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SIManeen P.M. 5 - 11458 
.Oscjl<jlepeaqearu,abie H HHrerpalibHbie oneparopbi Heuenoro 
nopMKa 

HccneJlyJOTCSI oneparopbi llH<jxpepeHueposaHHSI H HHTerpeposaHHSI Heuenora 
nopS!llKa, rue oneparop ue¢¢epeHuaposaHHH onpeuenHeTcH KaK o6o6meHHbiii 
npeJlen, a oneparop HHTerpHposaHHSI - KaK o6paTHhiii oneparopy JlH<jl¢epeH­
ueposaHHH. C llOMOlllb!O npeo6pa30B8HHSI Jlannaca Bbl'tHCneHbl COOTB9TC>BYIO­
lllH9 npeJlenbi JlnH HeKOTOpb!X 3neMeHT8pHbiX <jlyHKUitii It COCTaaneHa Ta6nltU8, 
B KS'!ecrse npHMepa npH'-IeHeHHSI npeuno>KeHHoro MeToJla Bbl'mcneHbi HeKoro­
pbie HHTerpanbi, npHM9HS19Mbl9 B TeOpHH pa3M9pHOii peryngpH38UHH <jlellHMS­
HOBCKHX HHTerpanoa (A 11TH). 

Pa6ora BbmonHeHa B lla6oparopHH Bhi'IHCnHTenbHoll TeXHIIKH H asro­
MarsaauHH OHHYI. 

Coo6IUaHKe 06baLIKH9HHOI"O HHCTHTyTa HLiepHbiX HCCnaJlOB8HRli • .lly6Ha 1978 

Yama.leev R.M. 5 - 11458 
Operators of Differentiation and Integration of 
Non-Whole Order 

Operators of differentiation and integration of non-whole order 
are investigated. I'he diffQrentiation operator is determined as 
a generalized lil'l\it, and the integrati<;>n operator - as a reverse 
operator of diiferentiation. By- using the Laplace transformation 
the correspondent limits for some elementary functions are deter­
mined and tabulated. As an eXdmple of the supposed method some 
integrals are determined which are applied in the theory of dimen­
sional regularization of Feinman integt·als. 

'!'he investigation has been performed at the La.boratory of 
Computing Techniques ar.d Automation, JINR. 

Communication of !he Joint lns!itute for Nuclear Research. Dubna 1978 

© !978 06t-eP.HHeHHbi/l HffC1'H l"yT HJlepHbiX HCCne,flOB8HHfl .0y6HB 

Onpe~eneuue onepauuu HHTerpupoaauus H ~u~epeu­
uupoaauus ueuenoro nops~xa cTano B03MO>KHblM, xax TonLKO 
6blna onpe~eneua raMMa-q,yuxuus 3iinepa, KOTopas sans­
eTCH o6o6meuueM noHHTHH !PaxTopuana ua ueuenLie u 
KOMTIJJeKCHble 3Ha'leHHH apryMeHTa. BnepBLie HHTerpo­
~uq,q,epeuuuanLHLie onepaTopbl ueuenoro nops~xa 6LIJJH 
paccMoTpeHLI a pa6oTax PuMaua u Jluyaunns nyTeM o6o6-

; I 

IUeHHH !PopMyJJLI ~JJH ll - KpaTHOrO llOBTOpHOrO HHTerpana 1 1!, 
B TO apeMH OHH HCllOJJL30BanHCL KaK y~o6HblB annapaT 
uccne~oaauus HHTerpanLuoro ypaaueuus A6ens. B uacTos­
mee apeMH onepaTopLI HHTerpupoaauus u ~u~epeuuupoaa­
HHH ueuenoro nops~xa c ycnexoM npuMeHHIOTCH xax a Ma­
TeMaTH'Iecxux uccne~oaauusx /eM., uanpuMep, /2.3/ I, Tax 
H B !PH3HKe, a HMeHHO, B KBaHTOBOB TeOpHH llOJJH llpH 
ocymecTBJJeHHH TaK Ha3LIBaeMOB pa3MepHOB perynspH3aUHH 
paCXO~HIUHXCH !PeBHMaHOBCKHX HHTerpaJJOB/ 1/, 

B uacTosmeii pa6oTe onepaTop ~u~epeuuupoaauus 
ueuenoro nopJI~Ka onpe~enseTCJI xax o6o6meHHLiii npe~en, 
a onepaTOp HHTerpHpOBaHHH - COOTBeTCTBeHHO KaK o6paT­
HblB onepaTopy ~uq,q,epeuuupoaauus. C noMOll.\LIOnpeo6pa­
JoaauuJI Jlannaca Bbl'IHCJJeHLI COOTBeTCTBYIOll.\He npe~eJJbl 

~JJH uexoTOPLIX :JneMeHTapHLIX q,yuxuuii u TaKHM o6pa3oM 
cocTaaneua Ta6nuua ~u~epeuuupoaaHHH H HHTerpupoaauus 
ueuenoro nopJI~Ka. B Ka'leCTBe npaMepa npaMeHeHHH npe~­
JJO>KeHHOrO MeTO~a BLI'IHCJJeHLI HeKOTOpble HHTerpaJJbl, npu­
MeHHeMble B TeopHH pa3MepHOB perynspH3aUHH !PeBHMa­
HOBCKHX HHTerpaJJOB. 
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I. IIPOH3B0,4HA.JI HEaEJIOH KPATHOCTH 

1. OnpeoeAeHUJI 

TiycTL n~N B (a,b~; Il) . npuqeM -<"x~ a<,b.::_". 06oJua-
quM qepe3 Ln (a, b) Knacc scex B3MepHMLIX ua npoMe)l(yTKe 
(a, b) tlJYHKUBH, ,IJ.ng KOTOpbiX CyiUeCTByeT KOHelfHblH BHTe­
rpan Jle6era 

b n 
J Jf(x) I dx. /1.1/ 

a 

11pB 3TOM tlJyHKUBB, OTllBlfaiOIUBecg O,IJ.Ha OT ,IJ.pyroH llBUIL 
Ha MHO)I(eCTBe MepLI HYllL, ClfBTaeM 3KBBBaneHTHLIMB B pac­
CMaTpBBaeM KaK O,IJ.BH B TOT )l(e 3lleMeHT Knacca L (a, b). 

Onpe,IJ.enBM lfepe 3 

!IfilL (a,b) 
n 

b lf2 
! J [f(x)Jn dxl 

a /1.2/ 

uopMy JneMeHTa f(x) ;.. L
11 

(a, b) . 
TiycTL f(x) - npoH3BO,IJ.Hag tlJyHKUBg B3 Knacca L (O.f) 

(0<. e <+N), HHTerpanoM OT f(x) nopg~Ka a, r,IJ.e a-=R(O<a<eoo), 
C HalfallOM B TO 'IKe x~ 0 Ha3LIBaeTcg tlJyHKUBg 

-a 1 x a-1 
0 f(x) =c - J (x-t) f(t) dt, X-= (0, f). 

I'<a) 0 
/1.3/ 

C nOMOIULIO onpe,IJ.eneuug /I .3/ MO)I(HO Tenepb 0606IUHTL 
H ~eH:cTBHe JJ.H~epeuuuposauug nopg,IJ.Ka a • TiycTL m -
uauMeHLUiee uenoe qucno, npesocxo,IJ.giUee a, TaK 'ITO 
a= m _;_()' r,IJ.e O<D < 1 . Tor,IJ.a onepaTop oa onpe~engeTcg 
cne~YIOIUHM o6pa3o~ 11/: 

a m -0 dm 1 x 0-1 
0 f(x) "'D D f( x) = -- --- J (x-t) f(t) dt. 

dxm l'(o)o 

/1.4/ 

4 

Bse~euuag TaKBM o6pa30M onepauug ~u~epeuuuposauug 
BMeeT CMbiCll, ecnB tlJyHKUBg f(x) BMeeT HenpepbiBHble 
npOB3BO~Hble ~0 ID- ro nopg~Ka BKniOqBTenLHO. 3aMeTBM, 
lfTO tlJopMyna /1.4/ cnpase~nusa, ecnu tilYHKUBg f(x) B ee 
nepsble n-1 npoBJBO~HLie o6pamaroTcg B uynL npu x = 0 . 
B o6IUeM cnyqae BMeeT MecTo cne,IJ.yroiUag tlJopMyna /sf: 

Oa f(x) 
(k) k -a 

m-1 f (0) X 1 x m-a-1 (m) 
I ------ + --- J (x-t) f dt. 

k=O l'(l+k-a) l'(m-a) 0 

B uacTogiUeH 9a6oTe MLI BBe,IJ.eM onpe~eneuue a-KpaTHOH 
npoBJBo~uoH: auanoruquo KnaccuqecKoMy onpe,IJ.eneuuro npo­
B3BO,IJ.HOH lfepe3 noHgTBe npe,IJ.ena pa3HOCTHOrO OTHOUieHBg, 

3anBUieM Kouequo-pa3HOCTHoe npe~cTasneuue n-ro 
nopg~Ka qepe3 3Haqeuug tl!YHKUBB f(x) no tlJopMyne 

L\n f(x) = 
n 

(-)n-k C kf(x + kh), I /1.5/ 
k=O n 

k n! 
- K03~BUBeHTbl 6BHOMa HLIOTOHa, r,IJ.e c ,--

n 
k!(n-k)' 

h c- Xk-Xk_
1 

- Uiar pa36BeHBg no OCB X. npBlfeM Y3llbl 
pa36Beuug xk pacnono)l(eHbl ua paBHLIX paccToguugx. 

Tor~a o6o6meuuag n-KpaTuag npoBJBO,IJ.Hag onpe,IJ.e-
ngeTcg KaK npe,IJ.en OTHoUieuug 

(n) 
f (x) 

n 

lim 2 
h-->0 k= 0 

n-k k (-) c 
n 

f(x + kh) 
/1.6/ 

hn 

CocTaBHM paJuocTuoe OTHoUieuae ~g tl!YHKUBH f(x) , 
auanoraqaoe I I. 5/, nop.II~Ka a : 

a ( a "" ( )k k L\ f(x) = -) I - C f(x + kh) 
k=O a 

/1.7/ 
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I. IIPOH3BO)J,HAJI HEIJ.EJIOH KPATHOCTH 

1. OnpeoeAeHu.R 

IIycTb nf:N H (a,bf.R). npH'IeM -cx.2Sa<~b:.:_"', 06o3Ha­
'IHM qepe3 L

11 
(a, b) xnacc acex H3MepHMbiX Ha npoMe>KyTKe 

(a, b) ci>YHKUHB, ~nH KOTOpbiX CyiUeCTByeT KOHe'IHblB HHTe­
rpan Jle6era 

b n 
I Jf(x) I dx 0 /1.1/ 

a 

IlpH 3TOM ci>YHKUHH, OTllH'IaiOIUHeCH O~Ha OT ~pyroii: llHWb 
Ha MHO>KeCTBe Mepbl HYllb, C'IHTaeM 3KBHBaneHTHblMH H pac­
CMaTpHBaeM KaK O~HH H TOT >Ke 3lleMeHT Knacca L (a, b). 

Onpe~enuM qepe 3 

!IfilL (a,b) 
n 

b 'A 
l I lf(x)l

11 
dxl 

2 

a /1.2/ 

HopMy 3neMeHTa f(x) ;,.. L
11 

(a, b) 0 

IlyCTb f(x) - npoH3BO~HaH cl>YHKUHH H3 Knacca L (O,P) 

(0<. f <+"")• 11HTerpanOM OT f(x) nopH~Ka a, r~e af.R(O<a<"")o 
C Ha'lanoM B TO'IKe x~O Ha3biBaeTCH ci>YHKUHH 

-a 1 x a-1 
D f(x) =- ICx-t) f(t) dt, xf. (O,r) 0 

I'(a) 0 
/1.3/ 

C noMOIULIO onpe~eneHHH I I. 3/ MO>KHO Tenepb o6o6IUHTL 
H ~eBCTBHe ~Hci>ci>epeHUHPOBaHHH llOpH~Ka a • IlyCTb rn -
HaHMeHbWee uenoe 'IHCllO, npeBOCXO~HIUee a, TaK 'ITO 
a= m .'-8, r~e Odl < 1 . Tor~a onepaTop Da onpe~enHeTCH 
cne~yiOIUHM o6pa3o~ I 1/: 

a m -0 dm 1 x 8-1 
D f(x) ""D D f(x) == ----I (x-t) f(t)dt. 

dx m r (8) 0 

/1.4/ 

4 

Bae~eHHaH TaKHM o6pa3oM onepauHH ~H~epeHuupoaaHHH 
HMeeT CMblCn, ecnH ci>YHKUHH f(x) HMeeT HenpepbiBHble 
npOH3BO~Hble ~0 rn- rO llOpH~Ka BKlliO'IHTellbHO. 3aMeTHM, 
'ITO cl>opMyna /I .4/ cnpaae~nuaa, ecnu ci>YHKUHH f(x) H ee 
nepable n-1 npoH3BO~Hbie o6paiUaiOTCH B HynL npu x = 0 . 
B o6IUeM cnyqae HMeeT MecTo cne~yromaH cl>opMyna /3/. 

Da f(x) 

(k) k-a 
m-1 f (0) X 1 x m-a-1 (m) 
~ ______ + ___ I (x-t) f dto 

k=O 1'(1 + k - a) r (rn-a) 0 

B HaCTOHIUeii: pa6oTe Mbl aae~eM onpe~eneHue a- xpa THoii: 
npOH3BO~HOB aHanorH'IHO KnaCCH'IeCKOMY onpe~eneHHIO npo­
H3BO~HOB qepe3 llOHHTHe npe~ena pa3HOCTHOrO OTHOWeHHH. 

3anuweM KOHe'IHO- pa3HOCTHoe npe~cTaaneHHe n - ro 
nopH~Ka qepe3 3Ha'leHHH ci>YHKUHH f(x) no cl>opMyne 

n 
!\n f(x) = ~ (-)n-k C kf(x + kh), /1.5/ 

k=O 11 

r~e ck n' - K03~HUHeHTbl 6HHOMa HLIOToHa, 
n 

k!(n-k)' 

h c.· xk-xk-1 - war pa36HeHHH no OCH X 0 npH'IeM Y3llbl 
pa36HeHHH Xk paCDOJIO>KeHbl Ha paBHbiX paCCTOHHHHX. 

Tor~a o6o6meHHaH n-KpaTHaH npoH3BO~HaH onpe~e-
nHeTCH KaK npe~en OTHOWeHHH 

(n) 
f (x) 

n 

lim ~ 
h->0 k= 0 

n-k k (-) c 
n 

f(x + kh) 
/I.6/ 

hn 

CocTaBHM pa3HOCTHOe OTHoweHBe MH cl>YHKUBB f(x) , 

aHanorB'IHoe /I .5/, nopH~Ka a: 

a a ( k k !\ f(x) = (-) ~ -) C f(x + kh) 
k=O a 

/1.7/ 
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Onpe,IJ,eJIBM a -KpaTHYIO IIPOB3BO,IJ,HYIO KaK npe,IJ,eJI OTHO­
a 

WeHBR ~ f(x) K h IIpB h-+0, T.e. 

f (a) (x) =(-)a lim }_ l 
h-->0 ha k= 0 

k k 
(-) C f(x + kh) . 

a /1.8/ 

TaKBM o6pa30M, y tlJYHKUHH f(x) . 3a,IJ,auuoH: B npoMe)l(yTKe 

[0,""], CyiUeCTByeT a -KpaTHaR IlpOH3BO,IJ,HaR, eCJIH CyiUeCT­

ByeT npe,IJ,en /1.8/. 
Bbipa)l(eHBe /I .8/ MO)I(HO npe,IJ,cTaBHTb tlJopMaJILHO B 

,IJ,pyroM BH,IJ,e: 

a 
d a 
-- f(x) = (-) lim 

1 

d 
kh-

00 k k dx 
l (-) C e 

dxa h-->0 
a 

ha k=O 

HnH B onepaTopuoH: tlJopMe: 

d 
a h-

d . 1 ( dx 
-- = llm - e 
dxa h-->0 h a 

a 
-1) . 

f(x) . /1.9/ 

/1.10/ 

IlpHBe,IJ,eM TenepL HeKOTOpble CBOHCTBa onepaUHH ,IJ,HtlJ­

tlJepeHUHPOBaHHR IlpOH3BOJibHOrO IIOpR,IJ,Ka. 

1° . IlyCTL 

g(x) "' L 2 (0, r), r(x) ~ L ;/ 0, P) . 
C 

1 
H C 

2 
- npOH3BOJibHble IIOCTORHHble. 

Tor,IJ,a 

(u) (u) (a) 
(c

1 
g(x) + c

2
r(x)) - c

1
g (x) + 10

2 
r (x). /1.11/ 

CaoH:cTBO 1" cne,IJ,yeT Herrocpe,IJ,CTBeuuo H3 onpe,IJ,eneuHs 

/1.8/. TaKHM o6pa3oM, onepauHs n -KpaTHoro ,IJ,H4xl!epeu­

UHPOBaHHR RBJIReTCR JIHHeHHOH • 

. ~.IlyCTb f(x)~L 2 (0,f), a 'lHCJia a 1 ~R (0<a 1 <oo), 
a 2 '-c R (0 <a 2< oo ). 

6 

Tor,IJ,a cnpaBe,IJ,JIBBbl paBeHCTBa 

(a1) (a2) (a1 +a2) (a2) (a 1 
[ f ] = f (x) = [ f (x) ] /1.12/ 

~Jig ,IJ,OKa3aTeJILCTBa /1.12/ BOCIIOJIL3yeMCR paBeHCT­
BOM 

a1 a2 a l+a2 
(a-1) (a-1) - (a-1) , 

'ITO IIPHBO,IJ,BT I< CJie,IJ,yiOIUHM COOTHOWeHHRM ,IJ,JIR K034xl!HUHeH­

TOB 6HHOMa HbiOTOHa: 

£ cn-k c k 

k=O a1 a2 

n 

ca1+a2· /1.13/ 

HMeeM 

(a1) (a 2) (a 1+-a 2) 00 k 
[ f (x] = (-) lim - 1- l (-) 

h-->0 ha2 k= 0 

k 
c 

a2 

x [lim l (-)PCP f(x-t(k+p)h)] 
a a1 

1 

h-+0 h 1 p = 0 

al +a2 

X 

= lim 
h-+ 0 

(-) 

a 1+a 

00 k+p k p 
l l (-) Ca Ca f(X+(k+p)h). 

k = 0 p=O 2 1 h 2 

IleperpynnHpyg COOTBeTCTBYIOIUHM o6pa30M K034xl!HUHeHTbl 

H IIpHMeHRR tlJopMyny /1.13/, IIOJIY'IHM, 'ITO 

(a1) (a2) a1+a2 1 00 k k 
[ f (x) ] = (-) lim ---- l (-) C f(x+kh) = 

a +a k-0 a1+a 
h-+0 h 1 2 - 2 

(a1+a2) 
f (x) . 

To'IHO TaK )l(e ,IJ,oKa3LIBaeTcs BTopas qacTL paaeucTaa 

/1.12/. 
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2. a - KpamHble npou3eOOHble HeKomopbiX 
3AeMeHmapHbiX tflYHKliUU 

CocTaaneuue Ta6nuubl a • Kpa THbiX npOH3BO.IJ,HbiX .IJ,BB 
HeKOTOpbiX 3neMeHTapHbiX ci>YHKUHB Ha'IHeM C llOKa3aTenb· 
HOB cl>YHKQHH 

f(x) = apx (a P < 1) . 

(apx )(a) =(-)a lim 
1 

h-->0 ha 

"" 
~ 

k=O 
(-) k C k a p(x+kh) 

(l 

px 1. 1 ( ph 1) px a l a 
= a 1m - a - = a p n a 

h-->0 ha 

TaKHM o6pa3oM, 

(aPX) (u) = aPX pa lna a. 

Cne.IJ,CTBHeM cl>opMynbl /1.14/ BBBBIOTCB 

( 
px ) (a) px a 

e = e p . 

(sinx)(a) 

(cos x) (a) 

= sin(x +a; ), 

= cos (x +a ; ) . 

/1.14/ 

/1.15/ 

OcTaBbHYIO 'laCTb Ta6nHQbl a ·KpaTHoro .IJ.Hcl>cl>epeuuu­
poaaHHB MO)KHO nony'IHTb, HCll0llb3YB npeo6pa3oBaHHe 
llannaca. 

11MeeT MecTo cne.IJ,yiOI.Qax 

TeopeMa 

IlyCTb F (a) (p) Y.IJ.OBneTaopxeT ycnoBHBM cyi.QeCTBOBaHHB 
OpHrHHana H F(p) :C f(t) , TOr.IJ,a 

F (u) (p) ~ (-)a ta f(t). 

8 

)J;oKa3aTeBbCTBO: 
Heco6CTBeHHbiB HHTerpan paBHOMepHO CXO.IJ,HTCB B o6· 

nacTH Rep> a, r.IJ.e a - noKa3aTenb cTeneHH pocTa cl>YHK· 
IUIH f(t) , 'ITO tt03BOnBeT llOMeHBTb MeCTaMH 3HaK npe.IJ,ena 
co 3HaKOM HHTerpana /npe.IJ,nonaraeTcx, 'ITO npe.IJ,en cy­

ll\eCTByeT/. 

F(a)(p) =(-)a lim - 1- ~ (-)k Ck f e-(p+kh)tf(t)dt= 
h-->0 ha k= 0 a o 

a oo oo 

= (-) f f(t) lim -1- ~ 
0 h->0 ha k =0 

a "" -pt a 
=(-) f e t f(t) dt. 

0 

(-) k C k e -(p+ kh) t dt = 
a 

TaKHM o6pa30M, F (a) (p) ~ (-t) a f(t) . 

TeopeMa .IJ.OKa3aHa. 

/1.16/ 

B Ka'leCTBe npuMeHeHHB .IJ.OKa3aHHoii TeopeMbl uaii.IJ.eM 

npoH3BO.IJ.HYIO cl>YHKUHH f(x) ~· -;_1
A- , A > 0 . 

PaccMOTPHM npeo6pa30BaHHB nannaca 

unu 

l'(v + _2~;, tv, v =-1, 

V+l p 

1 1 "" -pt A- 1 
= -- f e t dt. 

PA 

Tor.IJ.a 

I' (A) o 

Ho 

( 
1 (a) 

--) 
pA 

(-) 
a 

I'( A) 

oo -pt A+a-1 

f
oe -pt A+a-1 

e t 
0 

J e t dt 
I' (A+a) 

0 PA+a 

dt. /1.17 I 

/1.18/ 
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TaKHM o6pa3oM, no~cTaBJHIJI /1.18/ a /1.17/ a JaMeHHB 
p Ha X , OKOH'Ia TellLHO ITOllY'IHM: 

( 
1 (a) 
--) 

XA 

(-)a 

A+a 
X 

r(A +a) 
/1.19/ 

f'(A) 

Ha ocHoae lbopMynLI I 1.19 I nony'IHM lbopMyny 
KpaTHoii npoHJBO~Hoii ibYHK.QHH f(x) ~ ln x: 

a -

(ln x)(a) =(_!_)(a -1) 

X 

a-1 
= J::2___ r(a). 

a 
X 

/1.20/ 

~nJI BLIBO~a lbopMynLI a -KpaTHoii npoH3BO~Hoii IPYHK­
.QHH f(x) = xA HellL3JI ITpHMeHJITL Henocpe~CTBeHHO ~O­
Ka3aHHYIO BLIWe TeopeMy. 0~HaKO H 3~eCL MO)I(HO HCITOllL­
lOBaTL npeo6pa3oaaHHJI llannaca. 

6 v :"' -pt A (a) 
PaCCMOTpHM He co CTBeHHLIH HHTerpan J e (t ) dt. 

0 
Ilpe~nono)I(HM, 'ITO 3TOT HHTerpan cyi.QecTayeT H paBHOMep­
HO cxo~HTCJI no napaMeTpy p npa Rep> 0. Tor~a: 

00 -pt A (a) 
J e (t ) dt = 
0 

a 1 
00 

k k 00 
-

=(-) lim - ~ (-) C J e pt (t+kh)A dt. 
ha a 

h->0 k=O 0 

/1.21/ 

C~enaeM JaMeHy nepeMeHHoii: 

e = t + kh. -pt = pkh - p,;- • 

Tor~a BLipa)l(eHue /I .21/ npeo6pa3yeTCJI: 

(-)a lim _1_ i: (-)k C: ( eph) k f e -p,;- ,; Ad,; = 
h->0 ha k=O kh 

10 

=lim _1_(eph -1)a f e-p,;-,;-Act,;-= 1(A+1) 

h->0 ha 0 A-a p 

TaKHM o6pa3oM, 

J
oo -pt ( A) a d _ l(A + 1) e t t - . /1.22/ 

0 A-a p 

HHTerpan /1.22/ cpaBHHM c HHTerpanoM 

f e-pt t A-a dt = _!::_~~-:!:__!) /1.23/ 
0 pA-a 

Tor~a 

Jooe-pt[(tA)(a) r<A+1) A-a J - ----- t dt = 0 . 
0 f'(A-a+ 1) 

B cuny caoiicTaa npeo6pa3oBaHHJI llannaca BLipa)l(eHHe 
B KBa~paTHLIX CK06KaX paBHO Hymo. 3aMeHJIJI t Ha X , 

OKOH'IaTellLHO HMeeM 

(xA )(a) 
l' (A+ 1) A -a 

-----X 

I'( A -a+ 1) 
/1.24/ 

<l>opMyna /I .24/ cnpaae~naaa npH aS A. O~HaKo BLI­
pa)l(eHHe /1.24/ HMeeT CMLICll H TOr~a, KOr~a a>A, H no-
3TOMY npH a> A BLipa)KeHHe /I .24/ npHMeM KaK onpe~eneHHe. 

IIycTL a =n + n , A = o + m , npH'IeM n > m • Tor~a. KaK 
cne~CTBHe tiJopMynLI /1.24/ H /1.12/, HMeeM 

(x o + m ) (O + n) = 0 . /1.25/ 

3aMeTHM, 'ITO COBMeCTHOe npHMeHeHHe lbopMyn /1.18/ 
H /1.24/ HenpaBOMepHO, ITOCKOllLKY ITpH a> A lbopMyny 
/I .24/ MLI ITpHHHMaeM KaK OITpe~eneHHe, a He KaK pe3yllLTaT 
BLI'IHCneHHJI npe~ena I 1.8/. 

~nJI HaXO)I(~eHHJI lbopMyn a - Kpa THOii npoH3BO~Hoii ibYHK-
.QHH 
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(L) 

---- H 

2 2 
X +cu 

(•! 

2 2 
X + (O 

BOCITOflh3YeMCH rrpeo6pa30BaHHHMH flarrnaca 

' -pt J e sin uJtdt = 
(J) 

0 p 2 + cu2 

B 

(X) -pt p 
J e coscutdt = -----

0 p 2 + (0 2 

/1.26/ 

/1.27 I 

Terreph Bhlpa3HM a - Kpa THYIO rrpOH3BO.D.HYIO or rrpaaoil 
'Iacra /1.26/ no rrepeMeHHOH p . liMe eM: 

( 

p2 

(U (U) 
) 

+ (rJ 
2 

-pt 2 . 
e t Slncutdt ~ 

0 

/1.28/ 

(-) (l uJ 1 1 j 
------l'(u+ 1) I--------------· 

. u + 1 ' . u + 1 21 (p -i 1.,) (p L lui) 

)l,nH BTOporo Bhipa)l(eHHH aHanorH'IHO Haif,n;eM: 

(--~--·-)(a) 
p2 +uJ 2 

(-fna+1) 1 1 
----[ ------- + -----1. 

2 a+1 a+1 
(p - icu) (p + icu ) 

/I .29/ 

Bocrronb3oaaawacb dJopMynaMH /1.28/ H /1.29/, Hail­
.n;eM a-KpaTHYIO rrpOH3BO.D;HYIO dJyHKUHH 

f(x) = arctg x. 

CornacHo 2° HMeeM 

12 

t 
I 

I 

(u) 
(arctgx) · ( _ _!__ __ ) (a- 1) 

X 2 -' 1 

Ho H3 I 1.28/ rrpH , , 1 cne.n.yer, 'ITO 

(a) 
(arctg x) 

1 (a- 1) 
=I--) 

2 
X +1 

a-1 
(-) l (u) 1 1 ------ r ---- - --- 1. 

2i (x-i)a (X+i)a 

llpaay10 ~IaCTh MO)I(HO rrpeo6pa30BaTh K BH,D;y 

(a) 
( arctg x) 

HflH K BH,D;y 

a-1 
~(-) ['(u) 

sin (a arctg_!_ ) 
X 

(1 + x2 ) a/2 

( n) rr 
(arctgx) = ['(u) cosu y sin[ a(y + :__)]. 

:! 

r.n;e y · arctgx. 

/1.30/ 

I !.31/ 

/1.32/ 

llpaae.n;eM .n;pyroil BhiBO.D; dJopMynhi /I .30/. C :noil 
UeflhiO rrpe,n;cTaBHM dJYHKUHIO arctg X B BH,D;e BHTerpana 

1 
arctg x = J -~d!____ 

o t2x 2 + 1 

Bo3bMeM or o6eax qacreil .n;aHHoro paaeHCTBa ,,. -
KpaTHYIO ITpOH3BO.D;Hy10. llony'IHM: 

(a) 
(arctgx) 

1 J ( ___ x ___ ) (a) - dt 

0 X +-1- t2 

t2 

/I .33/ 

13 



Cor nacHo cllopMyne /I .29/ HMeeM 

X (a) 
) 

2 1 
X+-

t2 

a 
(-) ['(a+ 1) [ 1 1 ] 
------ ---- + • 

2 i a+ 1 
(x- -) 

t 

(X+2_) a+ 1 
t 

/1.34/ 

llo~CTaBJI.H.H /I .34/ B /I .33/ H Bbl'IHCJI.H.H Ta6nH'IHbiH HH­
Terpan, nocne Hecno~HbiX npeo6pa3oBaHH:ii: nony'IHM cllop­
Myny /1.30/. 

II. HHTEFPAJibi HEaEJIOH KPATHOCTH 

1. OnpeoeAeHUJI 

Heonpe~eneHHbiH HHTerpan Heueno:ii: KpaTHOCTH 
a(a>O, a c;; R) onpe~en.HeTC.H KaK onepaTop, o6paTHbiH a­

KpaTHOMY ~HclxllepeHUHPOBaHHIO. llyCTL f(x), <ll(x) (::. L2 (0, r) 
(0 < E < oo ). Haxo~~eHHe Heonpe~eneHHoro HHTerpana 
KpaTHOCTH a OT cllYHKUHH f(x) paBHOCHJILHO peweHHIO 
ypaBHeHH.H 

<lJ (a) (x) o~ f(x) . /II.1/ 

llycTL a=n+o, 0 < o < 1, n ~ N. Tor~a ypaBHeHHe /II.1/ 
C DOMOI.ULIO npeo6pa30BaHH.H Jlannaca MO)KHO CBeCTH K 

~HclxllepeHuHanLHOMY ypaBHeHHIO nop.H~Ka o. YMHO~HM o6e 
qacTH ypaBHeHH.H /I I .1/ Ha e -pt H npoHHTerpHpyeM no 
t oT 0 ~o oo • CornacHo TeopeMe o6 H3o6pa~eHHH 

DpOH3BO~HOH HMeeM: 

14 

r e-pt [¢(0) (t)]n dt 

0 

0 0 
n r< )(0) f( +n-1) (0) 'l 

= p IF(p)- ----- ... - -----1 = ~ (p), 
P P n 

/I I .2/ 

r~e F(p) = te-pt ¢(
0) (t) dt,'~J(p) = re-pt f(t) dt. 

0 0 

llpHMeH.H.H o6paTHoe npeo6pa3oBaHHe Jlannaca /B npe~­
nono~eHHH, 'ITO OHO cymeCTByeT/, HaXO~HM 

r~e 

(O) (O) ((hl) c<O+n- 1)(0) n-1 
<ll (t) = <P (t) + f (0) + f (0) t+ ... ------ t 

x+ joo 1 
J <P (t) 

2rri 
x- joo 

8 pt '!:!(p)dp, x> a 
pn 

(n- 1)! 

/I 1.3/ 

/np.HMa.H X= a npoxo~HT npaBee Be ex oco6blx To'leK no~­
biHTerpanLHo:ii: cllYHKUHH/. 

0603Ha'IHM Heonpe~eneHHbiH HHTerpan KpaTHOCTH a 
CHMBOJIOM 

Jf(x) dax. 

llocKonLKY Heonpe~eneHHbl:ii: HHTerpan onpe~en.HeTc.H KaK 
onepaTop, o6paTHbiH ~HcllcllepeHUHpOBaHHIO, ~n.H CTeneHHOH 
cllYHKUHH HMeeM: 

Jtf3da t = ['({3+1) tf3+a /I 1.4/ 
['(a+ f3 + 1) 

llonLJY.HCL cllopMyno:ii: /I I .4/, npoHHTerpHpyeM /I I .3/ 
0 -KpaTHO, DOJIY'IHM: 

r~e 

0 
<l>(x) = J <;b(x) d x + P<> 

u, n-1 

0) 0 
r( (O)x_ + 

(x) "" --
p o, n-1 ['(o+l) 

(x) ' /I 1.5/ 

15 



+ 
f(0+1)(0) XO+ 1 

no+ 2) 

+ ... 
f (O+n+1) (0) X o+n-1 

r<o + n) 
II 1.61 

B o6~eM BH,IJ,e pellleHHe ypaBHeHHH CHMBOllH'IHO 3anHllleM 

B BH,IJ,e 

a 
<ll(x) ~ Jf(x) d x + P" (x), 

o,n-1 
II 1. 7 I 

r,IJ,e Po,n- 1 (x) • MHoroqneH THna II I .61 c npoH3BOnLHblMH 

K034KiiHli,HeHTaMH. 
Ha OCHOBe Bblpa:>KeHHH I I I. 7 I H filopMyn a • Kpa THOro 

.D.H4KilepeHli,HpOBaHHH MO:>KHO COCTaBHTb Ta6nHIJ,Y tl ·KpaTHblX 

HHTerpanoa I eM. npHno:>KeHHel. 
)l,nH o,IJ,H03Ha'IHOro pemeHHH ypaaHeHHH II I .11 Heo6· 

XO,IJ,HMO 3a,IJ,aTb n Ha'lallbHblX ycnOBHH, H3 KOTOpbiX onpe· 
,IJ,enHnHcL 6bl Ko34KiiHUHeHTbl MHoroqneHa P0 ,n_ 1 (x). TaKaH 
nocTaHOBKa 3a,IJ,a'IH paaHocHnLHa 3a,IJ,aHHID onpe.D,eneHHoro 
HHTerpana. Onpe.D,eneHHblH HHTerpan KpaTHOCTH a 3anHllleM 

a BH.D.e cne,IJ,yiO~ero CHMBona: 

X 

<ll(x) = J f(t)d
11
t, III.BI 

a 

npH'leM <ll (a) c· 0. 

IlycTL F(a l(x) ~. f(x) . Tor.D.a cornacHo III.61 H III.71 
HMeeM: 

(o+k) (a) n-1 f _ 
) L -

<ll(x)=F(x -k=O I'(o+k+ 1) 
(x-a) O+k 111.91 

filopMyna II 1.91 HBnHeTCH o6o6~eHHeM filopMynbl HLIOTOHa· 
Jleii6HHII,a Ha cnyqaif: a ·KpaTHoro HHTerpana. 

16 

ex -axb 
2. Bbl'IUCAeHue UHmezpaAa r e dx 

0 

c nOMO~bto rjjopMyA a. KPQIIIHOZO ourjjrjjepeHI.IUP08QHUJI 

MHTerpan 
oo b a 

<!J (a b) = f e-ax d X CXO,IJ,HTCH paBHOMep· 
0 

HO no napaMeTpaM 
.D.H~epeHuBpoaaTh 
MeTpaM a H b. 

a · 0 H b > 0, acne,IJ,CTBBe qero MO:>KBo 
no.D.biHTerpanLHYIO filyHKli,BIO no napa· 

(l 

llpO.D.H4KilepeHli,HpyeM 

b-1 

b 

<ll 

b-1 
(---) 

b 

• KpaTHO . 

b- 1 

(a. b) ~ (-) h 

~ (-) 

b- 1 

b 

TaKHM o6pa3oM, 

b-1 
(--) 

¢ b (a,b) 
(-) 

b- 1 

b' 

ab 

filyHKli,BIO clJ (a, b) 

· -axb 
I e 

0 

h- 1 
x clx ~ 

no nepeMeHHoii a 

h-1 

lJ N 

!__ J -axb 
e dx b _ (-) - ---------

b 0 b 

Jiy,IJ,eM HCKaTb <lJ (a ,b) B BH,IJ,e 

c 
<lJ(a,b) = 

1
;b 

a 

17 



)J;ul}l4lepeHu;upy.H <D (a, b) 

(-)(b-1) /b 
1-----\HaXO,D;HM C. 

b- 1 

b 
·KpaTHO H cpaBHHBa.H C 

b 

<D 

(b- 1 b ) b-1 

(a, b) = ( _c __ )<-;-) 
a 1/b 

= (-) 

b-1 

b 
n..!..+ b-1) 

b b. 

[ '( 1 ) 
0TKy,D;a c = __ lL___ 

b 

n..L) 
b 

11TaK, I e -axb dx = 1'(1/b) 

ba1/h-
0 

3. Bbl'iUCAeHue UHmezpaAa 

00 2 
-ax 2 

<D (a) = I e d x (a> 0). 
0 

c 
a 

/II.10/ 

/I I.ll/ 

11HTerpan I I I.ll/ .HBn.HeTC.H aHanoroM HHTerpana r aye­
Ca B IIIHpOKO npHMeH.HeTC.H KaK npOH3BO,D;.HJ..Qa.H l}lyHKD;H.H 
B TeOpHH pa3MepHOB peryn.HpH3aD;HH. 

llycTb a=1/4t, Tor,D;a HHTerpan /II.ll/ npeo6paJyeT­
C.H B HHTerpan 

x2 

<D(t) = I e 4t dax. 
0 

YMHO:>KBM o6e 'lacTB /II.I2/ Ha e-pt /v,7t 
BHTerpHpyeM flO t OT 0 ,D;O oo, Ilony'IHM 

18 

/II.12/ 

H npo-

_ _c 
':" oo -p t 

8 
4 t a oo 8 -p t 

J [I e ---dt]d x = J --<P(t)dt. /I !.13/ 
00 - 0 --\/ 77t v 77t 

BMpa:>KeHHe B KBa,D;paTHhlX CK06KaX eCTb npeo6pa30BaHHe 

Jlannaca B paaHo 

x2 -- 1-

4t -xvp 
I e-pt e e 

/II.14/ dt = ----. 

-- -
0 \ 77t \/ p 

Cne,D;oBaTenbHO, neaa.H qaCTb /II.13/ Bhl'!BCn.HeTC.H 

H pasHa 

1 ":' -xv p a ---Je dx 
\/Po 

oo -x\;-P 

= I e 
da(-viflx). _(-)a -= J_-)a+l 

( /p) a+ 1 ..lli..L 0 
p 2 

C ,D;pyroB CTOpOHbl, 

(-)a+1 (-)a + 1 oo 
f e-pt 

I'(~) o 
2 

~-1 
2 dt. t 

~-u 

p 2 

/II.15/ 

/II.16/ 

TaKBM o6pa30M, cpaBHBBa.H /II.16/ H /II.15/ H no,D;cTaa­

nu /II.16/ B /2.13/, BMeeM 

f e -pt [ <D(t) 

0 

(-)(a+ 1) ~-
-----t 2 

I'( a+ 1 --- ) 
2 

] dt = 0. 

19 



T.e. 

Ill (t) 
(a+ 1 _ a/2 

~--y'17 t 
a+ 1 ) I'(----

2 

Ho t ~ - 1-. MTaK, OKOH'IaTenLHO HMeeM 
4a 

"" -ax 2 

Ill (a) = J e 
a 

0 

a+ 1 
(-) v 17 a 

d X= 

2a a+ 1) n--
2 

1 

aa/2 
/II.17/ 

B pa6oTe I 4/ HHTerpan I I I .11/ no onpe.D.eneHHIO nona-

v 17 u 1 
raeTC.R paBHbiM (--) ----, 'ITO OTnH'IaeTC.R OT pe-

2 aa/2 

lynLTaTa /I I .17 I MHO:>KHTeneM, laBHC.R~HM OT a. 3To 

oTnH'IHe o6ycnoaneHo TeM, 'ITO B HaCTO.R~eB: pa6oTe a­

Kpa THLIH HHTerpan I I I .11/ .RBn.ReTc.R o6o6meHHeM n- Kpa T­

HOrO nOBTOpHOrO HHTerpana OT ~YHKUHH O.li.HOrO nepeMeH­

HOrO, B TO BpeM.R KaK B pa60Te /4/ OH paCCMaTpHBaeTCJI 

KaK o6o6meHHe n-KpaTHOrO HHTerpana OT ~YHKUHH ll -

nepeMeHHLIX. llOCKOnLKY HHTerpan /I 1.11/ B TeOpHH pal­

MepHOH perynJipHlaUHH paCCMaTpHBaeTCJI KaK npOHlBO­

.li.JIIl.laJI, TO pelynLTaTbl Bbi'IHCneHHH .D.aHHLIX HHTerpanOB 

yKalaHHLIMH MeTO.D.aMH 6Y.D.YT OTnH'IaTbCJI .D.pyr OT .lJ.pyra 

Ha O.lJ.HH H TOT :>Ke MHO:>KHTenL. 

B Ka'leCTBe npHMepa Bbi'IHCnHM e~e O.li.HH HHTerpan, 

npHMeHJieMLIH B TeopHH palMepHOH perynJipHlaUHH. 

PaccMoTpHM HHTerpan 

00 cfk 
Ill (m2) "" f 2 2) f3 

o (k +m 
/II.18/ 

llepenHweM HHTerpan /I I .18/ B BH.D.e 

20 

2 00 a oo_22 {3 
¢ (m ) == J d k J e (k +m ) t d 

0 0 t 

oo f3 -m 2 t 00 a - k 2 t 
Jd te Jdke 
0 0 

00 

-rrt t (-)a v'-;-- _ 1_J df3 t. J e [--- a/2 

0 2a I'(..::..:._!_) t 

/II.19/ 

2 

TaKHM o6palOM, la.D.aqa CBO.li.HTCJI K Bbi'IHCneHHIO HHTer­
pana 

"" -m2 t 
F(m 2 ) = J ~--df3t 

0 ta/2 . 

llpO.D.H~~epeHUHpyeM /I 1.20/ a/2 pal 
m2.llony'IHM 

(a/ 2) 
F 

(m2) 

a,'2 
= (-) 

"" -rrF t {J a/ 2 
f e d t == (-) 

m 2/i 0 

llpe.D.nono:>KHM cne.D.YIOillHH BH.ll. F (m2) : 

F (m 2 ) = 
c 

m2f:3- a/2 

/I 1.20/ 

no napaMeTpy 

/I 1.21/ 

/II.22/ 

,LJ;Hcl>4>epeHUHPYJI I I I .22/ a/2 pal 
lynLTaT C /II.21/, HaXO.lJ.HM c: 

H cpaBHHBaJI pe-

c 
I '({J) 

['({3- ~) 
2 

/I 1.23/ 
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IJOJJ,CTaBJIU /I 1.23/ B /I 1.22/, a /I 1.22/ B /I 1.19/, OKOH­

qaTeJibHO HaXOJJ,HM: 

"" a. a+ 1 
<IJ(m2) = f __ d_ K __ = (-) y-;-

0 (k2 + m2)/3 2af'(~) 
2 

IIPHJIO)J(EHHE 

['({3- ~) 
2 

2/3- a 

['({3) m /I 1.24/ 

A. Ta6naua a -KpaTHMX npOH3BOJJ.HMX JJ,JIH HeKoTopwx 

3JieMeHTapHhiX li>YHKUHH 

1. 

2. 

3. 

4. 

5. 

6. 

7 

22 

f(x) 
--

ex 

aPX 

sin x 

cosx 

x A (A> 0) 

__ 1_ (A' 0) 
xA 

ln x 

f (a) (x) 

ex 

aPxpa lna 

sin (x +a.!!:_) 
2 

cos(x+a2..) 
2 

I'(A+1) xA-a 

I'(A -a+ 1) 

a 
(-) ['(A+ a) 

xA +a l'(A) 

a-1 
~) __ ['(a) 

xa 

B. Ta6naua a -KpaTHhlX HeonpeJJ,eJieHHhlX HHTerpaJIOB 

JJ,JIH HeKOTOphlX 3JieMeHTapHMX li>YHKUHH jc TOqHOCThiD JJ,O 

MHoroqneHa, onpeJJ,eneHHoro awwe/ 

1. 

2. 

., 
<>. 

4. 

5. 

6. 

7. 

f(x) 

ex 

<lpx 

sin x 

cosx 

xA(A> 0) 

_1_(A fa) 
xA 

1 

xa 

JJHTEPATYPA 

Jf(x)dax 

ex 

aPX 

P a ln a 

sin (x- a 2..) 
2 

cos(x-a ~) 
2 

l'(A+1) A+a 
------X 

f'(A+a+l) 

I'(A-a) 1 

l' (A) 

(-)a- 1 

['(a) 

xA- u 

ln x 
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