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BaeaeHHe 

B nocneaHHe roJlbi noHBHnocb 15onbllloe 'll:!Cno paooT, noCBHIIleHHhiX Bhi

'IHCneHH!O $H3H'19CKHX XC1paKT9pHCTHK TpeXHYKliOHHbiX CHCT9M H OCHOBaHHb!X 

Ha HCllOllb30BaHHH annpOKCHMaUHH BHeMaCCOBOA JlBYX'IaCTH'lHOA l -MaTpHUbl 

KOHe'IHOA cyMMOA cnaraeMbiX, <PaKTOpH30BaHHI·IX no HMnynbcaM. TaKaS! npo

ueaypa ll03BOli5!9T CB9CTH MHOrOMepHbi9 HHTerpallbHbl9 ypaBHeHHS! <l>aaaee

Ba/ 1 / JlliS! CI:ICT9Mbl TpeX HYKliOHOB K CHCTeMaM OJlHOMepHbiX lfHh:rpanbHbiX 

ypaBH9HHA, pellleHH9 KOTOphlX nplf COBpeMeHHOM ypOBHe Bhl'IHCliHT9llbHOfi 

T9XHI:IKI:I S!BnHeTCS! BllOnHe pa3p9illi:IMOfi 38Jl8'1efi. 

Ehino npeano*eHo HeCKOllbKO cnocol5oa <PaKTOplf3aUHH aayx'laCTH'IHOfi 

-MaTpHUbi, HCTIOnb3YlOIUI:IX pa3liH'lHbi9 i:.feTOJlbl npHOlJI:I)K9HHOrO pelll9HI:IS! 

HHTerpanbHbiX ypaBHeHHfi
12- 41 • OanaKo HeKOTOphie npeano*eHHbie MeTOJlbi 

<!JaKTOpH38UI:II:I BHeMaCCOBOfi JlBYX'IaCTH'IHOH -MaTpi:!Ubi, M8T9M8TI:I'I9CKI:I 

CTporo OOOCHOB8HHbi9, I:IM9!0T CBOI:I H9JlOCTaTKH, orpaHH'IHBalOIUHe oonaCTb !:IX 

npHMeHeHHH. TaK, nanpHMep, MeTOJl <PaKTOplf38UHH t -MaTpHUhi, H3nO)KeH

Hhifi B/'2. / H OCHOBaHHbiA Ha HCll0llb30BaHHH M91'0Jla EyoHOBa-ranepKHHa, He

npHMeHHM JlnH 3HaKOllepeMeHHh!X llOT9HUifaliOB, K KOTOph!M OTHOCS!TCH <!JeHOMe

H0liOrH'I9CKI:I9 HyKnOHHh19 llOT9HUHanbJ C OTT8nKHB8TenbHhiM KOpOM 0 ,Upyrofi 

M9TOJl, HCTIOnb3YlOIUI:IH pa3n0)1{9HI:Ie rl:lnb6epTa-llJMHJlTa Jll!S! perueHHS! HHTe

rpanbHb!X ypaBHeHHil:
131, MO)KeT ObiTb npHMeHeH TOnbKO ang TaKHX noTeH-
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I.lHanoB, AnSI KOTOpb!X H3B9CTHO TO'IHOe aHanl!TH'I9CK09 p91119liH9 ltBYXHyKnOH

tiOit aaaa'IH, Bonee ru6KHM SIBnSieTCSI cnoco6 cpaKTopuaauHH t -MaTpHUbi c 

110MO!Ub!O MSTO):la BeitTMaHa/
4/, KOTOpb!it CB060lteH OT Bbllll911epe'IHCneHHb!X 

orpaHH'ISHHH H B 11pHHUHI19 npHMSHHM K IIIHpOKOMY Knaccy 110T9HUHanOB C 

MSirKHM HnH TB9pltb!M OTTanKHBaTenhHbiM KOpOM. 

B HaCTOSIIIIeH pa6oTe BKpaTue uano*eH cnoco6 ~aKropuaauuu t -MaTpH

Ubi c noMOIIIhiO MeTOAa By6Hoaa-ranepKHHa anSI 3HaKonocTOSIHHbiX rroreHuua

noa H paCCMOTpeH BOilpOC 0 CXOaHMOCTH 8TOI'O MSTOaa. B Ka'!eCTB9 KOHKpeT

HbiX rrpuMepoa paccMoTpeH pSIA rrpocTefirnux aayxrrapaMeTpH'IeCKHX rroreHuua

noa. 0oKa3aHo, 'ITO B sTOM cnyqae MeTOA By6Hoaa-ranepKHHa aHanoru'!eH 

MeToay BeitTMaHa, 0oKa3aHo TaK*e, 'ITO MeToa By6Hoaa-fanepKHHa rrpocTbiM 

cnoco6oM MO*eT 6biTh o6o6rueH Ha cnyqaft 3HaKorrepeMeHHbiX noreHUHanoB, 

COlt9p)l(alUHX HapSiltY C 11pHTSI*9HH9Nf MSII'KHft OTTanKHBaTenbHbiH KOp, 

PaccMoTpeHo TaK*e rrpuMeHeHHe Meroaa By6Hoaa-ranepKHHa anSI ~aK-

Topuaauuu t -MaTpHUbi, COOTB9TCTBYIOIU9H 6eCKOH9'1HO 6onbiiiOMY OTTanKH-

BaTenbHOMY IlOTSHUHany (TB9pl!OMY Kopy), 

§ 1, !I> a K T 0 pH 3 aU H SI t -MaT pH U bl MeT 0 a 0 M By 6 H 0 B a-fane p
KHH8 anH 11pOCT9HIIIHX 3H8KOI10CTOHHHhlX 110T9HUHBnOB 

1. Hu*e 6yaeT paccMoTpeHo npuMeHeHue MeToaa By6Hoaa-ranepKHHa
151 

anSI cpaKTOpH3aURR t -Mal'pHUbl B cnyqae 3H8KOI10CTOSIHHbiX IlOTSHUHanoB, 

0pH 8TOM paAR IlpOCTOTbl paCCMOTp9HHe 6yaeT OI'paHR'ISHO TOnbKO S -KOM-

IlOHSHTOft t -MaTpRUhi, T8K K8K, BO-nepBbiX, HMSHHO s -KOMilOHeHTa 

aaeT Hau6onee cyrnecTBeHHbift BKn!=la rrpu perneHRR ypaBHeHRH !l>aaaeeaa, ao-

' 
BTOpbiX, o6o6IUeHH9 MeToaa AnSI BbiCIIIHX KOMI10H9HT TpHBH8nbHO, 

Yl3B9CTH0 0 'ITO s -KOMI10H9HT8 t( p, k, Z ) BH9M8CCOBOH -MaTpHUbl 

11pH aaaaHHOM 110T9HUHane B3aHMOlt9HCTBHSI onpe):lenSISTCSI ypaBH9HH9M nunrr

MaHa-llJBHHI'epa: 

t(p,k,Z)= V(p,k )+ 
2 
TT 

00 

f p'2 dp' 
0 

V( p, p' ) t ( p ' , k, Z ) 

p ,2- z 

4 

( 1 ) 

''"'I· ·' ; ·~;,,:,'\ 
·::,)l,>[, 

''h*' 
·~1:~ 

·· .. \,.l!: ·} . 
, I 

'i!;; 
'.:itt; 
,,>fi 
'l .. \ ,;, 

:. ' 
' '~:· ', 

;~ 
:rl~; 
~·,~IIv 

·~ 

,J 
lll· h,; 

;1. 

rae 

V(p,k)=fr 2drj (pr)V(r)j (kr), 
0 0 0 

V ( r) - 110T9HUH8n B38HMO):leftCTBHSI, B3SITbift C 0 

c~epuqecKaSI <!JyHKUHSI BeccenSI, 

B ypaBHeHHH ( 1) t -MaTpHua HOpMHpOBI 

t(k,k, k 2 + iO) = f (k ), 

rae f ( k ) s -KOMilOHeHTa 8MI1nHTYllbl p!: 

CHCTeMa eAHHHU m = h = 1 m - Macca H 

BMecTo ypaBHeHRSI (1) anSI onpeaeneHHSI 

30BaTh RHTerpanhHOe ypaBH9HH9 anSI BIISMaCCOBOH 

00 

'I' k (r, Z ) = j 
0
( k r ) + - 2

- f r' 2d r 'K ( r, r ', Z ) V ( r ') 'I' 
TT 0 

u cneayroruee cooTHOIIIeHue: 

rae 

una 

t(p,k,Z)= {r2 drj (pr)V(r)'l'k(r,Z) 
0 0 

00 

K(r,r',Z)= f p2 dp 
0 

i o ( pr ) i o 

P 2 -Z 

K(r,r', Z) 
iTT tyz\r-r'\ IV 

----==-- [ e - e 
4rr 'y Z 
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pb!X H3BeCTHO TO'lHOe 8H8nJITH'leCKOe pelll9HH9 llBYXHYKliOH

e rH6KHM SIBliSieTCSI CITOC06 cp8KTOpH38UHH t -M8TpHUbl C 

Beil:TMaHa/
4 /, KOTOpblll CB060ll9H OT Bbllll9ITepe'lHCll9HHb!X 

ITpHHUHne npHM9HHM K WHpOKOMy Kll8Ccy nOT9HUH8liOB C 

JlblM OTT8liKHB8TellbHbiM KOpOM. 

pa6ore BKp8TU9 H3li0*9H CITOC06 ~8KTOpH3aUHH t -MaTpH

TOJla By6Hoaa-ranepKHHa ansr SHaKonocrosrHHhiX noreHuHa

aonpoc 0 CXOllHMOCTH 8T0f'O M9TOJla, 8 Ka'leCTBe KOHKpeT

CMOTpeH psra npocreiiwHX aayxnapaMerpH'leCKHX noreHUHa

ro a aroM cny'lae Meroa By6Hoaa-ranepKHHa aaanorH'leH 

• noKaSaHO TaK*e, 'ITO MeTOJl By6HOBa-ranepKHHa npOCTbiM 

6hiTb o6o6wea Ha cny'latl 3HaKonepeMeHHhiX noreHUHanoa, 

llY C npHTSI)I{eHHeNf MSif'KHH OTT8liKHB8TellbHblll KOp, 

o TaK)I{e npHMeHeHHe Meroaa By6aoaa-ranepKHHa ansr ~aK

arpHUhi, COOTBeTCTBYIOWeii 6eCKOHe'lHO 60llblllOMy OTTaliKH

UHany (raepaoMy Kopy), 

3 aU H Sl t -MaT pH U hi MeT 0 l1 0 M By 5 H 0 B a-fane p-
SI npocreHillHX 3H8KOITOCTOSIHHhlX ITOT9HUHanoa 

r paccMorpeao npHMeHeHHe Meroaa By6aoaa-ranepKHHa151 

t -MaTpHUbl B Cny'lae 3H8KOITOCTOSIHHbiX ITOTeHUH8liOB, 

OCTOTbl paCCMOTpeHHe 5yaer orpaHH'leHO TOllbKO S -KOM-

TPHUbi, TaK KaK, BO-rrepBbiX, HMeHHO s -KOMnOHeHT8 

eCTBeHHbiH BKnaa npH perneHHH ypaBHeHHH <Paaaeeaa, ao

Meroaa llliS! BbiCillHX KOMnoHeHT TpHBH8llbHO. 

S -KOMITOHeHTa t( p, k, Z ) BHeMaCCOBOH -MaTpHUbl 

HUHane B38HMOJleHCTBHSI onpeaensreTCS! ypaBHeHHeM nann-

) + 
2 
TT 

00 

I P '
2

d P' 
0 

,.,.. 

V( p, p' ) t ( p ' , k, Z ) 

p '2- z 

4 

( 1 ) 

i'Ji 
,(1 

:':i 
\ 

·:1}·~ ·/.~· \ 
i''' 

·\\;i,:· 
'>""(;1, 

·.;11 

,., 

·.~~ 
.:.~I( 
' •. l¥, 

rae 

V(p,k )=I r 2 dr j
0
(pr)V(r) j

0 
(kr), 

0 (2) 

V ( r) - ITOTeHUH8ll B38HMOJleHCTBHSI0 B3S!Tblll C 05paTHblM 3H8KOM
0 

j 
0

( p r) -

c~epH'leCKaSI ~YHKUHSI BeccenSI. 

B ypaaHeHHH (1) t -Marpaua HopMapoaaHa ycnoaaeM: 

t(k,k, k 2 + iO) = f (k ), 

r'Jle f ( k ) - s -KOMnOHeHTa 8MIT1IHTYJlbl pacceSIHHS! H HCnOJib3yeTCSI 

CHCTeMa eJlHHHU m = h = 1 ( m - Mace a HYKJIOH8) • 

BMeCTO ypaBHeHHS! ( 1) ll1ISI OrrpeaeneHHS! t -MaTpHUbl MO*HO HCITOllb-

30BaTb HHTerpallbHOe ypaBHeHHe llllSI BlleMaCCOBOH BOliHOBOH <flyHKUHH 'I' k( r, Z): 

00 

'I' k (r, Z ) = .i 
0
( k r ) + -

2
- I r' 2d r 'K ( r, r ', Z ) V ( r ') 'I' ( r ', Z ) 

TT O k 

H C1l9JlYIOIIlee COOTHOilleHHe: 

r.ne 

HllH 

t(p,k,Z)= (r 2drj (pr)V(r)'l'k(r,Z), 
0 0 

00 

K ( r, r ', Z ) = I p2 d p 
0 

j o ( pr ) j o. ( pr') 

P 2 -Z 

K(r,r', Z) iTT [e!VZ!r-r'l !VZ(r+r')] 
-e ' 

4 rr 'V Z 
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~ 

{ s, z = s 
2 

..;z = 

+ i (}' 

iy,Z=-Y2· (6) 

BaeneM CHCTSMY 6a3HCHblX ¢yHKUHH ¢ n ( r ) 0 
ynoaneTBOpS:UOIUHX 

ycnOBHID OpTOHOpMHpOB8HHOCTH C BSCOM noTeHUHana: 

00 

I r 2dr V(r)¢ (r)¢ (r) = 8 . m n m n 
(7) 

0 

.Uns 3HaKonocTOllHHbiX noTeHUIIanoB V( r) TaKyiD CIICTeMy ¢yHKUIIH acer

na MO)I(HO nocTpOHTb/2 /, ecnH B K8'19CTB9 cpn (r) 6paTb noniiHOMbl CTe

neHH n ( n = 0,1,2, ... )H ecnH noTeHu11an V (r) yaoaneTBOpSieT cneayiDIUeMy 

ycnOBHID HHTSI'pHpyeMOCTH! 

rae 

00 

I r 2 drV(r)=M, 
0 

M - KOHe'l:Hall aenii'IIIHa. 3aMeTIIM, 'ITO anSI cnyqas 

HOM cnoco6e Bbt6opa 6aaHCHbiX ¢yHKUHH cneayeT nonoJKHTb 

f .j, 0 npH yKa3aH

cpn(r)= rf¢ fn (r) 

rae ¢ fn ( r) - no-npe)I(HeMy noniiHOMbi cTeneHH n , CornacHo MeToay 

Ey6Hoaa-ranepK11Ha/5/, npeacTaBIIM 'I' k ( r, Z ) a a11ae: 

'I' ( r, Z ) 
k 

~ 
n 

C ( k, Z) ¢ ( r) . 
n n 

(8) 

Hcnonb3YSI paano)l(eHHe (8) 11 ycnoaHe opToaopMIIpoaaHHOCTII (7), H3 

(3) 11 ( 4) nony'IIIM cneayiDruee ¢aKTOpii30BaHHoe Bbipa)l(eHIIe ans t ( p, k , Z ) : 

-1 

t( p , k , Z ) = ~ M m( P ) A m n ( Z ) M n ( k ) , 
mn 

(9) 

6 

" 

·'I · .. ·ql ' 
,.~n-. r 
::i~:~i.< 
,'.\.)/~· 

i(,jil:.' 
r· ... ~ i· 1,: 

'. ,i 

I, 
1iSI 

';,-.:.,·: .\, 
~~f 
}jiji' 
/fl~ ,, 
I:Jf.; 

\tw: 
:, j'~~~·. 

',(iil.lri: 

!~11~ 

rne 

00 

Mn(p)= f r 2 dr¢n(r)V(r)j
0
(pr) 

0 

A m n( Z ) = 8 m n - 8 m n ( Z ) ' 

2 oo M 
Bmn(Z)=-I p2dp _ m(p)Mh 

TT 0 2 Z p -

CnenyeT aaMeTHTb, 'ITO npH nonyqeHHII 

(9) anSI dp,k ,z) paano)l(eHHe (8) 'Pk(r,:i 

ayeTCSI TOnbKO B o6naCTH aeftCTBIISI nOTSHUIIan 

BOH <\>YHKUHH BHe 9TOH o6naCTII onpenenSieTCSI I 

B npaaoft qacTH KOToporo MO)I(HO llcnonbaoeaT~ 

2, PaccMoTpHM 6onee KOHKpeTHO Knacc 

noTeau11anoa c nsyMSI napaMeTpaMH: 

V (r ) = V 
0 

f ( {3 r ) , 

rae V 
0 

- rny611Ha noTeHuHana, {3 

TSIJKeHHOCTb noTeHuHana, Onpeaen11M 6a3HCHhie 

IUHX noTeHuHanoa: 

1) noTeHullan IOKaBbi (Y): f ({3 r) = -

2) 9KcnoaeHTa ( E ): f ({3r)= e-{3r 

3) noTeHullan faycca (G): f ({3r)= e- 1 

4) npSIMOyronbHBSI SIMa ( S \V ) : f ( {3 r ) = 

Cornacao ( 7), HMeeM ( aaoaHM 6eapaa 

x=f3r): 

7 



{ s, z = s 
2 + i (}' 

Z= 
iy, Z=- y

2 
(6) 

CHCTeMy 6a3HCHblX cjlyHKUHJ:i cp n ( r ) 

HOpMHpOB8HHOCTH C BeCOM IIOTeHUH8na: 

1 yaosneTBOpSIIOIUHX 

00 

f r 2 dr V(r)¢ (r)¢ (r) = 8 . m n m n 
(7) 

0 

OIIOCTOHHHbiX IIOTeHUHanOB V( r) T8KYIO CHCTeMy cjlyHKUHli: BCei'

TpOHTb/2/ 
1 

ecnH B Ka"!eCTBe cp n ( r ) 6p8Tb IIOnHHOMbl CTe

,1,2, ... )u ecnu rroTeauuan V (r) yaosneTBOpHeT cneayJOIUeMy 

erpupyeMOCTH: 

00 

f r 2 drV(r)= M, 
0 

aeqaaH senuquaa. 3aMeTHM, qTo J:lnH cnyqag f.;, 0 rrpu yKa3aH

bi5opa 5a3HCHbiX cjlyHKUHH cneayeT rronoJKHTb ¢n (r )= rf¢ fn ( r ) , 

- rro-rrpeJKHeMy rronHHOMbi cTerreHH n o Cornacao MeTOilY 

pKHH8/5/, !Ip9JlCT8BHM IIJ k ( r, Z ) B BHae: 

'P 
k 

(r,Z)=I 
n 

C (k,Z)¢ (r). 
n n (8) 

yH paanoJKeaue (8) u ycnosue opToHopMuposaaaocTH, (7), H3 

ny"'HM cneayJOIUee cjlaKTOpH30B8HHOe BblpaJKeHHe anH l ( p, k , Z ) : 

-1 
, k, Z) = I Mm( p) A mn ( Z) M n( k ) ' 

mn 
(9) 

6 

.... 

;!,~ 
':\ " 

:tJ'M 

~)~;t 

\:' 

"' ,\\:}: 

:Jil 
~:~: 

rae 

Mn(p)= J r 2 dr¢n(r)V(r)j
0
(pr) 

A m n( Z ) = 8 m n - B m n ( Z ) ' 
(10) 

B m n ( Z ) = _!_ t p 2 d p - M m( p ) M n( p ) 
" o p:~-z (11 J 

CneayeT aaMeTHTb, 'ITO npu rronyqeauu <jJaKTOpHaosaaaoro BbipaJKeHHR 

(9) anH dp,k ,z) paanoJKeaRe (8) 'Pk(r,Z) no nonuaoMaM Rcrronb

ayeTcH TonbKO s o6nacTR aellcTBHH noTeauHana V{r) o noseaeaRe sonao

soA <jJyHKUHH BHe 9TOA o6naCTH OIIpeaenHeTCSI HHTerpanbHhlM ypasaeaHeM (3), 
B rrpasoA "18CTH KOTOpOI'O MO/KHO HCIIOnb30B8Tb paanoJKeHRe (8), 

2. PaccMoTpHM 6onee KOHKpeTao Knacc npocTeAwRx aaaKomcTOHHHbiX 

rroTeauH:anos c asyMH napaMeTpaMu: 

V (r ) = V 
0 

f ( {3 r ) , ( 12) 

rae V 0 - rny6uaa rroTeauuana, {3 - rrapaMeTp, orrpeaenHJOIUHil: rrpo

THJKeaaoCTb rroTeauHanao OrrpeaenHM 6a3HCHhle cjlyaKUHH ¢n ( r) anH cneayJO

WHX IIOTeHUHanos: 

1) rroTeauuan IOKaBbi ( Y ) : f ({3 r) = 
e- {3 r 

~ 
2) aKcrroaeaTa ( E ) : f ( {3 r ) = e- {3r 

{32 2 
3) IIOTeHURan faycca (G): f ({3r)= e- r 

4) IIpSIMOyronbH8SI RM8 (SW): f ({3r)= l, r< 1/f3, 

0, r > 1/ {3 

Cornacao ( 7), HMeeM ( ssoaRM 5eapaaMepabie rrepeMeHHhie, nona rag 

x=f3r): 

7 
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~ 

1) 
¢ ( X ) = __!___ [ r (n + 1 ) ] ~ L ( I) 

n yVo r(n+2) n (x), 

2) 
¢ (x ) = _2__ [ r (n + 1) ] ~ L(2) (X ) 

n ,/v r(n+3) n ' 

0 

3) 
¢ n (x ) = v 2 [ r (n + 1 ) ] ~ L( ~) 

y V 0 r (n + .!_) n (X ) ' 

2 

4) 
1 ~ (0,2) 

¢n (x) = --=-(2n+ 3) P n (2x-1), 
yV 

<a> (0,2) 
L ( x ) - nonHHOMhi narrepa, P ( x) 

nonHHOMbi HKo6H, onpe-
r.oe n n 

neneHHe H HOpMHpOBK8 KOTOpblX COOTBeTCTByeT/6/, 

Hcnonb3YH .om1 opToroHanbHbiX nonHHOMOB HX BbipaMeHHSI qepes npo-

H3BO.OSIIUHe 4JyHKUHH HnH Me HX SIBHbiii BHJl 1 nerKO nony'IHTb B o6IUeM BHJle 

Bbipa)l(eHHSI AnSI Mn (p) (10) H c noMOIUbiO (5} AnSI Bmn ( Z) (11 ), DpH

BeAeM B Ka'leCTBe npHMepa 5!BHb!A BHA M n ( p) H B mn (Z) Jlnfl noTeHUHana 

lOK8Bbi: 

M n ( p ) = Y V o (n + l ) ! 

( 
If. n+1)·2(l+p2) n+l 

n+2 E(;r-) 2n+2-2V 
!, (-

1 
)l+V ___ P ___ _ 

v = 1 (2 v-1 ) I (n + 2 - 2 v )! 

(18} 

8 

' 

Vo 
Bmn ( Z) = -----------

m+ n +I ~ 
2 [ (m + 1 )( n + 1 ) ] (1- i V 

m n 

X I I 
(m+n-p-v)! ( 

ll= o V= o (m - J.L ) ! (n - v) ! 

2 

1· 

rne E( x) - uenaH '!aCTb 'IHCna x ' a ,/') 

(5), YKaMeM T8K)!<e Bl!.ll Mn (p) nnH rrorenuHana 

HMbi: 

(G): M
0
(p)=VV

0 

y"i,;" 

2n+ 2 ~ 
2 [n!r(n +...L)] 

2 

(SW): 

(-1)n-v(n + 2+ v)! -./Vo ~ n 
M (p) = -- (2n + 3) I 

n p3 V= o 

rae 

V+l 

Sv (p) = I 
A= o 

(v+2)vl(n-v)!pv 

TTA 
----- ( sin p sin -

2
-- co 

(v+1-v)! 

V+ 1-A 
p 

9 



1 [ 
¢ (x)= .IV 

n V 0 

r(n + 1) 

r(n+ 2) 

~ 
] ( 1) ( ) L n X , 

¢ n (x ) = 1 [ r (n + 1) ] ~ L(2: (X ) • 

yV r<n + 3) 
0 

¢ n (x) = v 2 [ r (n + 1) ] ~ L( ~) 
V V o r(n + _!_) n ( x ) ' 

2 

1 ~ (0,2) 
¢n (x) = -::=.(2n+ 3) P n (2x-l}, 

vV 

(0 ,2) 
- riOJIHHOMbl narrepa, p (X) 

n 
- rronHHOMhi HKo6H, orrpe-

MHpOBKa KOTOpb!X COOTBSTCTByeT/6/, 

YSI llJISI OpTOI'OH8JibHhiX ITOJIHHOMOB HX Bblp8)1(9HHSI 'lepe3 rrpo

HKUHH HJIH )1(9 HX SIBHbdl: BHil, nerKO rrony'IHTb B 06!IleM BHil9 

Sl M n (p ) (1 0) H C riOMO!IlbiO ( 5) llJIS! Bmn ( Z) (11 ). OpH-

TBe rrpHMepa SIBHbill: BHil M n ( p ) H B mn (Z) llJISI rroTeHUHana 

yV0 (n + l ) ! 
n+2 

E<-,--) 2n+2-2v 
l ( -1 ) '+ v __ P ___ _ 

v = 1 (2 v-1 ) ! (n + 2- 2 v )! 
( 13) 

I' 1) .'2 (1 + p 2 ) n+l 

8 

_-" 

""'II 11(1 
I ~~~ '1'1 

~'" 
• : 1 d.~r' 

~·:·/j!:t 
I 

!:,)), 
}, ,. 
'~·Y·. 
··< 

\ 
·~ 

'~ . 

' '\1Jil 

; 
,

1''". 

Vo B=(Z). ______________________ _ 

X 

m+n+l ~ --2 
2 [ (m + I)( n + I ) ] (I-I y' Z ) 

m n 
I I (m+n-p-v)! 

jb=OV=O (-

(m -I' ) ! (n - v) ! 

2 i y'Z 

I-i y'Z 

X 

)I'+ v , 

rAe E ( x) - uenas 'laCTb 'IHcna x 
, a V Z orrpeJleneH cornacHo 

{5), YK8)1(9M T8K)l{9 BUll Mn(p) 
llJJSI rrorenuuana raycca u rrpSIMoyronbHoll: 

S!Mbi: 

(G): y'2;; 
P2n e -,,2 /4 . ( 14) 

Mn(p)=v'Vo 
2n+2 3 ~ 

2 [n!r<n +-)] 
2 

(SW): 

[ S (p)-sin ~] (15) 
y'V ~ n 

M (p ) = ---
0 (2 n + 3) I 

n Pa V= o 

(-l)n-v(n + 2+ v)! 

r.qe 

V+l 

Sv (p) = I 
A= o 

t 

V+ I-A 
p 

(v+ 2)v! (n -v )! p v v 2 ' 

rrA rrA 
----- ( sin p sin -

2
-- cos p cos -

2
- ) 

(v+I-v)! 

9 
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I 

I 

;<o 

3. J1erKO y6eAHTbCSI 0 'ITO IIpH6nH:>K9HHOe Bb!pa:>KeHH9 (9) t -MaTpHUbl 

B ~aKTOpH30B8HHOM BHA9 MO:>KHO rrony'IHTb H9IIOCpeACTB9HHO H3 HHTerpanbHOrO 

ypaBH9HHSI ( 1) 
0 

ecnH ~ypbe-o6pa3 IIOT9HUHana V ( p, k ) rrpeACTSBHTb B BHA9 

V ( p, k ) = I M n (p) M n( k ) • 
n 

(16) 

TaKHM o6pasoM, ~YHKUHH Mn(p) tlO) ocymecTanSIIOT rrpeACTaaneHHe ~ypbe
o6pasa rroTeHuHana V(p,k ) a BHAe pSIAa c ~aKTOpHsoaaHHhlMH qneHaMH, 'ITO 

cneAyeT TSK:>Ke H3 Bb!p8:>K9HHSI (2) H COOTH011I9HHSI 

I rr ' [ V (r ) V ( r ' ) ] ~ cp ( r ) cp ( r ' ) = 8 ( r - r ' ) , 
n n n 

BbiT9K810Ill9rO H3 ycnOBHSI IIOnHOTbl !flyHKUHA r Y V ( r) cp n ( r) • 

C aToA TO'IKH apeHHSI MeToA Ey6HoBa-ranepKHHa MO:>KHO paccMaTpHaaTb 

KSK H9KOTOpyiO pa3HOBHAHOCTb M9TOA8 EeltTMaHa/
4 / H BB9CTH 0 KSK H B/4/ 0 

2 
XN AnSI OU9HKH TO'IHOCTH arrrrpOKCHMSUHH V ( p, k ) BenH'IHHY 

rae 

x~~ 
N 

.. 
/ dp 

.. 
/ dk [V(p,k )-VN(p,k >f 
.. 
I dp 

.. 2 
I dk v < p, k > 

0 0 

N 

v ( P• k ) = I I M ( p) M ( k ) • 
N n=O n n 

(17) 

(18) 

N - MSKCHManbHb!A IIOpSIAOK IIOnHHOMOB, HCIIOnb3yeMb!X B paano:>KeHHH 

(8). 
B Ta6nHue 1 npHBeAeHbi aHa'leHHSI 

2 
XN AnSI rroTeHuHanoB IOKaBbi, 

faycca H IIpSIMOyronbHOA SIMblo HaAAeHHble C HCIIOnb30B8HH9M SIBHOrO BHAS 

(13), (14) H (15) ~yHKUHA M n(p) , rrpH'I~M HHTerpanbi B (17) Bbi'IHCn51.-

IOTCSI aHanHTH'19CKH B 6eCKOH9'1HbiX rrpeAenaX, 

10 

:,1 
.:,:;, 

''I 

3Ha'I9HHSI 
2 

XN 

Ta6nHua 1 

( 17) AnSI rroTeHuuanoB IOKaBbi I 

IIpSIMOyronbHOA SIMbl ( S \V ) H 8KCIIOHeHTbl (E ) 

.UnSI aKcrroHeHTbi X 2N Bbi'iHCneHbi c 6a3HCHbiJM 

N 
y G sw 

0 15,8.10-2 12,4.10-2 I,7I 

I 7,23.10-2 3,73.10-2 0,2? 

2 4,39.10-2 1,so.1o-2 o,os 

3 3,03.10-2 1,os.1o-2 

11 



flerKO yoeJlHTbCSI 1 'iTO IIpHonH>KeHHOe Bbipa>KeHHe (9) t -MaTpHUbi 

SOBBHHOM BHJle MO>KHO rrony'iHTb HeiiOCpeJlCTBeHHO H3 HHTerpanbHOrO 

g ( 1) 1 ecnH lf>ypbe-oopa3 IIOTeHUHana V ( p, k ) rrpeJlCTaBHTb B BHJle 

V ( p, k ) = : M n (p) M n( k ) • 
(16) 

paaoM, !fly HKUHH M n ( p ) ( 1 0) ocyruecTansriOT npeJlCTaaneaue !f>ypbe

TeHuHana V ( p, k ) B BHJle pSiila c !f>aKTOpH30BaHHbiMH qneaaMH, 'iTO 

aK>Ke H3 Bbipa>KeHHSI (2) H COOTHOWeHHSI 

I rr '[V (r)V(r')] ~ ¢ (r)¢ (r')= B(r -r'), 
n n n 

ero H3 ycnoBHSI rronHOTbi ~YHKUHit r y V ( r) ¢ n ( r) • 

Toft TO'iKH apeHHSI MeTOJl Eyoaoaa-ranepKHHa Mo>Kao paccMaTpHaaTb 

opy10 pa3HOBHJlHOCTb MeTO.lla EeitTMaHa/4 / H BBeCTH, KSK H B/4/, 

H TO'iHOCTH aiiiipOKCHMaUHH V ( p, k ) BenH'iHHy 

x2 
N 

00 

j dp j dk [V (p,k )-VN(p,k )f 
00 

f dp 
00 2 
fdkV(p,k) 

0 0 

N 

V (p,k) .. I M (p)M (k ), 
N n=O n n 

2 
)(N 

(17) 

( 18) 

BKCHManbHbJit IIOpSIJlOK IIOnHHOMOB 1 HCIIOnbayeMbiX B paano>KeHHH 

a6nuue 1 rrpHBeJleHbi aaa'ieHHsr 
2 

)(N Jlnsr rroTeHuHanoB IOKaBbi, 

IIpSIMOyrOnbHOA SIMbJ 0 HSitJleHHbie C HCIIOnb30BaHHeM SIBHOro BHJl8 

) H (15) lf>YHKUHA M n(p) , IIpH'i~M HHTerpanbJ B (17) Bbl'iHCnSI

HTH'ieCKH a 6ecKoHe'iHbiX rrpeJlenax. 

10 

.-: 

IH !':,' • 

~~ 
;,t 
i:'' I 

N '' ,, 

0 

I 

2 

3 

·~ 
1 
I 

1 ' 

TaonHua 1 

3Ha'ieHHSI 
2 

)(N ( 17) JlnSI IIOTeHUHanoa IOKaBbl ( y) • raycca ( G ) 

npsrMoyronbHOit SIMbl ( S W ) H 9KCIIOHeHTb! (E ) B 38BHCHMOCTH OT N • 

.Unsr 9KCIIOHeHTbl 

y 

2 
)(N 

rs,s.ro-2 

7,23.10-2 

4,39.10-2 

3,03.10-2 

Bbl'iHCneHbl C 083HCHblMH <flyHKUHSIMH (22) 

G sw E 

12,4.10-2 I,7I.IO-l 4,53.10-2 

3,73.10-2 0,27.10-2 !,04.10-2 

1,so.1o-2 0,09.10-2 0,4.10-2 

1,08.10-2 

11 



I. 

I 

I 
I 

~ 

Cne.ayeT o6paTHTb BHHM8HHe Ha 0'19Hb M8llb19 3H8'19HHSI 
2 

XN .ansr npsr-

MOYI'OllbHOil SIMbi, 'ITO, 0'19BHllHO, CBSI38HO C XOpOUieA annpOKCHMBUHeA nonH

HOM8MH ~yHKUHil B KOHe'IHOM HHTepBane H3M9H9HHSI He3aBHCHMOil nepeMeHHOil, 

XapaKTep annpoKCHMBUIIH V ( p, k ) c noMOWb!O ~YHKUHA M n (p) oco6eH-

HO HarnH.aHo BHlleH Ha npHMepe noTeHUHana faycca, B aTOM cnyqae HMeeM, 

cornacHo (14), (16) H (18): 

V 
-- 2 2 

V(p,k )= oY" -~ 2 k e 4 h pk p s ~~--2 

2 + k 2 

Vov;--~I I (...el_)2n 
-- e )1 2 4 n=O (2n +I . ' (19) 

VN(p,k)= Vov;- - P2+k2 
4 e 4 

N 

l 
n=O 

_I_(~)2n 
(2 n + I)! 2 {20) 

T,e, ~aKTOpH30B8HHOe npH6llH)I<9HHe V N ( p, k ) npe.acTaBllS!eT co6oi! CYMMY 

N + I nepBbiX qneHOB 3HaKonocTOHHHoro paBHOMepHo cxo.aHwerocH PHlla 

( 19), flpH aTOM B Ka'leCTBe Mepbl TO'IHOCTH annpOKCHM8UHH MO)I(HO BB9CTH 

OTHOUieHIIe f N nocne.aHero CllaraeMOI'O B CyMMe (20) K nepBOMY, KOTOpOe 

onpe.aenHT llllS! 38ll8HHOI'O 3H8'19HHSI f~J B nnOCKOCTH p, k I'Hnep6ony 

p k = 2 [ (2 N + I) I (0) 1 7;; N • fN 

(0) 
ClleBa OT KOTOpOi!: fN.::: f N 

B cnyqae .apyr11x noTeHUHanos rpaHHUbi TO'IHOCTH annpoKCHMaUIIH V(p,k) 

Bblp8)1(9HH9M ( 18) 6y.ayT T8K)K9 Onpe.aell.IITbC.II B nllOCKOCTII p, k KpiiBbiMH 

I'llnep60llH'IeCKOI'O THna, TaK KaK 113 CBOiiCTB OpTOI'OH8llbHbiX nOlliiHOMOB 

¢ n ( r ) 11 113 (16) cne.ayeT: 

M 
0
(0) = 8 n 0 M 0 (0), V (p,O) = M0 (p) M 0(0). (21) 

B Ka'leCTBe npHMepa Ha p11c. 1 11 2 np11se.aeHb 

OT k V ( k, k ) H V N( k, k ) .llll.ll HeCKOllbKHX 3Ha'l:eH 

HO lllllil noTeHUHalla lOK8Bbl H llll.ll np.IIMOyi'OllbHOil .liMb!, 

4, YKaaaHHbiA BbiUie cnoco6 Bbi6opa 6a311CHbiX 

He .IIBll.lleTCSI e.aHHCTBeHHO B03MO)I(HbiM, HanpHMep, l 

noTeHUHalla V o e-x (x = f3 r) MO)KHO BBeCTH ~Yl 

r.ae p ( z) 
n 

I 
A..(x)=-=... 
'~'n yVo 

I -x 
-e 

X 

p (e-x), 
n 

- nollHHOMbi 1 Bblp8)K810UlH9CH qepe. 

7;; 
P n ( Z ) • (2 n + 3 ) 

(2,0) 
p (2 z -1 

n 

B aTOM cnyqae, KaK 11 npe)i(.ae, cHcTeMa ~yHKI 

nOllHOA H llllSI V ( p, k ) no-npe)I(HeMy HMeeT MeCTC 

M n ( p ) liMe lOT, cornacHO (22) H ( 10 ), cne.ayiOUliiA 

n I 
[ ) 2 l bnll 2+(li+I V=O p 

M (p)=YVo 
n p 2 + ( 

(2 3 )7;; 
b =(-I) n- v n + ( n + 2 + v) 

nV (n + I) (n + 2) (n - v) I ( v ! 

Cne.ayeT aaMeTHTb, 'ITO B .aaHHOM cnyqae cooTHome 

CH, 1:1cnonb3Y.II HBHbiA Bllll (23) ~yHKUHA Mn(p) 

aHallHTII'IeCKH Bbi'IHCllHTb X~ • rr ony'leHHbl9 3Ha 

npHBelleHbl B nocne.aHeM CTOll6Ue Ta6n11Ubl 1. BH.!lHC 

saniiCb 6nH3KHMH K 3Ha'leHH.IIM X~ .an.11 np.IIMO)' 

HYIO npoue.aypy ynyqmeHH.II Bbi6opa 6aaHCHbiX WHH 

npoKCHM8UIIH V ( p, k ) MO)I(HO npo.aenaTb T8K)K9 H 

12 • lS 

' 



aTHTb BHHMBHHe Ha 0'19Hb MBnbie 3H8'19HH.II 2 
XN JJ.n.s~ np.s~-

CBH3aHO C XOpomeA annpOKCHMBUHeA llOnH

UHA B KOHe'IHOM HHTepBane H3M9H9HHH H938BHCHMOA rrepeMeHHOA. 

p arrrrpoKCHMBUI!H V( p, k ) c ITOMOIIIbiO <i>YHKUHH M n (p) oco6eH

noTeHUHana faycca. B STOM cny'lae HMeeM, 

), (16) If (18): 

pk 

p2 + k 2 

e- --4 pk 
sh--

2 

>= Vov;- _P2+k2 
4 e -4-

N 

~ 
n=O 

' (19) 

2 + k 2 

VO y7;" -~ ; __ I_(..R.L)2n 
--e )1 2 4 n=O (2 n +I . 

_I_(~)2n 
(2 n + I)! 2 (20) 

OB8HHOe rrpH6nH:>~<eHHe V N ( p, k ) rrpeJJ.CTaBnSieT C060if CyMMy 

IX 'lneHOB 3HBKOllOCTOHHHOI"'O paBHOMepHO CXOJJ.Sliii9l"'OCSl pgJJ.a 

OM B KB'IeCTBe Mepbi TO'IHOCTH annpOKCHMBllHH MOlliHO BB9CTH 

nocneJJ.Hero cnaraeMoro B cyMMe (20) K nepaoMy, KOTopoe 

3Bt:l8HHOI"'O 3Ha'leHHSl f~) B llnOCKOCTH p, k l"'Hllep6ony 

pk 2 [ (2 N + l) ! /~) ] 

(0) 
opo:H eN :S c N 

~N 

t:tpyl"'HX ITOTeHUHanoB rpaHHllbl TO'IHOCTH arrrrpOKCHMBllHH V (p,k ) 

18) 6yayT TBK)Ke OllpeaenSITbCSl B llnOCKOCTH p, k Kpi!BbiMH 

01"'0 THna, TaK KBK 1!3 CBolkTB OpTOI"'OHanbHb!X llOnHHOMOB 

( 16) cneayeT: 

n(0)=8n 0 M 0 (0), V(p,O)=M
0
(p)M

0
(0). (21 ) 

12 

~ 

B Ka'leCTBe rrpHMepa Ha pHc. 1 H 2 npHBeJJ.eHbi rpa4llfKH saBHCHMOCTH 

OT k V ( k, k ) H V N( k, k ) an.s~ HecKonhKHX 3Ha'leHHA N COOTBeTCTBeH-

HO IJ.nSI ITOT9HllHana lOKaBbl If llnH rrpSIMOYI"'OnbHOll: .IIMble 

4. YKasaHHbiH Bbiiiie cnoco6 Bbi6opa 6a3HCHbiX !j>yHKUHA ¢n ( r) (7) 

He SIBnReTCR ellHHCTBeHHO B03MOlliHbiM. H anpHMep, llnR sKcnoHeHuHanbHOro 

llOTeHllHBna V O e-x (x = {3 r) MO>KHO BB9CTH <i>YHKUHH ~ n ( r) BHJJ.a: 

l 
¢(x)=-=-. 

n vVo 

l -x -e 

X 

p (e-x), 
n (22) 

rJJ.e P ( z) - nonHHOMbi, Bbipa>KaiOIUHecsr 'lepea nonHHOMbi HKo6e: 
n 

~ 
P n ( z ) • (2 n + 3 ) 

(2,0) 
p (2 z -l ) . 

n 

8 STOM cny'lae, KaK If npellill9 1 CHCTeMa !j>yHKllHH ¢ n ( r ) .siBnsreTCSI 

nonHoil: H llnR V ( p, k ) no-npe>KHeMy HMeeT MecTo paanollieHHe ( 16), I'JJ.e 

M n ( p) HM9IOT1 cornaCHO (22) If ( 10 ), cnellyiOIIIHA BHil: 

n 

M (p)-vV0 n 

l 
[ ' ) 2 ~ bnv 2+(V+l V= 0 p 

bn v = (-1 )n-v (2n + 3l2 
(n + l) (n + 2) 

l 
2 ' ] ' 

P + (v+ 2)
2 

(n + 2+ v)! 

(n - ") ! ( v ! ) 2 

(23) 

CneiJ.yeT 38M9THTb 1 'ITO B llBHHOM Cny'lae COOTHOill9HH.II (21) He BblllOnH.IIIOT-

C.I'Ie l1cnonb3YSl .IIBHblH BHJJ. (23) <i>YHKllHil: Mn(p) MO>KHO, KBK H npe>KJJ.e, 
2 2 

aHanHTH'I9CKH Bbi'IHCnHTb XN • nony'leHHbie 3Ha'leHHH X N llnSl N =0,1,2 

rrpHB91l9Hbl B rrocnellH9M CTOn6ue Ta6nHUbi 1. BHilH01 'ITO 9TH 3H8'19HH.II OKa

aanHCb 6nH3KHMH K 3Ha'leHHRM X~ llnR npSIMoyronbHOA RMbi. AHanorH'I

HYIO rrpoueJJ.ypy yny'IIII9HH.II Bbi6opa 6a3HCHbiX <jJyHKllHil: C TO'IKH 3peHHSI an

npOKCHMaUHH V ( p, k ) MO>KHO npoJJ.enaTb TaK>Ke H JJ.nSJ noTeHnHana IOKaBbi. 

13 
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I, 

I! 

~ 

as (0 ~5 2,0 2,5 

PHc. 1. 3aaHCHMOCTb oT k <PaKTopH3oaaaaoro npHonH)I(eHHsr VN ( k, k ) <flyphe-

o6pa3a V ( k, k ) noTe HUH a~ (P~fb!, Do OCH aoCUHCC OTnO)I(eHhi 3HB'IeHHSI 

k I f3 , no ocH opaHHaT v (O 0 ~ . l1H.lleKChi Ha KpHBhiX cooTaeTCTBYJOT 3Ha-
'leHHSIM N B pa3no)l(eHHH (1 ), KpHaasr 6e3 HH.lleKca - TO'IHoe 3Ha'leHHe 
<flyphe-o6pa3a V ( k, k ) (2). 

14 

' 

f,O 

0 f 2 

PHc. 2. 3aaHCHMOCTb oT k ljlaKTOpH30BaHHOI'O np 
ljlypbe-o6pa3a V ( k, k ) noTeHuHana a BH.lle npsrMo· 

llHCb K plfC, 1 ) , 

15 



as (,0 ~5 2,0 2,5 

RCRMOCTb OT k !flaKTOpR30BaHHOI'O npR6nR:>K9HR SI VN ( k, k ) !flypbe-

( k, k ) llOT9HURa~ (P~fblo flo OCR aoCUHCC OTnO:>K9Hbl 3Ha'l:eHRSI 

OCR Op.QRHaT V (O Q~ • J1H.Q9KCbi Ha KpRBblX COOTB9TCTBYIOT 3Ha-

N s paano:>KeHRR (I ), KPRBaSI 6ea HH.QeKca - TO'l:Hoe aHa'l:eHRe 
V(k,k) (2). 

14 

,.. 

f,O 

0 f 

PRc. 2. 3asRCRMOCTb oT k !f>aKTOpRaosaHHOI'O npR6nR)!(9HHSI V N( k, k ) 
!f>ypbe-o6paaa V ( k, k ) noTeHuRana B BR.Ile npSIMoyronbHOi!: SIMhi ( CM. no.o

nRCb K pRC. } ). 

15 
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5, PaccMoTpHM sorrpoc o cxoaHMOCTH rrpouecca $aKTOpH38UHH 
t -MaT-

pHUbi C ITOMOIUbiO MeToaa By6HOBa-fanepKHHa, <l>aKTH'ieCKH 9TOT MeToa HCITOnb

ayeTCR anH rrpH6nHmeaaoro pemeHHR HHTerpanbaoro ypasaeHHR (3).DpH6nHmea-
CNJ 

aoe pemeHHe 'I' k (r, Z) sToro ypaBHeHHR, nocTpoeaaoe no MeToay By6aosa-

fanepKHHa, cornacao
151

, cxoaHTCR K TO'IHOMy pemeHHIO 'I' k (r, Z ) s cpeaHeM, 

ecnH rroTeHUHan V( r) yaosneTsopseT cneayiOIUHM ycnoBHHM: 1) npH r-+ 0 

V(r)'" r- a rae a< 2 2) npH r -+OC V(r) .. e-P.r I rae w> 0 

HnH V (r) = 0 npH r > r 0 , rae r 0 - paaHyc aeticTBHR noTeHUHa

na. B sToM cny'l:ae, cornacao onpeaeneHHIO CKanspaoro npoHaseaeHH H ( 7), 
HMeeM: 

oo 2 (N) 2 I r dr V(r) l'l'k (r,Z)-IJik (r,Z)I -+0 
0 

Toraa H3 COOTHOilleHHSI (4) cneayeT: 

I t ( p ' k ' z ) - t (N) ( p, k ' z ) I 2 ~ ( N 

rae 

00 

npH N-+oo 

E;= I r
2

drV(r)j
2

( pr) jr2 drV(r)IIJI (r,Z)-IJI(N) (r, 'l )1 2 , 
0 0 0 k k 

T.e. ans t -MaTpHUbl HMe~T MeCTO a6COI1IOTH8SI CXOaHMOCTb, 

§2, <1>aKTOpH38UH5! t -MaTpHUbl ans 3H8KOITepeMeHHb!X 

ITOTeHUHanos H ang 6eCKOHe'l:HO 60I1blliOro 0TT811KH

B8Tel1bHOrO ITOTeHUH811a ( TBepabJil KOp) 

1. Dns yaosneTsopHTenbHoA HHTepnpeTaUHH HyKnoH-HyKnOHHhiX ~aa 
pacceHHHSI B WHPOKOH o6naCTH SHeprHA '18CTO HCITOI1h3YIOTCSI ~eHOMeHono-
rH'l:eCKHe ITOTeHUH8nbi BHaa 

16 

--------------------· 

V ( r ) = - V 1 ( r ) + V 
2 

(r ) , 

npeacTaBnHIOWHe co6oi1 cynepnoaHUHIO asyx noT• 

rHB8IOWero C 6onblliHM paaHyCOM aetiCTBHSI H 0 

paaHyCOM aeHCTBHR/7 /, llnH T8KHX 3HaKorrepe~ 
ITOCTpOHTb CHCTeMy 6a3HCHbiX $yHKUHii THrra (7) 

no onpeaenHTb B oTaenhHOCTH ans Kalliaoro H~ 

cyrrepnoaHuHro (24). Toraa, cornacao (16), $yp~ 

na (24) 6yaeT HMeTh BHa: 

v ( p, k ) 
(Jl) (Jl) 

( M (p) M n (k v n 11 v 
l 

lln 
ll 

Jl 

E v= (-I ) , ll= 1,2 rae 

D oacTaBnRH BblpameHHe (25) HerrocpeaCTBeHI 

( 1) 0 nony'IHM <jJaKTOpH30B8HHOe BbipallieHHe 1J 

rae 

t(p,k,Z) -t 
( M Cp.) ( p ) A p. "' • I 

p. mp. 1-f 
l 

p.mp.Vn 11 

A (Z)=8 8 -(I 
p.mp.;Vnv p.v mp.nv v 

Bp.mp.;Vnv(Z)= 
2 
T7 

00 

I p2dp 
0 

M Cp.J (p 
~ 

2, BbipameaHe ( 16) $yphe-o6paaa aaaxonoc 

WHKUHH M n ( p ) MOllieT 6b!Tb HCITOnb30B8HO an 

$aKTOpH30B8HHOrO BbipallieHHSI anSI t -MaTpHUl: 

He'l:HO 60I1blliOMy OTT811KHB8IOWeMy ITOTeHUHany ( TE 

17 



.r.MOTDHM BOllpOC 0 CXOaHMOCTH npouecca ~8KTOpH38UHH t -MaT-

MeToaa 6y6HOBa-fanepKHHa, ¢aKTH'IeCKH STOT MeToa HCITOnb

HlK9HHOrO perneHHH HHTerpanbHOrO YP8BH6HHH (3), TipH6nHlKelr

lp~N) (r, Z) STOrO ypaBH9HHH, ITOCTpOeHHOe ITO MeToay 6y6HOBa-

CXOaHTCH K TO'IHOMy perneHHIO lp k (r, Z ) B CpeaHeM, 

yaoaneTaopHeT cneayJOIUHM ycnoBHHM: 1) rrpH r-+ 0 

2) rrpH r -+00 V(r) .. e-P.r • rae w> 0 

rrpH r > r 0 , rae r 0 - paaHyc ael!:CTBHSI rroTeHUHa-

'lae, cornacao orrpeaeneHHJO CKanSipaoro rrpoHaaeaeHHSI (7), 

(N) 2 
(r)I'Pk (r,Z)-'I'k (r,Z)I -+0 npH N-+oo 

H3 COOTHOII1eHHSI (4) Clle.a.yeT: 

(N) ( ) 2 ldp,k,Z)-t p,k,Z I ;SEN' 

2 "" (N) 2 r V ( r ) j ( p r) J r 2 dr V ( r ) I 'I' (r, Z ) - 'I' (r, 'l ) I , 
0 0 k k 

MaTpHUbl HMeeT MeCTO a6conJOTHBSI CXOJJ.HMOCTb, 

PH38UHSI t -MaTPHUhl anSI 3HaKorrepeMeHHhlX 

anSI 6eCKOH9'1HO 60llblliOrO OTT8liKH

ITOTeHUHana (Taep.a.hll!: KOp) 

BHJJ.a 

_,... 

HHTepnpeTaUHH HyKnOH-HyKnOHHbiX ~83 

3HeprHJ!: '18CTO HCITOllb3YIOTCSI ~eHOM9HOllo-

18 

V ( r ) = - V 1 ( r ) + V 2 (r ) , 
(24) 

rrpeacTaanHJOIUHe co6ol!: cyrreprro3HUHJO aayx rroTeHuHanoa THna (12): rrpHTH

rHaaJOruero C 60llblllHM p8JJ.HYCOM .a.el!:CTBHSI H OTT8liKHB8T9llbHOrO C M8llb!M 

pa.a.HycoM .a.el!:CTBHSI/
7 1• llnSI TaKHX aaaKonepeMeHHbiX noTeHuHanoa HenbSSI 

llOCTpOHTb CHCTeMy 5a3HCHbiX ~YHKUHJ!: THITa (7), oaHaKO 3TH ~YHKUHH MOlK

HO onpe.a.enHTb B OTJJ.ellbHOCTH JJ.liSI K8lKJJ.OrO H3 ITOTeHUHanoB 1 BXOJJ.SIIUHX B 

cynepnoaHUHJO (24). Toraa, cornacao ( 18), ~ypbe-o5paa V (p, k ) noTeHuHa

na (24) 5yaeT HM6Tb BHa: 

. (II ) (II) 

v ( p, k ) f M (p)Mn (k), 
II n 11 II (25) 

l 
lin 

II 

II 
rae £

11
= (-I) ,v=l,2 

TI oacTaBliSIH Bblp8lK9HII.e (25) HerrocpeaCTB6HHO B II.HTerpanbHOe ypaBH9H11.6 

( 1), nony'IHM <iJaKTOpH30B8HHOe Bblp8lKeHHe JJ.nSI -MaTpHUbi: 

t(p,k,Z) £ M <p.) ( p ) A - 1 
( Z ) M<v ) ( k ) , 

p. mp. P.rn,_;vnv nv 
l 

p.mp.Vnv 

r.a.e 

A (Z)=8 8 
p.mp.;Vnv p.v mp.nv -EvBum ·vn (Z), 

r p.' v 

Bum ·Vn (Z)= 
r p.• v 

2 00 M <p.l ( ) (V) J p2dp muP Mn (p) 
0 v 

p2-z 17 

2, B&IpalKeHII.e ( 16) ~yphe-o5paaa aaaKorrocTOHHHoro noreHuHana 'lepes 

WHKUHH M n ( p ) MolKeT 5&ITb HCnonbaoaaao anSI nony'leHHH npH5nHlKeaaoro 

~8KTOpH30B8HHOrO Bblp8lK9HHSI anSI t -MaTpHUbi1 COOTBeTCTBYIOIUel!: 5eCKO

H9'1HO 50llblliOMY OTTanKHB810lU9MY ITOTeHUHany ( TBepaoMy Kopy): 

17 
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i' 

..-. 

{ .. , r < r 
c 

V ( r) = 

0, r > r 
0 

nng TaKoro ilOT9HUHana H3B9CT9H TO'IHbiH BHa t -MaTpHUb/8 /: 

t (p,k,Z)=-1- (2Z-p
2
-k

2
)f (p,k)-

0 2 

1 iVZ 
- -- (pcos pr sink r + k cos k r sin pr )+ ---- sin pr sink r , 

2pk c c 0 0 pk c c 

rae 

_l_ [ 
f(p,k) =2pk 

sin (p- k) r 
0 

p-k 

sin (p+ k ) r 
0 

p+ k 
] ' 

(26) 

(27} 

T,e, f (p, k ) npeacTaBnSieT co6oa 4Jypbe-o6paa noTe Hun ana npSIMoyronbHOA 

4JopMbl C paaHyCOM r 
0 

H rny6HHOH V o = l , 3aMeHSISlf (p,k ) npH6nH

:lK9HHbiM Bbip8:lK9HH9M ( 18), MO:lKHO nony'IHTb anSI (27) cneayiOIU99 $aKTOpH- . 

30B8.HH09 npn6nH:lK9HHe: 

(N) N+ 1 

t c (p,k, z ) = l L n (p, Z ) M n(k ) + M n (p ) L n ( k , Z ) I , 

rae 

n=O 

L (p , Z ) = r 2 
( Z - p 

2 
) M ( p ) , 

n c n 

r )12 -
M n (p ) = (_o_) 2 M n( pro ) ' 

2 

18 

0"S_n<:N, 

(28} 

L N+ 1 ( p, Z ) .. ( ~ ) ~ ( ir o V Z sin p r 2 0 
pr 

0 

M ( r ~ N+ 
1 

p ) = ( -2... ) sin p r 0 

2 pr 
0 

Mn (x) onpeAenSieTCSI Bbipa>KeaaeM (16) npH ' 

Ha MaccoaoA noaepxuocTH p = k, Z= k
2 

+iO $aK 

HH9 AnSI t -MaTpHUbl (28) B mo60M npH6nH>K9HH 

aMnnHTYilOA pacceSIHHSI aa noTeHnaane (26): 

(N) 2 l 
t ( k, k , k + l 0 ) = £ ( k ) = - - sin k 1 

0 0 k 

1!13 XapaKTepa annpOKCHMBUHH V (p t k ) KOHe'IHOH cy 

cneAyeT, 'ITO npH N • l Bbipa>KeHHe (28) 6yaeT E 

t -MaTpHUY (27) C TO'IHOCTbiO He Xy>Ke H9CKOnbKI 

' 
3Ha'leHHA p H k , ynoaneT~opSIIOIUHX ycnoBHIO 

nnTepaTypa 

1, n,LI., cllaJlJl88B. TpyJlbl M8T8M8TH'18CKOrO IIHCTHTYTB 

2. V,N. Efimav. Comptes Rendus du Co~res Int 

Physique Nucleare, v,II, p.258, Paris, 1964, 

B.H. E$BMOB, npenpHHT OlHIH, P-2546, Lly5Ha, I 

3. n.n. cllaJlJl88B, LloKnaJl Ha v MelKJlyHapOJlHOA KOI 

eneKTpOHHblX H aTOMHbiX CTOnKHOB8HHA. 'HayKa', 
A.G, Sltenko, V.F, K,harchenko, N.M. Petrav. 
308 (1968), 
A.r. CBTeHKO, B.cll. Xap'leHKO. npenpHHT :HTcll-69· 

4. B.E. EenHeB, E. BlKeUHOHKO. npenpHHT OIUUI, P4 

E. AXM8JlXOJllK88B, B.E. EenSieB, E. BlKeUHOHKOo r 

692 (1969). 

B.E. EenSieB, A.n. 3y5apeB, npenpHHT OH.fl H, Pl 

5. c.T. MHXnHH. BapnaUHOHHble M6T0Jlbl B MaTeMSTH 

MocKBa, 1957. 
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v (.!- { 

oo , r < r 
0 

O,r>r
0 

IIOTSHUHBna H3BeCT9H TO'IHbifi BHJl 

k • z ) = _l ( 2 z - p 
2

- k 
2

) f (p. k ) -
2 

t -MaTpHUb/8/: 

i·iz 
p r sin k r + k cos k r sin p r ) + ---- sin p r sin k r , 

c c c c pk c c 

( p' k) = __ I - [ sin (p- k) r o 

2pk p- k 

sin (p+ k ) r 
0 

p+ k 
], 

(26) 

(27} 

rrpeJlcTaBnsteT co6oil: $ypbe-o6pa3 rroTeHuHana rrpstMoyronbHOil 

vrnu r 
0 

H rny6Hnoil: V 0 = l • 3aMeHststf (p,k ) rrpH6nH

(18) 
1 

MOlKHO rrony'IHTb Jlnst (27) cneJlyiDmee $aKTOpH- . 

N+ 1 

• z ) = l L n (p, Z ) M n(k ) + M n (p ) L n ( k 1 Z ) ! , (28) 
n=O 

L (p,Z)=r 2 (Z-p2 )M (p), 
n c n 

0 "S_n <:: N, 
r ~ -

M (p ) = (-0 
) 

2 
M ( p r ) , 

n 2 n c 

18 

..... 

r 
L N+ 

1 
( p, Z ) .. ( _!__ ) ~ ( i r 0 V Z sin p r 0 2 -cospr) 

p r o • 
0 

MN+l(p)=(~)~ 
2 
~~ 

pro 

Mn (x) onpellenHeTCSI Bbipa>KeHHeM (15) npH V 0 = 1 • 

Ha MaccoaoA noaepxnocTH p = k, Z= k
2 

+iO $aKTOpH30aannoe Bbtpa>Ke-

nue 11n51 t .. MaTpHUbl (28) a mo6oM npH6nH>KeHHH coana11aeT c TO'lHOA 

aMnnHTyllOA pacce51HB51 aa noTeanuane (26): 

(N) 2 l -lk r 0 

t 
0 

( k, k , k + l 0 ) = £ 
0 

( k ) = - k sin k r 0 e 

• 
113 xapaKTepa annpOKCHM8UBH V (p, k ) KOHe'lHOA cyMMOA ( 18) H H3 pHC, 2 

cne11yeT, 'ITO npH N .. 1 Bbipa>KeHHe (28) 6y11eT aocnpOH3BOllHTb TO"'HYIO 

l -MaTpHUY (27) C TO'lHOCTblO He Xy>Ke HeCKOnbKHX npoUeHTOB B o6naCTH 
' 2 % 

3Ha"leHHA p H k , ylloaneT~opSIIOlliHX ycnoaHIO ( p k r ) < 4 • 0 -

nHTepaTypa 

1. n.ll. «<lallll&&EI. Tpyllhl M8T&M8TH'I&CKOrO HHCTHTYT8 AH CCCP, !m, 1963. 

2, V.N. Eflmov. Comptes Rendus du Co~res International de 

Physique Nucleare, v,II, p,258, Paris. 1964, 

B.H. E4>HM0Bo nperrpKHT OHSU11 P-2546, lly6na, 1966. 

3. n.ll. cllaJllle&B. lloKnall na v MelKJlyHapOJlHOit KOH$epeHllHH no tiH3HKe 

aneKTpOHithlX H STOMHh!X CTOnKHOB&HHit, .. HayKa' 1 neHHHrpal11 1967, 
A.G. Sitenko, V.F. Kharchenko, N.M. Petrov. Phys,Letters, 28B, 

308 (1968). . 
A.r. CHT&HKOI B.«<l. Xap'leHKO. npenpHHT HT«<l-69-72, KHeB, 1969. 

4. B.B. BenHeEI, E. BlK&UHOHKO. npenpHHT OHHHI P4-41441 lly6nal 1968. 

B. AXM8llXOillK88BI B.B. BensteBI E. B:>KeUHOHKOo ni!CbM8 B )1(3T«<l, ~ 

692 (1969). 
B. B. BensteB, A.n. 3y6apeB. npenpi!HT OHH H, Pl -5345, Jly6aa, 1970. 

5. c.T. MexnHHo BapHSUHOHHbl& M&TOilbl B MSTeMaTH'IeCKOA $H3HKe. rHTTn, 

MocKBa, 1957. 
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6, H,C, fpaJlmTeAa, H.M, PhnKHK, Ta6nHuhl HHTerpanoa, CYMM, PHllOB H npo

H3BelleHHA, «<>H3M8TI'H3, MocKaa, 1962. 

7. R.A. Malfliet, J.A. Tjon. Nuci.Phys., Al27, 161 (1969). 

G. Darewych, A.E.C. Green. Phys.Rev., 164, 1324 (1967). 

S.J.M.J. Van Leeuwen, A.s. Reiner. Physica, ~. 99 (1961). 
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