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B pstae cny'laea npB BCCneAosaHBB, HanpBMep, nose@HBH 'tBCTBil s muconBTeru,HbIX 

CBCTeMax ycxopBTenel!, nnaaMeHHblX ycTaHOBirn·x B T.n. npeACTaBnlllOT BHTepec HeKOT0pb19 

oomBe 3aK0H0MepHOCTB, llpBcymBe. o~paH~'teH!iblM CBCTeMaM, C0CT0!DIIBM B3 lpBIIBTH0 (aoa

M0*Ho, pellSITBBBCTCKB) ABB*)'mBXCH 'tBCTBil B BHew11ero aneKTp0MBrHBTHoro nonH, OAHO 

B3 TBKBX oomBx C0OTH0WeHBll BbIPB*aeTCH TeopeM0i! BBpBana. flpH Hamt'IHII BHewHero 

IIOllHx) 8TB TeopeMa A0ll*li8 BbirllHAeTb BHB'le, 'ieM B cny,rne CBO0OAHbIX aapH*eHHbIX 'taC-

/1 / 
TBil, paCCMOTpeHH0M B 

.UnH BccneA0BBHBH sonpoca Bcnoru,ayeM BaseCTHoe ypasHeH11e 

,1 =_l_J F'n 
k; 1 c n k (1) 

rAe r~ - TeHaop aHeprBB - HMnyru,ca 'taCTHil, 11 cneaa B (I) aanBcaHa onepaIXHH era 

K0BBpBBHTH0ro AB¢lpepeHI1.HpoBaHBH no llp0CTpaHCTBeHHO-BpeMeHHbIM K00pABHaTaM C nocne

Ay!OmBM cyMMHP0BBHHeM no HHAeKCY OT O AO 4xx); cnpaBa B ( l): J -4- TOK 'tBCTHil, 
n 

- TeHaop cyMMapHoro aneKTP0MarHBTHoro nonH: BHemHero JI nonH 'tBCTBil 

(no BHAeKCy "n" np0B3B0AHTCH CYMMBp0BBHB8 OT O AO 4). 

BBeAeM - TeH30p aHeprHB - HMnynbca aneltTpoMarHBTH0ro nonH 'tBCTHil, ):(llH 

/1/ 
KOT0poro, KaK H3BeCTH0 cnpaBe):(llBB0 ypaBHeHBe: 

I 
=--1 Jn 

•n 
t F 
k;i 

C k (2) 

O003HB'IBB Tl I 
=r 

k k 
+ ti (I) (;,i) , B3 B nony'IBM: 

k 

T 
1 = .l. J F"" , (3) 

t.:1 c· n k: 

fIOA'lepKHeM, 'ITO B nenyro 'taCTb (3) BX0):(BT CYMMapHbil! TeH30p SBeprHB-BMllYllbCa 

'taCTBil u BX nom1, a B nepayro 'tBCTb 4-TOK 'taCTBil B eaewHee none, flpB 0TCYTCTBBB 

BHemHero nonH ypaBHeHBe (3) npHHBMB8T O0bl'tHbil! BB):(: cnpaBa o. 

x) 
11CTO'IHBKB 8T_oro nonH H3 paCCMOTpeBBH BCltll!O'tBIOTCH. 

xx) 3anBcb (1) ypanHeHBH A0nycxaeT, o'teBBAHo, Bcnoru,aoeaHBe npoBaeoru,HbIX 

KpBB0llBHellBbIX K00PABHaT. 
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I1Jfsl. IIOl11'1810UI .a:eo5XOQMhIX COOTBomeHHll HA OCH0B8 (3) IICIIOllb3yeM l[J)118M, B OCHC>-

/2/ 
BO JtOTQporo nelKIIT M8TO.!l, l[J)HM0H8HHhll1 ll, .[lnll ?Iony'IOHll.!1 HHTerpam.Holl ,p<>pMhl 3AKO-

HOB coxpaH8Hllll B DpOH3B0JlbBblX JtOOp.[!.HHATax. :3To D03B0nHT, B 'IACTBOCTH, DOny'll!Tb 

H0JtOTOpb18 COOTHOm8Hllll B o5mexosap11AHTHol1 qiopMe. 

PacCMOTpHM 4--KOMIIOHeHTHylO (B o5meM cny'lae) 4lYRKDHJO npocTpaHCTBeHHO-BpeMeH

HhIX JtOOp.[1.JIHAT qi , onpe11eneHHylO Tait: 

q,' = T' ¢ k, 
k 

(4) 

rne ¢k - Ha5op 'l8Tblpex <!JYHKIIHll OT q 1 • DpH'IOM He Tpe5yeTCn, 'ITOOhl OIIH oopaaoBalll[ 

4-BeKTop; IIOJta 9TB WBKIIBH He .JtOHKP8TH3HpyJOTCn. 

PaCCMOTpHM coOTHomeHBe 

w' = aw' + r' r/ 
'I --• aq, e, 

aw' + q, e acenyg) = _1_ a(yg'l''l , 
aq• aT fi aq, (5) 

k 

rne r&
1 

CHMBOlihl KpHCT04)4)811£, 

g~ 

r.' = li 
acrnyg) 

ar • g neTepMHH8HT M0TpH'l8CKO-

ro Te11aopa 

TToMHO]KHM (5) Ha yg 
Torna 

It npOHHTerpHpyeM no BC8MY TpeXMepHOMY npOCTpaHCTBy, 

f a(yg'l'O) ·dqldq2 dq3+f a( yg'l'a) dqldq2dq~=~+r;, v/)yg dql dq2dq3 
aq0 

' aqa aq' 
(6) 

(no a H BOOome 11anee no .[I.B8]1{.[1.bl llOBTOPlIIOW:HMCH rpe'IOCICBM HH.[l.0KCaM - cyMMIIPOBa

BHe OT 1 no 3). 

C'IBTASl, 'ITO Ha 00CK0118'1HOCTH T
1 ¢'➔ 0 (Allll B03BpameHHll.H31ly'10HHll B CJICT0MY 
k /1/ 

npennonaraeTCll HAIIK'IH8 'OTpA]l{SJOW:HX' CTOHOK )H HCnollb3yll Teopeuy raycca, llOlly'IKM, 

'ITO BTopoll HHTerpan cnesa s (8) 5yAeT O. 

no11cTaBKM B (8) Bb1PAM811H0 (4) H, BOCnOllb30BABlllKCb ypaBH8HH8M (3), nal!neM: 

_a_ [f To l yg dqldq2dq3]=f[T' ( aq,k + i ~ )+ef,k_l J F•n]ygdqldq2dq! (7) 
aqo k k aql LI C n k , 

/') I 

xP- onna K3 '18Thlpex rallllnee-ECIIll B3l1Tb ananorH'IIIO'~' ¢'=~gm• , rne 
aqm 

Bh!X KOopn1rnaT, TO nnst llllOCKoro npocTpallCTBA - BpeMeHH, 
aq, k f k 

KAKOBblM Mhl TOID,KO K !Sy)leM 

HHTepeCOBaTbCll, -- + ¢ r. =0 H H3 (7) nony'IRM: 
a I LI 

q p 
apP i a X mn 
--=-- f -- F a qo c2 a q m 

3 • === pn 3 
J yg dq = --'- f F J d x , 

c2 (ran.) n 

pp 
f 

c• 
3 a X p Tom yg d q 

aqm 

4 

C 

f T
0

P d 3
x 

(ran.) 

(8) 

' 

~ . r· 

.. 

t 

.,.,.-

CQOTHomeHJle (8) Bb!pA)l(AltT H3M8HeBK.e BO Bp8M81ll nonHoro 4--HMIIylD>Ca pP CHCTe-

Mhl, cocromnell H3 'IB.CTHll • .a:x no.nsa:, npoHcxonmnee 5ruiro.ixapll nellcTBHJO s.a:em11:ero 

91181tTpOMArHHTHOro no/Ill. 3aMeTKM, 'ITO lIOCTQ.!IHHblll Berrop !f P OTH8C811 K ra1111ne,:11>-
• /2/ 
(8) naeT IIBTerpam.Bble 3Alt0Hbl coxpaH8HKll ,• cxoll c11cTeue. Ec1111 1memHero nonn HST, TO 

AHAnorH'IHO; cnen11am.BhIM Bbl50p0M . ¢? MOMHO nony'lll'.Tb 3AKOHbl H3M8H0HBll MOMOHTOB 

XOIIJl'leCTBa .[I.Bl(]K8Bllll. 

Ilepellneu K COOCTB8HHO TeopeMe BHpHana. OnllTb oyneM BCXOJ:1.HTb 113 (7), 118 ltOH-

KpeTH3J(pyll ¢k , 110 C'IHTasr, 'ITO 9TB 4lYIIKilJll(' He 3ABHCllT OT BpeMeHJI t = q0/ic • Ycpen-

llllM (7) DO BpeMeBll. Tax XU IIPH qlHIIHTIIOM .[I.BH]K8JIHH T~ MelllleTCll B KOlle'IHblX npe-

neruix, TO cpen11ee 3Ha'leHHe nesoll '18CTR (7} 38 OonblllOlt IIpOM8MyTOK BpeM811H OYlleT 

pasno O. nono]l{JIM nanee ¢ 0=0 

OYA8M HMeTb: 

H y<rreM, 'ITO y Hae g
00

• 1, g
0
a• 0. Torna BM8CTO (7) 

(9) 

f3 
<f Ty ( !.±_ + /•r.f3) yg 

f3 a qr >.y 
d3q +_!_ !¢a J F•n yg d3q, 

C n a 

IlyCTb q1 = X 
1 

- ralllll188Bbl KOOpllHHATbl, . K 

y I o 
Ty= T

1 
- T O , 11al!neM 

l=xf3 f3 
• Torna r>.y = o 1 H, IIOClton&Ky 

= 3 
< f T0 d 3x>=< ..!. fxa J F •n d x >+<fr

1 
d 3x > • 

o c n a 1 (10) 

Ecrur llOIIOlKIITb, llaIIpHMep, ¢ \,, r ¢3=z 

llHlIIIHnpH'IOCKOll CHCT8Mbl ( OTIIll'lllble OT HYlill rf 
' ¢:1,,,0 , TO aHanorH'IIIO (10) uony-

'IHM AIISl 
. "Y 

r 0 0 1 
eCTb r00 =-r, r =r =--L) 

0r rfJ r 

<f T0 rdr d0 dz > = <...!. f[ r J ; •n + z J F ,n] rdrd0dz >+<fr' rdr d0 dz>. 
z I (11) o C n r n 

nocne)lHee Y'J1ABH0Hll8 MO]KHO llOlly'IHTb H K3 ( 10) HenocpeACTBeHHblM nepeXO)lOM B IIHIIllH

npHqecxy10 CHCTeuy. 

3TH COOTIIOlll8HKll npenCT8Bl1lllOT Teopeuy BHpHana, BblpaMa10my10 cpeAllJOJO no1111y10 

a11eprmo CHCT0Mbl 'IACTHll H B030YMAl18MOI'.0 IIMH llOllf[ ( E = - fT~ d 
3 

X ) qepea cpenHee 

3H8'1eHH0 cyMMhl HIITerpalIOB, OllHII H3 KOTOpblX oepeTCll OT mnypa T0H30pa aHepru11-11Mnym.

Ca OAHIIX '18CTHll, a npyrolt (eClill BH8lllH00 none ~ 0} BKn10qaeT co5CTB8HRbl0 TOKII I( 

BllemHee none. 

TTpoaHal1113KpyeM <jlopuyny (10). °'1eBK)lllO, no-nepBblX, 'ITO (10) He 38BHCHT OT 

Bbl6opa 118'18118 KOOp.[!.HIIAT. B CaMOM nena, ecrui: B3l1Tb 
; 

Xa= xa' + a a , r11e 
a 

a 

npOH3BOJibllhlll llOCTOHRHhlli :i-BeKTop, TO B (10) 

f
, ~,and3, . 2 a!P'P 

Tbl npa HHTerpanax J F X = IC ---
n a qo 

HellHH no BpeMeHR AIIR q>HHHTBoro .[I.Bl(]K0HHll 9TH 
a 

BHCHT OT a 

5 

KOMDOHBHTbl 

(cu. (8) npu 

a 
a BolinyT KaK K09'P4)1111Hen-

, 
:x.= X ' p=a ) • Ilpu ycpen-

HllTerpanbl BC'le3aJOT, H peaynbTaT He aa-



Jlanee, BBIIAY 8HTIICIIMM8TpllB T8H30pa 

IIMeeM: 

F •k. (c11cT8M8 ltOOpAHHBT t'allllneeaa), 

J F"" 
n a 

cp & +.l1 c;•" _;·"), 
a 2 u a a (12) 

p - npOCTp8HCTB8HH8H nnOTHOCTb 38pBA8 qaCTan, 5a - HanpIDKeHHOCTb BH8WH8t'O 

J{=" 1 uf3µ = uf3µ 
ane1tTp11qecxoro nona. Tax KaK = _ e ·F/3 , t'Ae e - C0Bepme1rno BHTll-

2 µ fi u 
CIIMM8TpBqHblll: 8AlllllI'IHblll IlC8BAOT8H~Op 3-ro paara, J\ = KOMilOH8HTbl H8IlpHlK8HHOCTB 

BHemHero Mar1111THoro nona, [J , Ji I , = ...!. e (J" J{ " -
a 2 auv. 

TO HenocpeACTB8HHblM Bblq11cne1111eM C yqeTOM COOTIIOW8HIIH 

J"J{" ), 

e 
auv 

/µv = /aµ - ;f- 8 f3 
a u a o 

nonyq~eM, qTo BTOpoli qneH B (12) CIIJ'.l8B8 8CTb KOMnOH8HT8 B8KTOpHOt'O llpOB3B8A8HHH 

[ j , J{ ] • CneAOB8T811bHO, 
a 

_l_JnFa 
C 

=p li, + .l.[J 
a C 

R I 
a 

( 13) 

TaKBM o6paaoM, npn !pBIIIITHOM ABHlK81IIIH 

<E>=-<J1 p E; x + _l_(j 
C 

t'Ae X = ( X I, X 2, X 3) • 

R I ,x + r 1 l d 3 x > , 
I 

Ecnn nepeliTH OT BJITerpnpoBaJIBH K CYMMHPOBBIIHIO no qaCTHilBM, TO 8CTb B3HTb 

( 14) 

p = I e 8 Ci - x1 l), 
(a) . a 

Ja=I e, va.8(x _; ), r 1=-I m c\!1-(..!.,,.,) 2 8(x"-x >, 
a (al (al (al I a (al C (al 

t'Ae m 
(al 

V 
(al e(al MBCCbl noKOB, CKOpOCTB H 38pH.O.bl qacTHI( COOTB8TCTB8HHO, 

TOt'AB 

➔ 

<E >=< I m c 2 J1-(~) 2 -I 
(al C 

e ; I _ 1_[v , J{ I+~ l>.{l
5

) 
(al (al C ~al (al (al 

B OTZ1Hq11e OT cnyqa!J, paCCMOTp8HHOt'O B /l / I 3.t(8Cb HMelOTCH AononHHT811bllb18 qneJihl, 

CBH38HHbl8 C BIIWIIIIIM 8118KTpOM8t'HHTIIblM noneM - cyMMa CK8llllpHblX npOII3B8A9HBll: X 
(a) 

HS Cllllbl nop8Hil8, C KOTOpbIMII BH8WII88 ~0118 A8ll:CTBH8T 118 COOTB8TCTBYIOWB9 qaCTHilbl. 

Jing annIDCTpaI(BII B03bM8M npocTellm11li np11Mep OAJIOll: qaCTHUbl C MSCCOH nOKOSI mo • 

Ecnn BHBWIIHX nonell HeT, TO 9ABHCTB9HH09 B03MOlKH09 !plIIIIITIIOO ABBlK8HH9 T8K08 qac-

THI(bl - noKoll. Ha TeopeMbl BHpnana npn STOM nonyqaeM, 8CT8CTB9HHO, E = E = m C 2 • 
0 0 

Ecllll, HanpBMep, OAIIll qacTBil8 IIBXOABTCH BO BH8WII9M M8t'HBTHOM none, TO B03MOlKeH 

COBepmaeTCR no OKpylKHOCTH pa.itnyca R • Ha (15) 
V = 

111111 TaK KBK 3A8Cb p C = E --= - e J{ R t TO, 

cnyqall, KOt'Aa ea !pHHHTHOe ABBlK8HH8 
m c 2 #:: 

TOt'Aa HBXOAHM E = ......lL_ -_!_ V J{ R 
. y ~ C 

C 

8CT8CTB8HH00 E2= E2+ e2J<2R2. 
0 0AHHM 113 llp11M9p0B !pHHBTHOt'O ABHlK8HHSI OAHOli qaCTH-

Ilbl B 8ll8KTp11qecKOM none MOlKBT 6b1Tb ea BpameHBe B IUIIIHHAPHqecKOM KOHABHCaTope. 

8 

l 

TeopeMa BHpnana B 4<lpMe 00), (11), {15) MOlK8T HBliTB npBM9H8HH9 npn accneAoB, 

.lllIB paallllqJiblx KB831lCT8IlBOH8pllb1X COCTorumll CHCT8Mbl 38pHlK8HHblX qaCTHil BO BHBWHIIX 

nonax. 

• K0Heq110, 8CJUI IICToqHHKII BH8WH9t'O nona BKn10qnTb B CIICT8MY, TOt'AB TeopeMa BHplla 

na 6yA8T IIM8Tb o6blqliblfi BRA (683 nocneAll8t'O qJieHa B (15) cnpaBa), 110 STO cne,tcy"eT A• 

118Tb lllllllb TOt'Aa, KOt'Aa TBltllMH IICTOq111ntaMH HBllBIOTCH T8ltlK8 CBCT8Mbl ,, CB060AHb1X' qac

x) . 
TBil, a 110, HanpnMep, TOKB B llpOBOAIIIIKS.X, 38pS!Abl B AIJS/18.KTpllll:8,X • IlpH paCCMOTPBHII 

9TIIX cnyqaeB noneaHo 11cnollb30B8Tb M8TOAIIKY ABHHOll pa60Tbl. 

3A8Cb, OAHaxo, HaAO BM8Tb B BHAY, qTo A8lK8 npn AOCTSTOqllOM YABneHHII CT~pOHHHX 

IICTO'IBHKOB OT CIICTeMbl B M8T8pHane STIIX IICTOqHHKOB 6yAyT HlUIYilllPOBBTbCH TOKI( H aaps 

Ahl 38 cqeT 11anyqegng 113 CIICT8Mbl (cTopoHHH8 HCToq1111K11 IIBXOAHTCH BHYTpll 06.n:aCTB, 

ot'paHH'l81IHOli axpa110M, OTpalKBIO!IUIM 11anyqe1111e) • 

KoppeKTIIblll y<{eT B <E> Taxoll nongpn38IlllOIIHOll 9H8pt'HH Bb1W8 119 npOB3B8ABII •. 

noaTOMY .itaHHoe paCCMOTp8HH9 t'OAIITCH AIIR cnyqaeB, KOt'AB 9TB 8H8pt'HH Mana no cpaene

lIHIO C ae:eprnell CHCT8Mbl, 111160 KOt'Aa He Y,i11TblB88TCSI nany'leHBe H3 CHCT8Mbl, II CTOPOH• 

HIie BCTO'IIIHKB AOCTllTOqJio YABIIB,!hl· 

311aqeHHH BH8WHIIX nonell ti, 
(al 

➔ 

= 
J{ (al t BXOJ:JJllllB8 B ( 15), SIBIISIIOTCSI Mt'II0B8H-

HhlMH II B np1111u11ne aae11cS1T OT '11cTop11n' nponeccoB B38HMJIOll: rrepeAa>111 arrepr1111 11a 

BHeme:ero non11 B CHCT8MY '18CTHil II o6paTHO. IlpaKTH'l8CKH JKe B 6on&mHHCTB9 cnyqaeB BX 

MOlKHO CqHTSTb 38A8HHblMH, ecna pe'lb He HA8T O TBK H83bIB88MOli 'nOACBAKe' HCTO'IHHKOB 

nona crycTKaMH HBXOASIWHXCH B none qaCTHil. 

n II T e p a T y p a 

l. n.Jl. naaAay, E.M. nnlj)mnn. Teopnst nonst, rH4>Mn, M. 1882. 

2. B.A. 4>011;. Teopnst npocTpaacTaa, apeMeHH II TstrOTeHBst, rHTTn, M., 1955. 

3. B.Jl. llialj)paHOB. PaBH0B9Cl!8 nna3Mbl B Mat'HHTHOM none, c6opHHK 'Bonpocbl Teopnn 

nll83Mbl" t TOM 2, M. 1888. 

PyKOllHCb IlOCT)'IIHna B H3A8T811bCKHll OTAell 

7 anpenst 1886 r. 

x) TipHMeHHT911bHO K Mat'HHTHOll t'IIAPOAIIHBMHKe B e:epellHTIIBHCTCKOM cnyqae BOnpoc 

0 ponn CTOpOIIHHX !OKOB np11 tl>OPMYZ1HPOBK8 'teopeMbl BRpllana Kp8TKO o6cylKA88TCH, e:a

npBMep, B pa!>OTe
1 1• Ho TBM 11110!1 nOAXOA. 
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TeopeMa BHpaana B !pOpMe (lQ), (11), {15) MOlKeT HallTH npe:MeHene:e npe: HCCneAOBa

llJIH pa311ll'Ull,IX, KBS311CTane:011ap111,1x COC'l'orumil CHCTeMl,I 3SpSllKeHHhlX 'l8CTll'.n BO BHSWHHX 

nonmc. 

KoHe'lHO, eCJIH HCTO'lHIIKH B11em11ero nonst BKnIO'lB:Tb B CHCTeMY, TOrAa TeopeMa BHplla

na 6yAeT nMeTb 061,1qn1,1il BHA (683 nocne11J1ero 'lJieHa B (15) cnpaaa), 110 aTo cnecyeT ne-+ 

naTb JlllWb TOrAa, KOrAa TS!tl!Mll BC'l'O'lllB:KaMB: BBJl:mo'l'Cst TSKlKe CHCTeMl,I 'CB060AHhIX' qac-

Tlln, a He, nanpnMep, TOKH B llpOBOJlllHKS.X, 31lPstAhl B )lH9JleKTplllt11Xx). ·npK paCCMOTpeHBH 

9THX cnyqaeB none3HO HCllOJlb30BIITb MeTOAllKY ASHHOil pa60Thl. 

3Aecb,, O)lHaKo, HIIAO HMeTb a BRAY, 'l'l'O AaJKe npn AOCTIITO'lliOM YAllneIDIH CT~pOHHDX 

HCTO'lHHltOB OT CHCT8Mhl B M8Tepaane 9Tll'.X llCTO'lllHKOB 6yAyT ll!UlYll:llPOBSTbCSI TOltD H 3apsi

Ahl 311 C'le'l' B3Jiy'leHHH ll3 CHCTOM!,1 (CTOpOHHH8 HCTO'lllHKH HSXOASITCH BHyTpH o6naCTH, 

oI'paHH'leHHOil axpa110M, OTpalKaIOmHM" ll31ly'[elll!e) • 

KoppeKTHhlil y'leT B <E> TaKoll: nongpH381l:HOHHOil 9HeprHH 51,1me He npOH3B8ASH., 

noaTOMY AaHHOe paccMOTpeane rOAHTCH 11n11 cny'laea, KOrAa aTa saeprusi Mana no cpaaae

lIHIO C 91Iepr1reil CHCTeMhI, nu6o Korna He y'lH'l'h!BlleTCII nany'leJIBe ll3 CHCTeMhI, B CTOpOH

HDe DCTO'llIDKD AOCTllTO'lHO ynane,!lhI. 

3aa'leHDH BHemHDX noneil £i, 
(a) 

, BXOASIWHe B (15), >mm!IOTCH MrHOBeH-

llhlMH DB npnnnune 38BDCHT OT 'DCTOPHH' nponeccoa B311DMHOll nepena'lD aneprDD D3 

Bllemllero nonsi B CDC'l'eMy 'laCTDn H o6paTHO. flpaKTH'leCKll JKe B 6onbWDHCTBe cnyqaen HX 

MOJKHO C'lDTaTb 311JlllDHhlMH, ecna pe'lb He DJJ.eT O TaK II113hIBlleMoil 'noncanKe' HC'l'O'lHDKOB 

noJISI crycTJtaMll HIIXOAIIWHXCSI B none 'lllCTDn. 
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x) flpaMellHTeJlbHO K MllrHHTHOll rDAPOAHIIIIMHKe B HepeJisrrHBHCTCKOM cnyqae aonpoc 

0 pollll CTopollHHX !OKOB npa (!JOpM)"nHPOBKe TeopeMl,I BIIJ)aana KpaTKO o6cyJKA118TCH, Ha

npnMep, a pa60Te1 /. Ho TAM DHOil llOJlXOA. 
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