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l1ccne.uosaHHe o.uaoro Knacca peweauii ypaaneHHSJ lloy. lfacTb I. 
Manhre no Moaynro perneHHSI 

PaccMaTpuaaJOTCSI sonpochr npu6nH.>Keuaoro peruenuSI uenuaeAaolt Kpaeaoit 
38Jl81.J:H llnSI BHBnHTH'lleCKHX ¢yHKUHii,COOTBeTCTBYIOilleii ypaBH9HHIO noy. 06o
CHOBhiB8eTCSI CXOJlHMOCTb K MBnbiM no MOJlynro peWeHHHM HerrpepbiBHOrO aHa

nora MeTo.oa HbiOTona, OTKy.lla nonyqaroTCSI TBK.>Ke ycnosHSI cymecrsosaHHSI 

H e,llHHCTBeHHOCTH pellleHHii. nony'l{eHa ¢opMyna llnSI CyMMapHOrO HHlleKCa 
rrpoHaso.uaoii ~peme. 

Pa6oTa BhTllOnHeHa B na6opaTOPHH Bbi'tJHCnHTenbHOfi TeXHHKH H 
8BTOMBTH38UHH OH.HH. 

npenpHHT 06LellHHeHHOro HHCTHTyTa smepHb!X HCCneaOBBHHH. Dy6Ha 1978 

Zhidkov E.P. et al. 5 - 11470 

Exploration of a Class of the Low Equation Solutions. 
I. Small Absolute Value Solutions 

We consider some questions of approximate solution of nonline 
ar boundary problem for analytic functions, associated with the 
Low equation., There is proved the convergency of continuos analo 
of the -NeV.1:on method to the ·solutions with small absolute value. 
Also there are obtained conditions for existence and uniqueness 
of these solutions. The formula for the summary index of the Fresche 
derivative is obtained as well. 

The investigation has been performed at the Laboratory of 
Computing Techniques and Automation, JJNR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1978 

© /978 06~9/lBHBHHbiJI BHCTHTyT HJlBpHbiX HCCDB/lOBBHBJI 1Jy6Ba 

§ I. BBe.lleime 

B Te~eHHe nocne,JJ;HHX .llBa.llOPTH ~eT ypaBHeHRe ~oy HBnHeTcR 

06~8KTOM BCeCTOpoHHero RayqeHRff, CTO~ TIOCTORHHOe BHHMaHHe - He 

~aCTOe ~eHRe B TeOpKH a~eMeHTapHBX ~aCT~, B KOTOpoH EHTepec 

R TOMY wm EHOMY no,zocony, KaK npamiJio, MeHReTM ,JJ;OcTaTolffio 6ucT
po. ,li;MO B TOM, ~TO ypa.BHeHHe ~oy, KaK MO,lleJil> H8KOTOpwt npo~ec

COB CWI:&HOrO B3aliMO,ll8HCTBRff, RMeeT rrpRMe~aTe~:OHHe CBOHCTB8., TaK, 

C O,llHOH CTOpoHH, OHO ,llaeT B03MO.lltHOCT:O pemaT:O 3B,Ita'!y 0 coy:n;apemm 

B ycnOBRHX CRn:&Horo B3aHMO,ll8HCTBRff, ~TO y,maeTM 06uqRO npH CRn:D

HO ynp01i18HHHX TO'UIO pemaeMWC MO,lleJmX, KOTOpHe MaJIO roBOp.a:T 0 pe
ax:DHHX rrpo~eccax, C ,llpyroA CTOpOHH, 3TH ypaBHeHKH yqHTHBaDT TO, 

~TO C~TaeTM TBep,llO YCTaHO~eHHHM B TeOpKH 3~8M8HTapHUX ~aCT~: 
aHanHT~ocT:o, YHRTapHOCT:& H KpoccHHr-cRMMeTpHD. M KpoMe Ta

ro, Ma.TeMamecKa.R: nocTaHOBita aa,n;a~ HeTpHBii8JI:&HB.. 0Ha CBO~T
CJI K CHCTeMe Hemmemrux CEHryMpHHX HHTerpaJil>HHX ypaBHemri¥ I •2 ' 3/, 
KOTOpOH COOTBeTCTByeT HeJmHeRHaR KpaeBaJI 3a,JJ;a~a ~ aHanHT~e

CKHX ~/3/ liJm 6eCKOH8lffiaff CHCT8Ma Hemmei!:Hux anre6paaqe
CKHX ypaBHeHHR/4,5/, 8Ta CHCTeMa RMeeT pemeHRH, KOTOpHe npH CITe

IJ,liax:DHHX yc~ommx .fiBJI.!IJOTCR e,JJ;HHCTBeHHHMH. O,llHB.KO .llOitaaaTe~cTBO 

CY1i18CTBOB8HHR H e,JJ;HHCTB8HHOCTH y:I(8JIOC:O HafiTH ~:0 ~ &RaCCa pe
melill1\ c MaJIHMH 8MIIJIHTy:n;ar.m H MaJIHMH KOHCTaHTa.MH cBRan/6 ' 7 I. 
llcKnro~eHRe COCTannReT pa6oTa B.A.Memep.a:KOB8. H B.IT.rep,JJ;Ta/8/, B 
KOTOpo:it npe,llCTaBJI8HO ,ll0Ita3aTe~CTBO CY!li8CTBOB8HHR ~ "60~Il1HX" 
pememlli, ,lJ;Oita3aTe~CTBO OTHOCHTM K O.JlHOMY 3KBHB8.JI8HTHOMY paa

HOCTHOMY ypaBHeHHID H ncno~ayeT ITOHRTRff H8ITO,JJ;BHXHaft TO~KH H HH

BapHaHTHOro MHOroo6 pa3Rff ilyaHitape, 

B HacToJimeii pa6oTe MH npHBe,lleM .llOKa3aTM:&CTBo ItaK cymecTBO

BaHHR, TaR H 8,llHHCTB8HHOCTH ~ H8KOTOporo I\RRCCa "~" H 
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"6oJr:&urnx" pemeHIDi ypaBHeHIDI Jloy, a TaiOKe rrocTpomt nTepa.uHOHHYJO 

rrocJie~o:saTeJlbHOCTb .lVI.fi 'lliCJieH!rux pac'leToB paccr.1aTpn:saeMoro Mac

ca pemeHIDi. HcrroJI:&syeMue rrpn aToM cTmmapTHUe MeTO.In>i ~OHa.Jlb

Horo aHaJIH3a ~aroT HaM Hane~ B ~aJlbHefimeM paccMoTpeTb 6oJiee o6-
l!llle ypaBHemm. 

0TM6TID.I, 'ITO Hall)J;eHHM HaMH 06JiaCTb e~CTBeHHOCTH .lVI.fi 11Ma

JIHX11 P.6ID6HHH cymeCTB6HHO WHpe 06JiaCTH e~CTBeHHOCTll, IIOJIY'I6HHO~ 

B/6 ' 77 .lVI.fi N/D ~pMyJIHpOBim ,n COBIIanaeT IIO IIOIJR.IU<Y B6JIWU1Hll C 

o6JJaCTbJO CYilleCTBOBB.HIDI H3 16 • 7 I. 
B § 2 C IIOMOIIlLlO HenpepUBHOro aHa.JJOra MeTo~a HLIOTOHa ~OKa3ll

BaeTCR cymecTBOBaHHe ll e~CTB6HHOCTL MaJillX no MO~JJJO pememn1. 

B § 3 CTpOllTCJI CeMeii.cTBO 60JlbliiHX no MO~JIIO pememrli:, liM6100lliX OT

JIH'!Hll~ oT HYJJJI CJMMaPHUH ~eKe nponsBO~o~ ~peme. 

B § 4 paccMaTpnsaeTCJI 'IHCJieHHll~ MeTo~ ~ OTllCKaHHJI KaK 

"6oJlburnx", TaK n ·~·taJJhiX" pememrli:. 

§ 2. KpaeBM sa,na'Ia c eyJieBUM mw;eKcoM nooH3BO.llHoii iiiperne 

06c~aeMUe B HaCTO.fiiil6H pa6oTe BO!IpoCH TeCHO CBJI3aHU C ypaB

H6Hll6M Jloy/ 3/, KOTopae OIIpe~eJIJieT aHaJIHTH'!eCime BHJTPR e~HOH 
OKPYJWOCTH Co ~ hol ( i!) , ot = 1 , . . . , N , co cJie

~IItHMR CBOHCT:sa.MR: 

I) h ct. ( i!) - aHaJIHTH'Iecue qJyHitUIDI BHJTPH Co , BMeD!lRe He-

npepllBHlle Ha C0 rpaHH'!Hlle sHa'!eHRJI. 

IT) h.ot { 2) = h.<>E ( 2) - yCJioBne ~eiicTBHTeJlbHOCTH ('lepTa osHa'laeT 

onepaqHID conPfiXeHHJI). 
2. ., 

Ill) Jl'nh..,EtlJ=F(<fJ!h..x (~)/; z-:e~ l.fc[o,I2 ] -yCJioBHe 
' . 

JHliTapHOCTH. 3~eci> <PYH~ F ( cp J y~oB.IIeTBOPffeT yCJiomm 

rem.~epa npH l.fe.{o, fJ H F{o)= F([)=O. 
K 

IY) hce. (- r J = L A~,. h. "' ( i! J , r~e Sa.ztaHHM ~eiicTBHTeJlbHM 
fo•1 r r 2 

MaTP~ A = [A .. , 1 y~oBJieTBO Pff6T ycJioBll!l .4 "" E 
£ - e,ItHHWIHM MaTP~ - yCJioBHe rrepeKpeCTHoii cm.ueTpm~. 

Y) hoi ( z) BMeeT noJIIOc rrepBOro nopsi,ItKa rrpn l = o c 3~-

HHM BH'!eTOM Res h.« ( o) = ).."" ; ). a1 =- f Ao< .>.} 
,6:1 " 

4 

Yc.nomm I...:Y npe~cTa.BJimOT He.mmeibtyl) Rpae:eyD sana-qy Tmia 

PHMaHa-rHJ!b6epTa (cooTBeTcB~ JIHHeHHM sana'Ia paccMaTpRBaeT

CJI, Hanpmtep,B /IO,II/) ~ M6poMOI$10ro B6KTOpa 

H t z J = (h. ( e J, ... , h.N ( z) ) "' u + i V 

v ( (j) - F {lf) G ( u ( (j) ) v ( 0)) := 0; fJ = e'-'~' Cf E {-I,Ji} (2.I) 
' J 

r~e 

{ 

F (<f) ' 

F ( lf) = - F r Cf) , 

F (t.f-.Ji), 

<.f E [O, ~] 

<.fE [-~. o] 
l.fE[f,~.7iJ J ' 

a BeKTO p (j- ( U , V) HMeeT Bl'I,lJ;: 

G V)-{Ue+V2.,«P€[-f.,l1· 
(U, - A([IIUf·+[IIV]2 ), <fE[f,i/1. (2.2) 

3~eC:b B6KTOp X Z = (X1z, ... , X! ) COCTa.BJieH :113 KBa,D;paTOB KOOp-

,zomaT BeRTopa X= (X 1 , ... , x,.,). 
OTMeTBM, 'ITO yCJioBne IT ~aeT B03MamHOCTl> rrpo~o~TL ®YHKUHID 

F{<f) He~eTHUM o6pa30M R, TaKHM o6pa30M, CO~epmnTCR B ypaBHe7 
mm (2.I). 

By~eM paccMaTpRBaTb aTy sana-qy KaK He.mmelaoe onepaTopHoe 

ypaBHeHHe B HeKOTOpOM HOpMRpoBB.HHOM npoCTpaHCTBe H HCKaTb Ta-

Me pemeHRJI H ( t) , KpaeBUe 3Ha"llmllll KOTOpHX Ha Co ~OB-

JieTBOplmT yCJIOBHIO reJI~epa. 

Onpe~eJJRM HOpr.mp<>BaHHoe npocTpaHCTBO ""' HerrpepUBHHX 
Ha C 0 ~eiiCTBHT6JibHHX ®YHR:UH:£i, .~OBJI6TBOp.moon!X yCJIOBIDO rem.-

~epa C IIOKa3aTeJieM 0 <. c:X < f. R HOpMOii 

/IfilL. =sup /f(oJ/ +sup lft<r:.)-frfrt>l 
.t <TEC I A"' "' < 00 o <1.; 

1 
"Z ~Co v 1 - 6'i / 

(2.3) 

YpaBHeHHe ( 2.I) JIBJIJieTCR Ta.KlEe :kpaeBO:A 3~'left ~ HCKOMD

ro SH8JIHTlt11ecRoro BeRTopa ¢. {~) = 1-1 (i~) -A / e , r.~te .1 = (.,.l w·· ,,.\111), 

HO ~ ~o6CTBa Mll 6~6M 3aiiliCUBaTb ero JIHIDb ~ KOMIIOHeHT B6K-

TOpa H (l) , EcJIR ¢ (i!) = JJ(i!} + i.. M { i) , TO <lJoPMYJia 
111Bapua/I2/ ~eT 

f!X i.'f . J e +i! 
C/>(z) = fjf M {c.fJ e'"- z dl.f + ])o ' 
. 0 

( ])0 =¢ (0, 0)) J (2.4) 
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r.~te H (a)- xpaeooe aHa'leHHe Ha co <J.iyHRinm f.f( ~J • W<>p-
MYJia o6pailleHHJI I'BJII,6epTafi2/ ,na.eT BBpalleHHe ,JteiicTBBTeJil>HOH lJaCTH 

D (e) 'lepea MHHMYJl Ha KOHTYJ>8 Co : 
zx 

J </ s -
D {s)-=-/; N (Cf) ctg z dlf + ])" (2o5) 

0 

Ha sT:HX I)JpuyJI CJie,JzyeT, '!To xpaeBYJl aa,na'lj' (2ol) .IV1ll l})yioonm 
(/>( ~) ~o~>m~o pacCMa.TpBBaTL ItaK onepaTopHoe ypa.BHeHHe B npocT

paHCTBe L:. = lot X ... X lot " I X Ill" = IJ7t2X I Xi II. • OTHOCliTeJII>-
~ 0( J~/tf o( 

HO O,JtHOH HeH3BeCTHOli !fiya:ro:um H(Jf}=V('f) +A Sin <.f : 

P ( V) :.:: V - f t Cf) G ( V V) = 0 lf E [ -J, ~] , ' , (2o6) 

r.~te 
Urs) = f:, JVNJ ct~ lf~s d'f + 1J0 :.:: KV + 1J0 

0 

Tax ItaK CliHrYJIHP4 ~Terpa.lii>Hilii onepaTOp K c smpoM I'wl:D-
6epTa orpaHll'leH B L: 12 , a f!(<l) E /.,« , To onepaTOp 

Ill 1 Jl/ 1 IV P : L"' - uot. li JIBJlHeTCR orpaHH'leHIWM H HenpepUBHHM B LJ "'- o 
Ha <!Jo.INYJI (2o4), {2o5) BlJ,ItHO, 'ITO BeKTOP ])o MOEHO 3a,Jta.Ba.TI> 
npoH3BOJII>HO , c O.JtHHM yCJIOBBeM : A lJ o -= ]) o o TaKHM o6 paaoM, B 
IIOCTaHOBRe KpaeBOii 3a,Ita.'l11 1-Y 06Hapy.EHBaeTCJl HeO,JtH03Ha'lHOCTI> B 
OIIpe,JteJieHliH BeKTOpa .D

0 
= Q> (o,o) , IIOCKOJII>Icy" yCJIOBllll l...Y He 

Ha.KJia,ItllB8Jl Ha Hero mmaroiX orpaHH'!el:l11io IloaTOMY BeJIK1U1HY JJ, 
B ypa.BHeHli:H (2.6) 6~eM C'l11TaTL qmxcHpoBaHHoll:, TaK lle XB.lt 111 A 

HeTp;rnHO :BB,D;eT:&, 'ITO onepaTop P( V J (2o6) ~ .JtHli-
1JeP.e~eM IIO Wpeme (onpe,JteJieHlle IIJlOH3BO,JtHO:ii Wpeme MOmlO Haii:TH 
B 713 ) 0 IIepBWI npoH3BO.ItHaJI ecTL orpaHH'leHHHii mmeibndi onepaTop, 

npe.JtCT~ co6oii onepaTop mmeihiol aa,na.'l11 Pm.laHa-I'lt.ll!,6epTa 

,IV1ll aHaJIHTH'leCROro BeKTOpa lp (l} = U ( l) + i, V ( l) , TaKOro, 

'ITO V ( 0
1 
o) = 0 : 

P'tv.J v = VNJ -z FNJ(Qru~>UftfJ +Q(V. JVNJ), <P€ [ o, z:K]. C2o ?) 

YaTpm:r.a Q (X) onpe,~teJIHeTCSI no BeKTOPY X(<~) · CJie;u;yuqHM 

o6paaOM: 

(x. o) . . [ :T T] Q (X) = · · Q. .. = 0 , /.. FJ ; If E - l • 2 o 
0 . XN ' "I 

Q (x) =AT(x)A r. · -=0 ' LJ ' 

IV {2.7') 

i..t<i· 'r.=L A·.X· · ,oc[i J:Kj a ' H j=1 'J 1 , ..,. z , 2 

6 

BTopasi IIJlOH3BO,lUIBJI npe,~tcTaBJilleT 6:wnmeiByll I)J~: 

p"(V,)(V.,, Vz)=-2F(<f)A [T(U,)AUz + T(V1)A(Vz)} (2o8) 

H JIBJIHeTCJl IIOCTOJIHHWI OIIepaTOpoM, He 3amiCJDitHM OT V, o S'ro eCTI> 
CJie,JtcTBBe RBa,ItpaTH'IHOli HeJIHHeiDIOCTH HCXO,JtHOH 3a,Jta'l11 o 

B paCCioi>TpeHHOH IIOCTaHOBKe Mli HCCJie,JzyeM BOIIJlOCU cyll{eCTBOBa
HHJI :a: e,IOmcTBeHHOCTll pemeH:Hii onepaTOpHoro ypa.BHeHHJI (2o6) B He
KOTopux o6JiacTBX npocTpaHCTBa /.,: li nocTpolii:M 'l1ICJieHHUii aJI

ropo .IV1ll Ha.Xaa,nemm: sT:HX pemeH:Hiio Ilp:a: STOM a.JteCL :a: ,naJiee no,Jt 

b~ 6~eM IIO.Jtpa3yYeBaTI> ~ IIO.ItiiJlOCTpaHCTBO He'leTHUX Ha 
{ -Jf, .7i] cJl1H1tUd C HO:ploi>H (2o3). ST0 o6eciie'l1IT BUIIOJIIleHBe 

yCJIOBllll ,JteiiCTBBTeJil>HOCT:H (II) o 
JVm BHBO,Ita. yCJIOBBH CynteCTBOBaHHJI pemeJ:111i HCIIOJIJ,3yeM 3~ 

n:uoHHUit nponecc, HaaJmaeM!ii HenpeiJmHUM a.H8JIOroM MeTO,na. HbDTOHa, 

KOTOpuH CBO,ItHT pemeHHe a6CTpaKTHOro onepaTO.IUOro ypwmemm 
P {V ) = 0 K :HHTerp:a:poBaHHII CJie,JzyDQeii aa,na'l11 KomH: 

dV(_cf,t) =-P 1{Vf 1 Pfv) , Vfcf,oJ=V .. tCfJ, Od<-, (2o9) 

r.~te V ( <P, t;) - ciJymtnwi napaMeTpa t co aaa'leHWDIIH B L:; , a 
p'(vy-t- onepaTop, o6paTHHii K P'( VJ ; Vo (<f) - Ha'laJII>HOe 

np:H6mmeoeo IlpH STOM pememte V,. ypa.BHemm: (2o6), eCJIH oHo 

cyntecTByeT, IIOJJY'Ul8TCR KaR npe,~teJI npH t - oo pememm V (<1', t J: 

lim 1/Vl'f,-t)- V6 NJ/Il-N =0. 
-t-- ol 

(2o10) 

TaRlii:M o6paaoM, yCJiomm cynteCTBOBaHHJI npe.JteJia B (2o10) .HBliHilTCH 
O,ltHOBpeMeHHO :H yCJIOBll!IMloi CynteCTBOBaHHJI pememm (2 o 6). ~CIIOJI:&Sy
eMCJl yCJIOBlleM CXO,Itm.«)CT:H nponecca (2 o 9) , IIOJIY'leHIWM J!l.4/ o 

IlpeJJ,!IOlleHHe I 

IlyCT:& Ha'laJII>HOe np:H6JIBJ[eHHe V, TaKOBO, 'ITO B ORpeCTHOCTH 

If v- v .. u 1: r.. BHIIOJIHeHO I p'( vr 4 1/ ~ B , a p• ( V) 

orpamrqeHao EcJm npH STOM I p ( v,) f/ . B ~ "t , TO B sTOi oxpecT-
HOCT11 TO'IKJI v. cyntecTBYeT pemeHHe v,. ypa.BHeHHJI (1.6) 11 

nponecc CXO,ItHTCJl K HeyY CO CKOJlOCTl>Jl 

II Vt<P,tJ -v" (lfJUL.'" ~ 8/P(v.Jfe--t 
ol 
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3To YTBe~eHRe He ~eT oueHRMo6~acT:e: e~cTBeHHocT:e: peme

HRH, IT03TOt~ MH ITO~ ee rrp:e: ITOtiD~ H6KOTOpUX crre~ pac

CMOTpe~. 

0TM6THM, 'ITO B OKpeCTHOCTH TO'IKH V., = 0 :HCM6,II;OBaHRe BO-

rrpoCOB C~6CTBOBaHRH H 6,II;KHCTB6HHOCTH peme~ ~eHHH noy, pac

CMaTpHBa6MOrO B HHTerpaJil:>HOit iPop&e, ITpoBO~OC:& r/"f ,BI C ITOMOfill>Kl 

TeopeMH lllay,IJ;epa H rrpHHUIDia ClmTHX oTo6pa.llteiDiil: • .UomsaHo cymecT

BOBa.HHe H e~CTB6HHOCT:& MaJIHX ITO MO,IJ;yJIJO pemeiDiil: ,lJ)lll IV /J) ypa.:B

HeHd, B II5 ,I61 c~ecTooBaH:e:e "MaJIHX" ~emeiDiil: ycTaHaBIDIBa.eTcsr 

rrp:e: rroMom:e: MeTo,IJ;a H:&IDTOHa-Ka.HTopoB:H'laii I. licrroJThsoBaH:e:e rrpon;ecca 

(2, 9) Ollpa.B.lO:lBa6TCJ:r T6M, 'ITO OO~CT:& Ha~HHX ITpH6Jmllt6miH V, 

,lJ)lll KOTOpHX HerrpepHBHUH aHaHOr M6TO~ H:&IOTOHa CXO~TCJ:r R TO'!ROMY 

pememm Vlf , B006nte rOBOpi!, m:e:pe, '16M ,lJ)lll ~CKpeTHOrO M6TO~ 

H:&IDTOHa-Ka.HTopoB:H'la. _ 

BBe,IJ;eM c~e,IJ;yXJllHe o6osHa'!eHHH: U F ( Cf) ff ""' = F"' 
a == II A II = max ( -£ I fl ~j I ) • IIycu a... ecT:& MaRCHMa.JII:,HOe 

i.. aN Jc.f * *' 
co6cTBeHHoe sHa'leHRe MaTP~ All • EcJm A =A , RaK paccMaTp:e:-

BaeTcsr Ji'? ,BI, TO a*"= :1. • 060SHa'IHM HOpMy CHHrYJlfiPHOro OrrepaTopa 
217 

Ku = 1.. J U(sJcf• x-2s ds ue& K ·L.o~--1... (2.II) 2Jf 11 ? o( ? • o( • 
0 

'!epes I< o1 , II K II= Ko~ • Cor~cHo on;eHKe :e:sfi? I ,lJ)lll HOPMH CHHrY-

JlflpHoro HHTer~ T:e:rra Kom:e: 

1 Jj(r_')ol I I 

Q ](zo)=z:ni.. ;;!'-<!.. r ; Zo, Z. ECo, 
Co 

(2.I2) 

H H3B6CTHOMY TO~eCTBY 

J
h . 2J 

~ X- S 1 U (t} 1.- i.X 
ZJi 

0 

U(x)C~-yd.X=yf-z:-t: dt- 2Ji ju(t)dt, T=e, 
Co 0 

MOEHO ITO~HT:& OIJ;eHKY 

2.1.f.o( .t (2li)o{-1) 
Kol ~ 2. (z + :rrot + :rr (1-od + o( 

Orrpe,IJ;e~ na OKPYJKHOCTH Co BeKTO p--<IJyma.m10 R ( tf , .1\. , l>o ) : 

t 
- [.Z Z -l1sin'f-F('I'J 11 +D,.,.zi1JJoco.!'f], <f€[-l,n. 

R(lf,A)lJ=P(~ +JJo)= -;1Sinf-f(cf;{f1(t1 2+ll~)+ZIID.co:5'f] tfd~ ~}. 
) ' 

CrrpaBe~HBa cAe~ TeopeMa, 

8 

) 

' 

' I 

TeopeMa I. IlyCT:& BeKTOPH .1\.o ,l>o f RN TaKOBH, 'ITO M.=:-~ 0, 
A.D o = IJ0 H BHITO~eHO COOTHOllleHRe 

[ 
J J-i I R (<f, 110 ,])o)J/L.,. ~ i Fo( a ( i + K:) (2.!3) 

"' 

Tor~ c~ecTByeT pemeHRe ¢fin= 11(2)- 1 sa,IJ;a'!H I-Y rrp:e: 

1\::/10 li ¢ro,o )= 1J0 , TaKoe, 'ITO # Jm ¢lit:" ~ [If Fa a 3 r 1. + K !J T 1
• 

oTO pellleHRe MOEHO ITMY'Ili:Tl> C ITOMO!Jll>!D rrpori'ecca ( 2. 9) C Ha'IaH:&HHM 

rrp:e:6JIRllt6HR6M Vo (t.f) ""0. 
Ilpli /1 = 0 , 1> 0 = 0 B 06~CTH 

.f2 ::: { V(lf) E 1.,; : max ( FNJ lf;.. (!f)/< %a-~ J 
'f~:[o,f], ~.- = 1, ... ,/11 (2.I4) 

HeT ,llpyrHX pemel!d, KpoMe H ( l) = 0 . 

Pemel!He ,lJ)lll /\ ~o e~CTBeHHo B o6~acTH 

Q-1 ={ VNJEL: :max I F{lfJ 7!i {Cf)j < 0t a"'"} ? v = YmH. (2.I5) 
<fd(),!ll, i.=1, ... ,,¥ 

)lomsaTe~:&CTBO, 060CHOBaHR6 yMOBllil CYfil6CTBOBa.IlliH CBO.IUITC.fl K 

npoBepKe Tpe6o:aa.mtii IIpeMOJKeHII.fl I. Bh!6epervi na

'IM:&Hoe rrp:e:6JimteH:e:e V. = o :e: no~oXHM t = Lt Fo( a 3 
( 1 + K .;_ ) . 

On;eHHM B OKpecTHOCTH /I v- Vol!~ z HOPMY orrepaTopa P'(v;- 1
• 

PacCMoTpXIM ,lJ)lll npo:e:sBo~:&Ho:t:i clJYHKil;HH ~ (S) E L:; H HeKoTopoli 

V-t(S), /{V1 /(~'L paBeHCTBO 

P 1(V.JV= V-Zf(s)(Q(U.JKV+ Q{V.JV)= ~(.s) 
~ 

{E-ZFCsJQNd]V- 2F(s)fUU~J KV= ~(S), 

v- [ E- z ?csH?. cv.JI"1
2F(s)Q(U1 )KV =[ E-2FQ (~ JT~(s). 

On;eHRM HOpMy orrepaTopa [ [- 2F{s)Q(V.)T
12F(SJQ(V.)K. 

Ilpe,II;ITO~OJKHM, 'ITO Cl > 1. , TOr~ 

I/(E-2FfUv.))~(sJffq- {i-Z!:o(aJ fV.,(/) lifHL'; , 

II z F Q ( u.) II ~ 2 Fe~ a 3 KO( II V1 fl 1./" . 
ol 
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OTc!O,Il;a, ytrnTliBM, '!TO ff V, II ~ z. , IIOJIYl!3.eM 

ff[E-2F"Q.(v1){zFfl(U,)K§~ :lFo(KJa
3

/IV.II :a. 
1 - Z F~ a-' II V.tf ·y -' 

If P'rv.,r.,h #{E-:.~Q.(Av.Jr~r ~ (i-:tF.t.a3(1+K;)Jt~liJ1.<2 ·I6 > 

_nanee, IIOCKOJThRY rrp:a V0 ""0 PrV.)= R(tf,llc,JJ.), TO 

B cmry (2oi3), (2oi6) rrp:a II v.tl ~ ~ HMeeT MecTo on;eHKa 

1/Prv.)// IIP'(v.r"l!~ 1/V.,//!Sz, 
oTey,I\a n CJie.nyeT '!acTI> TeopeMli, OTHOCJllllasiC.fl K yCJIOBRHM CYIIIeCTBO-

BaiUI.flo 

On;eHllM ,I~an:ee o6.nacTI> e,n;mrcTBellliocTH pememmo IIycT:& IIPH He

KOTopliX ;\ c , 1> o CYIIIeCTnyeT pemeime H. ( ~) = V 0 + i V., ga

,I\a'!R I-Y o Tor,I\a P ( v.) = o o 3To 03Ha'!aeT, '!TO .mmeiiHa.fl Kpae

BM sa,I\a'!a PHMa.Ha-I'MI:>6epTa 

V - F {C/') (Q CUc)U + Q (V.,) V) = 0 (2oi?) 

wv~eeT H erpiiD:aan:rnoe pemeHHe : (J = tf 0 , V" V. o IIycTI> 

;\ o ::Do = 0 , TO eCT:b H{l:) = U + i, V - a.HaJmTH'IeCKrui <IJyHKrnm, 
:ac'!e38l!JI.IIasi np:a ~ = o o Tor~ 3Ma'!a (2oi?) 6y,n;eT o~opo,IJ;HHM 
.mrne:ftHI:lM ypaBHeHHeM OTHOCHTeJThHO V : 

V ::: F {Cf J (II T {V.) A K V +II T ( V.) A V) :=; l/1 ( V) . (2oi8) 

9To yprumeHHe, B OTJm'IHe oT rrpe~ero, paccwTp:HM B npocTpaH

CTBe L~ {c.)-~. cyw.mpyewa: c Rl!8,1ij)8.TOM Ha C,. c Hop

Moil 

II cf>UL~ (c..)= { 1 C"t
1 

t<t>. <t> /2 
)at f'/.t, ¢ == r¢.,, ... , ¢, • .). 

Ba6op Ta.KOro npocTpaHCTBa onpaD.Ita.H TeM, '!TO H K /II..N ( =f. /I?/ o z c.,J 
IIoaTOMY B CHJrY (2oi4) IIOJIY'IaeM 

If lfl/ t."'.. ~ ~ !/A II f-; ( 2 a* r { < i. , 
oT~ CJie.nyeT, '!TO ypa.BHeHHe (2 o IB) :HMeeT TOJI:bKO HYJieooe peme-

HHe B npocTpaHCTBe L ~(Co) :::J L; , TO ecT:& H(r) =o-
e.n;miCTBelllioe B o6.nacTH (2oi4) pemeHHe npH 11 0 ~ Do = o. 

10 

., 

~ 

1 

j 
.... 

ECJIH 11o f: 0 H CYIIIeCTBYJYI' .I\Ba pemeHitiH' u1 + (._ v"' ' V.z. + (._ \.{, 

C O.I(RHB.KOBHMH J1 D R D o , TO , 3aiiRCaB ,ll;JI.fl Kallt,Itoro R3 HIDC pa-

BeHCTBO (2oi?) H BH'!RTa.fl O,nHO H3 ,IIpyroro, IIOJIY'll!M JIRHeiiHylo Kpae-

BYJl sa,I\a'!y ,ll;JI.fl pasHocTH L1 H =AU+ i.A V (KoTopasi .flBJI.fleTcH 

aHaJIHTH'!eCKOH, RC'!e3aJ(Jl(eH B HyJie pt.Il;I'Ieil:, .1 H ( ~ o) "" 0 ) : 

AV-F(cfJ(Q(U_,+Uz)tlU+ Q(V_,+V..)AV)='O. (2oi9) 

A.Han:o!'H'IHo rrpe,IUl.IJ;YIIleMY R3 yCJioBitiH (2oi5) CJie.nyeT, '!TO ypanHeHHe 

(2oi9) :HMeeT TOJI:bKO HyJienoe peweHHe B rrpocTpaHCTBe L'; (c.) . 

Teopew .I\OKa3aHao 

1 
OTMeT:HM, '!TO ,IJ,Jili BCHKOro pemeHHH I-Y BliiiOJIHeHo HepaneHCTBO 

max /f:N>J ·z[j_ (Cf) I ~ i. , KOTopoe noKaaliBaeT, '!TO o6.na.o-
<l'el'o,fJ,i~f, ... ,N 

TH e.I~nHCTBeHHOCTR (2oi4),(2.I5) .flBJI.fliDTCH CYIIIeCTBeHHo HeJioKaJII:>-

Hw.mo 

B 3aRJID'!eHHe sToro napar~ noKBXeM, '!TO c~pHHil: HH,I\eKc 

npoH3BO~oii ~peme (2o 7) ,ll;JI.fl paccMoTpelllioro KJiacca pememrn Vo 

c MaJIOH HOPWH pa.BeH HYJOOo HanoMHl'!M, '!TO cyMMapHliil: HH,I\eKc ~ 
.mmeihloii Kpaenoil: 3Ma'IH PRMaHa-I'M:b6epTa ;IJ.Jm aHaJIHTK<~eCitoro BeK-

Topa H = V + i. V 

B (!f) U {If)- c {lf) V (Cf) =- IJ (!f) tf t [-Ji,7d, (2o20) 

orrpe~eJI.ffeTC.fl cor.nacno/IO/, KaK ,I\eJieHHoe na 
apryMeHTa !fJyHKinm det {(B-i.C )(B + i.C)-j} 

pa Co rrpoTim '!aCOBOH CTpeJIKli : 

.2 'Jf rrpzpallleHRe 

IIPH 06XO,I\e KOHTY-

at== .2.;. Ll;A OlUJ det{r6-icXB+i.CFiJ=:ftl;"C»tffddrB-iC). (2o2I) 

OT neJIHlmHll £. saBHCHT, 6y~eT JIR KpaeBM 3Mal!a (2 o20) 6e3y

CJIOBHO H 0~03Ha'!HO pa3peiiiiDo!a ,IJ,Jili BCHKOH IIpa.BOI '!aCTH !J( If). 

B '!aCTHOCTR, ,IJ,Jili onepaTOpa P' ( V0 ) H3 (2. ?) WlltHO IIOJIY'!HTL · 

B-i.e = i.E-lFCtf)Q(Uo .. LVo); E - e,IT;miH'!Ha.fl MaTp:an;ao 

Tenep:& H3 qJopMyJili (2o24) JVISI cp.ua.pHoro mi.D;eKca Jierno BHBeCTH, 

'ITO JVISI ncex pememm H o ( ~ J = u o + i. v o 3Ma'IH I -Y, y;n;oBJieT-

BOpmllltHX yCJiomm ma..x /Fl'fJ'lf .• llfJI < 1/2 . ~ , (2 22) 
'f.e[o,\J,'-='~, ... ,Ii, • 

jJ 



CJ'MldapHI:lii mmerw rrpoH3BO,IUioil: <lipeme pa.BeH eyJDD • .IJ.rur sToro pac
cMoTpHM, HaiipiDil:ep, QJyHKUIID ZF{Cf)U~ + iJ:tF(Cf) v; -1..) :id<f)· 

Ta.K 1\B.K (, ( o) "" - 1- , a H3 ycJioBIDI ill c;re;rzyeT, "'TO t.e (<I' J I =d. 

TO BBH;rzy (2.22) Kpl'IBaJI £ (Cf) He rrpoii,neT 'lepes TO"ley ~"" i- , 
a, SHa"'HT , apryMeHT e ('-f) He IIOJIY"'HT IIpHpaJIIeHIDI IIpl! 06XO,I(e 

KOH'cypa Co • 
HMeeT MecTo CJie.D;ylOll18.li JJ:eM!da. 

Jimi!Mai. C;yl~~MapHI:lii :mmeKc x JOOieil:Hoii. KpaeBoii. sa,na"'H PHMaHa-J:'wn,-

6epTa 

V-:Jr'fJ(Q(llo)U+~Hv.)V)=O; Do V., E /./V (2.23) 
1 o< • 

Bbi'mCJISieTCH IIO tix:> PMYJie 
(2.24) 

ge = j- t .1! a!tij[J.fNJ (u ~ + i Vj·. J- i J~ J f i!, cw;UHifJJ(u/ +i lfj)- i], 
J •1. I d J =< d 

r.I(e U" = (u :, ... , u;), V. "'(v_,: ... , 7!';:,) y.I(oBJieTBop.moT ycJioBIDO IY. 

,lloKa3aTeJU>CTBO. B CRJIY orrpe.I(eJiemm (2.21) HMeeM 

ae== /;t{1t»uJdet{-iE+J.fNJ(QW.J+i-Q(Vo>)) • 

CorJiaCHO tPoPMYJiaM (2. 7•) Ha IIpaBOit IIOJIYOltPYJKHOCTH HMeeM: 

T ~ - -
.1_f ~ olet ( &-lC):: J~ .1_j o.Mj {ZF (Cf)(u; + i 7!/ )-i). (2.25) 

HcrroJI:&sya cooftcTBO At= £ , rrpnPaJIIemie apryrl!eHTa Ha [ :f' 3
:] 

MOltHO Bbi'mCJiliT:b IIO tPoPMYJie 

!Ji ~ det (5-iC) ~ !1i ax.ij detA {~FNJ(7'(U.) + ;_ T(V,)) -iJ jA ::; 

Jji {. ¥ ftl r. /II 
-::4_-.:aJWde"t :lFfcf)T(U.+i.V.)-iE],.L1' (l}(j)(l ?'-Ffri)L A./u; +iv"•)-i.j. 'i -- . J "f -.I J=< K:-1 J 

ilOCJie.I(aee BspaxeHHe B CHJIY ycJIOBIDI ill rrepeKpecTHOH CHM!I1:eTpKH 

rrpmmMaeT Bl'l.n 
N -

L A~:J ~ (:J..F(<f)(U/ .j.i.V.')-i.) •· 
j =• 1 J 

(2.26) 
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CKJia,ll;llBa.rr (2. 25) H (2 .26) H y"l:l!T!1Ba.H C¥U.tMeTp:ITIO OTHOCl!TeJI:OHO 
,I(eii.CTBl'!TeJI:&HOii OCH, IIpllXO,nm.l K iJ>oPMYJiaM (2. 24). JieMMa ,I(OKasaHa. 

\l!Op!zyJia (2 .24) IIOM3illlaeT, 'ITO CYMt-~apH!lli IDI.ll;8KC ;)<:: 3aBllCl!T 
J!llllil> OT rroBe,I(emm pememm U0 +LV. Ha rrpaBoit rro;ryoKpYJitHOCTl!. 3To 

corJiacyeTCH C TeU qnKTOII!, "'TO B TIO,!OCO,I(e, CBJISar!HOII! C liHTerpaJib
HI1Mll ypaBJieHIDI!.!ll, BKJia,I( OT JieBOrO pas pes a SIBJISieTCJl BTIOJIIIe Heiipe
pillllWM orrepaTopoM l! He BJIIDieT Ha :mmeKc/181. 

B SaKJIID"leHHe OTMeTl!M, 'ITO ycJIOBlle liS (2.15) jJBJ!jl8TCJ'I ne.rrBHUM 
orpaHI!"leHHer.! Ha Bemi'll!HY A , TaK KaK OHO co.I(ePJ!tliT ,rtpoMe A , Bee 
OCTaJI:OHSe K03cppllli;ileHTbl Pfi,I(a JiopaHa tiJYHKD;HH H( :l.) = !1 /z +- f. Q, "ln. 

n:::o 

ECJIH l'ICIIOJI:bSOBa.Tb rpy6YJO o~eHey /17;.!4') /<. (4a*maX(FNJ/)-i 
t.f~(o,!}] ' 

cooTBeTcTBYJOOIYJO (2. I5) , TO ,JJ,JUI CJIY"la.ri TpexpH.JUioii ua.TpHJ..U1 A 
paccMoTpeHHoro B/8/ B N II> ([JOpMymipoBKe, MOIKHO IIOJIY'niT:O o~eHity 
I) i. I ~ 0. 05 ' COBIIa,I(BJOUIYIO IIO IIOPMKY c IIOJ!y"l:eHHOM B TOll 

JKe pa6oTe o~ermoit o6JiacTl! cymecTBOBaHl!Sl. TaKmA o6pasor,t, ycJIOBl!Sl 
(2.14), (2.15) ecTeCTBeHHbiM o6paSO!Il ,I(OIIOJIH.ffiOT pesyJinTaThlll/
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