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I. PaccMaTp.HllaeTcn 3ana'Ia BH'lJICJieHPin ypoBHet4: ::meprRH R cooT
BeTCTB~ BOJIHOBHX ~YHRUHI pal{HSJILHoro ypaBHeHRR IDpel{HHrepa. 

d2 
~ (Y(r))+V(r)Y(r)=J.Y(r). (I) 
dr 

TipennoJiaraeTcn, 'ITO noTeHitHSJI v ( r)-- 0 npR r-"""" • 

MaTeMST.HlJ9CR8.11 IIOCTSHOBRS 38.!{8lJ.H lfx:>pMYJIHpyeTCJI CJiel(YilliiHM 
00p830M: .ztJIJI ypaBHe!m.ll (I) HSITH HeTpHllHSJibHOe pemeHHe Y(r), 

orpaHB'IeHHoe HS nOJIYOCH o ~ r < = , ynoMeTBOJl.lllllllee YCJIOBHil 
peryJIJIPHOCTII B OCOOOI TO'JRe r=O (Y(r):O) II CTp9Mffilleecn 
R 0 rrpH r-- ..... 

JVIJI ). ? 0 HeTpHBHSJibHiie pemeHHR CYllleCTBym' JIHmb npR l{HCK

peTHOM HSOope 3HSlJeHI!t4: } ~ ~K • BoJIHOBHe ~YHR~ npH 3TOM HMe
llT accJIMnTOTDY np11 r-oo • 

Y ( r) "--' exp ( - fJ: r ) , (2) 

Ey.n;eM npe,~tnonaran, 'ITO caottc:raa v (r l ooecne'IHBSJJT CYllle-
CTBOBatme T89X pemeHIII. . 

3al{SlJ8 HaXO~eHIIJI ypollHel 3HepriH H llOJIHOBHX ~~~ .nHCK
peTHOrO cnexTpa .ztJIJI YpaBHeHIIR illpe~epa H3Bec:rHa 1l MaTeMBTHKe 

KSK 381{8'118 IIITyJNa-.lblyBIIJIJIJI HS IIOJIYOCH [0, oo ) 

B pn.n:e pa6oT,nocBHmeHHHX 'IIHCJieHHoMy pemeHHD 3ana'IIH illTYPMS
APyl!HJIAJ~, YpaBHeHJie (I) 3SMeHJieTc.ll pasaocTHHM ypaaHeHHeM c 
~ByYH rpaRHlJHHUH YCROBMRMH Ha KOHelJHOM HHTepaane, 

TeopeT.H'IIeCROe OOOCHOBBHKe M9TOI{8 ROH9'11HHX pa3HOCTeft 1l sana-

'

e m~DM8~KnJIJI !{8BO 1l pa00T8X A.H.TaxoH,Oll,, A.A.CaMapcRoro 
l/,/2/ H l{pyriX SllTOpoll, CM. HSnpmMep, / 3 ' 4/. 

Ml:i OC'l'8HOBIMCJI H8 llbi'IIJICJIITeJil>HHX 
III'rYPM8-~ R8 npoepe TpeX paOOT 
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B MOHOr~ / 5/ ITOK83UBaeTCR, ~TO ~ eCTL KOpeHL ~eTepMK
H8HT8 O~HOpo~HOft CHCTeMU anre6~eCKKX ypaBHeHXft CITeUHanLHOrO 

BH:~a, KOTOp!ift Bbi'Ul:CJUieTCR ~R Ka!t.~OrO J- ITO peKyppeHTHon cflof.MYJie 

Dk+ 1 = ,{,kDk + y kDk-1 • 

,Ua.Jlee Ha 38.n8HHOM OTpeSKe HSMeHeKrul ). Bbi'Ul:CJIJUlTCR 3H8'le

HIDI ~eTePMHH8HT8 C HeKOTOpb!M maroM D }. • Bu~eJUDJTCR: 0Tpe3KH 1!:3-

MeHeHRR: ). , H8 KOTOpl:lX ~eTePMHHaHT MeHR:eT 3H8K. IloCJie JIOKan:m:sa

UKH KOpHeft OHR YTO'IHR:DTCR: C ITOMOmPD rrpoue~pH D;eJieHHR: OTpesKa 

ITOITOJiaM. 

B pa6oTax 161 rrpHMeHR:eTCR: rroxo:.a.R rrpoue~pa, Kor.na rrp:m: san;aa

HOM }. O~HOBpeMeHHO C ~BYX KOHUOB pemSDTCR: nEe 38ll;8'IH Komz. B He

KOTOpofi BHYTPeHHel TO'IKe H3 YCJIOBHR paneHCTBa JIOrapH~eCKKX 
npOHSBOAHhiX CJieAyeT 1 'ITO CYJ!leCTByeT yp8BH8HH8 AJ!il ft , pemeHllH 

KOTOporo llJ!lYTCR C ITOMOJ!lb~ anropHTM8 A8JI8HllH OTpesKa ITOITOJI8M. 

B pa6oTe / 7/ .~R: JIOKanH3~ C06CTBeHHUX SHS'leHBI paSHOCTHOI 

sa,~a'IJI H onpe~eJte~ Ha'lanLHI:lX rrpi6JoolteHXI m:crrOJILsyeTCR: npoue.~
pa, npe~6IeHHaR: B 5/, :m: .naJiee rroJiyt~emme np:a6JnuteHXR: YTO'IHR:DT

cR: c rroMOmPIO JITepaum:mrnofi npone.~pu HenpepuBHoro aHanora MeTon;a 

HLIOTOHa. 

B HacTomneA pa6oTe rrpe.~araeTCR cnoco6 onpe.n;eJieHHR co6cTBeH

HI:lX 3Ha'leHHI pa3HOCTHOI aa~a'IR illTypMa-nHYBHJIJIR: K8K KOpHel H6KOTQ

poro ITOJIHHOMa np:a ITOMOIIIH MeTO.D;a Hbll'l'OH8 C ITOCJie.~ YT~~eHH

eM C06CTBeHHI:lX /flYJ~KUPII C ?O,OmPD npone.~pu, JISJIO.EeHHO:lt B 
7 

• 
B OTJIJI'IJie OT pa60TH 7 , r.ne aJirOpliiTM ITOHCK8 HS'lanL-

HUX rrpH6JIREeHHI He rapaHTRpyeT HaxO~~eHHR BCeX C06CTBeHHHX SHa'le

HRI, B H8CTOmJ1el pa6oTe MeTO.~OM HLIOTOHa pemaeTCR IIOJIHaR: rrpo6JieMa 

Haxo~n;eHHR C06CTBeHHUX SHa'leHHI H C06CTBeHHI:lX /flYHKUHI ~ paSHO

CTHOfi aa.na'IH lliTypMa-~HYBHJIJIR. 3TO oco6eHHO Ba!tHO AJ!il PHA8 38Aaq 

KB8HTOBOI MeXaHRKH (Harrpv.Mep, AJIH 38Aaq TeOpHH HApa), B KOTOpl:lX 

D;HCKpeTH!ift CTieKTp ypaBHeHHR llipeD;HHrepa HM66T MHOro ypoBHel aaep

rllll H AJIH KOTOpbiX npo~eAypa onpeAeJieHHil BC8X H8'18JILHbiX I1pH6JIRXe

HllH oco6eHHO aKryaJILHa. 

2. YpaBHeHHe (I) aa rroJiyocH [ o, oo) saMeMeTcR: ypaBHeHReM 

Y"+V(x)Y-}Y =0, (3) 

rn;e x HSMeHR:eTCR Ha OTpeSKe ( O,Rl , C rpaHK'iHHMI YCJIOBHJIMII 

Y(O)=O, 
y I (R)=-f;:' Y(R) • (4) 
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PaccuorpRU paaHOCTHYD arrrrpoKcHMa~~ saAaqH (3),(4). 
IJycTL .J.. =k2 , -rorna pasHocTHM aa,~aqa 

Yn+ 1-2Yn +Yn-1 

H2 

2 
+VnYn - k Yn = 0, 

YN -YN-2 

2H 

yo = 0 ' 

- kYN-1 

rn;e yn = Y(H·n), 

= 0 ' 

(5) 

{6) 

{7) 

V = V (H. n) , n=O, 1, 2, •••• , N , 

arrrrpoKc:ii.mpyeT HCXOD;HYD san;aqy ~3), {4) aa paBHOMepaol ceTKe 

c maroM H c TO'IHOCTLD nopR:n;Ra H • 

3an;a.D;HM k=k , Y = o , y
1 

= 1 • Torna Ra (5) w 
0 0 

MOieM onpeD;eJIJITL ITOCJie.D;OB8TeJILHO BCe yn, n=2 1 3, ••• ,N • 

HeTpy,I(HO S8M6THTL, 'ITO BCe Yn 6yD;YT ITOJIRHOMaMJII KOHe'IHOI 

CTerreHX OT k
0 

C .nei~TD!~LHHMH KO~RnaeHTaMH. 
0TCDI(8 Q(k0 )= ~t- k

0
YN-l 6y~eT ITOJIHHOM Ko-

He'IHOI CTeneHH C ~eiCTBHTeJILHliMll RO~eHTSMil. H .~ TOro, 

'IT06H HalT• k , yn;oBJieTBOpJDllllee YCJIOBHD {7), aeo6xo.~ HaiTH 

ROpeHL ITOJIIHOMi Q(k) 

~ 
flYCTL ITOJIKHOM P(t) C n;eiCTBETeJILHHMH K0~6RT8MH B 

06JI8CTJI Re ( t) £,.A HMeeT TOJILKO ,n;eiCTBJ!TeJII:.HHe ROpHK 

x1 < x2 < • • • • • < XL ,< A • 

IlyCTL zl'z
2 
t. • • ,zN -.n;eiCTBHT6JILHH6 KOpHH P(t) ,60JILmJJ:e 

A, H o< 1 = i.jJ1 , • • • , o< .. ! Y' M- KOMITJieKcHHe KOPHH p ( t ) 
(<ol•i ~A i=l,2, •• ,II ) • 

IlyCTL }. 0 - .n;eiCTBHTeJILHOe 1 

). o ~ xl • 
Torn;a npouecc HLmoHa 

P(tk) 
tk+1 t -k ' -h (P(t)) /t=tk 

to = J- o ' 

onpe,JteJieH NUl BCeX k I CYJQeCTByeT 

lim tk = x1 • 
/( .. <>0 
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~0~838T€~bCTBO ~eMMH OCHOBUBa€TCH H8 npe,llCT8BR€HHH 
N M 2 L 

P(t )=d n (t-Xk)' n (t-ZN)' n ( (t- 0(~) + fi~ ) H .neTMbHOM paCCMOT-
o K= I "~I (=I ~ '{.. 

pemm ~JlMY~ (8). 
ITpH .nocTaTo'!Ho MMOM mare H Q(k) B HameM c~y-qae ynoMeT-

BOpReT YCROBHID ~eMMU C A=O. 
Bu6epeM Ha~MbHOC npH6~eHRe k 0 , M€Hbmee MHHHMMbHOrO KOp

HR. Torna npouecc HbiDTOHa OT aroro npH6JI:HlleHHR coA.neTCR K MlffiB

MMbHOMY KOpHID (o603Ha~HM ero k 1 ; OCTM:bHU€ KOpim - k 2 , • •• , kL ) • 

.lJ,JIR Toro, 'l'ro6u nocTponr:r, npouecc HbmoHa,HaM Heo6xortHMO 

3HaTb npoH3BOnHYID Q' (k) 
.IJ,Jm aToro npon:H!MJepeHI.tHpyeM (5), (7) rro k • V:MeeM: 

• . • 
yn+1 - 2yn + y 

n-1 • 2 ' (9) + V Y - 2kY - k Y = o, 
H 

n n n n 

• ' 
I YN - YN-2 . (IO) 

Q = - kYN-1 - YN-1 ' 2H 
• (II) 

y "' 0 ' 0 

(!2) I 

y1 = 0 • 

3HM Y 
1 

1!3 (9), (12), (II) MOllHO HaiTH BCC y' n , n , 
,lla.n:ee, rronCTSBHB 3Ha~eHIDI Yn , Yn B (IO), ITMYtUIIM Q • 

.lJ,Jm Toro, ~T06U HaiTH CJI€eyn11HI ROpeHb, MU BM€CTO IIMii1HOM8 

Q(k) paCCMOTpliM ITORHHOM g
1

(k) = Q(k)/(k-k ) K k BU6epeM 1 0 

MeH:r,me k 1 • 
Tor.na npouecc HbmoHa ~a g

1 
( k) 6yneT pacrmcu:saT:r,ca MenYJ>-

IllHM o6pa30M: 

' ( 
Q(tk) 

(tk-k1) 

tk+1 = tk - ' 
_L ( Q(t) 

) 
dt t-k1 /t=tk 

IIJDI 

tk+1 
Q(tk) 

= tk . 
Q'(tk)-Q(tk)• l/(tk-k1) 

B 06111eM c~y-qae, KOr.na 1113B€CTHH nepBSe .t ROpHel kl,k2····· 

k~, npouecc pacnicSBaeTca c~e~ o6pasoM: 

6 

J 

' 

. 1 
} 

tk+1 

rAe 

Q(tk) 
tk 

Q 1 (tk)-Q(tk)·R 

( 1 
R =I--

,., •• (tk-km) 

t 
0 

BU6:e:paeTCSI MeHbme ke. • 

AHMOrH'lHO HBXO~O:eHHD nepBOI npoR3BOnHoft OT Q MOllHO HaiTH 

BTOpYIJ IIpoR3BO.nHYIJ OT Q • CJ!e.O:OBaTe~bHO, MOllHO ~erKO IIOCTpo:I'!Tb 

npouecc 6o~ee BSCOKOrO IIOPSJ:O:Ka • .lJ,Jm TOrO, 'lT06U YMCHbWHTb OWH6KH, 

HaKaiiJil'{BSJ)Ill'!€0, fpH C'l€T€ no peKyppeHTHb!M ~PMY~aM, MOlltHO rrpRMe

ImT:b np:e:eM :1'!3 6 , T.e. pemaTL .n:se Ha'lMLHUe sa.na'lH n~R peKyppeHT

HHX COOTHOWeimft C p83HWC KOHUOB 0Tp€3K8 [ O, R J H npupaBHRT:b ~Ol'a

p~'l€CKH€ IIp0:1'!3BOO:HU€ BO BHyTpeHHel TO'lKe • 

.lJ,JISI 3TOrO C~y-<IM BC€ CK838HHOe BLIIII€ OCTaeTCR B CMe. 3THM 

MeTonOM ynaeTCR O:OCTaTO~O TO~O onpene~Tb C06CTB€HHU€ 3Ha'l€HJISI, 

HO C06CTBeHHU€ ~YHKUHH orrpene~Cf! CYII1€CTB€~0 xyxe • .lJ,Jm YTO'lH€

HIDI liX rrpHMeHReTcf! npouezypa, npeiVIOllteHHM :s 
7 I. 

B Ral.JeCTB€ H8'lMbHOro ITpR6~€HHf! 6epyTCf! TIO~Y'lCHHH€ C06CT

BeHHSe 3Ha~eHRf! :1'! C06CTBeHHU€ <fJYHKUJm• 3a OO:HY- O:B€ HTepaUHH C 

marOM 1 riO :speMeHH paBHHM €.0:HH:I'IU€, yn:aeTCf! IIO~~T:b C06CTB€HHU€ 

3Ha~€HIR II C06CTB€HHH€ ~HKUHH C 38n8HHOI TO~HOCT:biD. C IIOMOmPID 

aToro MeTana HBXO.ltf!TCSI noc~e.n:oBaTMLHO :see pemeHW!:, np:e: aTOM He 

nporryCK8€TCf! HI On:HO C06CTB€HHO€ pemeHHe. 

3. PaccMorpeHHHI MeTon npRMeHReTCf! B sana~ax orrpenMeHHR 

KO~e6,TM:bHWC ypoDHel 3Heprd R BO~HOBUX ~YHKUHI MO~eRy~IJI Bo.no

pona 81. 
Pesy~LTars pac'leTOB npHne~eH& B Ta6~e I . 
KaR BJ!n:HO H3 Ta6~H~, B~MCHHSe 3H8~eHRR ypoBHel 3HeprHH 

xopomo corJiacymcf! c :mcnepmneHTMI>HHMH naRHHMH. 

B cnyqae Oonee peAKOR pa3HOCTHOR cerK~ M€TOA npnueHP.ncH 

ARR suqHcneHnH 3HeprernqecKHX ypOBHeR onr~qecKoro noreuunana 

(cyuMa noreHuHana CaKcoHa-ByACOHa ~ ero npon3BOAHOR) H noreH

UHana Mop 3e. 

Ypo'~ aHeprHH .!VIR onT~ecKoro rroTeHnHana BIJI'lHC~eHS n:pyrRM 

MeTonoM 
9 • 

7 



YpoBHJI 3HepriD1 WU1 IIOT8HUI'ISJI8 Mopse HSXO.I(SITC.f:! 8Ha.JJHT.It'lecrr· 

ilapaMeTpH rroTean.anoB a ~aHHHe .~ cpaBHeHH.f:! B3.f:!TH HS pa6oTH IO~ 
C TO"'HOC'l'T>Il arrrrpo:KCHMSIUm ~qxpepeanHSJIT>HOI 3a.IJ;8'1H rrpH IIOMO

~n KOH8'1HOpa3HOCTHOll HaHA8HH BCe ypOBHll 3HeprnH ARR OdOllX IIOTeH

~naROB. 

Pe3yJII>TaTH pac'leTon rrpne.n:eHH n Tadnn~ax 2, J. 

4. J13JIOlleHHHI M8TO.U: MOeO IIPBM8H.f:!TT> B TeX mmeiHHx H ReJIHHei

HHX san:a'lax Ha C06CTBeHHHe 3H8'18HJI.f:!, KO'l'OpHe IlpH HX KOR8'1ROpaSRo

CTHOI SIIIIJlOKCKMaiU!ll CBO.l(.IITC.F:! K HaXO:IA8HHII KOpHel IIOJIJIHOMOB. 

!AeTOA MOllteT db!T:b 060d!ll8H Ha cnyqaj KOMIIR8KCHOrO IIOTeH~nana 

H KO~eKCHHX C06CTBeHHHX 3Ha'leHJII. 

.Unn nora HeodXOMlMO pacmnpHTb odnacn rrpm~eHeHHR MeTOAa 

ARR HaXOJ[A8HllR KOMIIR8KCHb!X !WpHeil IIORllHOMOB. !TpR 3T OM db!R OIIpO

dOBaH cneAYD!Illlil anropRTM: 

I) BLI6HpaeTC.f:! z 0 -Ha'ISJir:.Hoe rrpH6JillllteHJie , co nat, p . 
2) CTpoHTC.f:! noc#r~oraTeJIT>HOCTT> zk • 
a)zk+1=Zk- '( k) ( )· , ecJIIiljt"(Zk)j-,conat; :r zk -:f zk R 
6) zk+1 =Zk+ f x J I< , eCJIH If'' (Zk) I < conat; 

r.n:e J ~ -CJIY'!JSIHHA KOM!IJI6KCOO B8K'l'Op Ha el(JIIIX'IHOI OKpyxHOC'l'H; 

! 0 , eCJIII He HdzteH HJ: O,l(IUI KOpeHl>. 

R = l_ 1 , eCJIII )...,, J..c,, •.. , ).N -nepBse H8ln;eH-

i=1 (Zk- J.i) HHe N KOpHel IIOJIJIHOMS. 

.A.IrropHTM 6HJI npoBepeH npH pemeHJIH Tpex ypaBHeHJ:I : 

I) z20 - 1 = o. , 

2) z 200 - 10000Z + 1 = 0 , 

3) z400 - 10000Z + 1 = 0 • 
Bo BCeX CJIY'IS.F:!X 6wm aaln:eHH BCe KOpHH ypaBHeHHI. BpeM.f:! 

cqera Ha MamRHe C.UC-6500 B rrepBOM cnyqae cocraBHJIO 0,7 ceK, 

BO BTOpOM - 104 CeK, B Tp8Tb8M - 270 ceK. 
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Ta6mrga I 
KoJie6aTe.n:bHHe ypoBHH MOJieRYJIH non:opoua 

,.,. HacTORma.F:! pa6oTa JlaHHH8787 

I 0,5I602 o,5I59 
2 I,00287 r,oo25 
3 I,46II7 r,4606 
4 I,89I2 I,8906 
5 2,2 93I4 2,2925 
6 2,6668I 2,6662 
7 3,0II 73 3,0II2 
8 3,32685 3,3266 
9 3,6!053 3, 6!09 

IO 3,86!7 3,8622 
II 4,0776 4,0774 
I2 4,2528 4,2530 
!3 4,3829 4,383! 

Ta6JIHUa 2 
YpOBHJI aHeprHZ CB.f:!38HHHX COCTO.f:!HHI .~.f:! OIITH'I8CROrO 

UOT6HUI'IM8 

H JtaRHHe 7I07 HaCTO.IIlll8JI pa60T8 

I 49,457 49,46I 

2 48,!48 48,!58 

3 46,290 46,3!0 

4 43,968 43,998 

5 4!,232 4I,274 

6 38,I22 38,!78 

7 34,672 34,743 

8 30,9I2 30,998 

9 26,873 26,976 

IO 22,588 22,'708 

II I8,094 I8,23I 

I2 I31 436 I3,590 

!3 8,676 8,844 

I4 3,900 4,086 

9 



Ta6mma 3 
YpoBim :;meprHH CB.R:38HHHX COCTO.IIHJIII ItJI.R: IIOTeHQHaJ.Ia Mopse 

Jili 

I I'78,798 
2 I60,:cB3 
3 I42,?80 
4 126,:cB8 
5 !!0,808 
6 96,340 
7 82,884 
8 70,439 
9 59,006 

IO 48,585 
II 39,176 
12 30,7'78 
I3 23,392 
14 I7,0I8 
15 !!,655 
16 7,305 
17 3,966 
18 I,639 
19 0,323 

.llaHHhle 110/ 

JlliTEPATYPA 

HaCTO.R:ma.Ji pa6oTa 
H = O._Ql5 __ H = 0.03 

I'78,799 
160,:cB9 
I42, 794 
I26,3I2 
!!09844 

96,387 
82,942 
70,508 
59,083 
48,668 
39,262 

30,865 
23,476 
I7 ,097 
II,726 
7,364 
4,0!2 
1,669 
0,337 

I'78,803 
I60,32I 

I42,835 
!26,384 
no, 95I 

96,530 
82,II9 
70, 7!5 
59,3I6 

48,9I9 
39,529 

3I,I:cB 
23,735 
I7,336 
II,94I 
7,546 
4,I93 

- I,764 
0,382 
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