhIM JlllCKpeTHhIM ypaBHeHJieM, nOXO)KeM Ha ypaBHeHne 
JllIJBlIJJJJ.S!, ll KOM6nHaTOpHhlii aHaJJlI3 MOMeHTaJJbHO .n:aeT IlOJIHhlii Ha-
6op llHBOJllOTllBHbIX llHTerpanoB JlBlI)KeHM.S!. 

14. Ilpyroii '-lacTHhlli CJJJ'-laii: KBa.n;paTHM BCnOMOraTeJJhHM perneTKa (He 
3BOJllOUlIOHHM) lI TpaHcq:iep-MaTpnua Tllna CJIOH-CJIOii OJlHOpOJlHOii MO
.n:eJilI 3aMOJIOJl'-llIKOBa - Ba)KaHOBa - BaKCTepa B BepllillHHOii q:iopMy
JilIPOBKe. 3To CJiy'-laii npocTeiiwero Bn.n:a q:iyHKUllOHaJJhHOro ypaBHeHlI.S! 
JlJJ.SI lIHTerpaJJOB JlBlI)KeHll.S!. 
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15. llccne.n;OBaHlle KB8.3lIKJiaCCM'-!eCKOrO npe.n:ena 3BOJIIOUlIOHHOH MOJleJilI ll 

Bbl'-llICJJeHne CTaTCYMMhl MOJleJJlI CB060JlHhIX 6030HOB np.S!MhIM llHTe-

rpnpoBaHneM. 

16. llccne.n:oBaHMe pe3yJihTaTa .n;ByMepHoro cnoeHn.SI TpexMepHhIX R Ma
TpIIU, COOTBeTCTBYJOIUee o6paTHOH TpaHCMyTaunn pa3MepHOCTll B 
paHr. IlocTpoeHne IlpIIHq:ieJJhJlOBoro .Ily6JJ.S!, KaHOHn'-!ecKnii 3JJeMeHT KO
Toporo npn Ha.n;JJe)Kameii cneuMq:JIIKauMn npnBO.IlllT K nony'-leHHoii ce-

pIIII }lByMepHbIX R-MaTplIU. 

Hay-<IHruI ll npaKTllqeCKruI neHHOCTb pa60Tbl 3aKJIJ0'-1aeTC.SI, B '-laCT

HOCTlI, B TOM, '-!TO B pa6oTe peaHllMllpOBaH nplIHUllil mrneiiHOH BCilOMora
TeJJbHOH 3a.n;a'-IM, TpHBHaJJH3JIOIUeii anre6pantieCKOe ycJJOBHe HyJJeBOH KpH
Bll3Hhl B Tpex H3MepeHn.SIX, H K TOMY )Ke B cny'-!ae KBaHTOBaHHhIX }lHHa
MH'-!eCKllX nepeMeHHhIX, KpoMe Toro, B o6meM TpexMepHOM IlO,llXO}le q:JHry
pnpyeT nOH.S!THe BCnOMOraTeJJbHOH peweTKll npoll3BOJJhHOH ifiopMbi II npo
ll3BOJJbHOrO pa3Mepa. 3TO nopo)K}laeT MHO:>KeCTBO HOBhIX }lByMepHbIX MO.n;e
neii npH o6paTHOii TpaHcMyTaUHH pa3MepHOCTll B paHr (npH MllHllMaJJhHhIX 
pa3Mepax, p8.3JIII'-1HhIM q:iopMaM perneTKll "COOTBeTCTBYIOT, HanpHMep, peJI.S!
TllBllCTCKM uenOtIKa To.n;hl, llJJH UJJH perneTO'-IHM nepCII.S! MO}leJJll "c1rnyc
f op.n:0H"' HJJll He'-ITO noxo:>Kee Ha }lllCKpeTHYIO MO}leJJh JlHynnJJJJ.S!). Han6onee 
:>Ke cymeCTBeHHhIM HaM npe.n;cTaBJJ.S!eTC.S! nony'-leHIIe YHIIBepCaJJbHOrO q:iyHK
UHOHaJJhHOrO ypam1eHH.S! na cneKTP KOMMyTaTllBHhIX HHTerpanon }lBH)KeHII.S! 

JlJJ.S! 60JJhIIIOrO '-lllCJJa cnlIHOBhIX TpexMepHbIX MO}leJJeii. 
Anpo6anm1 pa6oTbl. Pe3yJJhTaThl .IlHCCepTauHn ony6nnKoBaHhl B pa-

6oTax [1]-[18], }lOKJJa)lhIBaJJHCh Ha ceMIIHapax CaHKT-IleTep6yprcKoro OT
.n:eneHH.S! MaTeMaTn'-!ecKoro nHcTnTyTa IIM. B. A. CTeKnona, Jia6opaTopHn 
TeopeTH'-leCKOii <l>n31IKH HM. H. H. Boron1060Ba O6'he.D:HHeHHoro llHcTnTyTa 
5{JlepHhIX llccne.n:onaHHii (r. Ily6Ha), llHcTnTyTa <l>n3nKn BhICOKHX 3Heprnii 
(r. IlpoTBIIHO), IO)KHo-YpanbcKoro IlonnTexHn'-!ecKoro YH1InepcnTeTa (r. 
l-leJJ.S!6llHCK), llHCTHTyTa TeopeTH'leCKOH <l>n3HKII (r. l-lepHOrOJJOBKa), llHCTH
TyTa TeopeTII'-!ecKoii H 3KcnepnMeHTaJJhHOii <l>u31IKH (r. MocKna), HaytIHO
llccne.n:onaTeJJhCKoro llHCTIITyTa 51.IlepHoii <PII3HKH (r. MocKBa), MaTeMaTH
'-lecKoro ilHCTHTyTa nM. MaKca IlnaHKa (r. BoHH), <PII31I'-!ecKoro ilHCTIITyTa 
BoHHCKOro YHHBepcHTeTa (r. BoHH), Jia6opaTop1IH TeopeTntiecKoii <l>H3HKH 
H BhICOKHX 3Heprnn yH1IBepcHTeTa IlaplI)K-VI (r. Ilap1I)K), YHIInepcnTeTa 
Ilbepa II MaplIII K10p1I (r. Ilapn)K), MaTeMaTn'-!eCKoro ¢laKYJJhTeTa AncTpa
JJHiicKoro HauHoHaJJhHOro YHHBepCHTeTa (r. Katt6eppa), IllKOJJhl <l>n3HKH II 
llmKeHepHhIX IlpHJJO)KeHIIii (r. KaH6eppa) n Ha Me)K}lyHapOJlHhIX KOH¢iepeH
UH.S!X no MaTeMaTu'-!eCKOH ¢iu31IKe B cne.n:y10IUHX ropo,llax: AnyrnTa (1995 r.), 
Ilapn)K (1996 r.), l.Jen.S16nHCK (1996,1998 rr.), l.JepHorononKa (1998-2000 rr.), 
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IlpOTBHHO (1996-2001 rr.), Ily6Ha (1998-2001 rr.), Ilpara (2000 r.), ToKHO 
(2000 r.), KneB (2000 r.). 

CTpyKTypa .n;nccepTaruu1. IlneeepTaumr eoeTOHT H3 BBe;:J;eHmr, eeMH 
rJiaB oeHOBHOro TeKeTa H 3aKJII0'leHmr, eo,n;ep:lKHT enneoK JIHTepaTyphI ( OK. 
100 eehIJIOK). O6'heM ,n;neeepTauHH OK. 250 eTpaHHU. 

KPATKOE COilEP)KAHIIJE PABOTbI 

Bue.n;eHHe pa60ThI eo.n;ep:lKHT cpopMyJIHpOBKY TeMhI, KpaTKH:ii ofoop H 

eo,n;ep:iKaHHe ,n;neeepTaunn. 
Ilepuas: rnaua noeB.srmeHa cpopMyJIHpOBKe MeTo.n;a oeHOBHO:ii anre6paH-

11eeKo:ii eneTeMhI H npHMepaM MaTpH1IHhIX aJire6pan11eeKHX eneTeM. 
IloH.sITHe anre6pan11eeKO:ii eneTeMhI nponeTeKaeT H3 .D;aBHO H3BeeTHOrO 

MeTo.n;a JIOKaJihHOrO ypaBHeHH.sI 51Hra - BaKeTepa KaK TpexMepHoro yeno
BH.sI HyJieBO:ii KpHBH3HhI, npoeTe:iirnero e TO'lKH 3peHH.sI .n;ByMepHoro reHe3Hea. 
B .n;Byx enoBax, nyeTh L1,2(x) - 51Hr - BaKeTepoBeKa.sr MaTpnua BeeoB, HH
TepnpeTnpyeMa.sr KaK onepaTop, ,n;e:iieTBYIOIUH:ii B TeH30pHOM npOH3Be;:J;eHHH 
H30MOp(pHhIX KOHe'!HOMepHhIX npoeTpaHeTB 1 H 2. Ilpe.n;noJiaraeTe.sr, 'ITO pa3-
JIH1IHhle L MaTpHUhI nMeIOT o.n;Hy n TY :iKe cpyHKUHOHaJihHYIO eTpyKTYPY, H 
pa3nn11a10Te.sr TOJihKO eBOHMH apryMeHTaMH. ApryMeHThI :iKe x HMeIOT npon3-
BOJihHYIO npupo,n;y. B 3TOM eny11ae JIOKaJihHhIM ypaBHeHHeM 51Hra - BaKeTepa 
Ha3h!BaeTe.sr eOOTHOlIIeHHe 

L1,2(x1) · L1,3(x2) · L2,3(x3) = L2,3(x;) · L1,3(x;) · L1,2(xD. (1) 

B eny11ae, eenu npu .n;aHHo:ii cpyHKUHO~aJihHO:ii eTpyKType L(x) Bee x.i Boe
eTaHaBJIHBaIOTe.sr H3 (1) O.D;H03Ha1IHO, 

Xj = f;(Xi,X2,x3), j = 1,2,3, (2) 

TO JIOKaJihHOe ypaBHeHHe 51Hra - BaKeTepa 3a,n;aeT O.D;H03Ha1IHOe OT06pa:iKe
HHe, enJieTaIOIUee JieByIO H npaByIO KOHcpnrypauHH L-MaTpHu: 

n I I I 
1,2,3 X1,X2,X3 1-t X1,X2,X3. (3) 

OTo6pa:lKeHHe n1,2,3 HHTepnpeTHpyeTe.sr KaK cpyHKUHOHaJihHhIH onepaTop, 
,n;e:iieTBYIOIUH:ii Ha npoeTpaHeTBe cpyHKUH:ii OT BeplIIHHHhIX nepeMeHHhIX: 

\fcp(x1,x2,x3, ... ): (nocp)(x1,x2,x3) = cp(x~,x;,x;). (4) 

Ilo,n;pa3yMeBaeTe.sr, 'ITO n1,2,3 ,n;e:iieTByeT TpHBHaJihHO Ha Bee oeTaJibHhle Bep
lIIHHHhle nepeMeHHble X4, X5, ... , eCJIH TaKOBhle paeeMaTpHBaIOTe.sr. rpacpH1Ie
ctrn (1) _npe.n;eTaBJI.sreTe.sr KaK 3KBHBaJieHTHOeTh ,n;Byx no-pa3HOMY OpHeHTHpO
BaHHbIX TpeyroJihHHKOB, yCJIOBHO o603Ha11aeMhIX KaK f:j, H 'v' KaK Ha pueyaxe 
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PueyHOK 1: 51Hr - BaKeTepoBeKa.sr 3KBIIBaJieHTHOeTh TpeyrOJibHHKOB THna f:j, 

H \J, 

(1). IlpH 3TOM reoMeTpH11eeKHM o6pa30M MaTpHUhl L .sIBJI.sieTe.sr BeplIIHHa, H, 

ene.n;oBaTeJihHO, ,n;HHaMH'leeKHe nepeMeHHble xv aeeoun:npoBaHhl e BeplIIHHOH 

v. 
B eny11ae, Kor.n;a paeeMaTpHBaeTe.sr nno~KH:ii rpacp 6onee eno:lKHhl:ii, 11eM 

npoeTo:ii TpeyrOJibHHK, TO npeo6pa30BaHHe rpacpa 3KBHBaJieHTHO o6hl1IHO 
HeeKOJibKHM noene.n;oBaTeJihHOeT.srM nepeKne:iiKH npoeThIX TpeyroJihHHKOB, H 
B e:nny O.D;H03Ha1IHOeTH pa3perneHH.sI ( 1) eoOTBeTeTBYIOIUHe noene.n;oBaTeJih
HOeTH npHMeHeHH.sI enJieTaIOIUHX cpyHKUHOHaJibHhlX OT06pa:iKeHHH n ,n;aIOT 
O.D;HH H TOT :lKe pe3yJibTaT. B 11aeTHOeTH, e HeH36e:lKHOeThlO BbIIlOJIH.sieTe.sr 

cpyHKUHOHaJihHOe ypaBHeHHe TeTpa::1.n;poB: 

n1,2,3 0 n1,4,5 0 n2,4,6 0 na,5,6 = 
(5) 

= na,5,6 0 n2,4,6 0 n1,4,5 0 n1,2,3 , 

r.ne eHMBOJihl 'o' o603Ha1IaeT eynepn03HUHIO cpyHKUHOHaJihHhlX OT06pa:lKeHHH. 
Kn1011eBhIM ,UJI.sI BBe;:J;eHH.sI IlOH.sITH.sI oeHOBHO:ii anre6pan11eeKo:ii e:neTeMhl 

.srBn.sreTc.sr TO, 'ITO ,nn.sr BhlBo.na cnneTa10mero oTo6pa:iKeH:n.sr, perna10mero 
cpyHKUHOHaJihHOe ypaBHeHHe TeTpa::1.npoB, .sIBJI.sreTe.sr OTHIO.Uh He JIOKaJihHOe 
ypaBHeHHe 51Hra - BaKeTepa eaMo no ee6e, a ero rpacp:n11eeKoe npe,n;eTa
nneaue, p:nc. (1). 9To Heo6xo.n;:nMo, TaK 3TO ccpopMynupoBaTh npaB:nna, no 
KOTOpbIM BeplIIHHe, TpeyrOJibHHKY, HJIH KaKOMY ,npyroMy (npoH3BOJibHOMY 
nnoeKOMY) rpacpy eTamITe.sr B COOTBeTeTBHe "Ha6n10.naeMhl:ii" anre6pan11e
eKHH o6'beKT (B cny11ae JIOKaJihHOro ypaBHemi:.sr 51Hra - BaKeTepa Ha6n10.na
eMhlii o6'heKT - 3TO eTaTeyMMa ,nn.sr OTKpbITOrO rpacpa). 3TH npaBHJia Mhl 
H Ha3hlBaeM oeHOBHOH anre6pa:n11eeKOH e:neTeMOH. Ba:lKHbIM B onpe.n;eneHHH 
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OCHOBHOH anre6paIIt.JeCKOH CJICTeMhl .srnmreTCSl TO, '-ITO Tpe6onaHJie 3KBJrna

JieHTHOCTll .n:nyx rpacpon pa3pe1IIaJIOCh 6hl o,n:H03Hat.JHO, lIHat.Je cnneTa10mee 

oTo6p8.)KeHlle 6y,n:eT He onpe.n:eneHo. 

BTOpbIM nplIMepoM OCHOBHOH anre6pallt.JeCKOH ClICTeMhl, IlOMlIMO JIOKaJih

Horo ypanHeHlJS[ 51Hra - BaKCTepa, SlBJISleTCSl BeKTOpHasr MO,n:enh, npe.n:JIO)KeH

HM 11. KopenaHOBhIM: Ka)KJlOMY pe6py pe1IIeTKll nplIIllIChIBaeTCSl HeKOTO

pbIH n-MepHbIH BeKTOp, a npaBlIJIOM, ll3 KOTOporo CTpOlITCSl IlOHSlTJie 3KBll

BaJieHTHOCTll, SlBJISleTCSl Tpe6onaHlle 2n-MepHOCTll JllIHe:fi:Horo npOCTpaHCTBa 

t.JeThlpex BeKTOpOB, accOUllllpOBaHHhIX C OKpy)KaJOJUlIMll JII06y10 nepllilIHY 

t.JeThlpbM.sJ: pe6paMll. 

B npocTe:fi:1IIeM cnyt.Jae n = 1, lI c JII06o:fi: OpIIeHTllpOBaHHOli nepllilIHOH 

acCOUllllpOBaHa 2 X 2 MaTpllua, OT06pa)KaJOIUM napy He3aBJICJIMhIX 'in'
BeKTOpOB ¢1, ¢2 B napy 'out'-BeKTOpOB 7P1, 7P2: 

( 
1P1 ) = ( a(x), b(x) ) . ( ¢1 ) 

1P2 c(x), d(x) ¢2 
(6) 

npllt.IeM MaTpllt.IHhle 3JieMeHThl .sJ:BJI.sJ:IOTCSl HeKOTOpbIMll KOMnJieKCHhIMll cpyHK

UlISlMll e,n:lIHCTBeHHOH nepeMeHHOH X = xv E C, KOTOpasr lI BhICTynaeT B pOJill 

mrnaMllt.JecKo:fi: nepeMeHHOil:. 

3a,n:at.Ja O,n:H03Hat.JHOro cnneTeHll.sJ: TpeyrOJihHlIKOB 6 lI 'v' paccMaTplI

BaeMasr KaK Ha6op cpyHKUlIOHaJihHhIX ypanHeHlIH KaK Ha Bll.ll: cpyHKUJIH 

a(x),b(x),c(x),d(x), TaK lI Ha Bll.ll: OT06p8.)KeHlISl xj = Jj(x1,X2,X3), 
IlOJIHOCThlO pelliaeMa: cymecTBYIOT BCero llICCTh HeTplIBllaJihHhIX cpopM 

a(x), b(x), c(x), d(x) lI COOTBeTCTBeHH0, llieCTh cnneTaIOIUlIX cpyHKUIIOHaJih

HhIX OT06p8.)KeHIIH, pelliaIOIUIIX cpyHKUIIOHaJihHOe ypaBHeHJie TeTpa3,n:poB 

(nJIIOC eme .n:na OT06p8,)KeHIIS[ KaK npe,n:eJihHhle cnyt.Jau). 3TO COCTaBJISleT 

cyTh KJiaccucpuKaUIIOHHOH TeopeMbl. 

IlOMIIMO KJiaccucpuKauIIOHHOH TeopeMhl JlJIS[ BeKTOpHbIX MO,n:eneii npe.n:

JIO)KeH rllnOTeTIIt.JeCKIIH MeTOJl KBaHTOBaHJrn. A IIMeHHO, ecnu MaTpuua B 

COOTHOIIIeHIIII (6) .SIBJISleTC.sJ: onepaTOpH03Hat.JHOH MaTpuueil:, 3JieMeHThI KOTO

poil: y,n:OBJieTBOp.srIOT HeKOTOpoii JIOKaJihHOH anre6pe, TO ycnonue coxpaHeHIISl 

3TOH anre6pbl He npOTIIBOpet.IIIT cnneTaIOIUIIM COOTHOllieHII.sJ:M B BeKTOpHOll 

MO,n:enu. TexHIIt.JeCKJI CJIO)KHOe pa3peIIIeHIIe COOTHOIIIeHIIll cnneTeHU.S[ npu Ha

JIO)KeHIIII ynoM.srHyToil: JIOKaJihHOii anre6phl .smmreTc.sr o,n:Hoii u3 6JIII)KaiiIIIux 

3a,n:at.J. 

Co BTOpou rJiaBhl Hat.JIIHaeTC.sl paCCMOTpeHIIe HOBOro TIIna OCHOBHOII 

anre6paut.JeCKOii: CIICTeMhl - BCilOMOraTeJihHOii: JIIIHeil:HOH 3a,n:at.JII. OcHOBHM 

anre6paut.JeCKM CIICTeMa eCTh CIICTeMa JIIIHeii:HhIX ypaBHeHIIH .n:n.sr "TOKOB", 

accouuupoBaHHhIX C pa3JIJil.JHhIMII 3JieMeHTaMII KJieTOl.JHOro KOMnJieKca. Iln.sr 

IIHTYIITIIBHOro IlOHIIMaHII.sr CMhICJia JIIIHeiiHOll BCilOMOraTeJihHOii: CIICTeMhl 
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y,n:o6HO onepuponaTb TepMIIHaMII 3JieKTpIIt.IeCKIIX TOKOB B IlJIOCKOii: CJICTeMe 

3JieKTpIIt.IeCKIIX conpOTIIBJieHJiii:. Ilpu 3TOM Ka)KJloe conpOTIIBJieHue xapaK

Tepu3yeTc.sr cnouM TOKOM u na,n:euueM Hanpsr)KeHu.sr, a anre6pau3auu.sr npo

ncxo.n:uT 6naro.n:ap.sr .ll:BYM npaBJIJiaM Knpxrocpa: cyMMa TOKOB, BTeKaIOIUHX n 

y3eJI, panua HYJIIO, JI na.n:emie Hanpsr)KeHII.sJ: B.ll:OJih 3aMKHYTOro KOHTypa TO)Ke 

eCTh HOJih. Ilpn 3TOM Ha6n10.n:aeMhIMJI .sJ:BJISllOTCS[ conpOTJIBJieHII.sr Me)KJly 

.ll:BYMSl BHeIIIHIIMJI KOHTaKTaMJI. Kupxrocpona CIICTeMa JI3Hat.JaJihHO JIIIHeii:ua, 

IlOCKOJihKY B 3aKOHe OMa t.. cf> = .r . I - TOK JI pa3HOCTh IlOTeHI(JiaJIOB 

CBSl3aHbl JIJIHeHHhIM COOTHOllieHJieM. ToKOBM CJICTeMa, OillICaHHM B .n:nccep

Taunn, ecTh o6o6meHne KIIpxrocponcKIIX npaBIIJI II 3aKoHa OMa. Bnaro.n:ap.sr 

TOMY, '-ITO CJICTeMa BCilOMoraTeJihHhIX ypanHeHJIH JIJIHeiiHa, K03cp!plIUIIeHThl 

ee (aHaJIOrJI 3JieKTpIIt.IeCKJIX conpOTJIBJieHJiii:) MO)KHO Cl.JlITaTb o6pa3yIOIUJIMJI 

HeKOTOporo HeKOMMyTaTIIBHOro KOJihUa. "Ha6n10.n:aeMhlii:" anre6paIIt.JeCKJIH 

061,eKT - 3TO CJICTeMa COOTHOIIIeHJIH Me)KJly BHeIIIHJIMJI TOKaMJI JI IlOJIHhIMJI 

na.n:eHJisrMJI Hanpsr)KeHJI.sr (T.e. "conpoTJIBJieHJI.sr" nonHoii uenJI). CooTHOllie

HJI.sr cnneTeHu.sr· )Ke ( aHanor 3JieKTPJit.JeCKOii: ,n:yaJihHOCTJI 3Be3,n:a - TpeyrOJih

HlIK) pa3pe1IIaIOTCH ueo,n:H03Hat.JHO, IlOCKOJihKY co.n:ep)KaT npoeKTJIBHYIO Ka

JIII6pOBOt.JHYIO JIHBapuaHTHOCTh. 

O.n:uaKo, uanarasr Tpe6onauIIe JIOKaJihHOCTJI Ha ,n:JIHaMJit.JeCKJie nepeMeH

Hhre, T.e. Tpe6onaHJie KOMMyTaTJIBHOCTJI.BCex 3JieMeHTOB B pa3JIJil.JHhIX nep

IIIJIHax o,n:Horo JI Toro .>Ke nnocKoro rpacpa (n KJiaCCJit.JeCKOM npe.n:ene 3TO 

COOTBeTCTByeT YJibTpaJIOKaJihHOCTJI CK06KJI IlyaccoHa), MO)KHO 3aq>JIKCJip0-

BaTh KaJIII6pOBKY TaK, '-ITO CJICTeMa COOTHOIIIeHJIH cnneTeHJIH CTaHOBHTC.sr 

nepeonpe.n:eneHHOH, HO COBMeCTHOH. 3Ta KaJIJI6pOBKa HBJIHeTc.sr aJihTepHaTJI

BOH K npe.n:eny, BOCnpOJI3BO.ll:HIUeMy OT06pa)KeHJie 3JieKTPJit.JeCKJIX uene:fi:. IlpJI 

3TOM a6cTpaKTHOe ueKOMMyTaTJIBHOe KOJihUO Ha6n10.n:aeMblX C Heo6xo,n:JIMO

CThlO npenpamaeTcsr n ynhTpanoKaJihuy10 anre6py Be:fi:n.sr. IlpJine,n:eM .n:n.sr 

3TOro cnyt.Jasr mrneil:HyIO cpopMyJIJipOBKY, o,n:HaKO He JICXO.ll:HYIO "TOKOBYJO", 

a .ll:BOIICTBeHHYIO, "KO-TOKOBy10". 8 JlBOHCTBeHHOH cpopMyJIJipOBKe BCilOMO

raTeJihHble JIJIHellHhle nepeMeHHhie accou1mpy10TCH C KJieTKaMH ,n:ByMepHoro 

rpacpa, a Ka)KJloe JilIHe:il:Hoe ypanHemie Ha ncnoMoraTeJihHhle nepeMeHHhle 

accou1rnponauo c co6cTBeHHO nepllilIHO:il:. Ha plICYHKe (2) noKa3aHo ynop.sr,n:o

t.JeHlle KJieTOl.JHhIX "KO-TOKOB" <Pa, <Pb, <Pc, <Pd, KOTOphle cyTh npOCTO acno.«o-
2ame.11,b1tble Jl,U'fteUUble 3.11,e.«ettmbi, BOKpyr OplleHTllpOBaHHOll nepllilIHhl V lI 

onpe.n:eneHlle acCOUHllpOBaHHOH C nepIIIIIHOH JllIHellHOll cpOpMhl f V' paBeHCTBO 

HYJIIO KOTOpo:il: H eCTh nepIIIlIHH0e JllIHellHOe ypanueHlle Ha BCil0MOraTeJihHhle 

JilIHe:il:Hhle 3JieMeHThl <Pa, ... , <Pd· Ko3cpq>lIUlleHThl .>Ke B JIHHe:il:Ho:il: cpopMe .srnmr

IOTC.sr nepIIIlIHHhIMll JlHHaMHt.JeCKHMJI nepeMeHHhIMJI. 

Ilmr npOJI3BOJihHOro OTKpbITOro IlJIOCKOro rpacpa, o6pa30BaHHOro n 0pll

n( n -1) 
eHTllpOBaHHhIMJI JIHHH.sJ:MJI H JIMe10mero TaKHM o6pa30M # V = 2 nep-
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V 
# i V = <Pa + <Pb q112

uv + <Pc wv + <Pd 11:y Uy wv = 0. 

t/>c tf>d 

PncyHOK 2: JlnHe:iiHhle ::meMeHThl BOKpyr BepIDHHhl n BeprnHHHOe ypanHeHHe. 

(n-l)(n-2) 
rnnH, #Sc1 = 

2 
BHyTpeHHHX (3aMKHYThIX) KneTOK H #Sop= 2 n 

BHell1Hl'IX (oTKphIThDC) KneTOK, nnHenHrur Cl'ICTeMa CTpOHTCJl KaK #V nnHen

HhIX BeprnnHHhIX qiopM no o6pa3uy pncyHKa (2). CncTeMa #V nap uv, wv 

o6pa3yeT ynhTpanoKanhHYIO anre6py BennJI: 

Uy Wy = q Wy Uy , 
(7) 

[uv, uv,] = [wv, wv,] = [uv, wv,] = 0, V -=ft V'. 

KmiqiqinuneHThl 11:v C'lHTaIOTCJl (C.qncnoBhIMll napaMeTpaMH Cl'ICTeMhl. Ilpn 

HanncaHnH #V nnHenHhIX qiopM iv ncnonh3YIOTCJI #Sc1 + #Sop KneTO'l

HhIX <Ps, KOTOphle non:araIOTCJl npnHanne)Kallll'IMll q>OpMMhHOMY neBOMY MO

nyn10 npJIMOro npon3BeAeHnJI BCex # V anre6p Benn.SI, n JIBnJIIOTCJI no CMhlcny 

KBaHTOBon qiyHKunen BenKepa-Axne3epa. 

8KBHBaneHTHhIM naHHOMY JIBnlleTCJl rpaqi co CMemeHHhIMll nHHl'IllMH, Ha

npnMep 6. ~ 'y. Ilpn 3TOM KO-TOKH, accounnpoBaHHhle C BHell1Hl'IMll (oT

KphIThIMH) KneTKaMH C'lHTaIOTCJl paBHhIMll BHell1HllM KO-TOKaM l'ICXOAHOI'O 

rpaqia. BHyTpeHHHe "KO-TOKH" nnJI HOBOI'O rpaqia, paBHO KaK ll HOBhle Bep

illl'IHHhle nepeMeHHhle uv, wv nnJI ll3MeHeHHOn Cl'ICTeMhl BeprnnH OTnH'la

IOTCJl OT l'ICXOAHhIX. IlpHHUHn )Ke 3KBHBaneHTHOCTll eCTh TO~eCTBeHHOe co

BnaAeHne BHell1Hl'IX "KO-TOKOB" nnll 3KBHBaneHTHhIX rpaq>OB, nnn l'IHhIMll cno

BaMH, eCTh 3KBHBaneHTHOCTh Cl'ICTeM nnHenHhIX COOTHOIDeHnn Ha BHell1Hlle 

KO-TOKH, cneAy10mnx ll3 iv= 0 H iv,= 0. t.IncnoBon xapaKTep napaMeTpOB 

11:y nonpa3yMeBaeT Tpe6oBaHne TOI'O, 'ITO 11:y' COOTBeTCTBYIOll1Hn nepeceqe

Hl'IIO naphl nHHllll B llCXMHOM rpaqie, COBnaAan 6hl C 11:y,' COOTBeTCTBy10meM 

nepeceqeHHIO Tex )Ke caMhIX nHHHn B ll3MeHeHHOM rpaqie. 

OcHOBHOn TeopeMon BTOpon rn:aBhl JIBn:JieTCJl TO, 'ITO ll3 ycnoBHJl nnHen

HOn 3KBHBaneHTHOCTll Cl'ICTeM i V = 0 An.SI l'ICXOAHOI'O rpaqia ll iv = 0 

nnJI ll3MeHeHHOI'O rpaqia OAH03Ha'IHO cneAyeT Bl'IA OT06pa)KeHHJl Uy, Wv t--+ 

uv, wv, npH'leM 3TO OT06pa)KeHHe aBTOMaTH'leCKll coxpaHJieT noKanhHYIO 

anre6py Benn.SI. 

JI106oe MhICnl'IMOe npeo6pa30BaHHe 3KBHBaneHTHOCTll MO)KHO ycTp0HTh 
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KaK nocneAOBaTenhHOCTh 5IHI'-EaKCTepOBCKl'IX nepeKneeK. B TepMHHax KO

TOKOBhIX ypaBHeHHH ,nnJI nony'leHHJl 3KBHBaneHTHOCTll 5IHr-EaKCTepOBCKIIX 

rpaq>OB, Ha pHCYHKe (1) CneAyeT 3a,naTh BOCeMh KneTO'lHhIX KO-TOKOB. BHern

Hlle KO-TOKII nnJI npaBOI'O ll neBOI'O rpaqioB, ecTeCTBeHHO, O,ll;Hll II Te )Ke. B 

Ka'leCTBe nnHenHon CIIcTeMhl B03HIIKaeT TponKa BeprnnHHhDC ypaBHeHnn ,nnJI 

neBOI'O rpaqia C K03qJqJIIUHeHTaMH uj, wj, 11:j, ll TpOHKa nnHenHhIX ypanHeHIIn 

nnJI npaBOI'O rpaqia C K03qJqJHUHeHTaMII uj, wj, 11:j. O6cy)K,naeMoe OCHOBHOe 

cnneTaI01IIee OT06pa)KeHJie B03HIIKaeT KaK ycnOBHe CllnhHOn 3KBHBaneHTHO

CTll 3Tl'IX ABYX Tp0eK nnHeHHhIX ypaBHeHnii. IlOHJITHe "cnnhHruI 3KBHBaneHT

HOCTh" 03HaqaeT, 'ITO ypaBHeHHJl Tl'Ina <Px • X +<Py· Y = o, rne <Px H <Py HMeIOT 

CMhICn He3aBHCl'IMhIX nnHeHHhDC q>0pM, pelllaIOTCJl B BHne: X = 0 ll y = 0. 

OCHOBHOe cnneTa10111ee 0T06pa)KeHne n nnJI 5IHI'-BaKCTepOBCKl'IX rpaq>OB 

R1,2,3 Uj,Wj H Uj,Wj, j = 1,2,3, (8) 

IIOHHMaeMoe KaK qiyHKUHOHMhH0e OT06pa)KeHHe Ha npoCTpaHCTBe (pauno

HanhHhIX) qiyHKUllll OT HeK0MMyTaTHBHhDC nepeMeHHhDC Uy, Wy B nyxe (4), 

HMeeT Bl'IA 

w~ = w2 • A 3 , 
, A-1 -1 

U1 7 2 "W3 

, A-1 
W2 = 3 "W1, 

,. A-1 
U2 = 1 "U3, (9) 

, A-1 -1 
W3 = 2 . U1 ' u; = u 2 · A 1 , 

rne 

A1 = -1 1/2 -1 + -1 
U1 . U3 - q U1 . W 1 ll:1 W 1 . U2 

A2 = ll:1 -1 -1 + 11:3 -1 -1 -1/2 ll:1 11:3 -1 -1 
- U2 . W3 - U1 . W2 - q -- U2 . W2 

~ ~ ~ 

A3 = -1 1/2 -1 + -1 
W1 . W3 - q U3 . W3 ll:3 W2 . U3 . 

(10) 

KaK 6hlnO OTMe'leHO, 3T0 0T06pa)KeHne o6paTHMO ll JIBnJieTCJl aBTOMOpq>ll3-

MOM noKanhH0H anre6phl BeiinJI, 

I I I I 

Uy Wy = q Wy Uy ¢:> Uy Wy = q Wy Uy . (11) 

IIapaMeTphl )Ke 11:j JIBn.S110TcJI C - qncn:oBhIMH napaMeTpaMn oTo6pa)KeHnJI. C 

OAH0n TO'!Kll 3peHHJl 0HH JIBnllIOTCJl cneKTpanhHhIMll napaMeTpaMH TpexMep

HOI'O Bepllll'IHH0I'O onepaTopa, a C npyroii ·-· MonynJIMH, noCKOnhKY pa3HOCTHOe 

CBOHCTBO OTCYTCTByeT. B IlpeAene q = 1 (n q112 = -1) n CTaH0BHTCJl 
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06hl"l!HhIM IlyaccoHOBhIM <PYHKUIIOHaJlhHhIM orrepaTOpOM, coxpamIIOIUIIM CIIM
rrneKTII"lleCKJIO cTpyKTYPY 

w = L d log ui /\ d log w i . (12) 
j=l,2,3 

llccne.n;oBaHhl II IIHhle IIIIOCTaCII nIIHeiiHoii BCIIOMoraTenhHOii 3a.n;a"llII, B 
"llaCTHOCTII, rrony"lleHa !pOpMynIIpOBKa BCIIOMoraTenhHOii 3a.n;a"l!II B BII.n;e <PYHK
UIIOHaJlhHOro ypaBHeHII.11 51Hra - BaKCTepa, IIpII"lleM COOTBeTCTBJIOIUee OT0-
6pa)KeHIIe L - 6IIpaUIIOHaJihHOe OT06pa2KeHIIe. 

B TpeT&eii rJia.Be Mhl CTpOIIM peanII3aUIIIO OCHOBHOrO crrneTaroruero 
aBTOMOp!pII3Ma 'R, B TepMIIHax q-,n;IInorapII!pMII"l!eCKOii <PYHKUIIII II o6o6rueH
HOii rrepecTaHOBO"llHOH <PYHKUIIII. Ilo.n; peaJIII3auIIeii IIOHIIMaeTc.sr !pOpManhHa.11 
orrepaTopHO3Ha"llHa.sr <PYHKUII.sr R 1,2,3 = R(u1,2,3 , w1,2,3), 06na.n;a10rua.sr nepe
CTaHOBO"l!HhIMH COOTHOIIIeHH.slMH 

R • ui = u1 • R, R · wi = w1 • R, j = 1, 2, 3 , (13) 

r.n;e IIITpHXOBaHHhle :meMeHThl TO)K.D;eCTBeHHO orrpe.n;eJI.srIOTC.sr (9,10). IloJiy
"l!eHHa.sr R-MaTpIIua 3aBIICIIT He TOJlhKO OT JIOKaJihHhIX Be:iineBCKIIX o6pa3y
IOIUIIX, HO II OT TpOiiKII CB060.n;HhIX crreKTpaJihHhIX rrapaMeTpOB K,j. 

YpaBHeHne TeTpa3.n;pOB .n;orrycKaeT HeKOTOphle rrpe,n;enhHhie CJIJ"llaII, IIO
JIJ"llaeMhle BhlpO)K.D;eHII.slMH rrapaMeTpOB "'i· CooTBeTCTBeHHO, II !pOpMaJihHa.11 
R-MaTpIIua TaK)Ke nMeeT rrpe.n;eJihI, perna10ruIIe ypaBHeHIIe TeTpa3.n;poB. CII
cTeMa npe,n;enhHhIX cny-qaeB MaTpHUhl R o6pa3yeT n:epapxn"lleCKYIO CHCTeMy 
R-MaTpn:u, TaK "l!TO HCXO.D;Ha.11 MaTpIIua .srBmreTC.sl Hau6oJiee cnO)KHhIM "llJie
HOM IIepapxn:n:. B TepMHHax OT06pa)KeHn:.sr (9) 3TH rrpe.n;enhl COOTBeTCTBJIOT,· 
HarrpIIMep, 

"'1 = "'2 = K,3 << 1 , (14) 

"l!TO Ha3hIBaeTC.sl IlJIOCKIIM rrpe.n;eJIOM ( TepMIIHonorn:.sr IIHCIIIIpn:poBaHa CBOii
CTBaMII KOHe"l!HhIX R-MaTpIIU), ll 

"'1 < < "'2 = K,3 < < 1 , (15) 

"l!TO COOTBeTCTBYeT rrpOCTeiirneii HeTpIIBIIaJlhHOii r-MaTpIIue, IIMerorueii IIO
MHMO rrpo-qero "l!IIcno anre6paII"llecKn:ii (B TepMIIHax .n;y6n.sr reii3eH6epra .n;n.sr 
B+(A1)) reHe3IIC [19]. ilHTepeCHO, "l!TO OKa3anOCh BO3MO)KHhIM Harrn:caTh aHa
JIOrII"llHYIO IIepapxn"l!eCKYIO CHCTeMy orrepaTOpHhIX perneHIIii ypaBHeHn:.sr 4 
CIIMIIJieKCOB, HO KpOMe CTaprnero -qneHa. 

Cny"llaii, Kor.n;a qN = l, OTBe"llaeT KOHe"llHOMepHhIM JHIITapHhIM rrpe.n:cTa
BneHII.slM BeiineBCKOii anre6phl, II, COOTBeTCTBeHHO, II3 MaTpHUhl R MO)KHO 
Bhl.n;enn:Th KoHe"l!HOMepHyro "l!aCTh R(NJ. CaMo )Ke R B rrpe,n;ene qN ~ l 
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co.n;ep)KHT IIOMIIMO KOHe"llHOii "llaCTII erue ll <PYHKUHOHaJihHJIO "llaCTh, .n;eii
CTBYIOIUYIO Ha napaMeTpax KOHe"llHOMepHhIX npe.n;cTaBneHn:ii TpOiiKII nOKaJih
HhIX BeiineBcKnx anre6p. KoHe"llHM cpopMa MaTpHUhl R(NJ BhIBO,n;IITc.sr KaK 
B 6a3IIC-HHBapuaHTHOii !pOpMe, TaK II B BII.n;e MaTpH"l!HhIX 3neMeHTOB B cne
UIIaJlhHOM 6a3IICe, B KOTOpOM MaTpll"l!Hhle 3JieMeHThl rrony"lleHHOii R(N) co
Brra.n;aIOT c H3BeCTHoii R-MaTpIIueii cepIIII 3aMono.n;"l!HKOBa - BaKcTepa - Ba
)KaHoBa [20, 21, 22, 23, 24]. Ilpn: TpIIBIIaJIII3aUIIII <PYHKUIIOHanhHOii "llaCTII 
IIOKa3hIBaeTC.sl BO3HIIKHOBeHIIe 3aMOJIO.D;"llllKOBCKOii rrapaMeTpII3aun:n: KOHe"ll
HOii R(NJ B TepMIIHax yrnoB ccpepn:-qecKoro T&eyronhHIIKa rrpII cne.n:yrorueM 
OTO)K.D;eCTBJieHIIII rrapaMeTpOB "'i MaTpHUhl R1,2!3 C ,n;ByrpaHHhIMII yrnaMII 0j 
ccpepII"lleCKOro TpeyroJihHIIKa: 

N ( 01) 2 

,-.,1 = tan 2 , N ( 02)2 
,-.,2 = cot 2 , N ( 03) 2 

,-.,3 = tan 2 (16) 

qeTBepTM rna.Ba IlOCB.srrueHa IICCne.n;oBaHIIIO 3BOJIIOUHOHHOii MO.n;enn:, 
rropo)K.D;aeMoii cnJieTaIOIUIIM OT06pa)KeHHeM B KJiaCCH"lleCKOM q 1

/ 2 = -1 
rrpe.n;eJie. Xoporna.sr 3BOnIOUllOHHM Mo.n;enh BO3HHKaeT, Kor.n;a rrnOCKIIii rpacp, 
Ha KOTOpOM orrpe.n;eJieHa OCHOBHM aJire6pa.H"lleCKa.sr CHCTeMa, TpaHcn.sruu
OHHO lIHBapIIaHTeH, II KpOMe Toro Ha .D;IIHaMII"lleCKHe nepeMeHHhle HaJIO)KeHO 
ycJIOBIIe TOpOII.D;aJihHOii rrepuo,n;H"llHOCTII. TpaHcn.srun:OHHa.sr llHBapIIaHTHOCTh 
rpacpa HJ)KHa .n;n.sr o.n;Hopo.n;HOCTH CHCTeMhl, "l!T06hl QIJ;HOlllarona.sr 3BOJIIOUH.sl 
BOCilpOII3BO.D;HJia 6hl CTpJKTYPY perneTKII, a nepn:o.n;II"lleCKIIe ycnOBII.sl HJ)KHhl 
.D;Jl.sl KOHe"llHOCTII cpa3OBoro rrpocTpaHCTBa. IlpOCTeiirna.sr pellleTKa, o6na.n;a
IOIUM llCKOMOii TpaHCJI.sllllIOHHOli IIHBapn:aHTHOCThIO, a TaK)Ke co.n;epxrnrua.sr 
TpeyronhHllKII o6on:x THilOB ( KaK Ha pIICJHKe 1), Ha3hIBaeTC.sI perneTKOii Ka
roMe, CM. pIICJHOK (3). PerneTKII KarOMe COBeprneHHO ecTeCTBeHHO BO3HII
KaIOT n Ce"lleHIIII Ky6n:"lleCKOii perneTKH HaKJIOHHhIMll nnOCKOCT.slMH. 

Ha perneTKe KaroMe .n;n.sr Ka)K.D;oro TpeyroJihHIIKa 6-Tn:na, T.e. 3KBn:Ba
JieHTHoro JieBOMY 51Hr-BaKCTepOBCKOMY rpacpy pIICJHKa (1), n: npoHyMepo
BaHHOro napo:ft ueJihIX IIH.D;eKCOB (a, b), KaK Ha pIICJHKe (3), IIMeIOTC.sl TPII 
pa3nII"l!HhIX COpTa BeprnIIH, 1, 2 ll 3. TaKIIM o6pa30M, cpa30BOe npocTpaHCTBO 
Mo,n;enII o6pa30BaHO ~ = 3 M2 nOKaJlhHhIMll napaMH 

{ uj,a,b , wj,a,b } , a , b E 71,M , j = 1, 2, 3 , 

npII"lleM 71,M UIIKnII"llHOCTh O3Ha"llaeT 

(17) 

Uj,a+M,b = Uj,a,b+M = Uj,a,b , Wj,a+M,b = Wj,a,b+M = Wj,a,b • (18) 
Ynop.sr.n;o"lleHIIe IIH.n;eKCOB (a, b) TaK)Ke noKa3aHO Ha pIIcyHKe (3). <l>yHKUHO
HaJihHhIH onepaTop 3BOnIOUIIII 

e u. w- ~ u~ w~ J,a,b, 3,a,b 3,a,b, 3,a,b ' (19) 
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(a+ 1,b) 

(a+ 1,b+ 1) 

(a,b+ 1) 

PHCYHOK 3: PerneTKa KaroMe. 

,n;eiiCTBYJOIUHH Ha np0CTpaHCTBe QJYHKUHH Ha QJ830B0M npocTpaHCTBe (cM. 

( 4)) onpe,nemreTC51 Tiocpe,ncTB0M r* ~ u' 

w* - u' l,a,b - 1,a,b , 1,a,b - l,a,b , 

* I w* = w' {20) l½,a,b = l.½,a-1,b , 2,a,b 2,a-1,b , 

u* = u' w* = w' 3,a,b 3,a,b-1 , 3,a,b 3,a,b-1 , 

r,n;e IIITpHX0BaHHhle BeJrnqHHbl OTipe.n:eJI51:IOTC51 H3 (9,10) Tipe,neJIOM K q112 = 
-1 C COOTBeTCTBy10me:ii TpHBHaJibHOll J10KaJIH3aTIHeii 

Uj 1-t uj,a,b , wj 1-t wj,a,b , Ai 1-t Aj,a,b , (21) 

a K-j cqHTaIOTC51 Tip0CTpaHCTBeHHO 0,LlHOpO,LlHhIMH, qTo COOTBeTCTByeT aBTO

HOMHOll 3BOJIIOUHH. OTipe,neJieHHe 3BOJIIOUHOHHOro OT06pruKeHH51 reoMeTpH

qecKH COOTBeTCTByeT O,LlHOBpeMeHHOMY C,LlBHry BCex HaKJI0HHhIX JIHHHH pe

IIIeTKH KaroMe BBepX-BTipaBO, qTo npHBO,LlHT B B03HHKHOBeHHIO J10KaJIH30BaH

HhIX TIO (a, b)-bIM TpeyroJihHHKaM 6.-THTia oTo6pruKeHHii R c Tiocne,ny10me:ii 

ecTeCTBeHHOll (a, b)-peHyMepauHeii BepIIIHH HOBhIX TpeyroJihHHKOB V-THTia. 

lib OTipe,LleJieHH51 OT06pruKeHH51 n CJie,nyeT, qTO OT06pa)KeHHe e 51:BmieTC51 Ka

HOHHqeCKHM, coxpaH51:IOIUHM CHMTIJieKTHqecKyIO CTPYKTYPY 

w = L d log uj,a,b A d log w j,a,b . 

j,a,b 
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(22) 

OTo6pa)KeHHe e Mhl Ha3hIBaeM 3BOJIIOUHeii B TOM CMhICJie, qTO npHMeHeHHOe 

t pa3 TIO,D;pH.D:, OHO OTipe,nemreT BH,IJ; ,IJ;HHaMHqecKHX TiepeMeHHhIX B MOMeHT t 
,IJ;HCKpeTHOro BpeMeHH, a HCXO,IJ;Hhlll Ha6op COOTBeTCTByeT BpeMeHH to = 0: 

e°t : [Uj,a,b(0) = Uj,a,b, Wj,a,b(0) = Wj,a,b] 1-t [uj,a,b(t), Wj,a,b(t)] . (23) 

TaKHM o6pa30M TIPOCTpaHCTBeHHO-BpeMeHHhIMH ,IJ;HCKpeTHhIMH KOOp,LlHHa

TaMH HBJI5leTCH TpoiiKa (t, a, b). 
TopOH,LlaJibHhle rpam1qHhle ycJI0BH51 'pa3pyrna10T TIOHHTHe Ha6J110,n;aeMhIX 

BCTIOMoraTeJibHhIX JIHHeHHhIX TiepeMeHHhIX TIPH cpopMyJIHpOBKe OCHOBHOH aJI

re6paHqecKOH CHCTeMbl. flng 3aMKHYTOH perneTKH qHCJIO BepIIIHH paBHO qH

CJIY KJieTOK, TipHqeM Bee KJieTKH 51:BJIHIOTCH BHyTpeHHHMH. O,n;HaKo BCer.n;a 

OCTaeTCH HeKOTOpoe BOCTI0MHHaHHe 06 HCXO,LlHOH anre6paHqecKOH CHCTeMe, 

KOTOpoe H co,n;ep)KHT HHq:>0pMaUHIO 06 HHTerpanax ,LlBH)KeHHH TIOJiyqeHHOH 

3BOJIIOUHH, 

IlnH JIHHeHHhIX TiepeMeHHhIX .n;oTiyCTHMO HaJio)KeHHe He TpHBHMhHhIX Tie

pHo,n;HqecKHX rpaHHqHbIX YCJIOBHH, a KBa3HTiepHO.n;HqeCKHX, TO eCTb TIPH TIOJI

HOM o6xo,n;e Topa TIO UHKJiaM A H B BCTI0MoraTeJihHhle JIHHeHHhle TiepeMeHHhle 

npH06peTa10T ,n;onOJIHHTeJihHhle MHO)KHTeJIH, Cq11cJIOBhle KB83IIHMTIYJihChl A 

II B. Anre6pa11qecKaH CHCTeMa )Ke TipeBpamaeTC51 B CHCTeMy O,Il;HOpO,n;HhIX 

JIHHeHHhIX ypaBHeHIIH BH.n;a 

fv d;J L </>s ls,v = 0 , 
s 

(24) 

r,n;e Ka)K,Il;Oe H3 ypaBHeHHll HMeeT TOT )Ke CaMhIH BH.Ll, qTo H TIPHBe,LleHHOe 

Ha p11cyHKe (2). KoacpcpHUHeHThl )Ke co6Hpa10TCH B MaTpHUY L = llls,vll, 
paBeHCTBO HYJIIO OTipe,neJIHTeJig KOTOpon, 

J1 = det L, (25) 

eCTb ycJIOBHe pa3peIIIHMOCTH CHCTeMbl JIHHeHHhIX ypaBHeHHH. IloKa3hIBa

eTCH, qTo 3TOT onpe,neJIIITeJib J f, 51:BJ151:IOIUHHC51 JlopaHOBCKHM TIOJIHH0MOM 

no KBa3HHMTIYJibCaM A H B, HHBapHaHTeH OTHOCHTeJibHO 3BOJIIOUHH, H, 

CJie,LlOBaTeJibHO, co,n;ep)KHT Ha6op HHTerpaJIOB ,LlBH)KeHHH KaK K03!p!plIUHeH

TOB B p83JIO>KeHHII no A H B. TaKIIM o6pa3oM, KBR3HHMTIYJihChl Chlrpann 

poJih .LlB0HHoro cneKTpaJibH0ro napaMeTpa. YpaBHeHne )Ke JI = 0 B 

ToqKe o6mero Il0JI0)KeHHH 3a,n;aeT TIJI0CKYIO cneKTpaJibHYIO KpHBYIO po,n;a 

g = 3 M 2 - 3M + 1, r,n;e M-paJMep perneTKH KaroMe. CncTeMa JIH

Heftm,tx ypaBHeHnft pncyHKa (2) pernaeTc51 MeTo.n;aMH anre6panqecKOH reo

MeTpnn, npn 3T0M CHCTeMa ,LlHHaMnqecKHX nepeMeHHhIX Uy, Wy, paBHO KRK H 

BCilOMoraTeJibHM cl>YHKUHH BenKepa-Axne3epa </>s, HBHO napaMeTpH3YIOTCH B 
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TepMlrnax TeTa-q>yHKUHH Ha HK06lfaHe cneKTpaJihHOH KpHBOH. TiapaMeTpU-

3aulfH co.uep:>KHT IIpOH3B0.11 B BU.Ile TOtIKU Ha HK06lfaHe, OTBetia10meii g He

TpllBlfa.JlhHhIM BpeMeHaM, a TaK:>Ke npOll3B0.1IhHhle 3M - l npe.n3KCilOHeHT. 

B aJie6po-reoMeTpnqecKoM no.uxo.ue n.nocKax KpHBaH npe.uno.naraeTCH npou3-

B0.1IhHOH, 3a,naBaeMOH g He3aBUCUMhIMU MO.llJ.1IHMlf. A 3TO .ll0Ka3hIBaeT no.n

HOTY CUCTeMbl lfHTerpaJIOB .llBlf:>KeHUH (K0.1IlftieCTBO MO.lly.neii Il.1110C KO.nnqe

CTBO npe.ll3KCilOHeHT paBHO Il0.1IOBUHe pa3MepHOCTU q>a30BOro npOCTpaHCTBa) . 

11.nx npocTeiirnero c.nyqax g = l npuBO.llIITCH napaMeTpu3auux B TepMuHax 

o6bltIHhIX 3.11.1IlfilTlftieCKUX q>yHKUUH. 

IlaJiee ucc.ne,ny10TCH .narpaH:>KeBbl ypaBHeHlfH .llBU:>KeHUH. JiarpamKeBhIMU 

nepeMeHHhIMlf 0Ka3hIBaeTCH Tpnn.neT r-q>yHKUlfH, a C0.1IUTOHHhIMU ypaBHe

HUHMlf HB.11HeTCH TpOHKa ypaBHeHUH c.ne,ny10mero BII,lla. TiycTb (a,f],,) -
TpOHKa UH,lleKCOB, HB.1IHIOIUlfXCH UUK.11UtieCKOH nepecTaHOBKOM (1, 2, 3). TiycTb 

.n:a.nee { e1' e2' e3 }-6a3HCHaH TpOMKa TpexMepHoro EBK.1111,llOBa npOCTpaHCTBa, 

C IlOMOIUhlO KOTOpon: 3a_naeTCH Il0.110:>KeHue ue.noqnc.neHHhIX Y3.1IOB KyfiuqecKOH 

perneTKu: 

P = P1 e1 + P2 e2 + P3 e3 = (P1 + P2 + P3 = t,P2 = a,p3 = b) . (26) 

BTopoe paBeHCTBO 3a_naeT COOTBeTCTBHe ClfCTeMbI KOOp.llUHaT CBeTOBOro KO

Hyca { e1, e2 , e3} n ucxo.uHon:, ( CM. 3aMetiaune noc.ne qiopMy.nhl (23)) .na6o

paTopuon: cncTeMhl Koop.unuaT (t, a, b). B BBe,neuuhIX 0603uaqeunxx TpoiiKa 

C0.1IlfTOHHhIX ypaBHeHlfll HMeeT Blf.ll 

r a Ta,p+ep+e-y Tp,p r'Y,P = Ta,p Tp,p+e-y r-y,p+ep + 
-1 + Sp Ta,p+ep Tp,p+e-r T'Y,P + S'Y Ta,p+e-r Tp,p T-y,p+ep . 

(27) 

3.uech K03q>q>nuneHThl r1, r 2, r 3, s 1, s 2, u s 3 onpe,ne.nx10Tcx napaMeTpaMu 

X:1, X:2, X:3 H npe,n3KCilOHeuuua.nbHhIMH q>aKTOpaMlf. B .lllfCCepTaunu npnBO

.llHTCH C0.1IlfTOHHhle perneuux 3TO:ii CHCTeMbl. Ka:>K,llax napUllaJihHaH C0.1IlITOH

HaH BO.nua co.uep:>KHT eme .llBa .uono.nunTe.nhHhIX napaMeTpa, napaMeTpn3y10-

mnx .uucnepcnOHHOe COOTHOIIleuue, tITO nopo:lK,llaeT BeChMa HeTpHBHMhllhIH 

Blf.ll BepilllfHHOro onepaTopa. KpoMe Toro, c.ne.nyeT OTMeTlfTh HeTpJIBJiaJih

HOe .ueiiCTBJie rpynnhl Ky6a Ha no.nytieHHhIX C0.1IJITOHHhIX ypaBHeHJIJlX. 

IlllTa.JI rJiaBa IlOCBHIUeHa ncc.ne,noBaHJIIO KBaHTOBO:ii 3B0.1110UJIOHHOH MO

.ue.nn. KBaHTOBOe OTo6pa:>KeuJie c 3a.uaeTcx TeMJI :>Ke q>opMJJJaMJI, tITO JI 

K.naccuqecKoe, (20,23) JI T.,ll., HO C BOCCTaHOBJJeHHhIMJI q112 JI, KOHetIHO :>Ke, 

c HeKOMMyTaTJIBHhIMJI Uj,a,b, Wj,a,b• B cu.ny onpe.ne.neHJIH PJIC. (2), JJJIHeHHaH 

CJICTeMa BJI,lla (24) IlHIIIeTCH JI .llJJH KBaHTOBOro c.nytiaH. Bonee Toro, B CJIJJy 

.noKa.nhuocTJI, MaTpJitIHhle 3JJeMeHThl fs,v .unx pa3JJJitIHhIX V KOMMYTJIPYIOT, 
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TaK tITO q>OpMaJihllhIH onpe.ne.nuTeJJh KBaHTOBOH MaTpJIUhl L JJerKO onpe,ne

.1IHM, 

J = L (-)"" IJ fs,V=uS, (28) 
{u} S 

IlOCK0.1IhKY B npOH3Be,neHlfJI no K.1IeTKaM s BCe MHO)KJITeJJJI npJI .11106oii nepe

CTaHOBKe a KOMMYTJIPYIOT. JlJIHeHHOCTh CJICTeMhl BCilOMOraTeJJhllhIX ypaBHe

HUH_ (24) no-npe:>KHeMy Il03BOJJHeT BBeCTJI iC-tIJICJJOBhle KBa3JIJIMnyJJhChl A JI 

B, u J = J(A, B) HBJJHeTca: JiopauoBcKnM noJJHHOMOM no A JIB c onepaTop

H03HatIHhIMJI K03q>q>uuueHTaMu. B .uuccepTaUJIJI .llOKa3hIBaeTcx, tITO J(A, B) 
npOJI3BO.llJIT II0.11Hhl:ii Ha6op JIHTerpaJIOB .llBH:>KeHJIH .llJJH KBaHTOBoro 3B0.1IIO

UUOHHOro OTo6pa:>KeHJIH c. 
By.uyqu onpe.ue.nuTeJJeM JJOKa.1IhHOH MaTpHUhl, npOJI3BO.llHIUJIH q>yHKUJIO

Ha.11 .llJJH JIHTerpaJIOB .llBJI:>Kemrn .uonycKaeT KOM6JIHaTOpHoe npe,ncTaBJJeHJie 

CBOJIX CJJaraeMhIX B BU.Ile nyTeii no perneTKe, H npu 3TOM Ka)K,llhIH JIHTerpaJJ 

.llBH:>KeHHH COOTBeTCTByeT BCeM nyTHM q>JIKCJipOBaHHOro KJJacca rOMOTOilHJI 

OTHOCJITe.1IhHO TOpa, Ha KOTOpOM onpe,neJJeHa perneTKa. 

Oco6oe BHJIMauJie y.ueneuo cnyqa10 KOHetIHOMepnoro onepaTopa 3Bo.1110-

UJIJI, B03HHKa10mero npu qN = 1. B 3TOM cnyqae pa3BJIBaeMblH B ,llJICCep

TaUJIJI MeTO.ll Il03BOJJHeT IlOJJYtIJITh HeKoe ynuBepca.nbHOe q>yHKUJIOHaJihHOe 

ypaBuenJie na J, o6max qiopMa KOToporo cnpaBe,nmrna .u.na: BCnoMoraTe.nh

HOM perneTKJI npOJI3BOJJhHO:ii qiopMhl JI pa3Mepa, JI onpe,nena:10mee cneKTp KO

HetIHOMepHhIX KOMMyTaTJIBHhIX lIHTerpaJIOB .llBJI:>KeHHH. KaK 6blJJO OTMetieHO 

B TpeThe:ii rJJaBe, npJI qN = l BCC OT06pa:>KeHJIH JIMeIOT qiyHKUJIOHaJJhHJIO 

qacTh - OTo6pa:>KenJie N-x cTeneHe:ii napal\rnTpOB KOHetIHOMepnoro rrpe,ncTa

B.neHJIH a.nre6phl Be:ii.na:. 11.na: N-x CTeneHe:ii MO:lKHO Cq>OpMy.nupoBaTh KJJac

CJitieCKYIO 3B0.1110UHOHHYIO MO,lleJJh, auaJJOrJitIHYIO KBaHTOBOM, co CBOJIM cneK

Tpa.nbHhIM .ueTepMJIHaHTOM H iC-tIHC.110BhIMJI JIHTerpaJiaMJI .llBJI:>KeHJIH. <l>yHK

UJIOHaJJhHOe ypaBHeHJie CBH3hIBaeT KBaHTOBhlll cneKTpaJJhHhIH ,lleTepMJIHaHT 

c K.naCCJitieCKJIM, u HBJJHeTCH CBOHCTBOM YJJhTpaJJOKaJJhHOCTJI anre6phl Be:iiJJH 

JI CTpyKTYPhl BCIIOMOraTeJJhHOM JJHHeMHO:ii 3a,natIJI. HJI:>Ke Mhl BhIIlHIIleM 3TO 

ypaBHeHJie .llJJH npOCTOM 0.llHOPO.llHO:ii MO,lleJJH 3aMOJJO,lltJJIKOBa - Ba:>KaHOBa -

BaKcTepa. 

Ilanee paccMoTpeH npocTe:iirrm:ii cneuJIMhHhIM cnyqa:ii 3BOJJIOUHOHHO:ii CJI

CTeMhl: 3BOJJIOUJIH He TOpa, a IlOJJOChl TOJJID:HHOM 1. 8BOJJIOUHOHHhle ypaB

HeHJIH HBJJHIOTCH 6JJH3KJIMJI aHanoraMJI KBaHTOBOro ypaBHeHH.SI JiuyBJIJJJJH. 

KoM6JIHaTOpHhIH auaJJH3 JIHTerpaJJOB .llBH:>KeHJIH npOBO,llJITCH .llO KOHI{a, JI JIH

TerpaJJhl BhIIlHCblBaIOTCH B'hHBh. TipuMetiaTeJJhHhIM 51:BJJHeTCH npuMeHJIMOCTh 

TepMJIHOJJOrJiu KJJaccJiqecKoro BeTe-aH3ana npu onucaHJIJI 3TJIX JIHTerpanoB. 

B KatieCTBe .upyroro npuMepa pacCMOTpeHa 0.llHOpO.llHaH MO.lleJJh 3aMo

.1JQD;tIHKOBa - Ba:>KaHOBa - BaKcTepa B BeprnHHHOH q>OpMJJJHpOBKe, HO He .ll.1IH 
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3BOJIIOUIIOHHOH BCnOMOraTeJibHOH pemeTKll, a .nm1 6onee npOCTOii:, KBa.npaT

HOH BCnOMOraTeJibHOH pemeTKll. MeTO.ll KBaHTOBOro cneKTpaJibHOro .neTep

MllHaHTa .naeT nOJIHbIH Ha6op onepaTopoB, KOMMyTnpyromnx c TpaHc<pep- . 

MaTpnueii: Tnna cnoii:-cnoii:. TipocToTa qiopMynnpoBKH no3Bom1eT npo.neMOH

CTpnpoBaTh B03HHKaromyro MaTpnuy K03<p<pllUlleHTOB JIHHeii:HOH 3a,ll;a'lll ll 

noJiy'laroIUeecg <pyHKUllOHaJibHOe ypaBHeHne . 
BepllIHHbl KBa.npaTHOii: BCnOMOraTeJibHOH pemeTKll napaMeTpll3YlOTCg 

napoii: HH.lleKCOB (a, b), a E ZA n b E ZB, n .nng KruK,IJ;Oii: BepmnHhI onpe

.neneHa JIOKaJihHM napa Ua,b, Wa,b, r.ne 

Ua,b = 1 @ 1 @ ... 1 @ ~ @1... 

(a,b)-e MeCTO 

(29) 

Wn,m = 1 © 1 © ... 1 © ~ @1... 

(a,b)-e MeCTO 

a X ll z - CTaH.llapTHOe N-MepHOe npe,ll;CTaBJieHne Beii:JieBCKllX COOTHOIIleHllli 

yHnTapHbIMll MaTpnuaMll npn qN = 1: 

x · j,-y > = h' > q'Y, z · I,>= I,+ 1 > , < ,I,' > = 8'Y,'Y'' (30) 

liMeHHO B TaKOM 6a3nce MaTpll'lHble 3JieMeHTbl R(N) ll COBna.naroT C ll3-

BeCTHOH R-MaTpnueii: Mo.nenn 3aMOJIO.ll'lllKOBa - Ea)KaHOBa - EaKcTepa, a 

TpaHc<pep-MaTpnua Tnna cnoii:-cnoii: onpe.nengeTcg KaK 

< ,JTI,' > = L II < aa,b,,Bb,a1'Ya,blR(N)laa,b+l•,Bb,a+l•t:,b > (31) 
{a,,6} a,b 

Ilng 3a,ll;aHHOii: BCnOMOraTeJibHOH pemeTKll CllCTeMa BepllIHHHbIX JIHHeii:HbIX 

<pOpM, ll3 KOTOpoii: ll3BJieKaeTcg MaTp~ua K03<p<pllUlleHTOB, BblrJIMllT TaK: 

fa,b = 'Pa,b + 'Pa,b+l Q
1
/
2

Ua,b + 'Pa-1,b Wa,b + 'Pa-1,b+l KUa,bWa,b, (32) 

r.ne no.npa3yMeBalOTCg rpaHll'lHble ycJIOBllg 

<Pa-A,b = X <Pa,b , ll <Pa,b+B = Y <Pa,b , 
(33) 

ll B CllJIY (16) OTO)K.ll:eCTBJigeTCg K = K3. Bee Ua,b, Wa,b 0.llllHaKOBO HOpMll

pOBaHbl, ll K He 3aBHCllT OT HOMepa BepllIHHbl, T.e. paccMaTpHBaeTcg O.llHO

pO.llHM MO,ll;eJib. Onpe.nennTeJib )Ke MaTpllUbl K03<p<pllUlleHTOB 

B A 

J(X, YIK) = LL xn ym Jn,m(K) (34) 

n=Om=O 
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KOMMyTnpyeT c KBaHTOBOii: TpaHC<pep-MaTpnueii: T. 3aMeTHM, 'ITO Jo,o = 1. 
Anre6pa llHTerpaJIOB .llBll)KeHng TaKOBa: 

J J n'm-nm' J J n,m · n',m' = q n',m' · n,m • (35) 

Bn.llHO, 'ITO ecnn Bbl,ll;eJIHTb ll3 Ka)K.ll:oro 3JieMeHTa Jn,m nO,llXO,llgmllM o6pa30M 

onpe,ll;eJieHHblii: <paKTOp Um Wn, 

Jn,m = um wn. tn,m' (36) 

TaKoii:, 'ITO 

U•W=qW•U, (37) 

TO OCTaBmnecg tn,m 6y.llyT KOMMYTllpOBaTb. Ee3 orpaHH'leHng o6IUHOCTll 

MO)KHO nOJIO)KllTb 

U = IT U1,b, W = II Wa,1. (38) 
bEZB aEZA 

TI a pa u' w' O'leBll.llHO llMelOIUM CMbICJI ueHrpa llHepunn CllCTeMbl, KOMMy

TnpyeT co BCeMll OCTaJibHblMll tn,m· cJ>yHKUllOHaJibHOe ypaBHeHne )Ke llMeeT 

Bll.ll: 

det J(A, B) = IJ u,w 
xA =XN 

yB=YN 

(1 - f.NY + f.NX + KNxy) 1 (39) 

r.ne B neBoii: tiacTn 6epeTcg onpe.nennTeJih no U, W-6noKy B 6notiHOM pa3Jlo

)KeHnn CllCTeMbl llHBapnaHTOB u, w, tn,m, a npOll3Be,ll;eHne B npaBOii: tiaCTll 

6epeTcg no AB MHO)KHTengM, OTBe'laromnM pa3JIH'lHbIM KOpHgM A-ii: n B
ii: CTeneHeii: ,llJig X lI y. B ypaBHeHlill (39) lICnOJib30BaHbl o603HatieHng .llJig 

3HaKOB EN = (-)N-i _ YpaBHeHne {39) npon3BO.lllIT A6eneBy anre6py KOM

MyTaTHBHbIX tn,m lI 3KBHBaJieHTHO Ha6opy xapaKTeplICTlI'lecKlIX nOJilIHOMOB 

.nng Ka)K.ll:oro lI3 tn,m· 8To ypaBHeHne B npnHunne pemaeT MO.lleJih 3aMOJIO.ll

'llIKOBa - Ba)KaHOBa - BaKcTepa. Tio cyTn ypaBHeHn:ii {39) .nng KBa.D:paTHO:ii 

BCnOMOraTeJibHOH pellieTKlI eCTb Y.lllIBlITeJibHO npOCTM, KOMnaKTHM <pOpMa 

3anncn Bce:ii cncTeMbl ypaBHeHn:ii BJIO)KeHHoro BeTe-aH3aua. O.llHaKo, Ha .npy

rnx BCnOMOraTeJibHblX pemeTKax HlI O KaKOH TexHHKe KBaHTOBOro MeTO.lla 

o6paTHOH 3a,ll;a'lll petilI He lI,lleT' HO <pyHKUlIOHaJibHOe ypaBHeHne TaKOro Tnna 

Bee paBH0 eCTb. 

8 meCTOH rnase ll3JIO)KeH MeTO.ll KBa3lIKJiaCClI'leCKOro npe.nena <pJHK

UlIOHaJibHblX OT06pa)KeHlIH, 3BOJilOUlIOHHbIX MO,llene:ii lI np. TipocTpaHCTBO 
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;:urnaMIPieCKHX nepeMeHHhIX B KBa3HKJiaccnqeCKHX MO,llem1x .SIBJI.!leTCH Ka
caTeJibHbIM paccnoeHneM npocTpaHCTBa nepeMeHHhIX KnaccnqecKnx 3BOJIIO
unoHHhIX MO,llenen. TexHnqecKH KBa3HKJiaccnqeCKHe MO,lleJIH peaJIH3YIOTCH 
nocpe.uCTBOM BepIIIHHHhIX onepaTOpOB cneunaJihHOrO THna (rayccOBbl one
paTOpbI), npHCOe)lHHeHHOe .uenCTBHe KOTOphIX o6pa3yeT rpynny JIHHeHHbIX 
aBTOMOpcpH3MOB JIOKaJibHOll anre6pbI ren3eH6epra. IlnH TaKHX CB060,llHhIX 
MO,llenen IlOCTpOHM KaK cneKTP onepaTopa 3BOJIIOUHH, TaK H CTaTCYMMa B 
BH,lle TpexMepHoro HHTerpana. B qacTHOCTH, HCCJie,llOBaH KBa3HKJiaccnqecKHll 
(B ,llaHHOM cnyqae COOTBeTCTBYIOIUHll nepBOMY HOpAAKY B Ii pa3JIO)f{eHHH, 
q = e-") npe.uen Harnero OCHOBHOrO OT06pa)KeHHH R, HBJIHIOIUHHCH MO,lleJihlO 
cBo60.llHhIX 6o30HOB. OnucaH cneKTp. CTaTcyMMa Mo.uenn cBo6o.llHhIX 6030-
HOB, 3KBHBaJieHTHM BaKCTepOBCKOll CTaTCYMMe MO,lleJIH 3aMOJIO,llqHKOBa, Bhl
qncneHa nocpe.ucTBOM npOCTOrO HHTerpnpoBaHHH. 

B ce,nbMOH rmme nccne.uoBaHa pe.uyKUHH TpexMepHbIX R MaTpnu K 
.llByMepHbIM. MeTO,ll 3T0ll pe.uyKUHH, T.H. CJIOeHne, xopomo H3BeCTeH H OTBe
qaeT CKpbITHIO TpeThero npocTpaHCTBeHHOrO H3MepeHHH B paHr ,llOCTaToqHO 
60JibIIIOll H30TOilHqecKOll rpynnhI CHMMeTpHH ,llByMepHOll 'R.-MaTpHUbI: 

nA,B = Trace3 ( Ra,,b2,3 . Ra2,b2,3 .•• Ran,bn,3) ' (40) 

r.ue ,llJIH MYJihTHilpOCTpaHCTB HCil0Jlh30BaHbI o603HaqeHHH 

n n 

A = II ® aj, B = II ® bj. (41) 

j=l j=l 

Pe.uyKun10 Mb! npon3BO.llHM .llJIH npocTenmeu TpexMepHon R-MaTpnuhI r 
H3 nepapxuqecKoro CilHCKa. XoTH TpexMepHM r He 3aBHCHT OT KaKHX-JIH60 
qncnoBbIX napaMeTpOB, pe3yJihTaT cnoeHHH co.uep)KHT ueHTP onpe.ueneHHoro 
Tnna, z = x A® X:ii1, KOTOpbIH MO)KeT 6bITb OTO)K,lleCTBJieH c MYJibTHilJIIIKa
THBHbIM cneKTpaJibHbIM napaMeTpOM ypaBHeHHH 5lHra - BaKCTepa. 

KoHeqHO )Ke, ,llBJMepHbie onepaTOpH03HaqJible R-MaTpHUbI eCTb HH qTO 
nHoe KaK R-MaTpHUbI ,llJIH acpcpnHHOH Teopun nonH To.Uhl c anre6pon 
Uq(A~12

1
) n c npon3BOJihHbIM cneKTpanhHhIM napaMeTpOM. Oco6oe BHHMa

Hne y.uenHeTCH IlOCTpOeHHIO YHHBepcaJihHOll R MaTpHUbI 

n = z: ea® ea, 
a 

(42) 

.ua10ruen npn no.uxo.ugruen cneuncpnKaunn nonyqeHHble onepaTopHbie Ma
TpHUbI. OnncaHa cooTBeTCTBYIOIUM KOHCTpyKUHH IlpnHcpeJib.llOBa .uy6nH, 0T
nnqa10IUMCH OT CTaH,llapTHOll HeKOTOpOH MO.llll!pHKaunen KapTaHOBCKOll qa-
CTH. 
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B 3aKJIIO'rleH1rn: KpaTKO nepeqncJieHhl pe3yJibTaTbI ,llHCCepTaUHH 11, 'ITO 
npe.ucTaBJIHeTCH cyruecTBeHHbIM, BeCbMa no.upo6HO nepe1IHCJieHbI 6JIH)Kall
IIIHe nepcneKTHBHble 3a)la1IH 3TOrO HanpaBJieHHH, MHOrHe 113 KOTOphIX 6na
ro.uapg pa3BHTOMY MeTO.llY npeBpaTHJIHCb B qncTO TexHH'leCKHe, BbI'lHCJIH
TeJihHble npo6JieMbI. 

CchIJIKH 

[1] S. M. Sergeev. "Quantum 2+1 evolution model". Journal of Physics A: 
Math. Gen., Vol. 32 (1999) 5639-5714. 

[2] S. M. Sergeev. "A three-dimensional quantum integrable mapping''. 
TMF, Vol. 118, No. 3 (1999) 479-487. 

[3] S. M. Sergeev. "3d symplectic map". Phys. Lett. A, V. 253, N. 3-4, pp. 
145-150, 1999. 

[4] I. G. Korepanov and S. M. Sergeev. "Eigenvector and eigenvalue prob
lem for 3d bosonic model ". solv-int/9802014, 1998, appeared in Acta 
Applicandae Mathematicae. 

[5] I. G. Korepanov R. M. Kashaev and S. M. Sergeev. "Functional tetra
hedron equation". TMF, V. 117, N. 3, pp. 370-384, 1998. 

[6] S. M. Sergeev. "On a two dimensional system associated with the com
plex of the solutions of the tetrahedron equation.". solv-int/9709013, 
1997, appeared in Int. Journal of Mathematical Physics A. 

[7] S. M. Sergeev. "Solutions of the functional tetrahedron equation con
nected with the local Yang - Baxter equation for the ferro-electric.". 
Lett. Math. Phys., Vol.45, No. 2, 1997. 

[8] S. M. Sergeev. "Rwo - dimensional R - matrices - descendants of three 
dimensional R .- matrices.". Mod. Phys. Lett. A, Vol. 12, No. 19, pp. 
1393 - 1410., 1997. 

[9] S. M. Sergeev J.-M. Maillard. "Three dimensional integrable models 
based on modified tetrahedron equations and quantum dilogarithm.". 
Phys. Lett., B 405, pp. 55-63, 1997. 

[10] S. M. Sergeev. "Operator solutions of simplex equations". In Proceedings 
of the International Conference of the Mathematical Physics, Alushta, 
Dubna, May 1996. 

21 



[11) V. V. Bazhanov S. M. Sergeev and V. V. Mangazeev. "Quantum dilog
arithm and the tetrahedron equation". Preprint IHEP, 95-141, 1995. 

[12) I. G. Korepanov J.-M. Maillard and S. M. Sergeev. "Classical limit for 
a 3d lattice spin model". Phys. Lett., A 232, pp. 211-216, 1997. 

[13) S. M. Sergeev. "Solitons in a 3d integrable model". Phys. Lett. A 265 
(1999) 364-368. 

[14) S. M. Sergeev. "On exact solution of a classical 3d integrable model", 
Journal of Nonlinear Mathematical Physics, Vol. 7. (2000) 1-16. 

[15] S. M. Sergeev. "Auxiliary transfer matrices for three dimensional inte
grable models", TMF, Vol. 124, N. 3 (2000) 1187-1201. 

[16] S. M. Sergeev. "Some properties of local linear problem's matrices". in 
the memorial volume of A. Izergin, proceedengs of SPBMI. In russian. 

[17] S. M. Sergeev. "Integrable three dimensional models in wholly dis
crete space-time". in "Integrable Structures of Exactly Solvable Two
Dimensional Models of Quantum Field Theory", to be issued by Kluwer 
Academic Publishers. 

[18] S. M. Sergeev. "Complex of three dimensional integrable models". in 
special issue "Difference Equations", Institute of Physics Publishing 
Limited. 

[19] S. M. Sergeev R. M. Kashaev. "On pentagon, ten-term, and tetrahedron 
relations". Commun. Math. Phys., 195, 309-319, 1998. 

[20] S. M. Sergeev V. V. Mangazeev and Yu. G. Stroganov. "The vertex 
formulation of the Bazhanov - Baxter model". J. Stat. Phys., Vol. 82, 
Nos 1/2, 1996. 

[21] S. M. Sergeev H. E. Boos, V. V. Mangazeev and Yu. G. Stroganov. "'ljJ 
- vectors for three-dimensional models". Mod. Phys. Lett. A, Vol. 11, 
No. 6, pp. 491-498, 1996. 

[22] S. M. Sergeev V. V. Mangazeev and Yu. G. Stroganov. "New solution 
of vertex type tetrahedron equation". Mod. Phys. Lett,, AlO, 279-287, 
1995. 

[23] S. M. Sergeev V. V. Mangazeev and Yu. G. Stroganov. "New series of 3d 
lattice integrable models". Intnl. J. Mod. Phys., A9, 5517-5530, 1994. 

22 

[24] S. M. Sergeev V. V. Mangazeev and Yu. G. Stroganov. "The tetrahedron 
equation and its solution". In Proceedings of the conference SMQFT, 
Los Angeles, May 16-21 1994. 

PyKonHCb nocrynnna B H3.!laTeJibCKHH OT.!leJI 
17 ceHT.116p.11 200 I ro.na. 

23 


