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.llnccepTaunn nocanmena nccneAoBannro pennTHBHCTcKofi yanTapaofi Monenn 

KBBHTOBofi Teopmr . nomr, conepJKamen, npn paccMoTpemm ee B '18T1,1pexMepaoM npo

cTpaHCTBe-BpeMeHn1 cneKTpan&a1,1e qiymmnu 6bicTporo pocTa ('1'.e. pacTymue 61,1cT

pee nro6oro nonuHoMa). Uen& .QHCC8pTBUlllI COCT0HT B TOM, 'IT061,1 noKa3BTb, 'IT0 

cymecTByeT pHA H8TpllBHBnbllbI,X' narpanJKHBHOB B3BHMO.Q88CTBHSI, npl!B0.QHmnx I{ yKa-

38HHbIM cneKTPBllhHbIM 4JYHK:UllHM, Ha 0CH0B8 KaJKAoro H3 K0T0pbIX M0JKII0 nocTpo

HTb noKan&Hyro Teopnro, cBo6onayro OT yn&TpaqinoneTOBbIX pacxoAHMcicTefi unn no

nycKaromyro nepeHOpMHp0BKy K0H8'lHOro 11ncna KOHCTBHT. ITpn 8TOM BBJKH0, 'IT061,1 

s -MaTpn:na B TBKOfi T80pHll 61,1na yHnTapaott ll He CBO.QHnacb K e.QHHll'lHOfi. 

BonpocbI, CBH3BHHbI8 c paanenemreM nonea1,1x Teopnfi na nepeaopMnpyeM1,1e 

n aenepeaopMnpyeM1,1e, a1,rnc11e11ne CBSI3n npo6neM1,1 11eno1tan&aocTn c npo6neMofi 

/1-15/ JienepeaopMupyeMocTn Teopnu aa nocnenaee BpeMa nay11annc& MHornMn aBTopaMn . • 

Hau6onhll!llfi HHTepec Bbl3b!BBIOT Teopnn, npnsonamne K Cll8KTpan&HbIM qiyHI~UlilIM 

61,1cTporo pocTa • .llo. Henasaero BpeMean c11nTanoc& 1 'ITO sTn Teopnn B npnaunne 

aenepeHopMnpyeMbI n nen0Kan&a1,1. 

O.QHBKO H8.QBDHO o6s:apyJKeHo, 'ITO cymecTByIOT H8KOTOpb18 rpaHHUbI, D npenenax 

KOTOpbIX noneBbI8 Teopnn MoryT llM8Tb Cll8KTpanbHb18 qiyHKUHH 61,1cTporo pocTa, 
. 17 81 

OCTaBalICb D TO JK8 DpeMSI noKan&Hb!Mll 1 
• ITpennpns:nMaIOTCS! TBKJKe ll0llbITim 

. /1 2 8-15/ 
cBeneanSI nenepes:opMupyeM1,IX Teopnfi K nepeHopMnpyeMbIM ' ' • Ho no cnx 

nop D 8TOfi o6naCTH HST eme nonaon S!CHOCTH. 

Bnnny 6onblllo8 cnoJKJiocTn onnc1,1naeMoii npo6neM1,1 npno6peTaeT oco61,1fi nH

Tepec nonbITKB paccMOTp8HHS! npocToii 'MO.Qenn, 'IT061,1 HB ee OCHOD8 pa3p8Illl!Tb 

aan6onee nHTepecyromue aac 'J'!Onpoc1,1. 

MbI o6paTHMClI K nccne.QOBBHHIO M0.QenH, KOTopalI S!Dn!leTCS! penSITllBliCTCKliM 
: /16/ 

o6o6meHl!8M MOJ:t81IH H.ESIIIblHHUKOro-Eupymr • OH paccMaTpnBal! II0K81IbHYIO 
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TeOpHIO llOruI C cjmKCllpOB8HHbIM • HyKnOHOM", oona.a.aromnM llBYMll COCTOllHllllMll C 
. /17 18/ 

pa3nll'IHHMH MaccaMn llOKOll. Ha.ma MOllllqJIIllllpOBa.Hllan MO/l8nb ' 6nnsKa K MOlle-
/19/ 

mr, paCCMOTpeaaol!: P.ApaoBHTOM ll c.nesepoM a TOnhKO pom, M8.Tprm Y O 

snecb nrpaIOT MaTpimbI ns0Tormqec1toro cmma n pasno,iceane BeneTCl! no /t,. m 

/19/ 
pa3HOCTH Mace •ayKnOHOB" B JlByx. pa31IIl'IHbIX eocTOllHlllIX, B TO BpeMn KaK B 

pasno,ice11ne Benocb no m - Macce HyKnoaa. Ecnn m >> /t,. m (cM. rrumy 
/t,.m 

IV ), TO m MO:IB:HO C'IHT8.Tb ManbIM napaMeTpoM pa3JIO)K8Hllll. B cnyqae ,ice 

m = O pasno,iceane no /t,. m aocnT aecKonhKO qiopMan&Hblfi xapaKTep. 
/17/ 

Monenb nocTpoeaa aa narpaa,icnaae BsanMonei!:cTBnn 

LB3 (x) =-g:qr(x)r 1 Yv qr(x)avcp(xl:-/t,.m:qr(x)r 3 qr(x):, (1) 

rne r 1 n ra - MaTpllllbl ll30TOllll'18CKOrO crrnaa, Y v - MaTpHUbI DnpaKa, 

qr(x) ll cp (x) - orrepaTOpbl COOTB8TCTB8HHO CllllHOpIIOr<? ll CKannpaoro nonefi. 

narpan,icnaa ( 1) o6nanaeT T8M 38M8'1ll,T8llbHblM CBOikTBOM, 'ITO npn /t,. m = 0 

yanTapabIM rrpeo6pasoBaaneM 

qr' (x) = qr (x) e lgrl cp(x) 
(2) 

OH npllBO)lllTCSI K nnaroaanbHOMY BllllY 

·L/t,.m=O (x)=L
0

(qr'(x),cf,(x)), 

rne L O (qr', cf, )- narpaa,icnaa CB06onab1X nonefi:. 

Ta 'lacTh narpan,icnaaa, KoTopall conep:IB:HT /t,. m > nocne npeo6pas0Baam1 ( 2) npn-

anMaeT Bllll cymecTBeaao aennaeliaoro BSanMonelicTBllll 

L' (x)a/t,.m: iii'(x)ra e-l 2 gr1cf,Cx)_qr'(x):. 
B3 (3) 

3aaK aopManbHoro llp0ll3B8)l8Hllll OTHOCllTCll 3)l8Cb TOnbKO K CllllHOpHb!M nonllM. Ta

KHM o6pa30M _Mb! npllXOllllM K Teopllll C 38.BllCllMOCTbIO narpaa,icnaaa B38.llMOJl0fiCTBllll 
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OT llOnlI cp ( x ) aenonnaoMnanbaoro T~na, 'ITO n npnBOllllT K llOllBneanro cneKTpanb-

Hb!X qiyHKnnli: OblCTporo pocTa. 

Ilpn paccMoTpeann Monenn B peanbHOM 'l8Tb1pexMepaoM rrpocTpaacTB&-BpeMeHH 

Mb! BCTp8'188MCSI C 6om,mofi TPYllHOCTbIO, B03HHKaromefi npn llOCTpoeann qiypbe-o6pa 

SOB pH/la :eenn'lnH. HanpIIMep, crmaopaaSI cjiyaKIU!ll rpnaa npII 
/5,6, 17/ 

/t,.m=O HM88T 

Bll/l 

rne 

II 

Go (x -x')=Z2S(x-x')e-lg2/t,.(x-x') 
(4) 

S(x-x') .. i<T.{qr(x)qr(x'))> 
' . 0 

/t,.(x-x')=i<T(cf,(x) cf,(x'))> 
!I 

z 
2 

=e 
lg 2 /t,.(O) 

KOHCTSHTa nepenopMllpOBKH. <l>yHKllllll G o ( x - x ') 

ayne nnTepBana ( x :- x ' J 2 
oonanaeT cymecTBennoil: oco6eaaocTbIO Bnlla 

G
0

.,exp{ a- };(x-x') 2 ➔ 0, 
( X - X ') 2 (5) 

'ITO ll llBnll8TCll npll'lllHOfi BhlmeyrrOMllHYTOf'O 3aTpy.a.aeann npn llOCTpoeann qiypbe

o6pasa 8TOH Benll'l_llHbI. 
~ /6 17 20/ 

nonooHbIX aenpHllTHOCT8!1 ae B03HHKaeT B JlByMepHOM cnyqae 1 
' , KOf')la 

B 

/t,. (x) aa cBeToBoM Koayce nMeeT nnmb norap11cjJMn'leCK,)'10 oco6eaaocTb Bayne 

HHT0pBana. noaTOMY npe/lCT8.BnlleT ll3B0CTHblH HHTepec 3aA8.'18. - paCCMOTpeTb penll

TllBllCTCKYIO MO/l8nb B /lByMepHOM npocTpaacTBe-BpeMean, 'ITO ll cnenaao B rnaBe I. 

<l>ypbe-o_6pa3bI :eenn'lna Tnna ( 4) onpe.a.enn10Tc.11 snecb oobI'IHb!M cnocoooM. ITpoBe

.a.eaabre pac'll'lTbI noKasamr, 'ITO npa onpeneneam,1x TpeooBaannx aa Benn'lnay Kon-

CTaHTbl CBll3H g (g2 <-"-) 2 • rrocne rrpoBeAeanll nepeaopMnpoBKH Koaeqaoro 

'lncna KOHCT8.HT, Teopnll B JlByMepaoM cnyqae CT8.HOBllTCll CBo6onaofi: OT ynbTpaqi11one• 

TOBbIX pacxonnMocTeli. 

PasyMeeTcll, OCOOb!H naTepec rrpe/lCTaBnSieT pacCMOTpemre MOA0llll B peanbHOM -'• 
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/ 18,21,22/. ,., 
qeTb!peXMepHOM npocTpaHCTBe · BpeMeHH • uccneA0BSHlU0 aToro Bonpoca · no-

CBSimeRa OCH0BBSSI 'ISCTh nnccepeTannn (rnaBI,I 1i.., IV ) .- Oxaaanoch, 'ITO c noMomhro 

nexoTopofi npoMelKyTO'IH0tt perynSipnaa11n11, He aapymaromett yHHTapBOCTh S -MST-

pllllbl B nro6oM nopSI!lKe Teopn11 B03MymeHntt no KOHCTSHTSM g n /',. m , MOlKHO 

onpeAenHTh cpyphe-06pa3 Benn'IHHbl (4). 3aieM, npn nepexoAe K OKOH'IST8HhHb!M 

Bb1palKeHHSIM, perynSipll3Sl!lllI CHHMaeTCSI TaK, 'ITO npn 8TOM ae aapyrnaeTCSI an npn

'IllHHOCTh, an yanTapH0CTh Teopnn ll ynbTpacp11oneTOBble paCXOAllMOCTH TSK:Hte ae no

SIBHSIIOTCSI. Mb! paccMaTpnBanu TOHbKO TOT cnyqaf1, KOrAa MSCCbl noKOH cxanHpHbl:X: 

'ISCTllll pSBHbl Hynro. O6o6meHne na OTHll'IHble OT aynSI MSCCbl IIOKOSl CKanSipHbIX 

. 'ISCTHU npeACTSBnSieT HecoMHeHHblil: llHTepec, HO Mb! He KacaeMCSl 8TOI'O B0IIpoca 

B nuccepTaunn . 

Tip11BeneM B o6mnx qepTax onncaane MeTona perynHpHsattnn, ncnonh3oBaHHoro 

/18/ 2 
B nnccepTaunn (rnaBS II ). B1,1palKeHne F (p l 

F (p 2 ) =-i 77 4 f d 4 x Sp IS (x) S (-x) I expi I px - i (477) 
2 

K /',. (x) I ( 8) 

r·Ae K= (_g __ )2 
2 77 • 

B cnyqae, KOI'AS MSCCbl noK0SI Bcex 'ISCTHI! paBHbl nynro, MOJKHO 

aauncaTh B Bnne: 

F(p2) =ifds xf dxo elpx 

C 

exp[ _i!£__J 
x2 

( X 2) 8 
(7) 

rne K0HTYP C onpenenHeTCSI TaK, 'IT06bl B sKcnoHeHTe nonyqanCSI npll'IllBBblil: 

nponaraTop cKanHpaon qacTHUbI. HHTerpan (7) pacxon11T~SI. ~IT061,1 nony'IHTh K0-

HeqHoe 3HaqeHne, MbI onpenenSieM ero KaK npenen nonycyMMbI perynHpnaoaana1,1x 

cpyHKl!Hfi: 

F (p 2 ) = fim 
l> ➔ O 

F
(I) F(2) 
8 + 8 

2 

6 

(8) 

:'"'.'. 

·_ rne 

( I ) 
2 2 3 -

F,5 (p ) .. i fd xf 

C 

d x 
O 

e lpx 

4K 
exp [- 2 _ I 8 

X ± 
(x 2 1-i ,5·) 3 (9) 

IIJ)ll'IeM 8 Bb16npa10TCSI AOCTST0'IH0 M8Hb!Mll LlHSI Toro, 'IT06bl He HapyrnaTb CBOfiCT 

IIpll'IllHHb!X cpyHKunll, aanaBaeMb!X KOHTypoM C. B HecpnanqecKofi o6nacTn p 2 < O 

MOlKHO nepel!Tn K eBKHHAOBOtt MeTpnKe, nenaH HOB0p0T KOHTypa C AO COBMe-

meHHSI ero c MHHMOil: OChIO. HHTerpan (9) CBOAHTCSI K 0llH0MepH0My llHTerpany _ 

[ 4 K 
( I ) . exp 

F s2 ( p 2 ) a -~ r d A VA g ( p y'A) A :I: i 8 
p O I !A±iB)3 ( 10) 

rne p .. v'- p 2 . HcnonhaySI npencTaBneHne cpyHKunn Eeccensr 

g I ( p ,/f) ,. i ~ oo + la 
4 f dy 

- 00 + fa 

(~ 

4 (O<a<I), 

sh 77 y 1 (l + i y ) 1 ( 2 + i y ) _ 

ly 
) 

( 1J) 

M0lKH0 B3SITh llHTerpan no A • npenBapnTellhHO IIOBepHyB KOHTyphl llHTerpnpoBa-

HRH rax, 'IT06b! B 8KCH0HeHTe U0SIBllnCH 3HSK Mnayc. Tipn 8T0M CTaHOBHTCSI Boa--. 

M0lKHb!M nepexon K npeneny 8 ➔ 0 ~ n OKOH'I8T8HbHOe BblpalKeHne AllSI ( 8) llMOeT_ 

Bllll ( p 2 a p ~ 
➔' 

- p 2 

2 00_ [ ( 2 , )] D . 21. ) 
F(p2)=L(p 2 +if)~ KP +u [Pn(Kp 2 e-lll')-IJl(n+3)-'P(n+2)-'P(n+I)J+...!!... 12 

4 0 n!(n+l)!(n+2)! 4K 
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rne 'l'( n) - rrcn-q>yHKIUISI 3finepa. 3To Bblp8)!{0HB0 nnn llBYXToqeqaofi qiyHKIIBR 

fpnaa ynoaneTaopneT BCeM Tpe60BllHRSIM, npeJ:fbSIBnneMbIM K YHRTapaoil rrpnqHHHOfi 

noKanbaoil TeopnH. 

B Tp0Tbefi rnaae paCCMOTpeHbI BbIC!IIRe rropnnKH Teopnn B03Mymeanfi ITO /",. m • 

llnn nayxToqeqabIX qiyHKIInil fpHaa rrocTpoeHbI crreKTpanbHbre rrpencTaBneann · anna · 

G (p) =-p"{ nL ;, 8 

a-loo f S (z -t 1) oc 2(z-1) 
-t~-f . fdm2 m l, 

27T i I'Cz-tUI'Cz -t2)· 0 m 2 -p 2 -it 
a +loo 

( 13) 

rne G 8 ( p )- qiypbe-o6pas <!>YHKIIIIH ( 4)' a f 8 ( z -t I) - perynnpn30B8HHBSI 

qiyHKIIRSI, B03HIIK8IO!II8SI rrpn rroncTaHOBKe ( 11) B ( IO). C IIOMO!Ilb!O 9Toro rrpencTaB

neann nerKo noK838Tb BbIIIOnaeane ycnoann yanTapHOCTH B BbIC!IIHX IIOpSIJ:tK8X (B TpeTb-

eM lI BTOpOM rropsrnKax STO noK838HO Il rrpSIMb!M pacq(!TOM). C IIOMO!Ilb!O npyroro 

HHTerpanbaoro rrpencTaaneaIIsr 

-. a-loo -lfT 
G5(p)=-ip~f dz e z (p2 +it)•-2 

2 a+l 00 sinirz r(z) r( z + I) 

f 8 (z) (14) 

orrpeneneHbl lIHTerpanbI OT rrponsBeneann J:tByXToqeqHbIX qiyHKitnl! fpHHa Il IIOK838HO 

oTcyTcTane B anx ynbTpaqinoneToBbIX pacxonnMocTeil B nro6oM rropnnKe Teopnn aoa

Mymeanfi no /'lm. 

B rrocne~aefi rnaae cnenaao o6o6meane Teopnn aa cnyqafi oTnnqHbIX OT aynsr ,~, .. 
CIIIIHOpHbIX Mace IIOKOSI • IloKaaaao, qTo n B STOM cnyqae Mb! He Bb!XO.llHM ns 

paMoK yHIITapaofi noKanbaofi TeopnII rronn, ae conep)Kamefi ynbTpaqinoneToBbIX pacxo

nnMOCTefi. 
/17 18 21 22/ 

0cHOBHbI0 pesynbT8Tbl .llIICcepTaIIHII orry6nHKOB8Hbl B pa6oTax • • ' • B 
/14 23/ 

o6cy)KlleHHII ncrroni.soaanncb TBK)Ke pesynbTBTbl pa6oT ' 
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