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OBIIJ;ASI XAPAKTEPIICTIIKA PABOTbl 

AKTYa.TihHOCTh TeMbI. 

CoBpeMeHHbie MO,ll;eJIII TeopeTII'leCKOH II MaTeMaTII'leCKOfi <pH3HKII Tpe6y

IOT pa3BIITII5I MeTO,ll;OB IICCJie,n;oBaHII5I CJIO)KHbIX MaTeMaTII'leCKHX o6'heKTOB, 

o6na,n;aroru;IIX HeTpHBHaJibHbIMH anre6paII'leCKIIMH CBOHCTBaMH, TaKHMH KaK 

Heacco~IIaTHBHOCTh II HeKOMMYTaTIIBHOCTb. IlpIIMepaMH TaKIIX cTpyKTYP 5IB

JI5IIOTC5I anre6pbr II cyrrepanre6pbr JIII, rpaccMaHOBbI anre6pbr n cyrrepMHoro

o6pa3H5I, paCCJIOeHII5I co CB5I3HOCT5IMII PIIMaHa-KapTaHa II KaJIII6pOBO'IHbIMII 

CB5I3HOCT5IMII, CTpyKTYPbI HeKOMMYTaTHBHOH reoMeTpHII II KBaHTOBhie rpyrr

IIbI II T. ,n;. ll;eJibIO HarrpaBJieHII5I, Ha3hIBaeMoro HeKOMMyTaTIIBHOH KOMIIbio

TepHOH anre6poii, 5IBJI5IeTC5I pa3pa6oTKa MeTO,ll;OB n anropHTMOB ,ll;Jl5I pa6o

Tbl C TaKHMII MaTeMaTH'leCKHMII o6'beKTaMII, C03,ll;aHHe KOMIIbIOTepHbIX rrpo

rpaMM II perneHIIe rrpIIKJia~HbIX 3a,n;aq C IIOMOill;bIO 3THX rrporpaMM. CTaH

,n;apTHbie cIIcTeMbI KOMIIhIOTepHoii anre6pbr, TaKIIe KaK Maple, Mathematica, 
Reduce, Macsyma, Axiom, GAP II T. rr., o6hI'IHO JIII6o He HMeIOT ,n;ocTaTO'IHO 

pa3BHTbIX cpe,n;CTB ,ll;Jl5I pa60TbI C yrroM5IHYTbIMII MaTeMaTII'leCKHMII CTpyK

TypaMH, m160 He,n;oCTaTO'IHO acpcpeKTIIBHhI ,ll;Jl5I IIOJiyqeHH5I ,n;eficTBIITeJibHO 

HOBbIX pe3yJihTaTOB B aKTYaJihHbIX rrpIIKJia,ll;HbIX 3a,n;aqax, IIMeIOill;IIX B CII

JIY CBOefi rrpupo,n;bI BbICOKYIO Bbl'IHCJIHTeJibHYIO CJIO)KHOCTb. B CB5I3ll C 3THM, 

pa3pa6oTKa oco6bIX anropttTMH'leCKHX rro,n;xo,n;oB ll HX 3<p<peKTHBHa5I peanu-

3a~H5I B Btt,n;e K0MIIbIOTepHbIX rrporpaMM rrpe,n;CTaBJI5IeTC5I BeCbMa aKTYaJih

H0H. Pe3yJihTaTbI perneHH5I K0HKpeTHbIX 3a,n;aq, II0MHMO Herrocpe,n;CTBeHH0f0 

3Ha'leHH5I B Tex o6JiaCT5IX, K K0T0pbIM 3TH 3a,n;aqu OTHOC5ITC5I, ,n;aroT Ba)KHbifi 

CTHMYJI ,ll;JI5I pa3BHTH5I COOTBeTCTByroru;ux anropHTMOB H rrporpaMM. 

B ,n;uccepTa~uu paccMaTp1rnaroTcH Tpu aKTYaJihHhre BhI'IHCJIHTeJibtthre 

rrpo6JieMbI MaTeMaTHKH ll MaTeMaTtt'leCKOH <pll3HKH: BbI'IHCJieHue KOHe'IHO 

rrpe,n;CTaBJieHHhIX anre6p u cyrrepanre6p Jln, BbI'IHCJiettue KoroMoJiorufi ( cy

rrep )anre6p Jln u BbI'IHCJieHHe acHMIIT0TH'leCKHX crreKTpaJibHbIX HHBapnaH

T0B 3JIJIHIITH'leCKHX orrepaTopoB, ,n;eficTByroru;ux Ha 3aMKHYTbIX K0MIIaKTHbIX 

HCKpHBJieHHbIX MHOf006pa3H5IX C KpyqeHtteM ll KaJIH6pOBO'IHbIMll IIOJI5IMH. 

Bee 3TH 3a,n;a'ltt o6'he,n;utt5IeT TO, 'ITO MaTeMaTn'lecimMu cTpyKTypaMH, tta,n; 

KOT0pbIMH rrpOH3B0,ll;5ITC5I OCHOBHbie MaHIIIIYJI5I~HH, 5IBJI5IIOTC5I anre6pb1 Ha,n; 

pa3JIH'IHbIMH KOJib~aMH n IIOJI5IMH. 8TH anre6pbl 0TJIH'laIOTC5I orrepa~H5IMH 

YMHO)KeHH5I, K0T0pbie MOryT 6bITb HeK0MMyTaTHBHbIMH n Heacco~HaTHBHbI

Mll. 
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IOI.IJ.HMH H onpe,!],emIIOI.IJ.HMH COOTHOIIIeHH.HMH, C aJiropHTMH'IeCKOfi TO'IKH 3pe

HH.H Ha'laJIOCb c npo6JieMhl TO)K,!],eCTBa CJIOB ,!],Jl.H rpynn, ccpopMyJIHpOBaHHOfi 

M. ,ll;eHOM B 1911 r.: HafiTH aJirOpHTM, cnoco6Hblfi ,!l,Jl.H rpyIIIIhl, 3a,!],aHH0ll 

KOHe'lHblM MHO)KeCTBOM reHepaTOpOB H COOTHOIIIeHHfi, onpe,!],eJIHTh, .HBJl.H

eTC.H JIH ,!],aHHOe CJIOBO, COCTaBJieHHOe H3 reHepaTopoB, e,!],HHHLJ;efi B rpymre. 

8Ta 3a,!],a<ra 6hIJia MOTHBHpOBaHa TOIIOJIOrHeil: H ,ll;eH peIIIHJI ee ,!],JI.H CJiy<ra.H 

cpyH,!l,aMeHTaJlbHbIX (T. e., nepBblX roMOTOIIH'!eCKHx) rpynn OpHeHTHpyeMhlX 

IIOBepXHOCTeil:. BnoCJie,!],CTBHH fI.C. HOBHKOB, ,!l,OKa3aJI, 'ITO B 06I.IJ.eM CJiy<rae 

npo6JieMa ,ll;etta Hepa3peIIIHMa. Ifa 3THX HCCJie,!],OBaHHfi B03HHKJIO HanpaB

JieHHe, Ha3bIBaeMoe B HaCTO.HI.IJ.ee BpeM.H KOM6HHaTopttofi aJire6pofi. lfayqe

HHe KOHe'!HO npe,!],CTaBJieHHblX aJire6p tt cynepaJire6p JIH .HBJI.HeTC.H O,!],HOfi 

H3 Ba)KHblX qacTefi KOM6HHaTOpHOll aJire6pbI. Cpe,!],H y<reHbIX aKTHBHO pa6o

TaBIIIHX B aTofi o6JiaCTH MO)KHO ynoM.HHYTh IO.A. BaxTyptttta, JI.A. BoKyrn, 

H. ,IJ;)KeKo6coHa, M.B. 3afiu;eBa, A.A. 3oJioThrx, B.r. Kau;a, A.H. KocTpH

KHHa, r.rr. KyKHHa, P. J1HH,!],OHa, A.A. MHxaJieBa, B.M. fieTporpa,!],CKoro, 

IO.IT. Pa3MhICJioBa, )K.-IT. Ceppa, B.A. YcpttapoBcKoro, M. XoJIJia, A.H. 

II.IHpIIIOBa. OcHOBHOfi 3a,!],a<refi .HBJI.HeTC.H nocTpoeHHe Hatt6oJiee o6rn.eil: ( cy

nep )aJire6pbl JIH, Y,!l,OBJieTBOp.HIOI.IJ.eil: 3a,!],aHHOll CHCTeMe COOTHOIIIeHHll. 8Ta 

3a,!],a'la CBO,!],HTC.H K IIOCTpOeHHIO IIOJIHOfi CHCTeMhl COOTHOIIIeHHH, Ha3bIBaeMOll 

TaK)Ke KaHOHH'!eCKHM 6a3HCOM UJIH 6a3HCOM rpe6ttepa H,!],eaJIOB CB060,!l,HhlX 

( cynep )aJire6p JIH. KaHOHH'leCKHe 6a3HCbl ,!],Jl.H aJire6p JIH 6bIJIH BBe,!],eHhl 

A. 11. lllHpIIIOBbIM, a ,!],Jl.H cynepaJire6p JIH - A. A. MHXaJieBhIM. Kotte'!HO 

npe,!],CTaBJieHHbie ( cynep )aJire6pbl JIH HMeIOT MHOrO'IUCJieHHbie npHJIO)KeHH.H 

B q>H3HKe H MaTeMaTHKe, HanpHMep, IIPH HCCJie,!],OBaHHH CHMMeTpHfi HeJIU

HefiHhlX ,!],Hq>q>epeHI.l;HaJlbHblX ypaBHeHHfi, npH H3y<reHHH aJire6p tta6JIIO,!],ae

MbIX B pa3JIH'!HblX KBaHTOBO-IIOJieBblX TeOpH.HX, npH IIOCTpOeHUH ,!],ecpopMa

u;Hfi aJire6p H cynepaJire6p JIH B KBaHTOBhre rpynnhr (q-KBaHTOBatttte), npH 

H3y<reHHH rOMOJIOrH<reCKHX H roMOTOIIH'leCKHX CBOfiCTB HeTepOBbIX KOJieu; H 

T. ,!],. 

3a,!],a'!H COBpeMeHHOfi MaTeMaTHKH, MaTeMaTH'leCKOfi tt TeopeTH'leCKOH 

q>H3HKH Tpe6y10T Bee 6oJihIIIero HCIIOJib30BaHH.H TOIIOJIOrH<reCKHX H reoMeT

pH<reCKHX MeTO,!],OB. Ba)KHblM 3JieMeHTOM 3THX MeT0,!],0B .HBJI.HeTC.H H3y<reHHe 

rOMOJIOrH<reCKHX H KOrOMOJIOrH<reCKUX CBOfiCTB pa3JIH'IHbIX MaTeMaTH'leCKHX 

o6'beKTOB H CTPYKTYP, B03HHKaIOI.IJ.HX IIpH IIOCTpOeHUH COBpeMeHHblX q>H-

3H'leCKHX MO,!],eJiefi. Oco6oe MeCTO B TaKHX HCCJie,!],OBaHH.HX 3aHHMaeT Bhl

'IHCJieHHe KOrOMOJIOrHfi (H rOMOJIOrHfi) aJire6p tt cynepaJire6p JIH, B qacT

HOCTH, 6eCKOHe'!HOMepHblX rpa,!1,yHpOBaHHbIX ( cynep )aJire6p JIH BeKTOpHblX 
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IIOJiefi. Cpe,!],H IIpHJIO)KeHHfi KOrOMOJIOrHil: ( cynep )aJire6p JIH MO)KHO yno

M.HHYTb: xapaKTepHCTH'leCKHe KJiaCCbl CJioeHHfi; TeOpHIO K06op,!],H3MOB; HH

BapHaHTHbie ,!l,Hq>cpepeHu;HaJibHbie onepaTophr; KOM6HHaTOpHbie TO)K,!],eCTBa, 

Hafi,!],eHHhie 8il:JiepoM, KJiefiHOM, ,Il;ail:COHOM tt MaK,!],OHaJlh,!],OM tt T. ,!J,.; Bbl

'IHCJI8HHe Ba)KHblX ,!l,Jl.H KBaHTOBOfi TeOpHH u;eHTpaJibHblX paCIIIHpeHHfi H ,!],e

q>OpMau;ttil: ( cynep )aJire6p Jitt; IIOCTpOeHHe ypaBHeHHfi cyneprpaBHTau;HH ,!],JI.H 

N-paCIIIHpeHHOro cynepnpocTpaHCTBa MHHKOBCKOrO H TTOHCK B03MO)KHblX 

MO,!],eJieil: ,!],JI.H 3THX cynepnpocTpaHCTB; OTTHCaHHe aHaJIOra TeH30pa KpHBH3-

Hbl ,!],Jl.H CUCTeM C HeJIHHeil:Hb!MH HeroJIOHOMHblMH CB.H3.HMH, 'ITO MO)KHO HC

IIOJlh30BaTh ,!l,Jl.H HCCJie,!],OBaHH.H ycTOfi'IHBOCTH HerOJIOHOMHblX CHCTeM, TaKHX 

KaK TTO,!],IIIHIIHHKH, rHpOCKOIIhI, 3JieKTpOMexaHH'l8CKUe ycTpOfiCTBa, BOJIHbl B 

IIJia3Me H T.,!J,.; IIOCTpoeHHe TaK Ha3bIBa8Mb!X aJire6p JIH BblCIIIero nop.H,!],

Ka ( C n-apHOll onepau;Hefi. BM8CTO CK06KH JIH)' KOTOpbre, B CBOIO oqepe,!],b, 

HCIIOJih3YIOTC.H B MexaHHKe HaM6y, 0606rn.a10ru;efi o6hI'IHYIO MexaHHKY ra

MHJihTOHa. P.H,!l, MaTeMaTH'leCKHX YTBep)K,!],eHHfi 3KBHBaJieHTHbl onpe,!],eJieH

HblM CBOfiCTBaM KOrOMOJIOrHfi (MaJiblX pa3MepHOCTefi) aJire6p JIH. HanpH

Mep, YTB8p)K,!],eHHe O paBeHCTBe HYJIIO 2-:x KOrOMOJIOrHfi B KOHe'IHOMepHOM 

MO,!l,yJie KOHe'!HOMepHofi aJire6pbl JIH Ha,!], IIOJieM xapaKTepUCTHKH O (JieMMa 

YafiTXe,!J,a) 3KBHBaJieHTHO TeopeMe JieBH-MaJihu;eBa o pa3JIO)K8HHH KOHe<rHo

MepHofi aJire6pbl JIH C a6eJieBblM pa,!],HKaJIOM. MHorHe pe3yJibTaThl O KOrOMO

JIOrH.HX ( cynep )aJire6p JIH 6bIJIH noJiy<reHhI B pa6oTax ,ll;.B. AJieKceeBcKoro, 

P. BoTTa, B.M. ByxIIITa6epa, 11.M. reJibq>aH,!],a, B. r0fieMHHa, A. r0IIIap

,!],e, K. fo,!l,6ttil:oHa, B.r. Kau;a, ,II;.A. JiefiTeca, )K.-IT. Ceppa, B.JI. <l>eil:mHa, 

,II;.B. <l>yKca, r. XoxIIIHJih,!l,a, B. BaH 8cTa H ,!],pyrnx. KoroMoJiorHH HeKOTO

pbIX THIIOB aJire6p JI0, HaIIpHMep, KOHe'!HOMepHbIX pe,!],yKTUBHblX (B <raCT

HOCTH, IIOJiynpOCTbIX) aJire6p JI0 Ha,!], IIOJI.HMH xapaKTepHCTHKH O IIOJIHOCTbIO 

HCCJie,!],oBaHbl. 0,!],HaKO KOrOMOJIOrH<reCKUe CBOfiCTBa MHOrHX Ba)KHbIX B npH

JIO)KeHH.HX aJire6p, HanpHMep, ( cynep )aJire6p JI0 BeKTOpHbIX IIOJiefi, npaKTH

<reCKU He H3y<reHhl. ,ll;JI.H TaKHX aJire6p KOHKpeTHbie Bbl'IHCJieHH.H MoryT ,!],aTb 

u;eHHYIO HHq>OpMau;010 ,!l,Jl.H aHaJIH3a H o6o6ru;eHHH. BbI'lHCJieHHe KOrOMOJIO

rHfi .HBJI.HeTC.H 3a,!],a<refi C BblCOKOfi Bbl'IHCJIHTeJihHOfi CJIO)KHOCTbIO, IlOCKOJihKY 

o6hI'IHO npOCTpaHCTBa Kou;enefi, cp0ryp0py10ru;0e B 3THX Bhl'IHCJieHH.HX, HMe

lOT O'!eHb BbICOKYIO pa3MepHOCTb. ITo3TOMY 3cpcpeKTHBHOCTb aJirOpHTMOB H 

peaJIH3au;HH HMeeT ,!],Jl.H 3TOfi 3a,!],a'!H KpHTH'!eCKOe 3Ha<reHHe. 

CttcTeMaTH'leCKOe H3y<reHHe aCHMTTTOTH'!eCKHX CBOfiCTB cneKTpOB 3JIJIHTT

TH'leCKHX ,!],HcpcpepeHu;HaJihHbIX onepaTOpOB Ha MHOroo6pa3H.HX Ha'laJIOCb c 

pa6oT r. BefiJI.H 0 )K_ A,!1,aMapa 0 6bIJIO npo,!],OJI)KeHO B pa6oTax TaKHX y<re-
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HhIX, KaK M. ATMI, P. BoTT, B. ,LJ:eBttTT, 11. 3nHrep, M. Kau,, ,D:.11<. Mm1-

Hop, C. MnHaKIIIHCJH)].apaM, B. IIaTO)].H H )].p. CorJiacHo npe)].JI0.tKeHH0MY 

A)],aMapOM Il0)],X0)].y, aCHMilT0TH'feCKHe CB0liCTBa cneKTp0B M0.tKH0 H3y'faTh, 

BbI'fllCJI5I5I K03<pqmu,neHTbI K0p0TK0BpeMeHH6ro pa3JI0.tKeHH5I 51)].pa onepaT0-

pa TenJionp0B0)],H0CTH, Il0CTp0eHH0ro ll3 paccMaTpHBaeMoro 3JIJIHilTH'-!eCK0r0 

0nepaT0pa. chH K03<p<pllll,lieHThI, 5IBJI5I5ICb aCHMilT0TH'feCKl:IMH Cil€KTpaJib

HbIMH HHBapnaHTaMH, B K0T0pbIX 3aK0)],l:lp0BaHa l:IHq>OpMaU,l:151 06 onepaTope 

l:I 0 reoMeTpl:l'I€CKl:IX ll T0II0JI0rl:l'f€CKl:IX CB0liCTBax MHOroo6pa31:15I, Ha K0-

T0p0M 3T0T onepaT0p )],€HCTByeT, HaX0)],5IT MH0rD'fHCJI€HHhie IIpl:IJI0.tK€Hl:15I 

B MaTeMaTl:IKe ( cneKTpaJibHa5I reoMeTpl:151 l:I T0II0JI0rl:151, l:IH)],€KCbI onepaT0-

p0B Ha MHOroo6pa31:15IX, cneKTpaJibHa5I (-<pyHKU,l:151) l1 <pl13HKe ( Bbl'fHCJie

HHe <pyHKU,HOHaJibHb!X HHTerpaJI0B B KBaHT0B0H Te0pHH II0JI5I, 3<p<peKTHBHOe 

)],€HCTBHe, q>JHKU,HH rp11Ha l1 aH0MaJil:IH, BbIC0K0T€MIIepaTypH0e pa3JI0.tK€HHe 

)],JI5I <pyHKU,llll pacnpe)].eJieHH5I B CTaTHCTH'feCK0H q>H3HKe). B II0CJI€)],HHe r0)],bl 

MH0rHe pe3JJihTaThl 0TH0CHTeJibH0 Bbl'fHCJieHHH l1 npHJI0.tK€HHH 3THX K03<p

q>HU,H€HTOB 6hIJIH noJiy'feHhI B pa6omx 11.r. ABpaMH)].H, II. AMcTep)].aMcKoro, 

A.O. BapBHHCKoro, H. Baprn, A.A. BeJibKOBa, A. BepKHHa, H. BnppeJIJia, 

T. Bp3HCOHa, r.A. BHJIKOBb!CCKOro, II. r11JIKH, II'. rpaii:Hepa, B.II. rych!Hl:1-

Ha, II. ,l1;3BHca, 9. ,D:3B11ca, C. Kp11cTeHceHa, A.B. JlaHeBa, ,ll;. O'KoHHopa, 

M. MaKKHHa, IO.H. O6yxOBa, IT.11. ITpoHHHa, P. C11JI11, K.B. CTenaHb5IH

u,a, C. <l>yJIJIHHra, A. illaaJie, P. illHMMHHra 11 )].pyrnx. IToTpe6HocTH co

BpeMeHHoii: q>H3HKH, B qaCTH0CTH, KBaHT0B0H rpaBHTaU,HH ll KaJI116pOBO'fHb!X 

Teop11ii: II0JI5I, IIpHB0)],5IT K Heo6XO)],HMOCTH H3y'faTh cneKTpaJibHbie CB0HCTBa 

3JIJIHIITH'f€CKHX onepaT0p0B Bee 6oJiee CJI0.tKHblX THII0B, HanpHMep, onepa

T0p0B Bb!CIIIHX II0p5I)].K0B ll TaK Ha3bIBaeMbIX "HeMHHHMaJibHbIX" onepaT0p0B 

( onepaT0p0B c H€CKaJI5IpHb!M CHMBOJIOM), )],€liCTBYJ0111,HX Ha MHOroo6pa3H5IX, 

OCHalll,eHHblX 6oJiee CJI0.tKHbIMH reoMeTpH'IeCKHMH CTPYKTypaMH ( HaIIpHMep, 

Ha MHoroo6pa3H5IX P11MaHa-KapTaHa). BhI'fHCJieHH5I B II0)].06HhIX CJiyqa51x 

cy111,ecTB€HH0 JCJI0.tKH5IJOTC5I H, II0-BH)],HM0MY, HCII0Jib30BaHHe M€T0)],0B K0M

IlhJOTepH0H aJire6pbl CTaH0BHTC5I HeH36e.tKHb!M. 

:UeJiblO )],HCCepTall,H0HH0H pa60Tbl 5IBJI5I€TC5I pa3pa60TKa aJir0pHTM0B pa-

60TbI c·HeK0MMyTaTHBHbIMH l:I Heaccou,naTHBHbIMH aJire6pa11qecKHMH CTpyK

TypaJi..rn, C03)],aHHe Ha 6a3e 3THX aJir0pHTM0B K0MilbJOTepHbIX nporpaMM l1 

peIIIeHHe C Il0M0lll,blO 3THX nporpaMM HeK0T0pbIX IIpHKJia)],HbIX 3a)],a'f B CJie

)].y!Olll,HX o6JiaCT5IX: 

• BhI'fHCJieHne K0He.'fH0 npe)].CTaBJieHHhIX anre6p 11 cynepanre6p Jln; 

• BhI'fHCJieHHe KoroMoJiornii: anre6p 11 cynepanre6p Jln; 
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• BbI'fHCJieHHe aCHMIIT0TH'feCKl:IX cneKTpaJibHbIX HHBapHaHT0B 3JIJIHIITH

qecKl:IX )].ll<p<pepeHU,llaJibHbIX onepaT0p0B Ha K0MIIaKTHbIX 3aMKHJTbIX 

MHoroo6pa3H5IX PnMaHa-KapTaHa np11 HaJIH'fHH KaJI116poBO'fHhIX no

Jieii:. 

Harrna~ !f0B_H3Ha H rrpaKTH'leCKa~_ u;eHHOCTb. 

B )],HCcepTaU,HH npe)].JI0.tK€Hbl 0pHrHHaJibHhie aJir0pHTMbl pa60TbI C He

K0MMyTaTHBHbIMH l1 Heaccou,11aTHBHb!Mll aJire6paMH l1 M€T0)],bl peaJIH3aU,Hll 

3THX aJir0pHTM0B B BH)],e 3<p<peKTHBHb!X K0MIIbJOTepHbIX nporpaMM. 9TH 

nporpaMMbI, peaJIH30BaHHbie Ha 5I3bIKe C, 6bIJIH HCil0Jib30BaHhI )],JI5I peIIIeHH5I 

p5I)],a aKTJaJibHbIX IIpHKJia)],HbIX 3a)],a'f. 

,l];JI5I HCCJie)],0BaHH5I K0He'fH0 npe)].CTaBJI€HHbIX anre6p H cynepanre6p JI11 

6b1Jia pa3pa6omHa nporpa_MMa FPLSA. 9m nporpaMMa, HaCK0JihK0 HaM 113-

BeCTH0, B HaCT05Illl,ee BpeM5I 5IBJI5IeTC5I Ha1160Jiee 3<p<peKTHBHOH cpe)].H npo

rpaMM, npe)].Ha3Ha'feHHhIX )].JI5I aHaJI0rH'fHhIX 11,eJieii:. ITporpaMMa FPLSA 
6bIJia BKJIJO'feHa, B qacTH0CTH, B M€.tK)].yHapo)].HYJO CHCTeMy K0MIIbJOTepH0H 

aJire6pbI GAP, op11eHT11poBaHHy10 Ha peIIIeH11e 3a)].a'f BhI'fHCJIHTeJibH0ii: Teo

p1111 rpynn l1 KOM6HHaTOpHOH anre6phI
1

. O)],HaKO, BBH)].y orpaHH'feHHii CHCTe

Mbl GAP (He 11Me10111,eii: cpe)].CTB pa6oTbI c cynepanre6paMH, 6ecKoHe'fHOMep

HhIMH aJire6paMH 11 C00TH0IIIeHH5IMH, C0)].ep.tKallJ,HMH Heonpe)].eJieHHbie napa

MeTpb1), aBT0H0MHbiii: BapnaHT nporpaMMbI II03B0JI5IeT peIIIaTb 3a)],a'IH 6oJiee 

IIIHp0Koro KJiacca. B qacTH0CTH, 6bIJIH peIIIeHbI HeK0T0pbie 3a)],a'IH, B03HHKa

lOlll,He npn HCCJie)],0BaHHH roM0T0illl'f€CKHX ll r0M0JI0rH'feCKHX CB0HCTB HeTe

p0BbIX K0Jieu,, 5IBJI5II0111,HXC5I cpaKTOpKOJibU,aMH K0Jieu, II0JIHH0M0B TIO KBa)].pa

Tll'fHbIM H)],eaJiaM, l1 3a)],a'IH, CB5I3aHHbie C H3J'f€Hll€M anre6pbl Ha6JIJO)],aeMhIX 

B Te0pHH HaM6y-roTO 3aMKHJTbIX 6030HHhIX CTpyH. 

,l];JI5I BbI'fHCJieHH5I K0r0M0JI0rHfi anre6p l1 cynepanre6p JI11 6bIJia pa3pa-

6oTaHa nporpaMMa LieCohomology. 9m nporpaMMa no3B0JI5IeT BhI'fHCJI5ITh 

K0r0M0JI0rH'f€CKHe KJiaCCbI B TpHBHaJibH0M, npHCO€)],HHeHHOM ll K0ilpHC0-

e)],HHeHHOM M0)].yJI5IX )],JI5I K0He'fH0MepHb!X n 6ecKOH€'fHOMepHb!X rpa)].yttpo

BaHHbIX ( cynep )anre6p Jln. C Il0M0llJ,blO 3T0fi nporpaMMbI 6hIJIH BnepBbie 

BbI'fHCJieHbI HeK0T0pbie K0r0M0JI0rH'f€CKHe KJiaCCbI ")],JI5I p5I,n;a ( cynep )anre6p 

Jln, B 'faCTH0CTH, )],JI5I ffiMHJibT0H0BbIX l1 nyacC0H0BCKHX ( cynep )anre6p JI11 

Il0JIHH0MllaJibHbIX BeKT0pHbIX Il0Jieii: l1 RX He'feTHbIX aHaJI0r0B - cynepaJI

re6p JI11 C aHTHCK06Kofi, 11rpa10111,11x Ba.tKHYJO p0Jib B M€TO)],e KBaHT0BaHH5I 

1CHcTeMy GAP M0:>KH0 rrOJiyqHTh no ftp H3 cepBepoB Ha Tpex K0HTHHeHTaX, a,zu>eca K0TOpwx M0:>KH0 
Ha.liTH Ha HHTepHeTOBCK0ii CTpaHHl\e http://www-groups.dcs.st-and.ac.uk/. 
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Barn,mrna-BHJIKOBhICCKoro. IlorryTHO 6hIJia o6Hapy)KeHa, He yrroMHHamnaR

CR B H3BeCTHOll HaM JIHTepaType, Oco6eHHOCTb CTpOeHH5I KOJieIJ, KOrOMOJIOrHll 

B TPHBHaJihHOM MO,IzyJie ,IJ;JIR ( cyrrep )aJire6p, co,n;ep)KaIIJ,HX u,eHTp. B CJiy'-!ae 

He'-!eTHOro IJ,eHTpa 3TO rrpHBO,IJ;HT K TOMY, '-!TO KOJihIJ,O KOrOMOJiornii BMecTe C 

Ka)K,Il;bIM HeTpHBllaJihHbIM KOrOMOJIOrH'-!eCKHM KJiaCCOM co,n;ep)KHT 6ecKOHe'-!

HOe MHO)KeCTBO ero CJie,n;cTBllll. 

,ll;JI5I Bhl'-IHCJieHH5I acnMIITOTH'-!eCKHX crreKTpaJibHhlX HHBapHaHTOB ( K03<p

<pHIJ,HeHTOB ,ll;eBttTTa-CttJIH-fHJIKH) 3JIJIHIITH'-!eCKHX ,n;ncpcpepeHIJ,llaJibHhlX 

orrepaTopoB, ,n;eiiCTBYIOIIJ,HX Ha 3aMKHYThIX MHOroo6pa3H5IX, OCHaIIJ,eHHhlX 

MeTpHKOii, KpttBH3Hoii, Kpy'-!eHHeM (r,rnoroo6pa3tt5I PttMaHa-KapTaHa) n Ka

Jitt6poBo'-!Hoii CB5I3HOCThIO, 6hIJia pa3pa6omHa rrporpaMMa DWSGCoeff C 

IIOMOIIJ,hIO 3TOll rrporpaMMhl BrrepBbie 6b!JIH Bhl'-IHCJieHbl MHOl'He K03<p<pHIJ,H

eHThl ,ll;BCr ,IJ;JI5I pR,n;a ,IJ;H<pcpepeHIJ,llaJihHhIX orrepaTOpOB BTOporo ll '-!eTBep

Toro IIOp5I,IJ;KOB, KaK MHHHMaJibHhIX, TaK n HeMHHHMaJihHhIX. Han6oJiee cy

IIJ,eCTBeHHhIM HOBbIM pe3yJihTaTOM 3,IJ;eCb 5IBJI5IeTC5I Bhl'-IHCJieHne '-!eTBepToro 

K03<p<pllIJ,HeHTa E4 ( HJIH a2 B '-!aCTO BCTpe'-!aIOIIJ,HXC5I B JIHTepaType aJibTep

HaTHBHbIX o6o3Ha'-!eHH5IX) ,IJ;JI5I Ba)KHOro B KBaHTOBOll rpaBnTaIJ,Hll ll Teopnn 

KaJin6pOBO'-!HhIX IIOJieii HeMHHHMaJihHOro orrepaTopa BTOporo rropR,n;Ka. 

Q_cHOBHbie _l)e3yJihTaTbI, BbIHOCHMbie Ha 3arn;11Ty: 

1. Pa3pa6oTaHbl KOHCTPYKTHBHbie MaTeMaTtt'-leCKHe MeTO,IJ;bl n OCHOBaHHbie 

Ha HUX 3<p<peKTHBHhie aJirOpHTMhI ,IJ;JI5I KOMIIhIOTepHoro aHaJIH3a HeKOM

MyTaTHBHhIX n Heaccou,naTHBHhIX MaTeMaTH'-leCKHX o6'beKTOB, IIIHpOKO 

HCIIOJih3yeMbIX B COBpeMeHHhIX MO,IJ;eJI5IX TeopeTH'-!eCKOll ll MaTeMaTtt'-le

CKOll <pll3HKH: 

• KOHe'-!HO rrpe,n;CTaBJieHHhIX aJire6p tt cyrrepaJire6p Jln, 

• KOroMoJiornii aJire6p n cyrrepaJire6p Jln, 

• BeKTOpHblX ll TeH3OpHblX IIOJiell Ha HCKpHBJieHHhlX MHOroo6pa3H5IX. 

2. ,ll;JI5I BhIIIIerrepe'-!HCJieHHhIX o6'beKTOB pa3pa60TaHhl CTPYKTYPhI ,n;aHHbIX, 

Han6oJiee a,n;eKBaTHO OTpa)KaIOIIJ,He HX MaTeMaTH'-leCKHe CBOllCTBa. Co-

3,IJ;aHHhie aJiropHTMhl ll CTPYKTyphI peaJIH3OBaHbl Ha 5I3hIKe rrporpaMMH

poBaHH5I C B Bn,n;e rrporpaMM: 

• FPLSA - rrporpaMMa rrocTpoennR rroJIHOii cncTeMhI cooTHOIIIeHHii 

(6a3nca fpe6Hepa) ,IJ;JIR KOHe'-!HO rrpe,n;cTaBJieHHhIX aJire6p n cyrrep

aJire6p Jln Ha,n; pa3JIH'-1Hh1Mll IIOJI5IMH K03<p<pHIJ,HeHTOB. cha rrpo-
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rpaMMa IIO3BOJI5IeT, B '-!aCTHOCTH, CTpOHTh 6a3HCHbie 3JieMeHThl aJI

re6p, Ta6JIHIJ,y HX KOMMyTaTOpOB (cTpyKTYPHhie KOHCTaHTbI) n p5I

,IJ;hl fHJih6epTa. 

• LieCohomology - rrporpaMMa BhI'-IHCJieHHR KoroMOJiornii: KOHe'-IHO

MeptthIX n 6ecKOHe'-!HOMepHbl~ rpa,izynpoBaHHhIX aJire6p n cynepaJI

re6p JlH. AJirOpHTM peaJIH3OBaH ,IJ;JI5I TpHBllaJihHhIX, npttcoe,n;HHeH

HhlX ll KOilpHCOe,IJ;HHeHHhIX MO,IzyJiell. 

• D WSGCoeff - nporpaMMa, peaJIH3YIOIIJ,a5I nOJIHOCThIO KOBapttaHT

Hhiii H YHHBepCaJibHhlll aJiropHTM Bhl'-IHCJieHH5I aCHMilTOTH'-!eCKHX 

cneKTpaJibHhIX HHBapnaHTOB (K03<p<pHIJ,HeHTOB pa3JIO)KeHH5I 51,IJ;pa 

onepaTOpa TenJionpOBO,Il;HOCTH) ,Il;HcpcpepeHIJ,llaJihHhlX onepaTOpOB 

na HCKpHBJieHHhIX MHOroo6pa31I5IX C Kpy'-leHIIeM II npO1I3BOJibHhl

Mll KaJitt6pOB0'-1HhIMH IlOJI5IMII. 

3. C IlOMOIIJ,bIO Tpex nepe'-IHCJieHHhIX BhIIIIe nporpaMM perneHbl, COOTBeT

CTBeHHO, CJie,IzyIOIIJ,IIe 3a,n;a'-III: 

• BhI'-IIICJieHbI ,n;o Il5ITOrO nop5I,IJ;Ka BKJIIO'-IIITeJibHO 6a31ICHbie 3JieMeH

Thl aJire6pb1 na6JIIO,n;aeMhIX B TeoplIII HaM6y-foTo 3aMKHYThIX 6o-

3OHHhIX CTPYH ll IlOCTpOeH p5I,Il; cynepaJire6p Jln, BO3HHKaIOIIJ,IIX npn 

HCCJie,n;oBaHHH HeTepOBhIX KOJieIJ,, orrpe,n;eJIReMbIX KaK cpaKTOpKOJih

IJ,a IlOJIHHOMOB OT '-leThipex ll Il5ITH nepeMeHHhIX no KBa,n;paTII'-IHhIM 

n,n;eaJiaM. 

• BnepBbie IlOCTpoeHbl BhICIIIHe KOrOMOJIOrttlI ,IJ;JI5I pR,n;a cynepaJire6p 

Jln BeKTOpHbIX IlOJieii: co CK06KOH Ilyaccona ll ee He'-leTHOro aHaJIO

ra - cKo6Kn BIOTeH (attTHCK06K1I HJIH ne'-leTHOii cKo6KH Ilyaccona). 

C IlOMOIIJ,bIO npRMhIX KOMilbIOTepHbIX Bhl'-IHCJieHHll o6napy)KeHO (a 

3aTeM II ,Il;OKa3aHO)' '-!TO HaJIII'-IIIe u,eHTpa B aJire6pe HJIII cynep

aJire6pe Jln, B CJiyqae TpHBllaJihHOl'O MO,IzyJI5I, IlO3BOJI5IeT CTpOIITh 

HOBhie KOrOMOJIOrtt'-!eCKHe KJiaCChl HCXO,IJ;5I II3 II3BeCTHhIX. B '-!aCTHO

CTH, rrpH HaJIH'-IIIH He'-!eTHOrO u,eHTpaJibHOro 3JieMeHTa, JII06oii KO

rOMOJIOrlI'-!eCKllll KJiacc nopo)K,n;aeT 6eCKOHe'-!Hhlll na6op KJiaCCOB, 

5IBJI5IIOIIJ,IIXC5I KpaTHb!Mll HCXO,IJ;HOMy. 

• BnepBbJe Bhl'-IHCJieHhI, He ll3BeCTHbie panee, K03<p<plIIJ,HeHThl pa3-

JIO)KeHH5I ,IJ;JI5I HeMHHHMaJihHhlX onepaTopoB, onepaTopoB Bh!CIIIIIX 

nOp5I,IJ;KOB n ,IJ;JI5I MHOroo6pa3Hfi c Kpy'-leHIIeM. Cpe,n;H HIIX Ha1I60-

Jiee Ba)KHbIM ,IJ;JI5I KaJI1I6pOB0'-1HhIX MO,IJ;eJiefi Teopnn IlOJI5I II KBaHTO-
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BOH rpamITau;irn .HBJrneTC.H T01IHOe aHaJHITlf1IeCKOe Bbipa)KeHtte K0-

9<pqmu;tteHTa E4 ,D,JI.H HeMttHlfMaJibHOrO OITepaTopa Ha lfCKpttBJieH

Hb!X MHoroo6pa3Ii.HX. 

Arrpo6au;1rn: pa60Th1. Pa3Jitt1IHbJe cocTaBHbie 11acTtt ,n,ttccepmu;ttoHHOil: 

pa6oTbl ,D,OKJia,D,b!BaJilfCb Ha KOH<pepeHu;mrx: HoBb!e KOMITbIOTepHbJe TeXHOJIO

rtttt B <ptt3tt11ecKttx ttcCJie,n,osaHtt5Ix AIHENP'93 (O6epaMMepray, fepMamrn, 

1993), AIHENP'95 (Titt3a, 11TaJitt.H, 1995), AIHENP'96 (J103aHHa, Illsefiu;a

ptt.H, 1996); MEDICIS TeMaTtt11ecKoe cosew,aHtte ITO JitteBCKttM BbI1IttCJieHtt5IM 

(MapceJib-JlyMttHtt, <DpaHI.J,lf.H, 1994); CttMMeTptttt B HeJittHeiiHoti: MaTeMa

Ttt11ecKoii <ptt3ttKe (Kttes, YKpattHa, 1995); HoBhie KOMITbIOTepHbie TexHoJio

rtttt B cttcTeMax yITpasJieHtt.H (TiepeCJiaBJib-3aJieccKttfi, Pocctt.H, 1995, 1996); 

Bb11IttCJittTeJibHoe MO,D,eJittposaHtte tt BbI1IttCJieHtt.H B cptt3ttKe (,Ily6Ha, Poc

Ctt.H, 1996); Me)K,n,yHapo,n,Hoe pa6011ee cosern,aHtte no KBaHTOBoii Teoptttt rroJI.H 

ITptt BJitt.HHtttt BHeIIIHttx yCJioBttti: ( Jieti:rru;ttr, fepMaHtt.H, 1998); Me)K,n,yHapo,n,

Ha.H aJire6patt11ecKa5I KOH<pepeHLJ,lf.H IIOCB5IW,eHHa.H 90-JieTttlO A. r. Kyporna 

(MocKBa, Pocctt.H, 1998); Me)K,n,yHapo,n,Hoe pa6o11ee cosew,aHtte ITO KOMIIbIO

TepHoti:: aJire6pe B Hay11HbIX BbI1IttCJieHtt.HX CASC'98 ( CaHKT-IleTep6ypr, Poc

Ctt.H, 1998), CASC'99 (M10HxeH, fepMaHtt.H, 1999), CASC'2000 (CaMapKaH,n,

Byxapa, Y36eKttcTaH, 2000); CeMttHap no Jia3epHoti: <ptt3ttKe tt <poTOHttKe 

(CapaToB, Pocctt.H, 1999); Me)K,n,yHapo,n,Ha.H KOH<pepeHu;tt.H no rrprrJIO)KeHrr

.HM KOMIIbIOTepHoti: anre6pb1 !MACS ACA 2000 (CaHKT-IleTep6ypr, Poccrr5I, 

2000); CospeMeHHbie TeH,n,eHu;rrtt B BbI11rrcJirrTeJibHoti: cptt3ttKe (,]zy6Ha, Poc

crr.H, 1998, 2000); Me)K,n,yHapo,n,Hbiti: KOJIJIOKBrryM TeopeTttKo-rpyrrrrosb1e Me

TO,D,bI B cprr3rrKe GROUP-23 (,LJ,y6Ha, Pocctt.H, 2000); Ha ceMttHapax no KOM

IIbIOTepHoti:: anre6pe rrprr BMK MfY, Ha ceMttHapax B 11HcTttTyTe MaTeMa

TttKrr cToKrOJibMCKoro yHttBepcrrTeTa ( CToKrOJibM, Illseu;rr.H), B TexHrr11ecKoM 

yHrrBepcttTeTe r. 8fiH,D,XOBeHa (8iiH,D,XOBeH, foJIJiaH,D,tt5I), s B~~crneti:: TeXHtt1Ie

CKOH IIIKOJie Peti::Ha-BecT<paJirrrr RWTH (AaxeH, fepMaHrr.H); Ha cosMeCTHbIX 

ceMttHapax JIBTA 0115111 rr BMK MfY, Ha ceMrrHapax no BbI1IttCJittTeJibHOfi 

MaTeMaTIIKe B JIBTA 0115111. 

1Iy6Jnurau;m-i:. Tio MaTepttaJiaM ,n,ttccepmu;tttt orry6JittKOBaHo 27 pa6oT. 

CTpyKTypa II ofrheM ,z::i;11ccepTau;1111. ,LJ,rrccepTal..J,li.H COCTOliT lf3 BBe,n,e

Hlf.H, 1IeTb1pex rJiaB, 3aKJII01IeHtt.H, II.HTlf rrprrJIO)KeHttti:: Ii CIIlfCKa JlttTepaTypb!. 

O61>eM ,D,IiCCepmu;tttt - 222 CTpaHttl..J,bl. CrrttCOK JlliTepaTypbl BKJII01IaeT 187 

HaMMeHOBaHMfi. 

8 

-----

CO,II;EP)KAHME PABOTbI 

Bo BBe,z::i;eH1111 ,n,afac.H o6ocHoBaHMe aKTYaJibHOCTM TeMbI M ccpopMyJIHpo

BaHbI OCHOBHb!e u;eJIM pa60Tbl. 113JIO)KeHO KpaTKOe co,n,ep)KaHMe ,D,llCCepTaLJ,Mll 

C OIIMCaHMeM OCHOBHb!X ee pe3yJibTaTOB. 

Ka)K,n,a.H ll3 ITOCJie,n,yIOilJ,llX rJiaB rrpe,n,Bap.HeTC.H KpaTKllM ofoopOM no pac

CMaTpMBaeMb!M rrpo6JieMaM " co,n,ep)K?'HlllO rJiaBbl. 

rnaBa 1 IIOCB5IW,eHa peaJIM3aLJ,Mll MaTeMaTM1IeCKMX o6'beKTOB, paccMa

TpHBaeMblX B IIOCJie,n,y10rn,MX rJiaBax, ll aJirOpllTMOB pa60Tbl C HllMll. Mb! 

OIIMCbIBaeM Heo6xO,D,llMbJe HaM B ,D,aJibHefirneM MaTeMaTM1!eCKMe o6'beKTbl " 

OITepaLJ,Mll C HllMll rrapaJIJieJibHO C MX KOMIIbIOTepHofi peaJIM3aLJ,Meti::. HeKOTO

pb!e HaM60Jiee Ba)KHbie aJirOpllTMbl rrprrBe,D,eHbl Herrocpe,n,CTBeHHO B BM,D,e C 
K0,[1,0B. B fJiaBe 1 paCCMaTpMBaIOTC.H TaK)Ke o6rn,Me rrpMeMbI, llCIIOJ!b3YeMb!e 

aaMM rrpll pa3pa6oTKe KOM.IIblOTepHo-aJire6paH1IeCKMX rrporpaMM. 

Pa3,z::i;en 1.1 rrocB.HW,eH cTpyKTypaM ,n,aHHbIX M sorrpocaM rrporpaMMHpo

saHM.H. B rro,z::i;pa3,z::i;ene 1.1.1 OIIIICbJBaIOTC5I CB.H3Hbie CIIIICKII C Y3JiaMII rrepe

MeHHOti:: CTPYKTYPbI. TaKIIe crrIICKII .HBJI.HIOTC.H ocHOBHofi CTPYKTypoti:: ,n,aHHbIX, 

IiCIIOJib3YeMoti:: HaMII rrpll peaJIII3aLJ,llll pa3JIII1!Hb!X MO,[l,yJieti::, JIIIHeii:Hb!X rrpo

CTpaHCTB II aJire6p: aJire6pbI II cynepanre6pbl JIII, rpaccMaHOBbI aJire6phI, 

rrpOCTpaHCTBa Ii anre6pbl KOLJ,erreii:, BeKTOpHbie IIOJrn, TeH30pHbJe Bbipa)Ke

HH.H Ii T. ,[I,. Oco6eHHOCTblO 3a,n,aq HeKOMMyTaTHBHOti:: KOMIIbIOTepHOti:: aJire-

6phI .HBJI.HeTC.H 6oJibIIIOe pa3H006pa3He BXO,D,Hb!X ,n,aHHh!X ,D,JI.H 3a,n,aq O,D,HOro If 

Toro )Ke TMIIa. HanpMMep, IIOJI.H K09<p<pllLJ,lleHTOB MOryT MMeTb COBeprneHHO 

pa3JIM1IHYIO rrpMpo,n,y M, COOTBeTCTBeHHO, peaJIM3au;IIIO, 9JieMeHTbI aJire6p MO

ryT 6h!Tb CHa6)KeHhl llH,D,eKCHb!Mll Bbipa)KeHM.HMll lfJIH tteT, BeKTOpHbie IIOJI.H 

MOryT 6bITb rrpe,n,CTaBJieHhI B BM,D,e ,D,H<p<pepeHI.J;llaJibHb!X orrepaTOpOB llJIH B 

BII,D,e IIpOH3B0,D,.HilJ,llX cpyHKLJ,Mti::, TeH30pbI, B 3aBMCMMOCTll OT 3a,n,a11H, MOryT 

MMeTb pa3Jill1IHOe MaKCHMaJibHOe 1IHCJIO llH,D,eKCOB ll T. ,n,. CTatt,n,apTHbie KOH

CTPYKLJ,Hll .H3hIKOB C M C++ TaKMe KaK, CTpyKTYPhI, o6'he,D,MHeHM.H M KJiaCCbI 

He B COCTO.HHllll o6ecrre1IMTb ,D,OCTaT01IHYIO rM6KOCTb ll 9<p<peKTMBHOCTb ,D,J15I 

npe,n,cTaBiieHH5I rro,n,o6HbIX pa3H006pa3Hb!X ,n,aHHb!X. HanpHMep, eCJIM y3eJI 

co,n,ep)KllT MaCCMBhI, TO JIH6o .pa3Mepbl 9TMX MaCCMBOB ,D,OJI)KHbI 6hITb <pMK

CHpOBaHbl ,D,O KOMIIMJI.HI..J,llll rrporpaMMhI (tte,n,ocTaTOK rM6KOCTH) Jrn6o rraM.HTb 

,D,JI.H MaCCllBOB ,D,OJI)KHa BbI,D,eJI.HTbC.H ,D,MHaMH1IeCKll BC.HKllfi pa3, Kor,n,a cpop

MHpyeTC.H ,n,aHHhifi y3eJI ( He,D,OCTaTOK 9<p<peKTllBHOCTll). ,Il,JI.H Toro, 1IT06hI 

06ecne1IMTh O,D,HOBpeMeHHO rM6KOCTb ll 9<p<peKTllBHOCTb BHyTpeHHero rrpe,n,-

9 



CTaBJiemrn: MaTeMaTH'IeCKHX CTPYKTYP Mhl HCIIOJih3YeM CB5I3Hble CIIIICKII C 

Y3JiaMH rrepeMeHHOii: CTPYKTYPhI. TaKHe Y3JihI MoryT co,D,ep)KaTh pa3Jiwrnoe 

KOJIHqecTBO HH<pOpMau;HOHHhIX IIOJiefi pa3HhIX THIIOB II pa3MepoB, B 3aBIICII

MOCTII OT IIOTpe6HOCTefi 3a,D,aqH, qTo 1103BOJI5IeT "He HMeTb HIIqero JIHIIIHero" 

rrpII perneHHII mo6oii: KOHKpeTHOH 3a,D,aqH. B IlO,[ij)a.3,D;eJie 1.1.1 rrprrBe,D,eHhl 

KOHKpeTHhie rrpHMepbI peaJIII3au;HH TaKOro po,n;a CIIHCKOB II KO,D,hl cpyHKil;llll 

,D,JI5I pa6oTbl c HIIMH. B qacTHOCTII, B KaqecTBe rrpHMepa, rrpHBe,n;eHhl TeKCThl 

<pyHKil;IIii:, peaJIH3YIOiu;HX OCHOBHhie orrepau;IIH ( CJIO)KeHHe II YMHO)KeHIIe) B 

aJire6pe IIOJIIIHOMOB. Ha CaMOM ,n;eJie, 9TII cpyHKil;IIII, B03MO)KHO, C He3Haqrr

TeJibHhIMH MO,IJ,H<plIKau;1rn:MII, rrprrro,n;Hhl ,D,JI5I peaJIH3au;IIH orrepau;IIfi B rrpoII3-

BOJibHOH aJire6pe, He o65I3aTeJibHO KOMMyTaTIIBHOH IIJIII accou;IIaTIIBHOH. 

IlpII peaJIII3au;HII paccMaTpIIBaeMbIX HaMH 3a,n;aq MhI llIIIpOKO IICIIOJih3YeM 

Ta6JIHil;hl pa3HhIX TIIIIOB. B no.n;pa3,n;eJie 1.1.2 MhI rrpIIBO,D,lIM aJirOpIITMhI 

pa60Thl C HaH6oJiee qacTO yrroTpe6JI5IeMbIM HaMH TIIIIOM Ta6JIIIu;. 

B no.n;pa3,n;eJie 1.1. 3 OIIIIChIBaIOTC5I o6iu;IIe qepTbI Bcex rrporpaMM, C IIO

MOiu;hlO KOTOpbIX pernaJIHCh 3a,D,aqII IIOCJie,D,yIOiu;IIX rJiaB. PaccMaTpIIBaIOTC5I 

TaK)Ke HeKOTOphre o6iu;IIe rrpIIHil;IIIlhI, KOTOpbIX Mb! rrpII,IJ,ep)KIIBaJIIICh rrprr 

pa3pa60TKe 9TIIX rrporpaMM II HHTepcpeii:ca. 

B pa3,n;eJie 1.2 fJiaBbI 1 Mhl paccMaTpIIBaeM oco6eHHOCTII peaJIII3au;1m 

II OCHOBHhie aJiropIITMhI pa60ThI C HeKOTOpbIMH KOHKpeTHhIMII TIIIIaMII rrpo

CTpaHCTB II aJire6p, TaKIIMII KaK: aJire6pbI II cyrrepaJire6pbI JlH (rro.n;pa3,n;eJI 
1.2.1); aJire6phr fpaccMaHa (no.n;pa3,n;eJI 1.2.2); rrpocTpaHCTBa II aJire6ph1 

Kou;errefi (no.n;pa3,D;eJI 1.2.3); ( cyrrep )aJire6phI BeKTOpHbIX IIOJiefi ( OHII 5IB

JI5IIOTC5I qaCTHhIM CJiyqaeM ( cyrrep )aJire6p JlH, HO HMeIOT CBOH oco6eHH0CTII 

rrpH peaJIH3au;HH) ( no.n;pa3,n;eJI 1. 2 .4); TeH30pHhre aJire6phr ( no.n;pa3,n;eJI 
1.2.5). 

Bee MO,D,yJIH, JIHHefiHhie rrpocTpaHCTBa II aJire6phr, paccMaTpIIBaeMhie Ha

MH, orrpe,D,eJieHbI Ha,D, KOMMyTaTHBHhIMII KOJihu;aMH II IIOJI5IMII, 9JieMeHThI KO

TOpbIX rrpe,D,CTaBJI5IIOT co6oii CKaJI5IpHhie K09<p<pIIu;HeHThI B 9TIIX CTPYKTypax. 

IlocKOJihKY HaII6oJiee qacTo HCIIOJih3yeMhre B rrpHKJia,D,HhIX 3a,n;aqax rroJI5I IR 
II (C He 5IBJI5IIOTC5I KOHCTPYKTHBHhIMH II, CJie,D,OBaTeJibHO, He ,D,OIIYCKaIOT KOM

IIhIOTepHOH peaJIII3au;IIII, Mhl paccMaTpHBaeM pa3H006pa3Hbie KOHCTPYKTHB

Hbie CHCTeMbI CKaJI5IpHbIX K09<p<pIIu;IIeHTOB: KOJihil;O u;eJibIX qHCeJI ~, IIOJie 

pau;IIOHaJihHhIX qHCeJI (Q, ero KOMIIJieKCHOe pacrnHpeHIIe (Q( i) II ,n;pyrne aJI

re6paHqecKIIe pacrnHpeHH5I, KOHeqHbie IIOJI5I ~p II ~p" (T. e., IIOJI5I faJiya 

G F (p) II G F (pn)), rroJie qacTHhIX KOJihu;a rroJIHHOMOB OT CKaJI5IpHhIX rrapa

MeTpOB (T.e., pau;IIOHaJihHbie cpyHKil;IIH) II T. ,[I,. B 3a,n;aqe, KOTOpofi IIOCB5I-
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iu;eHa fJiaBa 4, CKaJI5IpHbie K09<p<pIIu;HeHThl Ha O,D,HOM ll3 9TaIIOB BbiqrrCJieHIIfi 

rrpe,D,CTaBJI5IIOT co6oii Bh!pa)KeHII5I, COCTaBJieHHbie II3 rrrrrepreoMeTpIIqecKHX II 

raMMa-cpyHKil;llH. B pa3,D;eJie 1.3 fJiaBhl 1, COCT05IIu;eM II3 Tpex II0,[1,pa3,IJ,eJIOB, 

rrapaJIJieJihHO C OIIIICaHIIeM BCex 9TIIX MaTeMaTIIqecKIIX KOHCTpyKu;IIil: rrpIIBO

,ll;5ITC5I IIX peaJIII3au;IIII B BII,D,e KOMIIhIOTepHb!X CTpyKTYP ,n;aHHhIX II OCHOBHb!e 

aJiropHTMhl pa60Thl C 9THMII CTPYKTypaMII. 

rJiaBa 2 IIOCB5IIu;eHa IIOCTpOeHIIIO KOHeqHo rrpe,D,CTaBJieHHh!X aJire6p II cy

rrepaJire6p JlH, T. e., aJire6p, 3a,n;aBaeMhrx KOHeqHhIM qIICJIOM reHepaTopoB II 

orrpe,D,eJI5IIOiu;IIX COOTHOIIIeHIIii: 

A= (XIR) 

r,n;e X ={xi, .•. ,xn}- KOHeqHoe MHO)KeCTBO rettepaTOpOB (HeKOTOpb!X 9Jie

MeHTOB anre6pbr) II R = {r1 = 0, ... , rm= O} - MHO)KeCTBO orrpe,D,eJI5IIOiu;IIX 

cooTHOIIIeHHil: (ri - JIIIeBCKHe rroJIIIHOMhI OT rettepaTopoB). OcttOBHa5I 3a,D,a

qa - rrocTpoeHIIe Harr6onee o6iu;eil: ( cyrrep )aJire6pbr JlH, y ,D,OBJieTBop5110iu;efi 

CIICTeMe COOTHOIIIeimii R, T. e., Heo6XO,D,IIMO IIOJiyqrrTh ee 6a3IIC II Ta6JIIIu;y 

KOMMyTaTOpOB (B KaqeCTBe rro6oqHoro rrpO,D,yKTa BhlqllCJI5IIOTC5I TaK)Ke ,n;py

rIIe xapaKTepIICTIIKII aJire6pbI, HarrpHMep·, p5I,D, fIIJih6epTa). 

B pa3,n;eJie 2.1 rrpHBe,D,eHbl OCHOBHhie orrpe,n;eJieHH5I, OTHOC5IIu;IIeC5I K KO

HeqHo rrpe,D,CTaBJieHHhIM aJire6paM II cyrrepaJire6paM JlH. B qacTHOCTH, rro

CKOJihKY KOHeqHo rrpe,n;cTaBJieHHYIO ( cyrrep )aJire6py JIII MO)KHO paccMaTpII

BaTh KaK cpaKTOpaJire6py CBo6o,n;Hoil: ( cyrrep )aJire6phr Jirr no rr,n;eaJiy, rropo

)K,D,aeMoMy orrpe,D,eJI5IIOiu;HMH COOTHOllieHII5IMII R, C caMoro HaqaJia u;eJieco

o6pa3HO pa60TaTh B 6a3HCe CB06o,n;Hofi anre6pbl (rrprr 9TOM TO)K,!J;eCTBO 5IKo-

6H II ( aHTII )cIIMMeTpllqHOCTh yqIITbIBaIOTC5I rrpH BhlqIICJieHII5IX aBTOMaTIIqe

CKH). Ilo9TOMY B pa3,n;eJie 2.1 OIIIICaHhI 6a3IIChI CB060,ll;Hh!X (cyrrep)anre6p 

JIM. lfaBeCTHO, qTQ 6a3HC CB060,!J;HOH aJire6pbI Jirr o6pa3yIOT reHepaTOpbl X; 

II JIHeBCKHe MOHOMhI BH)];a [u, ~] II [[u, v], w], rrpIIqeM 110,ll;MOHOMhl u, V II w, 
caMII 5IBJI5I5ICh 6a3IICHhIMH 9JieMeHTaMH, ,ll;OJI)KHhl y,n;OBJieTBOp5ITh HepaBeH

CTBaM u > V II V ~ w BO BBe,n;eHHOM HeKOTOpbIM o6pa30M yrrop5I,!J;OqeHIIII 

Me)K,D,y M0HOMaMrr. B CJiyqae cyrrepaJire6phr JIM K 6a3IICHhIM 9JieMeHTaM Heo6-

XO,D,IIMO eiu;e ,D,06aBIITh JIIIeBCKIIe KBa,D,paTbI 'He"l,em'H'btX 6a3IICHh!X 9JieMeHTOB 

YKa3aHHOro BhIIIIe BII)];a. B CJiyqae rroneii: HeHyJieBoii: xapaKTepIICTHKH MoryT 

B03HHKHYTh ,D,OIIOJIHHTeJihHbie oco6eHHOCTII, HarrpIIMep, B IIOJI5IX xapaKTepH

CTHKII 2 6a3HCHhIMII 9JieMeHTaMH TaK)Ke 5IBJI5IIOTC5I 9JieMeHThI BII,D,a q( u)' r,n;e 

U - HeqeTHhiii: 6a3HCHhifi 9JieMeHT, a q( ·) - TaK Ha3hIBaeMb!ii: 'l.:BaapamU"l,'H'btU 

onepamop. Pa3Hhlfi Bb16op yrrop5I,D,OqeHII5I MOHOMOB rrpHB0,[1,IIT K pa3JillqHhIM 
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TimaM 683JieOB eB060,D;HbIX ( eyrrep )an:re6p Jltt, HaJI60Jiee yrroTpe6HMb!Ml1 l13 

KOTOpbIX 5IBJI5IIOTea 633rreb1 JlrrH,n;OHa-IlfopmoBa II 683tteb1 XoJIJia. Yrropa

,n;o1IeHrre JlrrH,n;oHa-IllrrpmoBa - no rrpoeTo JieKeIIKorpaq>rrqeeKoe yrropa,n;o

qeHrre IIOCJie,D;OBaTeJibHOeTeti: reHepaTopoB, BXO,D;5Illl,l1X B MOHOM (rrprr 3TOM 

JIIIeBeKrre eKo6Krr rrrnoprrpyIOTea). Yrropa,n;o1IeHrre XoJIJia oeHoBaHo Ha BBe,n;e

HHH rpa,n;yrrpOBKH, nprr KOTOpoti: Ka:)K,ll;OMY reHepaTopy IIpIIIIHeaH HeKOTOpblH 

Bee, 5IBJl5IIOill,l1He5I no.!!o~ume.!!'b'l-t'btM u,eJibIM 1Il1CJIOM, IIpH 3TOM Bee MOHOMa 

paBeH eyMMe BeeoB, BXO,D;5Illl,IIX B Hero reHepaTOpOB. MoHOMbl BHaqan:e epaB

HIIBaIOTea IIO BeeaM, a B CJiyqae paBHbIX BeeoB, BHa1Ian:e epaBHHBaIOTea ( IIO 

XoJIJIY) JieBbie no,n;MoHOMbI B JIHeBeKoti: nape, a 3aTeM - npaBbie. 

3a,n;aqa rroeTpoeHH51 ( eynep )an:re6pbi Jlrr IIO eoOT:IOll1eHH51M R eBO,D;l1T

e51 K rroeTpoeHIIIO no.!!'1-toil cucmeM'bt coom'l-toUte'l-tuil R, H83brnaeMoti: TaK)Ke 

'/Cll'l-tO'/-tU'l,eC'ICUM 6a3UCOM HJIH 6a3UCOM I'pe6'1-tepa. B pa3,n;ene 2.2 Mb! OIIH

ebIBaeM p83pa6oTaHHbIH HaMH an:ropHTM IIOeTpOeHH51 KaHOHH1IeeKoro 683rrea 

,D;JI5I an:re6p l1 eynepan:re6p Jlrr. CTpaTerH51 an:ropHTMa eoeTOHT B TOM, 1ITO-

6bI nprr BbI1IHCJieHH51X Bee BpeM51 no,n;,n;ep)KHBaTb MHHHMaJibHO Heo6xo,n;HMOe 

KOJIII1IeeTBO JIHeBeKHX MOHOMOB II eOOTHOllieHHH Me)K,n;y HHMII, eTapa51eb IIO

JIY'IIITb KaK MO)KHO 6oJibll1e eJie,n;eTBHH rrexo,D;Hb!X eooTHOilleHHH Harr6oJiee 

3KOHOMHblM enoeo6oM. IloCJie qero, He60Jibll10e KOJll11IeeTBO He,n;oeTaIOII.J;HX 

CJie,n;eTBIIH MO)KHO ,n;oeTpOHTb y)Ke IIp51MbIM Bbl1Il1eJieH1IeM, oeHOBaHHbIM Ha 

IIOJIHOM nepe6ope oeTaBll1l1Xe51 BO3MO)KHOeTeti:. 

YnoMaHyTyIO Bbime eTpaTerIIIO an:ropIITMa Mb! peMH3OBaJJ:H IIenoJib3Y51 B 

Ka1IeeTBe IIexo,n;Horo 683uea 683IIe XoJIJia, a B Ka1IeeTBe epe,n;eTBa rropo)K,n;e

HII5I HOBbIX eOOTHOllieHIIH - JIIIeBeKOe YMHO)KeHHe eOOTHOllieHHH Ha omae:n.'b

'l-t'bte reHepaTOpbI, T. e., eCJIII HMeeTe51 eOOTHOllieHHe r = 0- Mb! ,n;o6aBJI51eM pa

BeHeTBO [r, xi] = 0 K eIIeTeMe eOOTHOllieHHH. KaK OK83aJJ:Oeb, B CJiyqae 683rrea 

XoJIJia, TaKOH rrpou,eee rrpHBO,D;HT K IIOeTpOeHIIIO rrpaKTl11IeeKH Beex Heo6xo

,D;l1Mb!X eOOTHOllieHHH l1 TOJibKO HHOr,n;a Tpe6yeTe51 He6oJibiila51 pa6oTa ,D;Jl51 

,n;oBe,n;eHH51 rrx ,n;o rroJIHOti: erreTeMbI eooTHomeHHH R. 3aMeTIIM, 'ITO B CJiyqae 

683rrea JlHH,D;OHa-IllIIplliOBa 3q>q>eKTIIBHOeTb TaKoro rro,n;xo,n;a 3Ha1IHTeJibHO 

HJI)Ke - IIO rpy6oti: 3KerrepIIMeHTaJJ:bHOH ou,eHKe reHepIIpyeTe51 rrop51,n;Ka IIOJIO

BIIHbI Beex Heo6xo,n;HMbIX eOOTHOllieHHH. 3aMeTHM TaK)Ke, 'ITO Bee JIHeBeKIIe 

orrepaU,HII BbIIIOJIH5IIOTe51 IIO MO,D;yJIIO BbI'IIICJieHHbIX K ,n;aHHOMY MOMeHTY eo

OTHOllieHHH, 'ITO IIO3BOJI51eT rro,n;,n;ep)KHBaTb Ta6JIIIU,bl JIHeBeKHX MOHOMOB l1 

eooTHOllieHIIH HaCTOJibKO KOMIIaKTHblMII HaeKOJibKO 3TO BO3MO)KHO. 

Bxo,n;HbIMH ,n;aHHbIMH ,D;JI51 an:ropHTMa 5IBJI51IOTe51: 

• Y IIOp51,D;O1IeHHOe MHO)KeeTBO reHepaTOpOB X = { X1, X2, .•• } e npe,n;nrr-
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eaHHbIMII 1!eTHOeT5IMl1 O'.i E ~2 l1 IIOJIO)KJITeJibHbIMII u,eJibIMII BeeaMII Wi 

( = 1 IIO yMOJI1IaHHIO). 

• MHO)KeeTBO eKM51pHblX napaMeTpOB p = {PI, P2, ... } , eCJIH OHH rrprr-

eyTeTBYIOT B JieXO,D;HblX eoOTHOI11eHH51X. 

• MHo)KeeTBO orrpe,n;eJI5IIOill,HX eooTHomeHrrti: R = {r1, r2, ... }. 

• I..l;eJioe qrreJio, orpaHH'IHBaIOm;ee 
0

Bee reHeprrpyeMbIX eOOTHOllieHHH. 

Pe3yJibTaTOM pa60TbI an:ropHTMa 51BJI51IOTe51 CJie,n;yIOill,IIe BbIXO,D;Hbie ,n;aH-

HbJe: 

• B3al1MHO pe,n;yu,rrpoBaHHOe MHO)KeeTBO CJie,n;eTBHH IIeXO,D;HbIX eOOTHOllie-

HHH R = {ri, ... }. 

• CrrIIeOK E = { e1, e2 , •.• } 3JieMeHTOB ( eyrrep)an:re6pbI JlII, JIIIHeti:HO He3a

BHeHMbIX no MO,D;yJIIO R. 

• Ta6JIIIu,a KOMMYTa:TopoB [ei, ej] = cfjek. 

• Ta6JIHU,a eKaJJ:51pHbIX IIOJIHHOMOB OT Pi, paeeMaTpIIBaeMbIX KaK HeHyJie

Bbie BO BpeM51 BbI'IHCJieHHH. l.JaeTHbie 3Ha1IeHII51 Pi, o6HyJI5IIOill,He 3TH 

IIOJIHHOMbI, MoryT Bbl3BaTb BeTBJieHrre BbI'IHCJieHHH II, CJie,D;OBaTeJibHO, 

H3MeHeHrre eTpyKTYPbI an:re6pb1. 

• P83MepHOeTH O,D;HOpO,D;HblX KOMIIOHeHT B q>OpMe IIOJIIIHOMa rlIJib6epTa 

,D;JI51 KOHe'IHOMepHbIX aJJ:re6p HJIH Ha'IaJJ:bHOH qaeTII p51,D;a rlIJib6epTa -

,D;JI51 ( IIOTeHU,HaJJ:bHO) 6eeKOHe1IHOMepHbIX. 

B pa3,n;ene 2.3 orrrreaHa rrporpaMMa FPLSA, pean:II3YIOII.J;a51 aJiropHTM. B 

rro,n;pa3,n;ene 2.3.1 ,n;oeTaTO'IHO rro,n;po6Ho (rroeKOJlbKY rrporpaMMbI, orrrreaH

Hbie B ,n;pyrIIx rJiaBax, IIMeIOT aHaJIOrl11!HbIH HHTepq>eti:e) paeeMaTpIIBaeTe51 

pa6om e nporpaMMoti:. B rro,n;pa3,n;ene 2.3.2 rrpIIBe,n;eH rrpIIMep IIHIIIJ,HIIpyIO

m;ero q>ati:Jia, eo,n;ep)Kam;ero yeTaHOBKH, Heo6xo,n;ttMbie ,D;JI51 pa6oThI rrporpaM

MbI. 

Pa3,n;eJI 2.4 eo,n;ep)KHT rrpIIMepbI pemeHII51 HeKOTOpbIX 3a,n;aq e IIOMOill,bIO 

nporpaMMhI FPLSA. 
B rro,n;pa3,n;ene 2.4.1 paeeMaTpIIBaeTea KOHe'IHO rrpe,n;eTaBJieHHa51 eyrrep

an:re6pa JlII e napaMeTpaMII. (9m eyrrepaJire6pa BO3HIIKaeT rrprr II3y1IeHIIII 

eyrreperrMMeTpII1IHoro o6o6m;eHH5I ypaBHeHrra KopTeBera-,n;e <l>pII3a.) IT pH 
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HaJill'Illll B C00TH0llleHll5IX Heonpe,D,eJieHHbIX napaMeTp0B B03HHKaeT 3a,D,a

qa KJiaccmpHKaIJ,Hll Hell30MOpq>HbIX aJire6p, B03HllKaIOlll,llX IIpll pa3JillqHbIX 

3HaqeHH5IX napaMeTp0B. Mbr ,D,eM0HCTpnpyeM KaKHM o6pa30M TaKa5I KJiaCCl1-

(pHKaIJ,HOHHa5I 3a,D,aqa M0)KeT 6hITh perneHa c II0M0lll,hIO nporpaMMhI FPLSA. 
B rro.n;pa3,n;eJie 2.4.2 np11B0,D,HTC5I np11Mep BhrqnCJieHnli ,D,JI5I CJiyqa5I, Ko

r,D,a llCX0,D,Hbie C00TH011IeHH5I onpe,D,eJI5IIOT 6ecKOHeqHOMepHyIO aJire6py. 

B rro.n;pa3,n;eJie 2.4.3 Ha npnMepe 0,LI,Hoii 113 cynepaJire6p, B03H11KaIOrn.11x 

IIpll llCCJie,D,0BaH11ll r0M0T0IIHqecKHX ll roM0JI0rnqecKHX CB0HCTB HeTepOBb!X 

K0Jieu,, ,D,eM0HCTpHpyeTC5I BhrqnCJieHHe C II0M0lll,bIO nporpaMMbI p5I,D,a r llJib-

6epTa 6ecKoHeqHoMepHoli cynepaJire6pbr Jln. YnoM5IHYThre HeTepoBhI K0JihIJ,a 

npe,D,CTaBJI5IIOT co6oli cpaKTOpKOJibIJ,a K0Jieu, II0JIHH0M0B OT qeTbipex 11 II5ITH 

nepeMeHHbIX, II0 H,D,eaJiaM, 3a,D,aBaeMh!M KBa,D,paTHqHbIMll cpopMaMH. lfayqe

HHeM TaKHX K0JieIJ, 3aHHMaeTC5I rpynna llCCJie,D,0BaTeJiefi II0,l], PYK0B0,l],CTB0M 

npocp. 51.-8. Pyca H3 CToKroJihMa. YqnThIBa5I KJiacc11cpnKau,11IO K. lKop,D,a

Ha KBa,D,paTnqHbIX cpopM, npo6JieMa CB0,D,HTC5I K 6oJibllIOMY, HO K0HeqH0MY 

Ha6opy 3a,D,aq 0 II0CTp0eHHl1 (sbrqnCJieHHll p5I,D,0B fHJib6epTa) K0HeqH0 npe,D,

CTaBJieHHbIX cynepaJire6p Jln, 3a,D,aBaeMhIX KBa,D,paTnqHbIMll C00TH011IeHH5I

Mll. 

B rro.n;pa3,n;eJie 2.4.4 KpaTK0 0IIHCbIBaIOTC5I pe3yJibTaTbI BbrqnCJieHHll aJI

re6pbI llHBapnaHTHbIX 3ap5I,D,0B B TeopHH HaM6y-foTO 3aMKHYTbIX 6o30HHbIX 

CTpyH. lfayqeHHeM 9T0fi aJire6pbI 3aHHMaeTC5I rpyrrrra HCCJie,D,0BaTeJieli ll3 

yHnsepcnTeTa r. <I>pafi6ypra no,D, pyKoB0,D,CTB0M rrpocp. K. IloJIMaliepa. 8TO 

rrpHMep BblqllCJIHTeJibH0 TPY,D,H0fi 3a,D,aqn ll HaM Y,D,aJI0Cb Bb1q11CJIHTb 6a3HC

Hbie 9JieMeHTbI aJire6pbI ,LI,0 seca II5ITb BKJIIQq11TeJihH0. 

B rro.n;pa3,n;eJie 2.4.5 IIpHBe,D,eHa BblqllCJIHTeJihHa5I CTaTHCTHKa npnMeHe

Hll5I nporpaMMbI K C00TH011IeHH5IM Ceppa ,l),JI5I Bcex IIp0CTbIX aJire6p J111 ,l],0 

,D,eC5IT0ro paHra BKJIIQqHTeJibH0. Han6oJiee Tpy,D,HbIM 0Ka3aJI0Cb BblqHCJieHHe 

ncKJIIOqnTeJihH0li aJire6phr E8. Pe3yJihTnpyIOrn.nli 6a3nc fpe6Hepa co,D,ep)KHT 

23074 COOTHOllieHHH, BKJIIOqaIOlll,llX JilleBCKHe M0H0MbI ,l],0 58-fi CTeneHH. Bbl-

. qnCJieHne 3aH5IJI0 6oJiee 3-x MHHYT Ha K0MIIbIOTepe AT/ 486. 

rJiaBa 3 II0CB5Illl,eHa BblqHCJieHH5IM KOrOM0JI0rHli aJire6p n cynepaJire6p 

Jln. 

KoroMOJIOrnqecKa5I Te0pll5I B03HHKaeT BC5IKllfi pa3, K0r,D,a y,D,aeTC5I II0CTpO

llTb r;;ov,emwu r;;o.MnJter.:c, T. e., II0CJie,D,0BaTeJihH0CTb JIHHeiiHbIX rrpocTpaHCTB 

Ck, CB5I3aHHbIX JIHHefiHhIMll OT06pa)KeHH5IMll dk 

JO dk-2 k dk-1 k dk k 1 dk+l o ➔ c0 ~ • • • =-----+ C - i =-----+ C --"-t C + =-----+ • • · • 
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8JieMeHThI npocTpaHCTB Ck Ha3bIBaIOTC5I r.:ov,en.H..MU (nJIH k-Kou,en5IMH), a 

oTo6pa)KeHne dk - auifjifjepe11,v,uaJto.M. XapaKTep11cTnqecKHM csoficTB0M ,D,Hcp

cpepeHIJ,HaJia 5IBJI5IeTC5I paBeHCTB0 HYJIIO era KBa,D,paTa HJIH, 6oJiee CTporo, 

dk o dk-I = 0. Kou,en11, oTo6pa)KaeMhie ,D,Hcpcpepemi;naJioM B HYJih, Ha3hIBa

IOTC5I r;;ov,ur.:Jta.Mu, T. e., K0IJ,llKJibl o6pa3yIOT npocTpaHCTB0 

zk = Ker dk = { ck I dCk = 0}. 

Kou,en11, 5IBJI5IIOlll,HeC5I ,D,11q>cpepeHIJ,HaJiaMl1 ,n;pyrnx K0U,eneii, Ha3hIBaIOTC5I 'IW-

2pa11,uv,a.Mu, T. e., K0rpaH11IJ,bl o6pa3yIOT npocTpaHCTB0 

Bk= Im dk-1 = {Ck I ck= dck-1}. 

QqeBl1,l),HO, qTo JII06a5I K0rpaHHIJ,a 5IBJI5IeTC5I K0IJ,HKJI0M. 

KJiaCCbl 9KBHBaJieHTH0CTl1 II0 M0,D,yJIIO K0rpaHl1IJ, HeTpllBl1aJibHbIX (T. e., 

He 5IBJI5IIOlll,llXC5I KOrpaHl1IJ,aMH) K0IJ,HKJI0B o6pa3yIOT r;;o20.M0JL02U'IO. I1HblM11 

CJI0BaMH, K0rQM0JI0rll5I - 9T0 cpaKTOpnpocTpaHCTBO 

Hk = zk/Bk, 

qacTo Ha3bIBaeMoe k-ii rpyrrrroli KoroMoJiornfi (nocKOJihKY Hk - a6enesa 

rpynna). 

TeopH11 K0r0M0JI0r11ii ( ll rOMOJIOrllli) pa3pa60TaHbl ,l),JI5I pa3JillqHbIX Pa3-

,n;eJI0B MaTeMaTHKH, 3aqacTyIO He CB5I3aHHbIX ,D,pyr C ,D,pyroM oqeBl1,l],Hb!M 

o6pa30M. 8TH Te0pllll 0TJIHqaIOTC5I ,n;pyr OT ,D,pyra ycTp0iiCTB0M npocTpaH

CTBa Kou,enefi ll ,D,llq>q>epeHIJ,HaJia, II0-pa3H0MY orrpe,n;eJI5IeMbIX ,D,JI5I pa3JI11q

HbIX MaTeMaTnqecKHX CTPYKTyp. Bo BCex CJiyqa5J:X K0r0M0JI0rHl1 0IIHChIBaIOT 

Han6oJiee cpyH,D,aMeHTaJibHbie ("TOIIOJIOr11qecK11e") CB0HCTBa 9T11X II0,LI,Jie)Ka

lll,llX MaTeMaTnqecKnx CTPYKTyp. KoroMoJiorn11 ( cynep )aJire6p JlH 5IBJI5IIOT

c5I qacTHblM CJiyqaeM IIpHBe,D,eHHOli Bbillie K0HCTPYKU,llll. B ,D,aHH0M CJiyqae 

K0U,en11 Bb!pa)KaIOTC5I B TepM11HaX aJieMeHT0B ( cyrrep )aJire6pbl J111 11 M0,D,yJI5I, 

Ha K0TopoM na ( cynep )aJire6pa ,D,eficTByeT, a ,n;11cpcpepeHIJ,HaJI onpe,D,eJI5IeTc5I 

C II0M0lll,bIO CK06KH Jln ll ,D,eliCTBll5I aJire6pbl B M0,D,yJie. 

Bo BBe,D,eHHll K fJiaBe 3 paccMaTpHBaIOTC5I HeK0T0pb!e o6JiaCTll IIpllJI0)Ke

HllH K0r0M0JI0rllli (cynep)aJire6p JlH B (pll3HKe ll MaTeMaTHKe. 

B pa3,n;eJie 3.1 ccpopMyJIHpOBaHhl 0CH0BHbie onpe,D,eJieHH5I 11 CB0fiCTBa 

K0r0M0JI0rHfi, llCII0Jih3yeMbie B ,D,aJibHelirneM. O,D,HO ll3 9THX CB0fiCTB, KaCaJO

rn.eec5I CTp0eHH5I K0JibIJ,a K0r0MOJIOrHil: s TpllBllaJibH0M M0,LI,yJie ,l),JI5I aJire6p, 

C0,LI,ep)Kalll,HX IJ,eHTp, cpaKTnqecKH 6bIJIO o6Hapy)KeHO c II0M0lll,b!O K0MIIb!O

TepH0H nporpaMMbl, 0IIl1ChIBaeMofi B ,D,aHH0il: rJiaBe. 

15 



Pa3~eJI 3.2 co,n;ep)l(HT CIIIIC0K onpe,n;eJiem1ti 0CH0BHb!X (cynep)aJire6p Jltt 
BeKT0pHbIX II0Jieti, cpe,n;II K0T0pbIX: o6w.a51 II cne~IlaJibHa51 BeKT0pHbie cy

nepaJire6pbI, cynepaJire6pbr IlyaccoHa II faMIIJibTOHa, K0HTaKTHa51,.cynepaJI

re6pa, 06rn.a51 II cne~IlaJibHa51 cynepaJire6pbI B10TeH ( cynepaJire6pbI aHTIIC

Ko6oK IIJIII HeqeTHb!X CK060K IlyaccoHa), HeqeTHa51 II cne~IlaJibHa51 HeqeTHa51 

K0HTaKTHbie aJire6pb!. chII ( cynep )aJire6pb! IIMeIOT Ba)l(H0e IIPIIKJia,n;Hoe 3Ha

qeHHe, II03T0My nporpaMMa "3HaeT" IIX onpe,n;eJieHil51 II M0)l(eT aBT0MaTttqe

CKII II0CTp0IITb C00TBeTCTBYIOIIJ,Ile 6a3IICHb!e 3JieMeHTbl II Ta6JIIley K0MMyTa

T0p0B. 

B pa3~eJie 3.3 0IIIICaHbl aJiropHTM H nporpaMMa )];JI51 BblqIICJieHH51 K0r0-

M0JI0rHti. 9Ta nporpaMMa, onIICaHHa51 B no~pa3~eJie 3.3.1, npe,n;Ha3HaqeHa 

,ll;JI51 BbJqI1CJieHI151 K0r0M0JI0rilii B TpHBilaJibH0M, npI1coe,n;I1HeHH0M II K0IIpI1-

coe,n;I1HeHHOM M0,ll;yJI51X KaK )];JI51 KOHeqHoMepHb!X TaK II )];JI51 6ecKOHeqHOMep

Hb!X rpa,n;yilpOBaHHb!X ( cynep )aJire6p JII1. IlporpaMMa Bb!IlOJIH51eT CJie,n;yI0-

111,Ile OCHOBHbie warII: 

• C"l,Um'bt6a1tue 6xoauou uuifjopMav,uu. 

• Ilocmpoeuue 6aauca a11,2e6p'bt. 

• Ilocmpoeuue ma611,uv,'bt 'IWMMymamopo6 aJire6pbI, eCJIH 3Ta Ta6JII1~a He 

6b1Jia cqttTaHa Il3 Bxo,n;Horo cpaiiJia. 

• Ilocmpoeuue 6 o6w,eM Buae Bbrpa)l(eHttii )];JI51 KorpaHII~ II onpe,n;eJI51I0-

111,HX ypaBHeHIIH )];JI51 KO~IIKJIOB. 

• Ilepexoa 'IC 'IC01t1Cpem1tou 2paayupo61Ce B Bblpa)l(eHil51X o6w.ero BH,n;a. 

• B'bt"l,UCM1tue ifja-x;mopnpocmpaucmBa Hk(A; M) = zk / Bk. 

• B'bt6oa 1ta ne"l,am'b 1tempu6Uall,'b'H,'btX 'IC0V,U'/C/1,06. 

B IlO~a3~eJie 3.3.2 Mb! IIJIJIIOCTpttpyeM pa6oTy nporpaMMbl Ha npHMepe 

BbJqIICJieHH51 II51Tb!X K0rOMOJIOrHii )];JI51 o,n;Hoii H3 cynepaJire6p C aHTIICK06-

KOti: )];JI51 BeKTOpHbIX noJieti B cyneppa3MepHOCTH ( 2 I 2) ( 3TO O,ll;IIH H3 HOBbIX 

pe3yJibTaTOB). 

B pa3~eJie 3.4 npttBe,n;eHbI HeK0TOpbre pe3yJibTaTbI BbiqHCJieHttii. B no~
pa3~eJie 3.4.1 OIIIICaHbl pe3yJibTaTbl )];JI51 cynepaJire6p JIM BeKTOpHblX no

Jieti: co CK06Koti IlyaccoHa (Ha K0TOpoti ocHoBaHa KJiaccttqecKa51 npo~e,n;ypa 

KBaHTOBaHtt51), a B no~pa3~eJie 3.4.2 - ,ll;JI51 cynepaJire6p Jitt c aHTHC

Ko6Koii ( OCHOBa cpopMaJIIl3Ma BaTaJIIIHa-BttJIKOBb!CCKOro ,ll;JI51 KBaHTOBaHH51 
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KaJII16pOBOqHblX TeOpilti). Il paKTilqeCKII BCe IIpIIBe,n;eHHbie pe3yJibTaTbl 51B

JI51IOTC51 HOBbIMII. I1cKJIIOqeHHeM 51BJI51eTC51 JIIIIIIb BbJqIICJiemi:e KOP0MOJIOrHii 

cne~IlaJibH0ii raMIIJibTOHOBOti cynepaJire6pbI SH(0l4), pe3yJibTaTbI KOToporo 

Mb! IIPIIBO,ll;IIM B KaqeCTBe IIHTepecHoro IIJIJIIOCTpaTHBHOro npttMepa. CooT

BeTCTBYIOIIJ,He BblqHCJieHil51 BIIepBbie 6bIJIII Bb!IlOJIHeHbl ,IJ;. JietiTeCOM II ,z::i:. 
<l>yKCOM II ,ll;OIIOJIHeHbl A. IllanOBaJIOBbIM, Mbl JIIlillb npoBepIIJIH 0TCYTCTBile 

HOBbIX KOPOMOJIOrttqecKHX KJiaCCOB ,n;O·CTeneHII IIIeCTb BKJIIOqHTeJibH0 (paHee 

BbJqIICJieHil51 6bIJIII npoBe,n;eHbl ,n;o 4-ii CTeneHII). HeKOTOpbie Il3 pe3yJibTaT0B 

BBil,ll;y rp0M03,ll;K0CTII npttBe,n;eHbl B npHJI0)l(eHil51X. 

rJiaBa 4 IIOCB51IIJ,eHa BbJqHCJieHHIO aCIIMIIT0THqecKHX CIIeKTpa.TibHblX IIH

BapilaHTOB 3JIJIIIIITilqeCKIIX nceB)];O.D,Ilq>cpepeH~IlaJibHbIX onepaTopoB Ha 3a

MKHYTblX MHoroo6pa3I151X, CHa6)1(eHHbIX TaKIIMII CTpyKTypaMII KaK MeTpHKa, 

KpI1Bil3Ha, KpyqeHI1e II K~I16poBoqHbie IIOJI51. B 3TOH 3a,n;aqe, 51BJI51IOI11,etic51 

MaTeMaTilqecKOti cpopMOti 06111,ecpI13HqecKOti 3a,n;aqH onpe,n;eJieHH51 BHyTpeH

Heti CTPYKTYPbl ofrbeKTa no cneKTpy Il3JiyqeHilti II BOJIH BOKpyr Hero, CKOM-

6I1HilpOBaHbl MeTO,ll;bl aJire6pbl, ,n;ttcpcpepeH~IlaJibHOti reoMeTpIIII II aHaJIH3a. 

IloCTaHOBKa 3a,n;aqII CJie,n;yIOIIJ,a51. Pacc~OTpIIM pacCJioeHHe 7r : E ➔ M, 
B KOTOpOM 6a3a M 51BJI51eTC51 3aMKHYTbIM KOMnaKTHbIM n-MepHbIM MHoro

o6pa3IleM PI1MaHa-KapTaHa, T. e., Ha HeM 3a,n;aHa MeTpHKa 9µv H JIIIHeii

Ha51 ( HJIII acpq>I1HHa51), He o6513aTeJibHO CIIMMeTpI1qHa51, CB513HOCTb, corJia

COBaHHa51 C 3TOH MeTpIIKOti f 0 µv· CeqeHil51 paCCJIOeHil51 BKJIIOqaIOT IIOMIIMO 

KaCaTeJibHbIX, KOKaCaTeJibHb!X II TeH30pHhIX IIOJieii TaK)l(e II npOI13B0JibHbie 

BeKTOpHbie IIOJI51 Ha KOTOpbIX 3a,n;aHa CB513HOCTb C HeKOTOpoii CTPYKTYPHOH 

(KaJitt6pOBOqHoii) rpynnoii. YpoBeHb 06111,HOCTH, C KOTOpbIM MbI paccMaTpII

BaeM 3a,n;aqy, II03BOJI51eT He KOHKpeTH3I1pOBaTb HH pa3MepHOCTb n MHOroo6-

pa3H51, HII KaJII16poBoqHyIO rpynny - B HaIIIHX, IIOJIHOCTbIO KOBapilaHTHbIX, 

BbJqilcJieHil51X 8Ta rpyrrna 6y,n;eT np051BJI51TbC51 TOJibKO B BH,n;e KpIIBil3Hbl C0OT

BeTCTBYIOill,eti CB513HOCTII (TeH30p 3TOH KpI1BH3Hbl Mb! o6o3HaqaeM CHMBOJIOM 

Wµv), AHaJIOrI1qHbIM o6pa3oM CB513HOCTb PttMaHa-KapTaHa B KOBapttaHTHbIX 

BhJqHCJieHH51X rrp051BJI51eTC51 B Bil,n;e TeH30pOB KpHBH3Hbl R0 f:Jµv H KpyqeHH51 

T 0 µv• PacCMOTpIIM 3JIJIHITTHqeCKHti ( IICeB)];O ),n;ttcpcpepeH~HaJibHbIH onepaTOp 

A, .n,eiiCTBYIOIIJ,Hii Ha rJia.D,KHX ceqeHttax pacCJioeHil5I E. CTaBHTCa Bonpoc: 

KaKyIO HHq>OpMa~HIO O pacCJIOeHHH E H MHOroo6pa3HH M MO)l(HO Il0JiyqHTb, 

tt3yqaa cneKTp onepaTopa A? 
Ilo,n;xo,n;b1, 0CHOBaHHb!e Ha H3yqeHHII acuMnmomU"l,eC'ICUX CBOtiCTB crreK

Tl)OB, ,n;eJiaIOT 3a,n;aqy ,ll;OCTYIIHOti )];JI5I BbJqIICJIIITeJibHbIX MeTO,ll;OB. O,n;HH H3 

OCHOBHb!X tt HaI160Jiee KOHCTpyKTIIBHb!X no.n;xo,n;OB 6bIJI npe,n;JIO)l(eH )K, A,n;a-
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MapoM B 1923 rOAf. A,n.aMap npe,n.JIO)KHJI BMeCTO cneKTpaJibHOH 3a,n.a•rn ,ll;JI.8 

60JibIIIHX 3HaqeHHH cneKTpaJibHOro napaMeTpa u3yqaTb KOpOTKOBpeMeHHbie 

acuMnTOTHKH .8,IJ.pa onepamopa men.1tonpo6oanocmu A--£, nocTp~eHHoro tt3 

3JIJittnTuqecKoro onepaTopa A nop.8,n.Ka 2r ,n.o6aBJieHtteM ,n.mpcpepemi;ttpOBa

HH.8 no ,n.onOJIHHTeJibHO BBO,IJ.HMOH "BpeMeHH6il" nepeMeHHOH t: 

(xle-tAlx) ~ L Em(xlA)t m2~n, t ➔ +o. 
mc::0 

Koacpcpm1,ueHTbI 3Toro pa3JIO)KeHtt.8 Em 5IBJI5IIOTC.8 cneKTpaJibHbIMH ttHBapu

aHTaMtt onepaTopa A H B HUX 3aKO,IJ.ttpoBaHa HHq:>OpMau;tt.8 0 T0nOJIOruqe

CKHX u reoMeTpuqecKHX CBOHCTBax MHOroo6pa3H.8 M, B qacTHOCTH, HHTe

rpaJI OT K03<p<puu;ueHTa En no n-MepHOMY MHoroo6pa3ttIO M paBeH ttH,n:eK

cy ATbtt-3ttHrepa onepaTopa A Ha 3TOM MHoroo6pa3tttt. 8TH KOa<p<pttu;tteH

TbI, KOTOpbie Mb! Ha3bIBaeM K09<p<pttu;tteHTaMH ,ll;eBttTTa-CttJIH-rttJIKH (,ll;B

Cr), HaxO,IJ.5IT TaK)Ke MHOroqttCJieHHbie npttMeHeHH.8 B <pll3HKe, HanpttMep, 

npu BbiqHCJieHH5IX MeTO,IJ.OM nepeBaJia (ttJIH MeTO,IJ.OM JianJiaca) noBCeMeCTHO 

B03HHKaIOIIl,HX B KBaHTOBb!X Teoptt5IX nOJI.8 H CTaTHCTHKe <pyHKil;HOHaJibHb!X 

HHTerpaJIOB (aTH Bb1quCJieHH.8 npttBO,IJ.5IT K Heo6xo,n.HMOCTH peryJI5Iptt3au;uu 

<pyHKil;HOHaJibHb!X ,n.eTepMHHaHTOB C nOMOIIJ,b!O cne-x:mpa.1t'b1tOU (-<pyHKil;HH, 

BblqHCJI5IeMOH, B CBOIO oqepe,n.b, C nOMOIIl,blO npuBe,n.eHHOro BbIIIIe pa3JIO)Ke

Htt.8). 

B TO BpeM.8 KaK KJiaccuqecKa.8 cneKTpaJibHa.8 reoMeTptt.8 3aH.8Ta, rJiaB

HbIM o6pa3oM, u3yqeHtteM onepaTopa JianJiaca Ha pttMaHOBbIX MHoroo6pa3tt-

5IX, noTpe6HOCTH COBpeMeHHOH <pll3HKH npHBO,IJ.5IT K Heo6xo,n.ttMOCTH u3yqaTb 

aHaJioruqHbie 3a,n.aqu ,IJ.JI.8 onepaTopoB 6oJiee o6ru;ero Btt,n.a, ,n.eilcTBJIOIIJ,HX Ha 

MHoroo6pa3tt5IX 6oJiee o6ru;ux, qeM puMaHOBbI. B pa3,n;eJie 4.1 paccMaTpttBa

IOTC.8 Hau6oJiee qaCTO BCTpeqa10ru;uec.8 B COBpeMeHHb!X <ptt3ttqecKHX TeOpH5IX 

9JIJIHnTuqecKtte onepaTOpb!. TunuqHbIMH npttMepaMH TaKHX onepaTOpOB 5IB-
'· 

JI5IIOTC.8: 

- □ +x, } 
0 2 + vµv DµDv + Nµ Dµ + X - .M,U1tUMa.lt'b1t'bte onepaTOpbI, 

-gµv □ +aDµ DV + xµv - 1teMU1tU.Ma.1t'b1t'btU onepaTOp. 

3,n.ecb O = gµv DµDv, Dµ - KOBapuaHTHa.8 npott3BO,n.Ha.8, BKJIIOqa10ru;a51 CB.83-

HOCTH PuMaHa-KapTaHa u KaJitt6pOBOqHyIO, X, vµv, Nµ, xµv - MaTpttqH0-

3HaqHbie TeH30pHbie nOJI.8, a - CKaJI5IpHblH napaMeTp. 

B pa3,n.eJie 4.1 npuBe,n.eHbI TaK)Ke Hau6onee Ba)KHbie npttMepbI npttJIO)Ke

Httfi K03<p<pttu;tteHTOB ,n;BCr B cneKTpaJibHOfi reOMeTpHH H TOnOJIOrttH, KBaH

TOBOH Teopuu nOJI.8, CTaTHCTttqecKOfi q:>H3HKe H ,n.p. 
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B pa3,n;eJie 4.2 onucaH npttMeH5IeMb!H HaMH aJiropttTM BbiqHCJieHH.8 KO

acp<pttu;tteHTOB ,n;BCr. ,l];JI.8 MHHHMaJibHbIX onepaTOpOB BTOporo nop.8,IJ.Ka IIIH

pOK0 npuMeH5IeTC.8 aJiropttTM B. ,ll;eBttTTa. B.Il. rycbIHHH npe,n.JI0)KHJI 6oJiee 

YHHBepCaJibHb!H no,n.xo,n:, OCHOBaHHb!H Ha K0BapttaHTHOM o6o6ru;eHHH nceB,IJ.0-

,n:u<pcpepeHu;ttaJibHOrO ucquCJieHH.8, pa3pa60TaHHOM r. Btt,IJ.OMOM. 8TOT no,n:

XO,IJ. 5IBJI5IeTC.8 Hatt60Jiee JHHBepcaJibHbIM H3 cyIIJ,eCTBJIOIIJ,HX B HaCT05IIIJ,ee 

BpeM.8, n03BOJI.85I npOBO,ll;HTb BblqHCJieHH.8 C 60JiblIIHHCTBOM THnOB onepaTO

poB, BCTpeqaIOIIJ,HXC.8 B COBpeMeHHb!X TeOpH5IX nOJI.8 (B qacTHOCTH, C HeMH

HHMaJibHblMH onepaTopaMH H onepaTopaMH Bb!CIIIHX nop.8,IJ.KOB). B COOTBeT

CTBHH C 9THM no,n.xo,n:OM Mb! pa3pa6oTaJIH aJiropttTM H peaJIH30BaJIH ero Ha 

5I3bIKe C. Ilo,n:xo,n. ocHoBaH Ha cpopMyJie ,n;aH<pop,n.a, Bb1pa)Ka10ru;eil onepaTop 

exp(-tA) qepe3 ttHTerpaJI OT pe30JibBeHTbI onepaTOpa A 

e-tA =lei:: e-t>.(A - .xr1, 
r,n.e HHTerpupoBaHHe Be,n.eTC.8 np0THB qacoB0H CTpeJIKH no KOHTYPY, OXBa

TbIBaIOru;eMy cneKTP onepaTopa A. 3aTeM-Mbl HCnOJib3JeM CTaH,n.apTHOe ,IJ.JI.8 

nceB,n.o,n.ucpcpepeHu;ttaJibHOro ucquCJieHH.8 npe,n.cmBJieHue ,IJ.JI.8 pe30JibBeHTbI 

l f dnk "I( , k) G(x x' -X) = (xl--lx') = ----e1 
x,x' a(x x' k· .X). 

' ' A - A (21r)nJg(x') ' ' ' 

3,n.ecb l(x, x', k) - <pa30Ba.8 <pyHKil;H.8, k - BOJIHOBOil BeKTOp, a(x, x', k; .X) -
aMnJIHTY ,n:a, y ,IJ.OBJieTBOp5IIOIIJ,a.8 ypaBHeHHIO 

(A(x, Dµ + iDµl) - .X)a(x, x', k; .X) = l(x, x'), 

B KOTOp0M I ( X' x') - <pyHKil;ll.8 napaJIJieJibHOrO nepeHoca ( TpaHcnopTHa.8 

<pyHKil;tt.8). Pa3Jiara.8 aMnJIHTYAf no CTeneH5IM O,IJ.Hopo,n.HOCTH BOJIHOBOro BeK

TOpa, pellla.8 peKyppeHTHYIO CHCTeMy ypaBHeHHH ,IJ.JI.8 K09<p<pttu;tteHTOB pa3-

JIO)KeHtt.8, nepeXO,IJ..8 B 9THX K09<p<pttu;tteHTax K npe,n.eJiaM COBna,n:eHH.8 apry

MeHTOB X .If x' H HHTerpupy.8 9TH npe,n.eJibHbie Bbipa)KeHH.8 Mb! noJiyqaeM 

HCKOMbie cneKTpaJibHbie HHBapttaHTbl Em. 11HTerpupoBaHtte, B 6oJibllIHHCTBe 

CJiyqaeB, MO)KeT 6b!Tb Bb!IlOJIHeHO B 3aMKHJTOM Btt,n:e H ero pe3JJibTaT Bblpa

)KaeTC.8 B TepMHHax raMMa H runepreoMeTpuqecKHX cpyHKil;HH, KOTOpbie ,IJ.JI51 

TttnuqHb!X onepaTopoB A (,IJ.JI.8 KOTOpb!X napaMeTpbl rnnepreoMeTpll'IeCKHX 

<pyHKu;ttil: npttHHMaIOT u;eJible H noJiyu;eJibie 3HaqeHH51) MoryT 6b!Tb CBe,n.eHbl K 

3JieMeHTapHbIM. OcHOBHa51 TPY,IJ.H0CTb B BblqttCJieHH51X 51BJI51eTC51 CJie,IJ.CTBHeM 

KOBapttaHTHOrO o6o6ru;eHH.8 <pa30BOH H TpaHCnOpTHOfi cpyttKu;ttfi B no,n.xo,n.e 

Bu,n.oMa: 3TH <pyHKil;llll onpe,n:eJI51IOTC51 qepe3 COOTHOIIIeHH.8, nocTyJittpy10ru;ue 
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paBeHCTB0 HYJIIO rrpe,11.eJI0B C0BIIa,D.emrn HX Bb!ClllHX CHMMeTpH30BaHHbIX K0-

BapHaHTHbIX rrp0H3B0,11.HblX. CHMMeTpH30BaHHa51 K0BapwaHTHaa rrp0H3B0,ll.

Ha51 m-ro rropa,11.Ka rrpe,11.cTaBJIHeT co6oti cyMMY H3 ml HeCHMMeTpH~0BaHHbIX 

rrpoH3B0,11.HblX, co,11.ep)l{aIU;HX BCe B03M0)l{Hble rrepecTaH0BKH ,11.mpcpepemi;wpo

BaHHH. lfro6b! II0JiyqHTb H3 YCJI0BH51 paBeHCTBa HyJIIO TaK0H rrp0H3B0,11.H0fi 

Heo6X0,11.HMbie ,ll.Jl51 BbJqH·CJieHHfi 'lteCUMMempU306ll'lt'lt'bte rrp0H3B0,11.Hble Hy)l{

H0 rrpttBeCTH Bee ml CJiaraeMbIX c rroM0IU;hIO T0)l{,D.eCTBa Pttqqw K 0,11.HoMy 

rropa,11,Ky. 11ptt 3T0M B03HHKaIOT oqeHb rp0M03,11.KHe TeH30pHbie II0JIHH0Mbl H3 

TeH30p0B MeTpHKH, KpHBH3Hbl (PwMaHa-KapTaHa H KaJitt6poBoqHofi), Kpy

qeHH51 H HX K0BapHaHTHbIX rrpoH3B0,1J,HblX. 3aTeM, II0CJie II0,11,CTaH0BKH 3THX 

II0JIHH0M0B B Bbipa)l{eHH51 ,ll,JI51 aMIIJIHTY,11.hI, K 3THM TeH30paM ,11,06aBJI51IOTC51 

eIU;e H TeH30pHhie rrona (tt HX rrpott3B0,1J,Hbie), BX0,11,HIU;He B orrepaTop A. lfa-3a 

HaJIHqH5{ pa3JIHqHblX CHMMeTpHfi H TeH30pHblX T0)l{,11,eCTB (Bb51HKH, IJ;HKJIH

qecK0e HT. ,11,.), K0T0pb!e MoryT B3aHM0,1],eticTB0BaTb Me)l{,11,Y co6ofi ,11,0B0JibH0 

CJIQ)l{Hb!M o6pa30M, B03HHKaeT 3a,11,aqa rrpHBe,11,eHH51 rronyqeHHblX Bbipa)l{eHHfi 

K. KaH0HHqecK0MY, )l{eJiaTeJibH0 KaK M0)l{HQ 6onee K0MIIaKTH0MY BH,lJ,Y. 9To 

oqeHh CJI0)l{Haa 3a,11,aqa, K0T0paa K HaCT0HIU;eMy BpeMeHH pellleHa T0JibK0 B 

HeK0T0pb!X rrp0CTefilllHX CJiyqaax ( rrpttqeM CJIQ)l{H0CTb II0JiyqeHHbIX anropHT

M0B 0Ka3bIBaeTC51 ,11.0B0JibH0 BbICOKoii:). Mb! IICII0Jih3yeM 3BpHCTHqeCKHfi rro,11.

xo,11., K0T0pblll ,11,aeT xop0illHe pe3yJihTaTbI, no KpatfHeii: Mepe ,ll.Jl51 rropa,11.K0B 

crreKTpaJibHblX HHBapHaHT0B, ,11.0CTll)l{HMblX Ha C0BpeMeHHb!X K0MIIbIOTepax. 

Pa3,n;eJI 4.3 IIOCB51IU;eH peaJIH3aIJ;H51 anropHTMa, K0T0paa rrpe,1],CTaBJI51eT 

co6oii: TeKCT Ha 513b!Ke C ,11,JIHH0fi rrpttMepH0 11000 CTp0K. 9TOT TeKCT, co

,11,ep)l{HT 0K0JI0 250 pa3JIHqHoro po,11,a cpyHKIJ;Hfi ,1],JI51 ,11,eii:CTBHH C TeH3opaMH 

H CKaJI51paMH. J,fa 3THX cpyHKIJ;HH M0)l{HQ CK0MIIHJIHp0BaTb ,11,Be rrporpaMMbl 

CoLim H DWSGCoeff 
11porpaMMa CoLim BhiqHCJiaeT rrpe,11,eJibI coBrra,11,eHHH HeCHMMeTptt3oBaH

HhIX rrp0H3B0,1J,Hb!X <pyHKIJ;Hti [ ( X, x', k) H J ( X, x') H 3arrHCbI~aeT HX Ha ,11,HCK. 

O,11,Ha)l{,1],bl BblqHCJieHHhie, 3TH rrpe,11,eJibl C0Brra,11,eHH51 HCII0Jib3YIOTC51 3aTeM 

rrptt BbiqHCJieHttax ,11,na pa3JIHqHbIX orrepaTopoB A. 
OcHOBHaa rrporpaMMa DWSGCoeff BhJqHCJiaeT Koacp<pttIJ;HeHThI Em, BhI

rronHaa rroCJie,11,oBaTeJihH0 CJie,11,YIOIU;He IllarII: 

1. CqHTbIBaHHe BX0,11,H0fi HH<popMaIJ;HH (orrepaTop, rropa,11,oK m, H T.,11,.). 

2. BbiqHCJieHHe MH0)l{eCTBa aCHMIIT0THqecKHX orrepaTopoB ,1],JI51 II0CTpoe

HH51 peKyppeHTHbIX C00TH0illeHHfi. 

3. Bb!qHCJieHHe Um c II0M0IU;bIO peKyppeHTHblX C00TH0illeHHti. 
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4. B3aTHe rrpe,11.ena coBrra,11.eHHfi [um], 

5. 11HTerpHpOBaHHe [um] ,1],JI51 IIOJiyqeHH51 K03<p<pHIJ;HeHTa Em, 

6. 110,11.cTaHOBKa TeH30pHbIX Bb1pa)l{enttti ,11,na [Da1 ••• Dakl] H 

[Da1 ••• DaJ] B Em. 

7. CBe,11.eHHe rHrrepreoMeTpHqeCKHX <pyHKIJ;Hfi (B03HHKaIOIU;HX rrpH HHTe

rpwpoBaHHH na Ware 5) K 3JieM~HTapHblM B CKaJI51pHbIX K03<p<pHIJ;HeH

Tax B CJiyqae neMHHHMaJibHbIX orrepaT0p0B HJIH orrepaTopoB Bb!ClllHX 

rropa,11,K0B, II0CTpoeHHe H yrrpoIU;eHHe JIHHefiHhlX 3aBHCHM0CTeti Me)l{,11,Y 

3THMH K03<p<pHIJ;HeHTaMH. 

8. Bhrno,11. ,11.na Em (tt ero CJie,11.a B HeMHHIIMaJihH0M CJiyqae). 

KBa,11.paTHhie CK06KH B rrpHBe,11.eHHOti Bblllle II0CJie,11.oBaTeJibH0CTH Illar0B 03Ha

qaIOT B351THe rrpe,11.ena coBrra,11,eHIIa. 

Pa3,n;eJI 4.4 co,11,ep)l{HT 0IIHCaHHe Hatt6onee Ba)l{Hb!X H0BblX pe3yJibTaT0B, 

rronyqeHHhIX c rroM0IU;hIO rrporpaMMhI DWSGCoeff tfacTb 3THX pe3yJihTaT0B 

rrpIIBe,11,ena aBH0 ntt6o B TeKcTe pa3,11,ena • 4.4, m160 B 11pttJIO)l{eHH51X. HaII-

6onee Ba)l{Hb!M H3 rrpttBe,11,eHHblX pe3yJibTaT0B 51BJI51eTC51 II0JIH0e BbJqHCJieHHe 

K03<p<pmi;tteHTa E4 ,1],JI51 HeMHHHMaJibH0ro orrepaTopa na MHOroo6pa3HH 6e3 

KpyqeHH51. 110MIIMO 3T0ro 6bIJIH BblqIICJieHhl HeK0T0pbie HHBapHaHTbl ,ll.Jl51 

orrepaT0p0B Bb!ClllHX rropa,11.K0B H ,1],JI51 MHOroo6pa3Hfi C KpyqeHHeM (BKJIIOqe

HHe K0T0poro, cyIU;eCTBeHH0 3aTpy,1J,H51eT BblqHCJieHH51). 

B IlpllJIO:>I<:eHll.HX rrpHBe,11.eHhl 51BHbie Bbipa)l{eHH51 ,1],JI51 BblqHCJieHHblX 6a-

3HCHbIX 3JieMeHT0B HeK0T0pbIX K0r0M0JI0rHfi H acHMIIT0THqeCKHX crreKTpaJib

HbIX HHBapIIaHT0B HeK0T0pbIX 3JIJIHIITHqecKHX orrepaTopoB: 

• B pa3,11,ene 11.1 rrpHJI0)l{eHHfi rrpttBe,11,eHbl 6a3HCHbie 6a3HCHbie 3JieMeHTbl 

KOrOMOJIOrHH B TpHBHaJibH0M M0,11,YJie ,1],Jl51 ,11,ByMepHbIX anre6p raMHJib

T0Ha H 11yaccoHa. 

• B pa.3,11,ene 11.2 rrpttBe,11,eHbl rrop0)l{,11,aIOIU;He 6a3HCHbie 3JieMeHTbl K0r0MO

JIOrttfi ,11,na HeqfaHoro aHanora ,rr,ByMepHhIX anre6p raMHJihTOHa H 11yac

coHa - crreIJ;HaJihHOH cyrrepanre6phI B10TeH SB(l). 

• B pa3,11.ene 11.3 rrpttBe,11.eHhI Koacp<pHIJ;HeHThI ,II;BCr E2 H E4 ,11.na orrepa

Topa - □ +BiDi + X Ha MHoroo6pa3HH c KpyqeHtteM. 

• B pa3,11.ene 11.4 rrpttBe,rr,en Koa<p<pHIJ;HeHT E2 ,rr,na HeMHHHMaJihHoro orre

paTopa -gµv □ +aDµ DV + xµv Ha MHOroo6pa3HH c KpyqeHHeM. 
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• B p83,D,eJie IT.5 np1rne,n;eH K03cpq:mu;neHT E4 ,ll,JI51 HeMHHHMaJihHoro orre
paTopa Ha MHoroo6p83HH 6e3 KPY'IeHH51. 
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