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0611UI& 8011pOCb1 0 CB>I38HHbl& C BB&ll&HH&M B HCIIOJib30BaHR&M H&HH&piUIBJibHblX CBCTQW 

OTC'I&TA0 p83pa60TABbl B ll.RT&p&Type CpaBHHT&JibHO wano; o6bi'IHO ynOMBHBBHe 0 TBKHX 

CHCT&MAX MOJKBO BCTp&TBTh nBDih npB H3110lK&IlKB npBilllBIIA Sl<BBBBII&BTBOCTB B 06111ell 

Il l 
Teop.llll OTHOCBT&IIhHOCTR 

B aeJ<OTOpbiX pa60Tax
12

' MoJKBo aallTB Y:BeplKA&HBe, 'ITO Up.BMeHeB&e H&BH&piiBBJib-

HblX CBCTeM He llpBBOAHT It ynpOIII&HBIO peiii&HBH ljm3B'I&CXBX 3AAB'I; He OTM&'I8118Ch Ta.KlK& 

B B03MOlKHOCTh IIOJI)"I&HBH 6onee SICHOll XBpTBHbl cPH3HKH SIBII&HBll npH Bb160pe Ollp&Aeii&H-: 

ROll KOOpABHBTHOll CHCT&Mbl ll0CT8TO'IJIO WBpOKorO JtnaCca. C Jlpyroll CTOpOHbt 0 KBK npB 

p8CCWOTp&HBH 0611leT&OpeTB'I9CKBX B011p0COB0 TBK B B KOHXp9THblX 38ll8'18X IIIHpOKO HCIIOnJo-

3yeTCH DpB&M 11&peXOA8 B HH&piUIBJibHYIO COnyTCTBYIOIIIYIO CHCT&MY OTC'I&T8 0 B KOTOpOll 

Mr HOB&HHble XBpBKT&pHCTHI<H BblriiHAHT npOIII&, '19M B na6opaTopaoll. PacnpocTpaaea•e 

9Toro MeTOllB aa llBHBMB'I&CKae nponeccbl a o6meM cny'lae ycKopeHHbtX llBHlKeaall, npoac-

XOAHIIIHX B T9'19HHe HHTepBBR~B BpeM&HB, KOrll& SHeprHH '18CTHII CyllleCTB9HHO M&HH9TCH0 

H&AOnycTHMO. 

B nocneiiHee speMa npa peiii&HHH n:enoro pHAa xoHKp&THblX cjla3H'IeCKHX 3il.ll8'1 

npaMeHHIIHCh aeaaepnuaro.able xoopllHHBTHhle cacTeMbt, npa aTOM sec~>Ma ycnewao. B aToll 

131 141 
CB>I3H cnenyeT OTMeTBTh pa!iOTbl Popnaxa , Bps116epa • l13nolKeaae aeKOTOpbiX eonpo-

coe T90pBH H9HH9pi!H8JibHblX CHCT9M OTC'IeT8 HM9eTCSI B MAllO H3B9CTHOli y HBC KHHre 

Mi!nnepa
151

, KOTOpblil e111e B csoell pa60Te
161

, nocsHWeaaoll pa35opy napallOKca 'Ia cos, 

YK83811 HB npeo5pa30B8HHH KOOpAHHBT, llpHBOAmiiHe, B 'IBCTHOCTH, K pBBBOycxopeHHblM 

CHCT9M8M OTC'I9T8. 

B HBCTOHIII9ll pa60Te CT8BHTCH Il9Jih npOll9MOHCTpHpOB8Th HB pHA& KOHKp&THblX llpH

MepoB, 'IBCTb H3 KOTOpbtX npellCT8BIIS19T H C8MOCTOSIT9JibHbli! cjlH3H'19CKHll HHTepec, llpOJlYX-

THBHOCTb MeTOllHKH HCIIonb30B8HBSI H9BHepllli8JibHblX CBCTeM OTC'IeT8 C TO'IKB 3peHHH 

KBK ynpOW9HHH0 llpB H9KOTOpblX np&lliiOIIOlK&HBHX, M8T&M8TB'I&CKOll CTopOHbl 119118 0 TBK H 

IIOIIY'19HBH 6onee HCHOll cPB3H'I&CKOll K8pTBHbl COOTB&TCTBYIOIIIBX SIBII&HHll. 

no llpH'IHH8M0 B3110lK9HHblM Bbllll9 0 npHHIIHIIHBJibHBH CTOpOHB ll&na H M8T&M8TB'19CKH& 

BbiKIIBllKB pa36Bp810TCSI llOCTBTO'IHO 1101lp06HO. 
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§ 1. npeo1Spa30BAHilB I!:OOpAJUlAT II lreBB8pllllam.J[bi8 CIICT8Mbl OTC'[eTa 

J!AIUI nepeXOAA B COIScTB8.1lBYIO CHCTeMY I!:OOpllllBaT B OISIIUIX 'l&pTaX COCTOJ[T B CJI&

)zyi0IIl8M! nyCTJ. BM8eTC11 npOH3BO.I!IoBhiM o6pa30M JlBIIJKyiilASIC11 'UICTUA IIJIJI rpynna 'lACTilll 0 

rooiShiM o1Spa3ow oln.ellllB&RBhiX ao~~:pyr li&I!:OToporo neBTpa - aooiSme npOB3aom.soe, so 

CBSI3assoe oCSpa30BBBile. TorAa MOJKHO ocymecTnB:TJ. nepexoA B c•CTeMY ~~:oopABIIB.T, CBSI

aassyJO C "JJaCTBU8lt KIIH Bh!A8llellll- ll88Tp0M (xOTOpbllt B AallbB&JtmeM Ba30B8M yCIIOBBO 

llBBJKYIIUIMC11 ll&&TpOM), npll &TOM B Clli'C"f oiSmelt ltOBBpBaBTBOCTH 3aKOBOB npJIPOAhl cyme

CTBO <jJH3B'lQCJ[BX npOilQCCOB B8 M8HB8TCH, 1!:0BitpeTB08 JK8 OliHC8RB8 BX MOJKeT0 npll onpe

Jl81!8HHhiX ycnoaan. o~~:aaaTJ.ca 60Jiee npOCThiM B H&r1!HA!b.Iw. B ocsoasow, ¥alt ISyneT no

Ka3aso llBlKe 0 STII yCIIOBHB CBOJlSITCH It TP860aaBBIO HepensrrllBIICTCltOrO xapai!:Tepa ABJllKe

HHH B H&HH8pliH811bBOlt (co6CTB8BHOlt) CBCT8M8 OTC'leT4. Ta~~:olt llpll&M BBOCHT ynpOI1!8Bil8 

OC068BBO B T8X cny'la W<0 lCOJ'JlA BM8eTCB pen>I'I'BBHCTCICBH B8np8B1!8Bil4H CitOpOCTb CHCT8-

Mhl 'lBCTHil xax nenoro. 

8 A811bBellmeM 6yli:BOII I OIS03H8'18eTCH Bei!:OTopaa Bb!AB118BH4H (naiSopaTopsag) 

KBepnsam.aaH CHCTeMa ltOOPllllBaT I= (X0 =cT, x\.x, X2 =Y,X~Z)16YJt&Olt 
S=lx0

', xf ' ,Ji1 :jl'~ MrBOB8BB4H HB8Pllll811bBaH CBCT8M8 llOKOH, T.e. nopeBUOBII CHCT&M4 

xoopJlRBaT, a EOTopoll B AaHBhlll MOMeHT apeMeBB T CKOpOCTJ. JlBRJKymerocs ne&Tpa 

paBB4 symo. 06e CBCT8Mbl 6yJleM C'lBTBTb ra11ll1188Bb1MB 1 .T.e. M8TPHita B BBX 3a)lAeTC.SI 

CIITHBTypoll ( +--- ) • 
Co6cTB8BHYIO CHCT8MY KOOpllllBaT (aooiSme roBOpH, B8BB8pnBanbsy!O) 0 B KOTOpoll 

ne&Tp noxoHTCH ace apeMs, ISyneM oiSoasa'laTb R= (,.0, xl , x 2, x 3 • B cny'lae 

paBHOM&pHOrO II npRM01IBB8IIBOrO llBHJK8BRH li8BTPa CHCTeMbl 5 R R C OBU8jiB.IOT. 

Kax R3B8CTH00 B oiSmell TeOPBII OTBOCBT811bROCTK Ba npeo6pa30B4BBH KOOpllllHBT, a 

BM8CT8 C HBMII B Ba CBOIICTBa CHCT8Mbl OTC'leTa BBK1IaJlbiB88TCSI <jlaKTK'I8CXR 8JlKBCTB8B

H08 orpaRB'I8HR8 <jlH3B'I8 CI!:Oro XapaKTepa, a RM8RH00 TP860BBHB80 'ITOISbl T4KBS! CHCT8M8 

OTC'IeTa MOrna ISb!Tb <jJH3H'l9CKH pea11R3yeMoll. i1B8'18 rOBOpS10 CKOpOCT!o 111060lt TO'Utll 

CBCT8Mbl OTC'I8Ta OTBOCBT811bBO Bb!Jl8118BBOII BBepnsa11bBOII CKCT8Mbl D lllOISOII MOM8HT 

Bp8M8HH Jl011lKBa 6b!Tb M8BbW8 C ( CKOpOCTb CB8T8 B BBityyMe) H B HOBO II CBCT8M8 AOJIII<IIO 

6h1Tb npR'IBRBOO OUHCaHB8 COISbiTRll. 

nycTb npeol5pa30B8HHSI X npoH3B011bBOII CHCT8M8 KOOPAHHaT R 38Jla!OTCH ypaBBG-

BRHMR: 

xl=xi(Xk), X 1 =X 1 (xk). 
(1.1) 

i1BT8J!IBA11 B HOBOII CBCTeM8 

ds
2
=glk dx 1 dxk i,k=0,1,2,3, (1.2) 
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npaqeM KOMUOH9HThl g lk M9TpaqecKoro Tea3opa CBII3aHbl c X 1 (x k) cnenyiOIIl.HM o6pa-

3 0111 

(1.3) 

3necb a nan~>we rpeqecKae aaneKchl npo6eraKJT 3aaqeax11 OT 1 no 3, naTaHCKae OT 0 no 3, 

Ill 
K ax aeTpynao noJCaaaTb , yxaaaaabie Bblme Tpe6osaRKSI 03aaqaiOT, qTo aa JCOM-

noaeaTbl M9TJlaqecJCoro Teaaopa •• cnenosaTem.ao
1 

npeo6paaoBaRKil JCoopnxaaT, noJlJKJIM 

6b1Tb aano)K&Bhl cneny10ma e orpaaaqeaag; 

1 ... g 1: 
gl1 g 12 

~'f goo > 0• g1f 0, > 0. g21 g21 g 0 • (1.4) 
23 

g2 1 g 22 
g31 g32 g33 I 

3ananxw nsaJK&HHe neaTpa B CKCT9Me ypaBH9BHSIMH: 

(1,5) 

I 
r,lle X c - lCOOpnHHBTbl .llBB*YIII&rOCSI I19HTp4 B CHCT9M9 , T c - C06cTB9HH09 Bp9MSI. 

3 anacb nsaJKeHHSI B <!Iopwe (1,5) oaaaqae-r cneny10mee: a o6M'IBhlX Tpexwepablx o6oaaaqe

IIHSIX Tp49KTOpHSI qacTHIIbl XapaKTepaayeTCSI Tp9MSI <liYRKIIHSIMK X< (T), Y c (T), Z c (T) • 

t CnH BB8CTH C06CTBeRH09 Bp9Mll 

T 

T = J ~' 
o r. (T) 

r 
.j l- :il ( 1.6) 

c 2 

r,lle V - CKOpOCTb I19HTpa OTBOCHT9nbRO CBCTeMhl I , 8 38T9M Bhlp838Tb OTCIO.Il8 

T(r ) , TO MBposyJO naaa10 neHTpa MOlKHO xapaxTepaaosaTb qeTMpbMSI <!IyaxnaSJMB ( 1.5), c 

r .n.e re 

3 
¢ = Z c ( T (rc)) 

( 1.7) 

B .llanbHellweM see :aTa aasacaMOCTH 6yll&M npeACTasnsrn. npocTo 1[8X B ( 1,5), a TOM 

qacne t5yneM UBCBTb r (r 
, 8 He r (T(r )), <l>yHKIIIflf (1,5) He H938BHCHMbl, nellCTBB-

T&nbHO, BBO,IlSI 4-CKOpOCTb neHTpa 

R ~HTbiB8..H1 'ITO 

I 
u = 

c 

" I C V 
...!!.!fi__ = (--, c) 
d r }t - ..'!.)_ Jt --'!1.. 

c c 2 c 2 

( 1.8) 
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(Uo )2 - ( U v )2 . ~ c • ( 1.9) 

nOJiy'l.Bu: 

q, 0 (r )~ c ~· Jl+<f'< r.)) 2 ~c ; • r ({ ) H , 
c c 2 c 

(1 .1 0 ) 

r.- J1+ <u~ l 2 

c 2 
(1.11 ) 

To•ncoA o(ioasa'IAew utW>epeanaposallRe no colk:TaessoM)' apeue.a:JI re 

nocTaBBN ll8.11Jo saATB CBCT9Jq' llOOpJliB8T R = ( x 1 )= (ct,x,y, z,) - colk:TBeBByJO 

CBCTeMy llOOpJliH8T ABBlKymerocsr ll,9BTp8 - Ta!l)'I00 'ITO OB8 BenpepblBHO CJI9AYeT 38 ABB

JKymHMCK ll,9HTpOM1 118XOAlllUBMCK B 99 Ba'laJie, npa aTOM OpB9BT8lliH npOCTp8HCTB9HHhiX 

oceA H9113M9HJUI BO Bp9M9HII OTHOCBT8.11JoBO CHCTeMLI I B CHCTeM8 R IIBJIHeTCH 

lK9CTJtOA. nocn&AII99 Tpe(ioa&HB9 no onpeAeneHHIO 03H8'Ul9T1 'ITO paCCTOHBH9 M 9 lKAY AB)'Mll 

niO(iLIMH cjiHJtCHpOBAHHLIMH TO'IIUIMB aTOA CHCT9MLI B9 H3M9HB9TCB BO Bp9M9HH AllH &a6niO

A8TenB1 noJtosrmerocs B seA. 

PaccuOTpxu conyTcTBYIOlllYIO csCTeMY xoopAIH8T 
I' 

S = (X ) , onpeAensreM)'IO JtU 

llllepua.ru.Basr MrBOB&BBa>l caCTeMa noxos, a JtOTOpoA cxopocn. ABBlK)'Illeroc g neHTpa paasa 

&yniO B o6meu C/ly'lae llRillh B OAHB onpeAenaHBbiA MON9HT BP9M911R T npeo6pa30B8-

HB9 JtOOPABB8T B BpeMellR OT CKCT9Mbl 

xl' =a' X lc , 
k 

a~ - uaTpxn.a nope.snoaa npeo6paaoBSBHK. 

06paTBoe npeo6paaoaaBBe 

k' x 1 =a 1 x 
k 

It CHCTeWe 

·1 a = a • 

s MOlKBO 3811BC8Tb B BIIA9: 

(1.12) 

(1.18) 

B '18CTBOM cny'Ule npeo(ipa30B8HH>I JlopeHna (ie3 nOBOpOT&, XOTOpbiA TOllbXO H 6yA9T 

H8C HBT9p9COB8T~, Jt09cjlcjiH!lB9HTbl npeo6pa30BABHB HM910T BBA: 

av =a /l = [; v 
/l v /l 

0 
o -o u 

a = a = --·- =r 
0 0 c c 

3AeC~ u' eCT~ 4-cJtopOCTL CHCTeMbl 

+ ~ ,t u~' 
v 2 c c 

( U ) 
• v 

ao =av = - ~ ; 
v 0 c 

S OTHOCHT9.111oBO 

- o 
a -v 

v 

av= ~. 
0 c 

(1.14) 

, JtOTopag no onpeAeneHBJO 

conyTCTBy iOmeA CHCTeMbl p8BH8 4-c!tOpOCTll ABIIJKYlllarOCB ll9HTp8 B A&HHbiA MOM9HT Bp9M9-

BB. 

B e m e (ionee "'SCTHOM cny'lae cnenll&.ru.soro npeo6pa3oBaHHll Jlopeana, EorAa OTna'IBa 
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0T &yDH TOnhKO OAR& B3 COCTABD~IIlHX CKOpOCTR 1 R&DpBM9p 1 , cj>opMyDbl (1.14) npa-

(1.15) 

Kos<l>c!>alUieRTbl YAOBD9TBOpmoT COOTHOW9HHRM OpTorOH8DbHOCTR: 

(!.16) 

npRB9AQM cjlOpMYDbl Dpeo6pa30B8HRSI K<>- B ltORTp8B8pH8HTHblX COCT8BD~IIlHX 4-BeKTOpa: 

k' 
A A' = .zk A 

I I k 

Hano),(HBM TaKJKe, 'ITO B cacTeMax c npaaRToA aaMH caraaTypoA 

0 
A = A 

0 H 
v 

A = -A v 

( 1.17) 

( 1.18) 

npeol5p830B8HH9 K COnyTCTByJDIIl&l! CHCTQMQ KOOp.llBH8T B cj>opMe (1,12)- (1.13) IIBJ1H9TCSI 

O.llHOpO.llRbiM1 T.e. cjlRKCHpyeT p8B9HCTBO CKOpOCTeA CHCT9Mbl H ll9HTp8 B onpeneneHHbll! M<>

M9HT Bp9M&HB; 'ITO K8C89TCSI DpOCTp8HCTB9HHOrO DOJIOlK9HHSI ll9HTp81 TO OH1 B006me roBOpH, 

He COBD8A89T C H8'18DOM KOOp.llHH8T B S 

nOTpe6yeM, 'ITOI5bl B mo6oA MOMeHT BpeMeaa T (B I ) .llBHJKylllHIICH neHTP nonanan 

B H8'18DO KOOp.llBHaT COnyTCTBY!OIIl9A CHCT9Mbl S (K8lK.llbll! pa3 HOBO A) B H8'18DbHbi ll Mo-

M9HT Bp9M9HB B r .. , T.e. t~O • 3TO COOTBeTCTBYeT HenpepbiBHOMY C.llBBry H8'18D8 

KOOp.llHB8T H OTC'I9T8 Bp9M9HH COnyTCTBY!OIIlHX CHCT9M1 B npeol5p830B8HHH ( 1.12 )- ( 1.13) 

MoryT 6b!Tb aaDHe&Bbl Teneph cnenyiOIIlHM ol5paa o M: 

xi' =al ( xk - ¢k ( T )) ( 1.19) 
k c 

xl = ¢1 (r ) -I k' +a X • 
c k (1.20) 

3n9Ch cpl (r) 38.ll8Hbl cj>opMynaMB ( 1.5) • <l>yRKUHOH8DbR8H 38BHCRMOCTh </> 1 OT B 

(1.19) H (1.20) OTp8lK89T TOT cjla&T 1 'ITO ADH K8lK.llOro MOM9HT8 Bp9M9HH CABBr H8'18D8 KOOp-

JlHH8T H Bp9M9HH B S p83Hb1A, 

Ecna paccMaTpBBATb Bee Maoroo6paase CODYTCTByromax cacTeM ADH aanaaaoro .llBH-

lKQHHH ll9HTp81 TO JtOS<I>c!>HilHQRTbl a I B (1,19) H (1,20) MOlKHO C'IHT8Tb <jlyHKilHSI
k 

MH COI5CTBeHHOrO Bp9M9HR JlBRJKylll9rOCH neRTpa \TO'IH99 roBOpS11 OHH 38BHCSIT OT r 
c K8K 

0T D8p8M9Tpa). 3T8 38BRCH),(OCTh ODp9A9DHeTCH B (1.14) BDH (1.15) cj>yHKUHSIMH Ui (r ) D p H 
c c ' 

;; 1 \ r ) YAOBneTBOplllOT onpeneneHHbiM AHc!>cj>epeaqaanbHbiM ypaBHeHRHM, BH.ll 
k c 

STOM al ( r) R 
k c 

KOTOpbiX B8H6onee DpOCTO DOII)"l89TCH C D0),(011lhl0 6ec&OB9'1B<>-M8Db!X npeo6p830B8HBI! 

nopeR.ll8. CoOTBeTCTBYIOIIlHA BbiBO.ll .ll8H B npanOJK9HBH. Oaa T8KOBhi: 
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Teaaop '7' pasea 
• k 

I 
'1 
'k 

_!_ai_ 

d T c 

-, 
_!_a..L 

dr . 

I f 
=- af 'IH 

-e ' 
= ak 'l~f ' 

u' u - u' u 
c kc c kc 

.1 .. 
U = ¢ (r), 

c 2 

(1.21) 

( 1.22) 

u' u = a. (1.:.!3) . '• 
Co6CTBBHfiYID (M~nneposy) CHCTBMY KOOpAHH8T R =(x 1 

) onpeuenaM cnenyiDUIHM 

o6p830M: B MOMBilT BpeMeHB x0 '= 0 npOCTp8BCTBBHHbiB KOOpllBH8Tbl COitYTCTBYIDUiel! H 

C06CTBBHHOA CRCT8M COB1t81l8IDT, Bp9MBHH8!1 KOOpllHH8T8 CHCTBMbl R paaaa co6CTB9HHo-

M Y speMeHH uaaJKymerocH ueaTpa: 

x0 ' = 0, x"= x v' , xO::ct = c r . (1.24) 

Torna npeo6pa30B8RBH K C06CTBBHHOll CHCTBMe B <jJopMe (1,20) 6ynyT HMBTb BHn: 

x' =¢ ' {t )+ a' 
v 

v 
X ( 1.25) 

'iTo KacaeTCH M4nnepoBbiX npeo6paaosaaall, o6paTHbiX (1.25), To aa (1.19) s o6meM 

Cny'lae - 6e3 381l8HHH KOHKp9THOrO BHil8 <jJyHKJXHJ! </>I ( !) , OitpenenBIDIIlHX llBHlKBHH9 

UBHTpa , nony'IHTb HX B paapemeHHOM OTHOCHTBJihHO BCeX X I BUlle HeB03MOlKHO ( x0 = ct = CT 
0 

sxonaT 8 npasyiD qaCTb ( 1. 19 )). OuaaJto aTo ae npasonaT K aaTpyuaeaaBM npa ·niD6btx 

Bbl'IHCneHHHX, CBH38HHblX C nepeXOilOM K C06CTB9HHOJ! CHCTe Me, H B KOHKpBTHbiX Cny'18>IX 

o6pameaae npeo6paaosaaall ( 1.25) see rna MOlKeT 6htTb yJta a a ao. 

Bbt'lacnaM HHTepsan ds B C06CTBBBHOJ! CHCTeMe: 

d s 2 
= d X 1 d X = ( d X0 ) 2-( d X v ) ~ 

I 

11cnollbaya ( 1.22), HMeeM : 

(1.26) 

dX 1= (U 1 + xv ;:/ ·'7' ·) dt +; 1dx v. (1.27) 
c v e v 

TaK KBK -;; e Ue = 0 B cany paseHCTB8 ~niD npocTpaHCTBeHBbiX KOMUOBBHT 4-cKopocTH 
v • 

B conyTCTByiDIIlell CHCT9Me, TO 

-f I •, I 
a 1)£' = -_LU U 

v . c2 v c (1.28) 

3necb TO'IKa oaaaqaeT na¢¢epeauapo saRHe no H 

" -e • 
u~c = av ufc (1.29) 

npenOTa BnmoT Co6oJ! npocTp aHCTBBHHbiB KOMitOHBHTbl 4-yCKOpeHHH UBHTpa B COityTCTBYID-

mel! CHCTBMe, Y'IHThtBaB ( 1.28) , nepe~w:taaeM BbtpalKeaae 

d X I = u' ( 1-~ )d t + a' d X v. 
c c 2 v 

8 

IlnB d x' : 
(1.30) 



noiiCTB~SISI (1.30) ll (1.:.!6), OKOH'l8T91IhHO nony'IBM: 

TaK xax ll oomeM cnyqae 
, TO OTCIOII8 H8XOIIBM BBII M9TpH'l9CKC>-

ro Teaaopa B co6cTeeaaoA cacTeMe xoopnaaaT, onpeneneaaoA npeoopaaosaaaRMB (1.25): 

TauM oiSpaaow, npOCTpaaCTeeaaaH MeTpaJ<a B co6cTeeaaoA CHCTeMe .!ll!nHeTCH aexnanoeoll 

B He 3BBBCHT OT BpBMBHII 0 T.e. CHCTeMa I<OOpAHH8T OOn8A8eT CBOiiCTBOM 'lKeCTKOCTH" ll 

CMblcne, onpeneneaaoM sblme. Ta~toro pona cacTeMbl ( !lov = 0) HB3hiBBIOTCH "apeMH-opTo

roaaru.lfhiMB • a nnH a•x aneMeaT npocTpaaCTaeaaoro pacCTOHHBH pasea npocTo ..j dxv dll v'. 

BpeMsr, noJ<aablsaeMoe CTaanapTHb!MB qacaMR, noKO.IIII(BMBCH s xaxoA-naoo TO'<Ke 
v 

npocTpaHCTB8 X CBCTeMbl R I -COOCTB9HH09 BnB BCTHHHOe speMSI TO'II<B TO MOlKeT 

OhiTb cpaay onpeneneao npa aaaecTaoA MeTpaxe cacTeMbi R • IlnS! noxo.IIII(BXCH qacoa 

e onpeneneaaoll TO'I!<e npocTpaacTaa dx v = 0 a 

o v • v' 
d r = _L d s = _1._ yg- dx = dt (1 + ~ ) • 

0 c c 00 c 2 ( 1.33) 

B Ba'lane xoopnaaaT CBCTeMbi R(xv = 0 ) npoMeJKyTox BCTHHHoro apeMeHH paeea npoMe-

JKyTKy coocTaeaaoro speMeaa ueaTpa, xax &TO a nonJKao Ob!Tb 

dr = dt = d r • 0 • . 

WHTepaan co~aeaaoro apeMeHB llllBJKymerocH ll COOCTBeaaoA CBCTeMe oo~eKTB 
MOlKHO onpenel!IITb cnenyJOmBM 00p830M: 

,...--- v- .r- ,- - -
dr = _!__ds = dt /( l+ ~ )2- ( ~v ) 2 

c 

RnB, 0003BB'IBH ( ~ V )
2= y7 

KOOpiiBHATXX), 

x) B Bbrpa}Ke.Blla x 11 

H8XOIIRTCSI llBepxy, BHS'le 

c 2 c 

KB811P8T 3-cKOpOCTB 0~9KTB B COOCTB9HHOil CHCTeMe 

ygdt 
~ 
y 

r = < 1 - x >.)) 
g c 2 
00 

v ' 
U no~tp83]'M9BB9TCSI 
~v {rv ~ _ J:v ~ ' • 

CYMMBpOBBHBe, XOTH 008 3HB'IKB 

(1.34) 

v. 

xx)T .. oaoA cxopOCTbiO aaorna aaabiBBeTCSI eenaqaaa -;' , rne na<l><l>epeanaposaaae 
nonBH&T(!ll 118 no t , a no r0 -coiScTaeaaoMy speMeHH naaaoll TO'<KH. Torna v = _v_, 
dr""' dr[g, /t - ~ 

1 
y = ( 1 - __i3 ) ·~ Vg 

_; 00 <; 2 C 2 DO 
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y - aaanor penRTBBHCTCxoro $axTopa ~na M~nnepoeoA cacTeMw xoop~aT. 

Ecn. ycxopeHBe ueHTpa paeao aynro, To ( 1.84) nepexoAHT B o5wqaoe swpa~eHBe 

BHTepsana C05CTB9HHOro Bp&M&HH BH&pUBanhHhlX CHCTeW OTC'I9T8, 

CnenaeM O.!lHO cymeCTB9HHoe 38MeqaHBe. npeo5pa30B4HHR ( 1.25) HM&roT orpaHH'IeH
xv ~v' 

ayro o5nacTb upBM&HHMOCTB, TaK xax aa rauepnnocKOCTH 1 + -0 aapymaiOTCH 
c2 

ycnOBHR (1.4), 3TO 03H8'189T, qTO HCUOJ1b30B8HR9 CHCT&Mbl KOOp.!lHH&T, 0Dp9~8J18HHOA 

cor nacHo ( 1.25), «PaaaqecKJI onpas~aHo upB 31Ul'leHBSIX npocTpaHCTB&HHhlX KOOP.!lBH&T , 

ynosneTsoparomax ycnosaro: 

XV~~~ i-1. 
(1.35) 

c 

Co6cTseHRaH cacTaMa xoop~aHaT, oupe~eneaaaa swwe, Mo~eT npBMaH!!TbCH npx upo

aason&HOM ~BB~aHHB uaHTpa. B ~aJ1bHeAweM Mbl 5y~eM paccMaTpHB&Tb sa~awl! qacTHhiii 

cnyqaJ! DpOH3BOJ1bHOrO DpBMOJlHReAHOrO .!lBH~aHHH UaHTpa B.!lOJlb O.!lHOA B3 ocel! I<00p~HH8T 

CHCT9Mhl , HanpaMep, X 1 = X 

Tor~a HM&eM 

</>I (t) = ( l (t). </> l~t) 1 0, 0 ) • 
(1.36) 

CHCT&Mhl R OTHOCHTaJlbRO B MOMaHT BpeMaHB 6yneT 4-CKOpOCTb U9HTp8 

u1 = <¢0, .4. 1 o, o~ 
c 't', 

• TAJt I<&I< KB&.!lp&T U ~ pasea C 
2 

, TO llBH>K9HH9 MO)KHO OX8p8KT9-. 

pB30B8Tb O.!lHPII npOH3BOJlbROII «i>YHI<UBaA w(t) BMOCTO llBYX <Po (t) ·¢•(t). 

nonOJI<BM 

0 ~0 
U • = </> (t) = c ch w (t) ; U ~ = Jl (t)=c sh w (t). ( 1.37) 

v 
nycTb npB t=0 (T=O) CKOpOCTb UaHTpa p&BHa Rynro V (0)=0 1 w(O)= 0 

0 
</> (0) = 0' 

nono~M T&K~e </> 
1 

(0)= X • (0)= 0 • Torna 

</> 
0 

(t) = c f ch w (t) dt, ' I </> (t) = c f sh w (t) dt 

Koa«P«PauBaHThi upeo5paaosaHBR a 1 (t) a ;;• (t) ~aroTCSI «i>opMynaMB (1.15); 
k k 

neri<O npoBepHTb, qTo ORB Y.!lOBJ19TBOpllroT ypaBH&HHSIM (1,;,!1 )-( 1.22) (rc : t). 

B o6oaaa'leHRSIX ( 1.37) 

v~ = th w(t), r = ch w(t) 
c 

-I 
a MaTpaua a BbirJISI.Il.RT T&K ( 

I 
a 

k 

c 

onpenenllroTCSI aa (1.15) ): 

10 

(1.38) 

(1,39) 



( o>•, 
sbw 1 0, 0 

) I sh w, ch w 1 0, 0 a 
k 0, 0, 1, 0 

0, 0, o, 

BepXHHA aaneEc coorseTcTsyeT CTpOEe MBTpRUhl. 

H 

Ilpeo!SpaaosaHHSI ( 1.25) !SynyT TAEOBhl: 

X = c f sh w (t) dt + x ch w(t) , 

0 
y = y. z = z, 

t 

T = f ch w(t) dt + _x_ sh w(t). 
c 

!Jpeo!SpaaosaHHSI AH<I>¢epeauaanos KOOpAHHaT BbrrnsmSIT cneAyiOmRM o6paaoM: 

• 
dX = dxchw(t) +cdt(l+~)shw(t), 

c 

• 
dT =dx shw(t) +dt(1+~)chw(t). 

c c 

d x = d X ch w(t) - cd T sh w(t), 

dt =- dX sh w(t)/ c + dT ch w(t) 

1+~ ~ 
c c 

(1.40) 

(1.41) 

(1.42) 

( 1.43) 

¢>OpMynbi ( 1.42) H ( 1.43) ABIOT Bblp8lK9HHSI AnSI 'IBCTRb!X npOa3BOAHblX ~ H a X I 
a xk a xk 

H n03BQnHIOT, T9M CBMblM, npOH3BOAaTb npeo6pa30B8HaH 4-B9KTOpOB a T9H30p0B K C06CTB9H-

HOI! CHCTeMe KOOpAaHaT. 

8 o5o3HB'l9HHHX ( 1.37) BbrpalKeHaH An>! aHTepsana a Aa<P<!JepeHUHana C06CTB9HHOrO 

Bp9M9HH (1.31) a (1.33) aMeiOT san: 

d s 
2 

= c 2 ( 1 + ~ ) 2dt 2- dxv dx v 
c 

dr
0
=dt(1+ X ~ ) . 

c 

v 

(1.44) 

\ 1.45} 

EcnH Mhi nono>KHM B ¢opMynax ( 1.42) ana ( 1.43) dx = 0 t TO MO>KHO BbPIHCJIHTb 

CKOpOCTb n106ol! <jJHKCHpOBBHHOl! TO'IKH CaCT9Mbl R 

V(t) = ....!!.!._ = th w(t). 
dT 

11 

OTHOCHTenhHO CHCT9Mbl J ! 

( 1.46) 



CxopOCTh ( 1.46) BblpBlK9H8 B nepeMeRiiblX CHCTeMbl R H ORB Re 3BBHCHT OT x, 

T.e. CXOpOCTb pa3nH'IHblX T0'19X CHCTeMhl 

Ta JKe (caCTeMa JKeCTXBII I ). 

R B OQHH MOMeRT epeMeRH 

Ty JKe cxopOCTb ( 1.46) MOJKRo Bblpa3HTb e nepeMeHHbiX cacTeMbl 

15yneT HHOA B TOM CMbiCne, 'ITO B OQHH H TOT lK9 MOMeHT epeMeRH T 

onaa • 

_!. H pe3ynbTBT 

CKOpOCTH pa3-

nH'!HblX TO'I9X CHCT9Mbl R OTHOCHTenbRO pa3Hhle. 3TO IICHO yJKe H3 TOI"O, 'ITO OQHC>-

BpeMeRHhl9 COi5blTHII B 

CTel! pa3ni!'IBIOTCII. 

15ynyT pa3aoepeMeRRblMH e R H no (1.46) eenH'IHRbl CKOpC>-

BbipalKeRae V '1epe3 X H T 

(1.41), TOI"QB TpaeXTOpHII mo!SoJ!: TO"'XH X 

X= f ( x, T ) , 

MO>KHO nony'qKTb1 HCKn1011.8R 

CHCT9Mbl R B CHCT9M9 

H3 ojlopMYn 

15yneT: 

( 1.47) 

H CKOpOCTb 
dX 

nnR onpeneneHHOJ!: TO'IXH X yJKe 15yneT 3BBHC9Tb OT X, V = V (X, T). 
dT 

TaKHM o15pa3oM, nna aa15monaTenn e cacTeMe CRCTeM8 R He >IBnlleTC>I lK9CTKOA. 

MoJKRO nony'!HTb ojlopMyny, aaanorH'IHYIO Oi5bi'IHOMY nopeRitoey coKpllllleHHIO MacmTal5oe. 

nonOJKHM B (1.42) dT = 0 (H3MepeHHe QBHJKymei"OCSI MBCWTBI58 npOH3BOMTCSI B OQHH 

MOM9HT Bp9M9HR T ) , TOI"QB 91"0 QHHHB B CHCT9M9 I 15yneT pasHa: 

= dx ,fi::tt;'i;-= dx J 1- V 2 (x,T). 
2 

c 
(1.48) dX=~ 

ch w(t) 

nocneQH99 p8B9HCTBO B (1.48) nOKB3blBB9T0 'ITO B OTnH'IRe OT Oi5hl'IHOI"O nopeHliOB8 COKp8-

meHHSI p83Hhl9 '18CTH CHCT9Mhl R npeTepneeaiOT pa3nH"'Hoe no eena'!HHe coxpameaae. 

PacCMOTpHM '18CTHbiA cny'!aA •ranepl5ona'lecxoro• ana paeaoycxopeaaoro neaJKeHHSI, 

KOI"Qa ycKopeHHe neHTpa B COOTB9TCTBytomel! CHCTeMe nOCTOSIH~O. 01503HB'IHB nocnenaee 

"1epe3 a (ycxopeaae BQonb oca x ) , aMeeM 

·i' U c = ( 0, a, 0, 0 ) • 

OTctona nony'!aeM ean ojlyHXIUIH w(t) 

H (eM. (1.37)) ,;(t)= _ 9_. 

Tax xaK Mbl nonOJKHnR 

u I = ;; 1 U 1 ' =a ch w(t) 
0 1 c 

w(O) = 0 , TO 

w(t) = ..!!.. , 
c 

npeol5pa30B8HHII (1.41) Tenepb 6yQyT: 

2 2 
X = ( _c_ + x ) ch '!!.. - __£__ , 

a c 

y = y. z = z, 

12 

(1.49) 

(1.50) 

T = _!_ ( _..:..: +x) 91 .!!..._ • 
c c 

( 1.51) 



Tenepq HeTPYAHO HSRHCSTb H oopameHBble npeo6pa3088HHSI 

a a 
X= I 

-.!3_2-..j{x +i_2) :t. c2-r < 
a a 

=--· 
th a t cT 

c X +_£_2 
8 

c2 
x>-_. 

a 

x<- --= -~ 
a 

J1cxnro'!SH H3 <!>opM)'n {1,51 ), nony·<aeM TpaeJ<TOpHIO HOKOTOpoll TO'IKH X 

R 8 CHCTeMe (1.47): 

X =Jc:!_ +X )2 + c2T2- c2 
a 

X OTHOCHTellbHO CBCTeMbl ( BXOIUIIUSSI 8 ( 1,48) ) : 

V (x,T ) = ~ 
d T x = canst 

2 
c T 

J< ~+x)2+ c 2T2 
a 

(neHTp) cosepwaeT nsH*eHae 

a2T 2_ 1 
~ 

c 2 
( rc- 1). 

a 

(1,52) 

( 1.53) 

CBCTeMbl 

( 1.54) 

(1.55) 

(1.56) 

KOTOpoe COBRBUBeT C UBB*eHHeM Tena H C MBCCOH ROKOSI m
0 

non neiiCTBHeM ROCTOHHHOli 

npano*eHHOtl canhr ( s CHCTeMe I ) , pasHoli m 
0 

a 

Bbi'IHCnBM eme 4-ycKopeHHe ueHTpa s cucTeMax H R • B cacTeMe 1 oHo pas-

HO (eM. (1.15) H (1.17): 

Al = aiak' = al 
k k 

• k' 
u = ( y._ I' a. r a • 0, 0, ) . 

c c c c ( 1.57) 

B CHCTeMe R a1 Bbl'IHCnSieTCSI npH ROMOlllH ( 1.43) H ( 1.50) 

a ' = ax ' k --- A = ( 0, a, 0, 0, ) , 
ax k 

( 1.58) 

T.e. cosnauaeT c ycKopeHHeM a conyTCTsyroweli cucTeMc ll.49). TaK KBK cacTeMa R-He-

HHepuuanbHBll, TO ¢opMyna anSI 4-ycKopeHHH BMeeT sun: 

D u c ~uc' ' k e + (I u u ) 
kf dr (1.59) d T 
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I I 
rne 0c - 4-CKOpOCTh D:eRTpa B CRCTeMe R , ORB p8BR8 U!' = (c,0,0,0) 

r;.~- CRMBOnbl KpacTo<lx!>enH, nonolKRM B { 1.59) i=1 • Bbl'IHCnHH c noMOIUb!O 

MeTpaqeCKOrO TeH30p8 {l.32) senH'IHHY (1
00

1 
)=-8- B Cp8BBHB8!1 {1,58) H {1,59) llnH .J c c 2 

i = 1 , H8XOII.BM, 'ITO ~ = 0 , TO eCTb TpeXMepaoe yCKOpeHHe neHTp8 p8BHO ayn10, 

KaK a nonlKHo obiTh, ne~~o noKaaaTb, 'ITO sTo lKe cnpaselln&Bo u llnH n10ooll npyroll cpRKcR

posaaaoll TO'IKH CBCTeMbl R 

PacCMOTpRM B aaKniO'IeHRe sToro paa)lena npaonRlKe HHhill BHll npe oopaaosaaull 1t ae

uaepD:HSnbHoll cacTeMe llnH npaKTB'IeCKH HHTepecaoro cny'laH Manblx ycKopeKHll {una ManoA 

OKpeCTHOCTH li.BBlKYIUerOCH D:eHTpa) H RepenHTHBHCTCKHX CKOpOCTell B COOcTBeRHOll CRCTeMe, 

i1T8K, nyCTb llBHlKeKHe B COOCTBeRHOll CHCTeMe X= x(t) 

JlY!OIUHe llB8 ycnOBR!I 

H 

xw 
c 

« 1 

_l_ « 1. 
c 

T8KOBO, 'qTO BhlnonHeHbl cne-

{1,60) 

{1.61) 

EylleM HCXOII.RTb H3 llH<Ix!>epeHIJ:H8nbHbiX COOTHOWeHHll { 1,42) B { 1,43), Paa)lenRM 

nepsoe COOTHOWeHHe {1,42) H8 BTOp~e II HCnOnb3yeM { 1.60)-{1,61), TOr)la nony'IRM npa-

onRlKeBHO: 

c 

dX 

dT 
= th w(t(x)) + 

. 
X 

c ch2 w(t(x)) ( 1 + ~ 
c 

{ 1.62) 

nocKOnbKY nocne)lHHA •meH { 1.62) ylKe nepsoro nop!lllK8 MSnOCTH, B HeM MOlKHO npeHe

• 
6pe"lb X_!_ 

c 
no Cp8BHeHR!O C e)lllllJI!lell H 38MeHBTh w(t(x)) 

ch '.v(t(O)) = ~~ (T' (T = T ) 
c 

, <l>yHK!lH!O th w(t(x)) . 
th w(t(x)) ~ th w(t(O)) + I ~ 

ch w(t) 

:!_!__ I x+ 
d x x=O 

Ha w(tiO)) , npR 9 TOM 

paanolKHM B PHll no CTeneaH~~ x : 

Oraoweaae 
dt 

dx 
H8A)leM H3 { 1,43), nonOlKBB T8M d T = 0 { BCe BenR'IHHbl B { 1.62) 

Bbl"lRCnHJOTCSI )ln!l cpHKCHpOB8HHOrO, Oli.HOro R Toro lKe MOMeRT8 BpeMeRH B naoop8TOpHOll 

CHCTeMe) 

dt th w(t) 

dx 
x=() c 

Tenepb aa ( 1.62) nony"laeM, y"lHTbiBSH { CM, { 1,39)), "'TO th w (t(O)) = Vc(T) : 
c 

• dX dXc ; xw v {1.63) dT = dT + ['~) - .;-rT c 
c c 

BTopoe ypasaeaae {1.42) llBeT CB!I3b li.B<Ix!>epeHD:HBnos dT H dt 
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dt 1 
dT chw(-t(_x_))_(_1_+-Ti_t_h_w_+ __ x-~.-)-

c c 
B eyneaoM npa6n.HJKeHHa, npa y'<eTe ( 1.t!O ) H ( 1.61), nonyqaeM npocTo 

..!!!_ 
dT ch w(t) 

C nOMOUlbJO (1 .65) nerKO npoaHTerpa pOBBTb ( 1.63) , B peaynbTBTe qero aMBBM 

X =XC+~. 
rc(T) 

T 

= f ....9....1 
o rc (T) 

Mo>KHO noKa3aTb, 'ITO <jlopMyna (1.66) a epHa H npa = 1 • B npe11ene ~ = 0 
c 

(1.64) 

(1.65) 

(1.66) 

(1.67) 

r He 

38BHCHT 0T BpeMBHH H <jlopMynbi ( 1.66 )- ( 1.67) COBnBABIOT C <jlopMynaMH nepeX0/18 K Co-
• 

nyTCTBYJOUlell CHCTeMe. 0pH B3!1TOM HBMH HyneBOM npH6nHlKBHHH no ~ nony'<BHHbiB 
c 

B blpBlKBHHR 11810T YTO'IKBHBR AnR nepeX0/18 B C06CTBBHHYJO CHCTeMy H cnpaaeAnHBbl An R 

n106oro HHTepaana apeMeHH ll T 

§ 2. LlBHlKBHHe 'IBCTBUbl B 3811BHKbiX nonRX 

OpoannJOCTpHpyeM B3no>KeKHbi e B npeAbii1YlllBM pa3 Aene o6ma e MBT OAbi BBeAeHHR 

HeauepnaanbHbiX CHCTB M KOOPI1HHBT Ha ABYX npHMepax. 

1. PenRTHBHCTCKHII rapMOHH'IeCKH il oc uannRTOp 

0011 3THM H83B8HRBM M bl no}:1pa3yMBBBBM cnaAyJOillYIO <jJH3H'IBCKYJO CHCTeMY: BO BHBW

HQM none ABaraeTC!I UBHTp can C npOH3BOnbHOII CKOpOCTb!Oi B conyTCTBYJOIUell BMY CHCTBMB 

KOOpAaHST K HBMY npHTRrHBBeTC!I no KBB3aynpyroMy 38KOHy HBKOT0p8!1 '18CTH!l8 - C06CTBBH

HO ocu11nn!1Top. B o6meM cnyqae aaewuee none, ycKopmoruee ueHTp can, AellcTayeT H aa 

OCUHnn!ITop, npH'IBM xapa!<Tep B0311BilCTBHR HB UBHTp H OCUHnnRTOp MOlKBT 6b!Tb pa3nH'IHbiM. 

Tal<aR MOAenb MOlKeT cny>KHTb ocaoaoll AnR OIIHCBHHR p>Uia <jJH3H'<BCKaX ru~neaali a Te

opua ycKopuTenell, ecna npeue6pe'lb BnHRHaeM ycKopeHH!I ocuann11Topa ua KBa3aynpyrall 

38KOH CHn B conyTCTBYJOIUell CHCTeMe. 3TO Bnii!IHIIB, BCTQCTBBiiHO, onpeAen&eTC!I KOHKpeTHOil 
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CBll3b 10 OCilR11Jl.RTOpa R llBHTpa CRn R npR llp8XTR'I9CKR JlOCTRlKRJilbiX y CKOp eRRSlX BeCbl\la 

Mano. Hanpaw ep, B cnyq a e aap~eaaoro ocn&1IJIRTopa M OJKHO n pea e6pe'lb peaxna eA aany

'le HR R OCilRM.RTOpa B COnyT CT BYIOIUBA CRCTBMB o 

M"' nposeneu peweaae aana'IB o JlBRJKeHRR ocn a nnRTop a B M~nneposoA cacT e llle 

xoopnaaaT npa c nenyJOmax aecyllleCTBeHHhiX npennono JKeaasrx: Macca nea Tpa cun ropaano 

6 om.me MQCCbl C 0 6 CTBBHHO OCURnnRTopa, TaK 'ITO JlBHlKBHBB UBHT p a OnpenenSleTCR TOnbXO 

BHBWHHMB CHnBJilH H llpHMBM nnst onpeneneHHOCTH, 'ITO BHBWHHB CHnbi0 nel!CTBY IOIUHe Ha 

UeHTp CHn H OCilBn n .RTo p , llOCTORHHbi 0 T. e. JlBHlKBHHe llBHTpa RBnRBTCll runep6o n&'IBCXHM, 

C llOCTORHHbllll yCKOpeHReM B con y TCT B Y IOIUe A CHCT9Me, p aBH biM a n epel!ne M B lll~nnepo-

By CHCTeMy K OOpJlHH8T ( 1.51), UBHTp X OTOpoA COBil8Jl89 T C llBHTpOM CHn, H 381lRW9M 

ypa saeaae nBRJKeHRll ocnun nRTopa B co6cTseaaoA cucTe Me x o opnu aaT. KosapuaaTaoe y pas

H,IEOHRe JlBH lKBHR ll B HBHHBpUHBnhHO A CHCT 9M9 KOOpJlHHBT BblrnSI.llHT cnenyJOlliH M o6pa30M: 

d 2 X I i 
- - + r 

d T 2 kf 
~d 
d r dr 

__j_ f ;. 

mo 
(2. 1 ) 

3necb co6cT s eaaoe s p eMll 'la c ·runhi ( ocuann.RTopa ), m
0

- :wacc a noKo.st 'lBCTHn bt B 

c onyTCTBy!OIUBA CHCTBMB KOOpJlHHBT 

a CRMB Onhi KpucTO<jl<j>enR p a BHbi: 

r i = __!_g" i(~+ a gnf 
kf 2 a/ ax k 

B a a w eM c nyq ae rl 
0 0 

~( 1 + .~) 
d c 2 

ro = ro 
[0 0 1 

~ ) . 
a X n 

( :l.2 ) 

c2(1+ ~ 
c 

(:l.3) 

B <j>opuyne (2 .2) 4-c ana B C0 6CTBBHHOA CHCTewe KOOpJlHHaT, nel!CTBYIOIUBR Ha 

'lacTuny-oc nanngTop, B aaweM c nyqa e oHB onpen ensteTC R cyMMOA B38HMO)lel!CT BHA C 

sa emHHM noneM H noneM neaTpa cHn. Hcxo.o; HbiMH nn SI BbP:r:Hcne uHsr f i SIBlU I IOTCH Bbip&>KeHHSI 

K BB3Hynp yrol! CHilbl B COil y T CTBYIOIUB !! UBHT py CHCTeMe KOOpJlHHBT H llOCT ORHROfl BHB WHell 

c anhi B na6 opaTopaoA C HCT e Me (I) 

Ksaaay npynast 3-c una ( nnst aaa6onee HHTe p ecaoro c n y qag x o ne6aauA B aanpasne

HHH JlBH JKeHHSl ocnunn.RTopa xax n e noro): 

f ' = - k x', 
X 

f' = f' = 0 . . (2 .4) 

3neCb k - HBKOTOpb!l! llOCTOSlHHbi ll K03<1><!>HUH9HT 0 x ' - paCCTOSlHHe OCUHnnSlTOpB B COnyT

CTBy !OIUBll CHCTBMB OT UBHTpa CHn. noaqepXH9M0 'ITO OTC'IBT llOnOlKBHHSl OCilHnnRTOp a ~ ' CJlB-

nBII B M OMBHT Bp9M9HH t ' = 0 • 
0 
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TaK 11.aK rrpo.uoJibHaH cocTaenHJOWaH 3- canbl npH npeo6pa30B8HHH flopeaua JJe MeHSieT

CH, To e na6opaTopJJoll CHCTeMe 3- cana 6y.ueT 

X ¢1 F=-k __ -_, 

r 
F=F=O. (2 .5) 

¢ 
1 

- 1189TCH { 1.56), npH'IeM 311eCh X H rp 1 COOTB9TCTByiOT pa3nH'IHb!M MOM9HT8M 

Bp9M91JH T H T = T(T ) 
c c 

MOM9!1T BpeMeHH, COOTBeTCTBYIOIIlHA nono-

)1{91JHIO U9HTpa, T.e. T c' 4-CHna MHJJKOBCKOro Tor.ua fly.Ue!C HM9Tb BH.U: 

(2.6) 

B 3Tox B bipa )j{eaoSIX r a v = ~ 
dT 

- penHTHBHCTCKHA ~BKTOp H CKOpOCTb OCUHnnHTOpa 

B na6opaTopaoA CHCTeMe. 

Tenepb C DOMOIIlbiO { 1.43) Mbl M 0)1{9M BaATH X -COCTBB!IHIOIIlYIO KB83Hynpyroll CHnbi 

B C06CTB9HJJOA CHCTeMe KOOp.UHH8T: 

a 1 • I' , 
f 1 _:__ F k = - k _ ( X - ¢ ) [ ch w(t) 
ynp. a/ rc 

v 
sh w(t) ]. (2.7) 

c 

C ana HB OCUHnnSITOp CO CTOpOHbl BIJ9111Hero DO!ISI B na6op8TOpHol! CHCT9M9 DOCTOSIHHa, Mbl 

3 8DHllleM ee B cne.uyJOmeM ea.ue: 

Bll 
1' =m ha, 

• 0 (:.! .8) 

r11e h - HeKOTOpbill nOCTOHHHbill K03<l><jJHnHeHT, a , KBK H paaee, ycKopeHHe neJJTpa B co

rryTCTBYJOWell CHCTeMe. Tor.ua, npoH3BO.UH rrpeo6pa30BaHBe, aHanorH'IHOe npe.UbillYIIl9My, 

B C06CTB9HHOA CHCT9Me H8XOI1HM: 

. 
f ~;; m Q h a r [ ch w(t) - _!_ sh w (t) 1 

c 
{:.:!.9) 

BBelleM Terrepb OCHOBHOe npe.unonO)f{9HH9 0 Hepe!IHTHBHCTCKOM xapaKTepe 11BH)f{9HHH 

OCUH!I!ISITO~ B C06CTB9HHOA CHCTeMe. 

B cany {1.42) 

v 

c 

v= X 
MnH 1 BBOilH -· v &frO 

y~ sh w(t) + _.!._ ch w(t) 
c 

yg ch w(t) + l sh w(t) 
00 c 

V sh w (t) + -f ch w(t). 

c 
ch w(t) + :!.__ sh w(t) 

c 
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TorAa 
c 

B 

C'IBT4ll, 'ITO 

ch w(t) ~ ..!_ sh w(t) 
c 

r=[1-_.1_(.!!_)2J"."=(l-i. 2)"lchw(t)+ v shw(t)] , 
c2dT c2 c 

_!_ = ~ « l 
c y'goo c 

(2.11) 

(2.12) 

(2.13) 

B Y'IBTblll8ll ( CM. ( 1.39)) , 'ITO ~ =ch w(t) , nolfY'UIM .<!nR cyMMapsoll CBllbl sa ocnannRTOp 

B C06cmli&BHOJI CRCT9M8 KOOPABB4T 

fl = -k X-¢\ m
0

ha = -kx+m0 ha. 

~ 
(2.14) 

X B cp ) B3l1Tbl B OABB MOM9HT Bp9M9HB I B CBCT&Me R , noaTOMy ( CM, ( 1.41 ) , 

X - <P
1 

= x • 'TaxaM o6pa3oM, npa ycnosBB (2.13) npoAOJibHaR cana se npeo6pa3yeTcn 
rc 

npa npeo6pa3osaBHB ~~nnepa. 

C y'leTOM (2.3) B (2.14) ypasaeBBe Anll npoAoiD.HblX xone6assll ocusnnRTopa s co6-

CTsessoll cacTeue((2.1) npa i z1) BM&eT BRA: 

{2.15) 

2 

~ +a(1+~)(~/ = -~x + ha. 
d r 2 o2 d r mo 

Tips sbmonsesaa (2.13) •=•
0 

a, acnonb3yll ( 1.45), oxos'laTenbBO nony'IBM 

~+ __ a __ + 
dr 2 1+~ 

0 c 2 

"' = ha . 
mo 

(2.16) 
k 

B ypasHeHBB (2.16) YAOOHO uepeliTB x He3asscsMoll nepeuessoll t -speMessoll xoop-

ABBaTe coocTsessoll cacTeMbl, CBR3b t B r
0 

AaeTCII s cnyqae ranep6011H'tecxoro ABBlKe-

HBll <j>opMyno JI (eM. ( 1.45) B (1.50)): 

dr = dt(1 +~) 1 o c2 

a BMeCTO ypassesall (2.16) nony'IBM, OTopoCHf' Manble 'lneHbl , cornacso (2.1::1): 

";_ + _k_ x ( 1 + ~ ) 2 
+ a ( 1 + ~) = h a ( 1+ ~) ~ 

mo c2 c2 c2 

~bl npeAnono~~tBM, 'ITO BblnonHReTCll ycnoase (eM. ( 1,60)): 

a \ x \max 
--c-2 < < 1, 

r.lle X maJt - M8K.CHM8llbHOO OTKnOH9HR9 OCUHnnSITOpa OT U 9 HTpa. 

ax 
OrpaHB'IHBaRCb nssel!HblMH 'tnesaMB no _ 

c2 
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\2.19) 

k +~(1-Zh). (2.20) 
c2 

Tauu oiSpaaoM, ecns , ypaBH9HB9 (2.19) ODBCbiB89T K011968BBSI 8Hr8pMOKB'I9-

cxoro ocuann!ITopa, npB'IeM OTKnoaease OT rapuoBB'IHOCTB Bbl3Baao y cxopeaaeM. B ayne

BOM npa61!BJK9HBB, DpB M81IOM ycxopeH.HB, xorua B (2.18) 381<11J:>'I9HO CB1IbR09 H9p8B9HCTB00 

ypaeaeaae xoneiSaaaA B co6CTBeKHoll cacTeMe ISyueT npocTo 

;; ~ 0 2x = a ( h - 1)' n 2= _k_ . 
mo 

(2.21) 

B aToM cny'lae OCQB1111HTOP c oeepmaeT B co6cTBeBHoll cacTeue 'IBCTO rapMOH~ecxae xone-

6aHBSI oxono CMemeaaoro nonoJKeHBH paeaoeecaa (npa h ,f, 1 ). Cwemeaae n onoJKeBBH 

p8BHOB9CBB Bb!3B8HO B1IB >IHB9M CH11 BH9pUBB; npB h = 1 , xorua ycxopenae ueaTpa B oc-

UB1111>ITOp8 BH9lliHBM U0119M B COllYTCTBy iOmell CBCT9M9 0JlBH8KOB00 3TO BnBSIHBe OTCyTCTB.yeT, 

B ocQBnn>ITop xone6neTC>I OKono uenTpa can. 

B na6opaTopaoA cucTeMe JlBBlKeHBe OCUBnnHTopa 38Jl89TC>I X(T) , oao onpe-

Jl9nlleTCSI <jlOpMynaMH (1.66 ) B (1 .67), npB'19U UOC119JlHSISI una rsnep6011B '19CKOr O JlBBJK9HBH 

t = __:_ arsb 8 T 
a c (2.22) 

3TH peay1IbT8Tbl MoryT IShiTb nony'leHbl a aenocpeJlCTBeaao nyTeM pemeHBH ypaeneHBB 

UBBJKeaaa ocusnn!ITopa e na6opaTopaoA CHCTeMe, ao 3B8'1BTe1Ibno ISonee rpoM03JlKBM nyTeM. 

2. l!BBlK9HB9 '18CTB!lb! B 11BB9llBOM yCKOpBTene 

PaccMOTPBM Tenepb nepeXOJl B u~nnepoay cscTeuy npaMeasTellbao x xopomo aaaecT

ao..y cny'la.:> ABBJKeBBB 'IACTBU a 1!Baellaou ycxopsTene sa ISerymeA aonae. ITps &TOM cpaB

HIIM DpB61!BJK9llBB, OISb!'IHO BCD01Ib3Y9Mb!e B naiSopaTopHoA CBCTeue, C ynpomeHllHMB B M~ll-

nepoeoA CBCT9M9 Jlnsl C1!y'18.H, KOrA8 B38BMHb!9 npeo6p830B8HBB ypaBH9HIIA MOlKHO ocy-

mecTen>ITh aar.<eaoA (1.66)-(1.67). Kax 6yueT BBJlHO, nps61UVKeHB>I, acnollbayeub!e a na6<r 

paTopaoa CIICTeue, aalluyT ce6e aaanora B Mennepoaoll cacTeMe, npll'leM nocneJlRBe 6yJlyT 

BM9Tb HCRb!A <jls311'19CXBA CMb!Cn. Kpor.<e TOro1 6onee npOCTOA BBJl ypaeae&Bll B M{mnepoeoll 

CBCT9M9 A8CT B03MOlKBOCTb Cpaay Bb!HBBTb Dp9Br.<yiD9CTB8 B R9AOCT8TXII TOrO B11B BHOrO 

peJKBM8 BBCTpOllKB D8p8M9Tp0B yCKOpBTen~ 

l!n11 nepexoua a u~nnepoay cscTer.<y sa6epeM xpaT'IalliiiBA nyTb. 3aUBmeM caa'lana 

ypaaaeHBSI B na6opaTopaoA cscTer.<e, aaTeM npeo6paayeM cBnbi x ycxopeaaoll CBCTeMe B 

llOACT8BBM BX B COOTB9TCTBYIOIDB9 STOll CHCT9M9 yp8BH9RHSI JlBBJK9HB~ 
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Taxoll JIY'ft. AACT TAKlKe B03MOlKHOCTb o6cyABTb B O.llHOM MecTe see HBTepecyJOruHe 

HAC BOupOChl llBHlKOBHSI B IICXO.IlBOII na!SopATOpBOll CHCTOMe ICOOp.IIBHAT. 

PaccwOTpeaHe !Synew npoBO.IlHTb AnSI upHocesoro ABHlKOBHB qaCTB.Il B n~taellaow ycKopH~ 

Tene 11a !Serymell ~ -son11e. ripawew, qTo nonepeqaaSI ¢o~tycspoBKA o!SecneqssaeTCB xaanp1-

UOnbHhiMB nHH38WB. rionepeqaoe llBBlKOHIIO qaCTil.ll B naoopATOplloll CHCTEIMO cqllT80TCSI 

K8K o!SblqHO sepenSITHBHCTCUW: 

rvx rvy x) 
< < 1 (2.28) 

c c 

YpaBBOBHBMB .llBHlKeBHSI B naoopaTopaoA CHCTeMe TOr.ll8 !Syny-r: 

_d_( m r Vx)=-X [ eG(Z).Y .. \ ~K(Z)(l-..Y..' 
dT 0 c 2 c 

V <l>(T ,Z) ) (i, sin <l> ] "' F 1 , 
--- 0 

c 

v z z <l>( 2 
~(m 0 rVY)=-Y[-eG(Z)_+.!..K(Z)( 1-::!._ V T,Z))Q, sin<l>]eF, 
dT c 2 c c 

0 

_d_( mo r v z) 
dT 

= e 

T = 
<l>(T,Z)=f!l(T 

3 
&0 COB <l> E F • 

z - -
d T - f K(Z) dZ + <1>

0 
• 

(2.24) 

3.~tecb &
0 

- aMnnHTY.IlHOO aaaqesHe aneKTpHqecxoro nonsr ycKopBJOmell BOJlllbl, K(Z) - Mo-

.llynb aonaosoro aexTopa, aanpasne11aoro no oca Z ' !l(T) - qacTOT8 BOnllb1 0 B o!SmeM 

cnyqae aaBB': SIDlASI OT apeMeHa, ( o!Sbi'IBO lKe !l(T)~ coast 

<Paaa. Bonaa aaMe.~tnel!aAsr: <jlAaoaasr cxopOCTb sonabl 

V <l> ( T, z) = O(T) < 
K"(Z)= 

c • 

), <1>
0 

c coast - saqam,aasr 

(2 .25 ) 

ripa nonyqesHH (2.24) npe.~tnonarAnocb, qTO BblnOJlBBJOTCB ycnoaasr upaMeBBMOCTB reoMeTpa-

'18CKOII OUTBKB 

_1_ d!l « 1, 
!12 dT 

~ « 1. 
K2 d Z 

(2.26) 

G(Z) - 3114KOnepeMeBB8B ciJYHK.IlRSI, TAKAS!, qTo .IIOK&pTOBhl ltOMUOBeBTbl nonepeqaoro MarHBT-

BOrO nonsr KB8.1lpynoJibHbiX nHB3 COOTB8TCTBOHHO no OCBM X B y eCTb G(Z)Y a G(Z)X • 

.L!BBlK9HBe pABBOBeCHOII qaCTB.Ilbl, KOTOpyiO B .ll4nbBOIIWeM !Sy.lleM cqaT8Tb • .llBBlKYIUHM

CSI uesTpoM', onpe.~tensreTCSI TaK, 'ITO nnsr aee X = Y = 0, <l> = <l> = const , anH 
c c c 

x) 
B .llaHHOM cny'!ae ycKopeHae C'IHTaeTcsr npoHCXO.IlKIUHM no OCH 

20 

~ 
Z =X • 



(:.!.:.!7) 

CnenosaTellbJlo, ypasaeaaH pasaosecaoro nsa)l(eHBH aMeJOT nan: 

~ <r v ) = ~ cos <ll 
dT c c mo 

X =\=0, (2.28 ) 

T 

<ll c = f !1 (T) d T d Z + <!> 
0 

= cons! • 

Ecna {i; = const 
0 

, TO (2.28) onacwsaeT 'ranep5o1IH'!eCKoe' llBH)I(eHae c nocTOliH-

BbiM yCKOpeaaeM B COnyTCTByJODlell CHCTQMQ 

a = ~cos <llc. 
mo 

ITocneAaail cnyqail Mbi B ABllbaellweM a 5yAeM aMeTb B BHAy. 

(2.:.!9) 

05cyAHM HQCKOllbKO ypaBRQHHll (2.24) ABHlKQBHll npOB3B01lbHOll 'i8CTBAbl C <!>aaa

UQCKOll CTOpOHbl H Bbli\911HM npa511HlKeHall, KOTOpbiQ 05bi'iHO HCn01lb3yJOT. 

Ma TpeTbero ypasaeaaa (2.:.!4) npa paCCMOTpeaaa B na6opaTopaoil cacTeMe KOOPAH

HBT nony'!BIOT 05W'!HO ypaBHQHHe <i>a30BbiX K011968HHll 'i8CTHU B llHUeilHbiX yCKOpHTQllSIXo 

ITpa aToM oKaawsaeTcH, 'iTO ycTo~qasoA pasuosecaoA q,aaoA HBlllleTCll <l> < 0 , YAOB119T-

BOpliiOD18ll (2.28). flonepe'!Hbl9 CHllbl BO BTOpOM H Tp9Tb9M ypaBHQHBSIX (2.24) COCTOSIT aa 

ABYX qacTell, npa'!eM o6e 'i8CTB nponopnaoaanbHW OTKnoaeaaHM oT nonoJKeaaa paaao-

V z V z 
Bee a a. ITepBbie '!BCTa- X e G (Z) -- - Y e G (Z)- , K8K yK83biB8110Cb, CBSI38Hbl 

c c 
C KB8Apyno1lbHOll <i>cKyCHpOBKOll, 8 BTOpbiQ Ol5li38Hbl nonepe'!HOMY 'Ae<!>oKycapyJODleMy' AeA

x) 
CTBBJO BbiCOKO'i8CTOTHOrO nOllll B011Hbl YCKOpliJODlell 'i8CTHUbl B A8JODlell npQAOllbHyJO <!>oKy-

CBpOBKy. XapaKTepaoll oco6eHHOCTbJO ypaaaeaall ~.24) HB11HeTca To, 'ITO npoAOllbHOO ypaa-

H9BH9 He 38BHCBT OT nonepe'!HbiX KOOpllBHBT, B TO BpeMH K8K nonepe'!HOO ABBlKQHBe 38BB-

CHT OT npOA01lbHOH KOOpABH8Tbl z KaK OT napaMeTpa. B qacTHOCTa, aTa aaaacaMOCTb 

BXOABT B B Bb!p8lKQHBe All!! <Jl Ecna p8CCM8TpBB8JOT CSI M81lble npOAOllbHbie K011e6a-
z . <ll 

Hall, TO B nonepe'!BbiX ypaBHQHHSIX 38M9HS!JOT B93lle Z-> Z c' <f>-+ <f> • V -+ V c = V (T,Z) • 

CneAyeT noA'!epKHYTb, 'iTO Ae¢oKycapyJOwae BbiCOKO'iBCTOTBhie CHllbi ae nOCTOHHHhi (AalKe 

) , T8K K8K 38BHCSIT OT H3MQHS!JOD1HXCSI B nponecce YCKOpeHHS! B911H'!HH 
<ll v • v 

c 

3aaacaMOCTb G(Z) , TO eCTb p8CCT8HOBK8 <!>oKycapyJODlBX B Ae<!>oKyCapyJODlBX no K8lKAOMy 

----~--------------
x) ITpa <ll = <!> c < 0 nenaqaaa sin <ll < 0 1 H COOTBeTCTBYJOillHe CHnhi BCer.o.a rrono-

>KHTenbHhi. 
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aa aanpasneaaA (X, Y) naaa onpeneneaaoA "can~· non6apaeTC B aa coo6pa*eaaA y cToA-

'lBBOCTB nonepe'IHbiX Kone6aaaA. OcHOBHbiM Man~M napaMeTpoM Teopaa QBB*9HH!I qacTau 
171 

B naaeRHoM ycKopaTene BBnBeTCB 

l= e &0 >.. ... cos<l>c 
2 -

:brm c V / c 
0 

<< 1 , 
(2.30) 

2JT c 

n ' 
).. 

rne A ma x • QnHH8 BOllHbl B CB060QHOM npOCTp8HCTB9 npa !} =!} • H8HM9HbWeR '18CTOTe 

R3 Bb16p8HHOr.D QH8rr830H8; V - H8BM9RbW8B CKOpOCTb p8BHOB9CROR '18CTRilbl; onpenenaM - n c 

TBK* e K = ~- • Y'lRTbiBBB Bblpa*eaae nna cos <1> B (2.28), ecTecTseaao aanacaTb 
c v c 

(2.30) B BRQ9cQBYX Hep8B9HCTB 

3 

nvcrc 1 J ~c \ « 1 
•= ~--~ 

1 0 Vc Kc dZ 

3 

O VJ'c 1 J ~\ « l 
< = . _ lYdT 

2 n vc 
(2.31 ) 

B cany aTRX ycnosaR npa6na*eHae reoMeTpa'leCKoR onTRKB (2.26) ronaTCB sc~ny. 

npa 8H8nHTH'I9CKOM p8CCMOTp9HHB QBB*9HB!I '18CTHil B nHR9RHOM YCKOpHTene B na6o

p8TOpHOR CHCTeMe nony'I9RH9 cjla30BOro yp8BH9HBB R Bbi'IBCneHH9 H8 OCHOB9 ero B03MOlKHbi X 

npoQOnbRbiX p83MepOB yCTOii'IHBbiX crycTKOB CBB38HO C npennon0*9RB!IMH 1 'ITO 

2 z ) 
rc (V - V « 1, 

v 
a vc 

( __ _ 
1n vc 

K c J Z - Z c\,..,. << 1, 

rc 

n vc 
'2-

n v c 

K c\ Z - Z c \.,ax 
rc 

« 1. 
(2.32) 

Ecna aTa ycnosaa Bbmona~TCB aa H8'18nbHOA cTanaa ycKopeaaa, TO a nanbaellmeM npa 

n = const nocnenaae nsa aepaseHCTBa (2.32) BbinOnHBlOTCB 8BTOM8TB'I9CKR. ll~pBOe 

* 9 ycn OBBe (2.32) npR QOCT8TO'IRO 60nbWHX r c MO*eT aapymaTbCB, TBK KaK nesaa 

'l8CTb 6yQeT paCTB npa YB9nH'19HBH rc Onaaxo aTo yTsep*neaae OCHOBbiBaeTca aa pac-

'l9 T8X1 BblnonHeHRbiX C y'I9TOM Tpe(SOB8RRR 8QH868TB'IROCTB cjla30BOrO QBBlK9HHR 

1 ~ « 1, --2· 
n

11 
d T 

nl\= je & on sin(-<1>) 

m v r 3 
0 c 

(2.33) 

rne n II - '18CTOT8 M8nhiX $430BbiX (Z - z c) 
~ 

•KOne6aaaA. npa 60nbWHX r c neB8H '18CTb 

HepaBeRCTBB (:.!.33) paCTeT K8K rc QnR 0 = const B npa 0'19Hb 60nbWHX r 
c 9TO 

aepaseacTso aapymaeTCR. B aToll o6nacTB aaanaTa'lecxoe paccMOTpeaae aaTpyAaeao. 

nepel!QeM Tenepb K Ml!rute~OBbiM yp&BH9HHRM. 3H&H 3- CH~ B na6opaTOpHOll CHCT9M9 

F = (F 1 , F 2, F3) (eM. (2.24) ) 1 HeTpyQHO 38ITRC8Tb 4-cany F I 1 a 38T9M npeo(Spaao-
A a I A 

B&Tb ee K yCKOpeHHOll CBCT9M8 COr naCHO COOTHOW9D~ f 1- ~ F k • npa 3TOM HylKHO 
k 

BOCUOnb30B8TbC!I cjlopuynoA (1.43), rAe ch~ = rc, ax· sh~= ...f..Ycg ~. 
c c c c 

nanee, Bblp83RB 4-CKOpOCTb '18CTRilbl U I 1 BXOQIIIIlY~ B ; 
1 

>~epea ul!nneposy 

4-cxopOCTb ' u (TaKlKe cornacao npeo6paaosaaa~ 4-seKTopos), aaAneu 
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u3 T 0 
{ 0 

--F +~ (_ILl F 1 +_!!_2F2), 

Vic ~c c c 
00 

{ 1 1 u0 yg- 0 u. u 3)' =F(~ gu+ 
c2 oo ~ 

(2.34) 

c c c c 

r.ae, OtteBHllHO, U l = Ux 
1 

U l = U y, u3= U z, 0 
u = cy. 

B (2.34) 4-cKopOCTb paaaoaecaoA '18CTHUhi 

Mennepoaa BpeMeHII • ':ITO!Sbi UOny'IHTb OKOH'I8TeUbHbie He06XOAHMbie H8M Bblp8lKe-

HHSI AHH ? I , H8110 eme Bb!p83HTb B9nB'IHHbi, BXOASIIUHe B na6op8TOpHbie 3-CBnbi Fa 

BM8HHO Vz=V
3 

, G(Z} K(Z ) , <f>(T,Z) qepea M~nnepOBbi KOOPI1BH8Tbi
0 

BpeMR B CKOPOCTB. TaK K8K va = cU
0

/U 0 • TO 

G(Z) = G(Z + r z), 
c c 

X 
v 

0 ~ 0 3 
u c v ~0 u + u c u 

K ( Z ) = K (Z c + r. z ) • 

3AeCb Z K8K B rc (CM. BbiWe) 8CTb ¢YHKUHB OT ! 

(2.35) 

(2.36) 

r ... _ z .. ., ao 
3aAMeMCSI Tenepb cpaaoA <!> (T, z) = f O('t) dT - fK(Z)dZ. nocKOnbKY - =a K = f) 

0 0 az a"'f • 
TO Bblp8lK9HBe J1nSI <f> MOlKHO npeACT8BHTb B BRAe KOHTypHOro HHTerpana no mo6ol! 

aa nnocKOCTH (T,Z) , coeAHHSIJOIUeA TO'IKR (0, 0) H ( T,Z ) 
1 

TO eCTb 

<~> = J ocr )dT +[-K<z>ldz +q'o · 
(~.37) 

0To6p83HM nnOCKOCTb 
~ = = 

aa ( t, z) cornacao M~nnepoBbiM npeo6paaoaaHilSIM 

ll 38M9HHM 
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K < z ) d z = K < z < i.; ) ) < a z dt + a z d;) • 
ai a; 

nycTb KOHTyp !f_ nepeXOAHT B f , a TO'tKH (0,0), (T,Z) B (0,0), (t,z) • TorAa 

<I> = <1> + J[ n (; {!.~/r -K(Z(t,z))~d; +ln(T (t,z))~-K(z(!',Z'))£i.J dt. 
0 e a~ a'Z at a't 

nerKO nposepHTb, 'ITO 3TOT KOHTypHMft HHTerpan TBK*e He 3BBHCHT OT OyTH • 803&-

M9M TaKOft nyT&: H3 TO'tKH ( 0,0) - B TO'tKY (t,O) 00 npstMOft Z = () H 11anee - H3 TO'tK!l 

t , 0 ) B TO'tKY ( t, z - no npstMoft t = t • Toraa nony'tHM BMecTo nocneaaero 

KOHTypHoro HHTerpana CyMMY llBYX 06bi'tHMX: 

<1> =/[ Uc(t) n (T (t)+ ~ z )-1 (t) K(Z (t)+l (t)z)l ·d~ + 
o c2 c c2 c c c 

+ J[I (t)O (T (t))-U (t)K(Z (t))]dt +<l>. 
c c c c 0 

Mbi socnon&aosanac& 3aec& MilnnepoBbiMH npeo6pa3osaHHltMII B <j>opMe 

T = Tc (t) + 
U c(t) 

.z • T(t) = T(t,z) l =fl dt , 
c zc:::O c c 2 

z = z c (t) + 1 (t) z • Z (t) = Z (t,z) I = J U dt • 
c z=O c 

Y'tHTbiBast BbiPB*eHast (2.39) anst T c a 

B (2,38) BM9CT9 C aiiiiHTHBHOft nOCTOltHHOft 

Z c , nerKO npHB9CTH B9Cb HHTerpan no 

<1> 0 K <j>opMe 

T c (t) - z (t) 

J n <T )d T - J CK(Z )d z + <!> = <I> =con st. 
0 c 

(2.38) 

(2.39) 

(~.40) 

<l>opMan&HOe Bblpa*9HH9 <I> _ B (2,40) OTnH'ta9TCR OT npHB9119HHOrO B (2,28) nHIIIb 

T9M, 'ITO Zc paCCMBTpHBB9TCR Tenepb KBK <j>yHKUHR MilnnepOBB Bp9M9HH , B COOTBeT-

CTBBB C qeM BMeCTO T nnst paBHOB9CHOft 'tBCTHUhl CTOHT T c (t) YiTaK, 

z 
<I> =<I>+ ([ Uc(t) O(T (t)+_Uc(t); )-1 (t)K(Z (t)+l (t)~ )]d; 

c2 c c2 c c c (2.41) 

Ecna Tenep& noacTBBHTb (2,35), (2.36), (:.!.41), a TaK*e 
<I> 

V = V c (t) B F (cM,\2,24)) , 

TO MilnnepOBhl CHnhl \2,34) 6ynyT BblpB*9Hbl nHIIIb 'lepe3 napaMeTpbl yCKOp9HHOll CHCT9Mbl, 

nanee HBilO HCnOn&30BaTb ypaBH9HHlt IIBH*9HHR \2,1), KOTOpbl9 llnR npOCTpaHCTB9HHblX 

KOOpllHHBT B HBIII9M Cny'tae MOryT 6biTb 3anHCaHbi Tax: 

_ Y_ 

~0 
~(~) 
dt yg 

00 

__!_ f 1 

mo 
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3aecb y'ITeao, 'ITO 

y d {_J::.i_ ) 

v~ dt vgoo 

y d 

;;g dt 
oo 

rz 
( ) 

~0 

dT = v&; .,dt ( CM. ( 1.34)) H TO, 'ITO 
y 

ayn11 CHMaOll KpacTo¢<l>enl! a STHX ypaaHeHHIIX eCTh 

y ~ 1/ .jt- _1_ ( i:a)2 • 

c 2 goo 

(2.42) 

(2.43) 

EyaeM aaanaaapoaaTh HHWB ypaaaeaBH npa onpeaeneaawx npx6na~eHHIIX, aaanoraq

Ho TOMy, KH~ 3TO .[191189TCII ITpH p8CCMOTp8HHH a ll800paTOpHOll CHCT9Me. 

I) OpaMeM, 'ITO a ycKopeaaoll cacTeMa ace qacTHilbi .ttaa~yTCl! aepenHTl!aHCTCKH. 

Y= 1, 
a 

_!!_ ~ _I_ • a _ x _ << 1 . ~ = _ 1_, 
c 

v'i;;o c c 
ygoo 

(2.44) 

4>opMynbi (2.35) npa YK838HHbiX npe.ttnOllo~eHHHX A8IOT 

z 
V = V i 

+ - -- · 
v&r2 

00 c 

X 
v _1_, 

V&r 
00 c 

(2.45) 

3aeCb aa~HO ITO.tt'lepKHYTh, 'ITO a M~lll!epoaoll CHCTe Me npo.ttOllbH&ll CKOp OCTb '18CTHU 

- TaK~e aepensrraaacTcKall. CpaaHHM nepabie y cnoaH>t (2.45) B (2.32). flpa aTOM 

Y'ITeM, 'ITO a (2.45) ace aenH'IHHbi OTHeCeHbi K O.[IHOMy MOMeHTy B na6opaTopaoit 

~e CHCT9Me pa3Hb1M TO'IK8 M Z ,f Z C oyQyT OTae'I&Tb p83Hbl8 MOM8HTbl T • fl e paa>t 

<jJop My l!a (2.45) npH OTH8C8HHH K 8QHH0My ll800p8TOpHOMy apeMeHH T 6y.tteT abirnH-
!19Th TBK 

VZ(T) = Vc (T)+_1_ (i_ _zaV(T~ (cpaaHHTe C <jJopMynoi! (1 .63)). 
r1(rl ..;g- c 2 

c 00 

CneaoaaTellbHO, HepaaeHCTao r 2 fvZ(T ) - v (T)] / v « 1 (rrepeoe ycnoea e 
c c c 

(2.32)), eeeaeaaoe Qll>t na6opaTopaoii cncTeMbi , :o>KBl!eaneHTHO Tp e6 oeaHHIO, 'JTOObi e ycKo

peHHofi CHCTeMe IlpOQ01lbH8>1 CKOpOCTb Oblll8 Hepell liTHBHCTCKOi! (2 .44), a THKJKe 'ITOObi 

~ << 1 ( rrocnea aee ycnoeae Mbi oco6o eae.tteM HH~e ) • .Un H nonepe'IHbiX CKopocTeii 
c2' 

(2.45) HMeeT aaanor (2.23), rrpa'leM (2.45) OITI!Tb 'cna6ee• 'na6opaTopHoro ycnoenn '. 

B rrpa6na~eHHH (2,44) 4-CBllbi a M~nnepoeoil CHCTeMe rrpHHHMaiOT eaa: 

25 



... 
{O. 0, Af 1_ .J... uo F 1 

c 
~2~.!_tfF 2, ~J,.F l • 

c 

2) nonoJOC.HM rclzl I..!!. I « 1, rclzl~cl~l « 1, 
Kc dZ Z-Z(t) 

c 
{} c c d T TaT (t) 

c c 

K "' K ( Z ) , 
• c 

!l adl(T ). 
c 

(:.!.46) 

(2.47) 

Ecn. BCnom.30B8Th (2.31), TOrll8 HepAseBCTB8 (2.47) CBe.llyTCSI X Tpe60B8RBSIM 

n v c 
( ---

1 n v 
Kclz 1.,•• « 1, 

r2 
c c c 

Vc 
( --

2 c 2 

{lye Kclz1.,•• « 1. 
n v r 2 

c c 

B CHny (2.47) MO>KBO 38:WeHBTb B noARHTerpaJlbROM Bblp8JKeHHH (2 .41) 

(2.48) 

!l ( T + ~ ~ ) ~ Q (T), K (Z + r z )~K(Z c). 
c c2 c c c 

nocne B3SITHSI 9TOrO :>neMeHT8pHOrO HHTE>-

rpana nol!y'IBM 

<I> =<I> - Kc z 

rc 
(:.1.49) c 

B OCROBe T81tOA npOCTOA CBSI3H weJK.IIY p83ROCTblO <jlaa p8BHOBeCHOA H HepaBHOBeCHOA '18CTRI{ 

R Mi)nneposoll KOOpJ:IHH8TOII Z Hep8BHOB9CROII '18CTHI{bl neJKHT Tpe6osaHHe ,IIOCT8TO'IROII 

ManocTB I zl (eM. (2,48) ). ARanor nocneARHX ycnoaxll npx y'leTe TOro, 'ITO I z I ~ r IZ-Z I 
max c cmax 

eCTb (2,32), 

3) Bynew C'IHT8Tb, 'ITO 

g - 1 00 1 HnR 

C )''leTON (2.30) nOl!y'IBN 

a 1 z I .. •><::< 1 • ---2-
c 

e&0 cos<l>cl z 1 « 1 • 
HnH ~ max 

0 

• n v lz 1 
c ma x << l . 

(2.50) 

c 2 (2.51) 

B Hepen!ITRBHCTCKOII o6nacTR 9TO BbmonHSieTcH s cHny (2.48). B pen!ITRBRCTCKOII JKe o6-

nacTa (:.1.51 ) 6yneT ynosneTaop!ITbCH BCIO.IIY TOJlbKo, ecna I z I He paCTeT s nponecce 
"' .. 

yc~~:opeHBSI. 

B .118JlbHellweu Mbl ewe Ha s-rou sonvoce OCTaHOBRMCH, C yqeToM B3!1Tb1X npa6na

JKeBBII B8 OCBOBe (2.42), (2.46), (2.24), (2.36), (2,45), (2.49) ypasBeHBSI .IIBHlK9RHSI 

aanxwyTCSI a BBne: 
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i' + __!_ [ e ~ r G ( Z + r 
c c c c: 

z ) + _..:_ _!_ K ( Z + r z ) ,/i; 0 s in <I> 1 x - 0 
c rc c c 

y + __!_ [ - e .Y._c r G ( Z· + r z ) + ~ _!_ K ( Z + r z ) ti; s in <I> 1 · y = 0 
mo c c c c c r c c 0 ( :.!. :>2 ) 

. -;. + ~0 ( cos Cl> - cos <I> ) = 0 , 
mo 

(B o B36elK8HBB He)lOpaay Y eBBJ! OTMeTHIII, 'ITO B nepBOIII B BTOpOM ypaBHeHBS!X (2,52) aemr-

'IBBbl ( Z c + rc Z ) B:BnJIIO'I'C B apryYeHTaMB <j7y'BitllBll G H K , a He WHO>KBTensMB)• 

P accMOTpHM TpeTbe ypaBHeHue (2 .52). B HeM Heo6XOJlHMO Bblpa3BTb mr6o Cl> 'lepes 

z , J1H6o r 'l9pe3 <!> CJlenaew CBa'lana nocneJtHee . 11s (2.49 ) aal!)leM 

r. d (....!S:z). 

Kc dt r. 
(2.53) 

OrcyTCTBHe B STOll cjlopMyne llOCTOIIIIBOJI COCTBBJU!IOIIlell Tuna V c >IBnBeTCII llpH'IBHOll 

TOrO, 'ITO HaM 6hlnO Jl0CT8TO'IHO y'leCTb /tBIIlb nuHeliHb19 '!neHbl B (2.49), TOr)la XaK B na6<>-
x) 

paTopuoll CHCTeMe Tpe6y9'1'Cll 6onee 'llllBBBoe' pasno>KeHae • Boo6me HaJlo oTMeTHT&,. 'ITO 

MBnOCTb DJlOJlOnbHbiX CKOpOCTeA '18CTHil B Mennepoaol! CHCT9M9 cymeCTB9BHO o6ner'!a9T pac

CMOTp9BB9 H ll0llY'I9HB9 p83nB'IHbiX npu6JIB>K9HHbiX ypaBH9BBJ!, 

JlBcjlcjlepeHnupyll ( 2 .53) eme pas, us TpeT&ero ypaaueBBll (2.52) a ucnon&syeMoM npu-

6na>Keuuu nony'IBY: 

d 

dt 

2 

r. d 
---z 
K • d t 

(:.! .54) ( _s ) + ~ ( cos <!> - cos <!> ) = 0 • 
rc m 0 c: 

3To - cjlasoaoe y paaHeHa e a Milnnepoa oll cucTew e. Y.aCTOTa wanblx cjlasoawx x one6aHBll 

OTCIOJlB 

= J e &an " sin (-<p el 
m v r 

0 • • 
(2.55 ) 

npu sa MeRe HesaaucuMoll uepeMeHHoll Ha T , cor nacHo dt = <!I_ , n ocne)lBee 
r. 

ypaBHeHBe, KBK B )lon>KHO 6h!Tb B p aCCM8TpHB8eMOM npa6nu >KeBHH (eM.( 1, 66) ( 1.67)nepeA)leT 

a o6bi 'IBOe cjlasoaoe ypaaaeaae na6opaTopaoll cacTeMbi! 

x) /8 / 
KcTaTHt a xaure A.Jl. Bnacoaa a pasno>KeBBu Jlnll <!> -<!> . a na6opaTopuoll 

cucTeMe npacyTCTBYeT namb '!nea - K • ( Z - Z •) THna aamero, as-sa '!ero B Jlan&aellweM 
a sToll pa60Te nony'!aeTCll HeTO'IHoe awpa>KeBBe Jlnll KoscjlcpauueHTa npa d <!> I d T a cjlas<>
BOM ypaBHeHHH (upaBH/tbHOe Bblpa>KeBHe nng STOrO KOScpcjlHUHeHTB DO/ty'leHO B / 7 / , y HaC 
- s-ro ypaaaeaae (2.56), npaaeneBBoe nan& we, a xOTopoM nnst o6hi'!Horo aapBaHTa jg_ = 0) • 

dT 
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d:/q, + d~ l-2 ~ +...1. 
d T 2 d T 0 dT V 

2 2 c 
~·(2+3r ~)] + ~ (cos <ll-cos<ll) = 0. 
d T e c 2 m V r' e 

0 c c 

(2.56) 

Haa6onee "xpaCHBbiM" B M~nnepoaoll CHCTeMe smn>1eTC>1 ypasneRxe ManbtX <jJa30BbiX z -K~ 

ne6aRall 

·z + w2 z = 0 
II (2.57) 

B na6opaTopnoll cacTeMe, ecns o603Ha'lRTb f; = Z - z. , BMeCTo (2.57) fiyAeT 

2 2 2 
~ + 3r ~ ._1_ _!y_. 
d T2 e C 2 V e d T 

~+nil .; = o 
dT 

(2.58) 

BRA (2.57) npenno'ITHTe nhnee. 113 nero, B 'IBCTHOCTR, cpa3y O'lesunuo, npn KBKRX napaMeT-

pax nsnei!Roro ycKOpHTen>l, BXOASIIIIKX B "' 11 Z -Ko nefi8HR>I 'l8CTRA B MennepOBOll CRCTe-

Me fiyAyT 38TyXIlTb, paCKil'lRB8TbC>I RnR COXp8H>ITb CBOJO llMUnRTyAy, noaeneHRe JKe f; -K~ 

ne6anall y cTanaanss aeTCR no <jJopMyne f; = z 

r. 
BepneMCR Tenepb K y cnoaa10 (2,51 ). EcnB '!BCTOTa BbiCOKO'!aCTOTHoro nonR B nanell-

HOM ycxopRTene !1 = cons! , TO, K8K HeTpyAHO yCT8H OBRTb H3 (2.57) H (2.55), npOAOllb-

Bbtll pa3Mep crycTKa a M~nneposoll CHCTeMe pacTeT npa GOnhlllHX 
!4 

rc 
r 

c nponopnaoHam.Bo 

• CneAOBaTellbno, ycnoaae (2 .51 ), fiyAy'IH Bblnonne HHbiM BRA 'lane, npa nocTaTO'!HO 

GOllblllRX r 
c 

TpefiOBAHR>I 

MOJKeT napylllRTbC>!, Ho 3TO 6e3ycnoBHO c npaaennsao llHillb npa BbtnOnHeHHR 

llllR8G8TR'!HOCTH 

..l~ « l . 
2 d t 

"'!I 
(2.59) 

113 (2.55) nerxo ycTaHOBKTb, 'ITO npa 6onblllHX r aenH'IRH8 2.._ ~ paCTeT nponop-
c w d t 

llROR8nhBO r H, CneAOBaTem.HO, 81lR8G8TH'!HOCTb T8K>Ke MOlKeT H8pylllHTbC>I. 

PaccMOTpenae npa napy llleliHR (2.59) HBAO npoBOAHTb oco6o. HaM npe AcTaBn>!eTC>I, 

'ITO COOTBeTCT BY IOWRll 6onee neTanbnbtll auanH3 B 3TOM cnyqa e H y 'leT npoueccoa H3ny'!eHHR 

np11aenyT K TO M y , 'ITO npa !SOllblllRX r' c ycnoa He (2,51) llll>l yCTOii'!RBbiX ofipa30B8-

HHll '!8CTHil fiyAeT YAOBneTBOp>ITbCR BCIOAY (ao BCRKOM cnyqae napaMeTP g
00 

He CMO>K9T 

oKa3aTbCR 6nH3KHM K 0 ) • Bnpo'leM, ecna MeH>!Tb '!BCTOTy sonHbi so ape Menu (!1(T) f cons!), 

TO, KllK Aanee fiyAeT llOK838HO, B03MOlK9H c nyqall, Korna (~.51) H (2,59) BblllOllHRIOTCR 

acerna c oqessnHOCTbiD. 

Yp8BH9HBR nonepe'!HOrO ABHlK9HH>I B yCKOpe HHOil CHCTeMe BbtnBilleM AllR Cny'IBR, 

ltOrAa Z -Kone68HRR M8nbl H He BnR>IIOT H8 T8KOBbl9 B nepneHAHKynRpHOll nnOCKOCTH! 

X + [e -Y.r.G(Zc ) 
c 

e !1 e f.. s in ( 
- -- 0 
c r v 

c e (2 .60) 

ell)] x = 0, 
mo 

y+_l_[ -e Ver G(Z ) - _e_~&,sin(-<l>)]y=O. 
m c c c crv 0 c 

0 e e 

~8 



BseaeM o~oaaa~eHHH 

x· 
_l_[e ~cr G(Z )- .£... ~ &

0
sin(-q, )][., q'=-x•m

0
.x; 

mo c c c rc v c 

)(Y= ...1.[-e..Y_cr G (Z )-JL ~ & sin(-qJ)), <f=-xYm
0
y; 

mo c c c c r c v c 0 c 

(:.!.61) 

z 2 
q =-'II m0 z 

Toraa ~yaeM HMeTb ypasaeaas 'aepenHTHBHCTCKoro• saaa 

. 
X = _q_, y 

mo 
(2.62) 

X + )(' (t) X= 0 , y + )(Y(t) y = 0 , ·; + 'liZ= 0 

PaCCMOTpHM oaaa mo6onbiTHbill npHMep. npeanonOlKJIM, ~TO 

1) 'i8CTOT8 !} M9HH9TCH BO BpeMeHR no 38KOHy 

~= const = K 
fl 

(2.63) r c v c v 
2) <l>yHKilHH K(Z) T81COBB:1 ~TO 

Kc 
= const = K (2.64) 

r c 

(JtCT8TH Toraa, K8K H aonlKao Ob!Tb, flc v ). 
K 

c 
c 

3) MaraaTHhie nRH3hi a HX 'cana. noao6p8Hbl TaK, ~TOO hi napaMeTp v r G ( z (t)) 
c c c 

sansncs To~aoll nepaoaa~ecKoll aaaKonepeMeaaoll ~YHKnaell M~nneposa speMeaa • B 

3TOM Cny'lae 'IBCTOT8 npoaonbHbiX Kone~BHHII B M6nnepoaoll CHCT9M9 

neOBHHH - 'IHCTO rapMOHH'IBCKOe C ¢HKCHp0BBHHOI! BMnnaTyaoll, 8 

onacbiBBIOTCSI TO'IHhiM ypaaaeaaeM Xanna. 

roll = con sf , z- Ko-

H y - KOne6aHHH 

Toraa aocTaTO'IHO B3HTb 

'ITO BCeraa B9pHO, npa 3TOM 

I z I = 
max 

-2 
, H ycnosae (2.51) aacT , ~ ~ 1 , 

c 2 

'II =jK e Oo sin(-¢") 

mo 
= const, 

(2.65) 

H ycnOBHe aaaaOBTH'IHOCTH (:.!,59) BCeraa BblllOnHSieTCH• nerKO TIOK838Tb, 'ITO BHanorH'IHOe 

x) ycnoaae (2.33) ans na6opaTopaoll cacTeMbi B aTOM cnyqae T8KlKe ac10ay aepao. 

x) 
Koae'!ao, npa ycnoaaa sin ( -qJ c) I 0 , HHB'Ie 8BT0~83Hp0BKB OTCyTCTByeT~ 
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PaccMOTpaM aecxom.xo nonpo!Saee BOnpoc o cTpyxType G(Zc(t)) /l1I!I npHB9/l9H-

aoro npawepa, Jlma: Toro 'ITo!Shl T8 '18CTb X(t) , KOTOp8!1 CB!I38H8 C ICB8/lpynOnbHOA 

~oxycapOBXOA, 6b1118 nepBO/lH'I9CKOA 3H8JCOnepeMeHHOA ~yHxnaeA , /lOCT8TO'IH00 Hanpa-

Mep, Bb16pan. G(t) CTyneH'IaToA 3H8KOnepeMeHHOA ~HKABeA nocTORHHOro nepaona, HO 

TaxoA, 'ITO ee 'cTonbi' noHHlKAIOTC!I ~ __!.__ • Ec11B 9TO npencTaBHTb B ~yaxnaa na6opaTop-

Vc Lc 
HOrO BpeMeHB, TO 6ynyT MeHHTbCB ewe R 'nepROilbi' 9TOA ~yHX1lRR ~ LC , 'ITO 381UIW9M 

Tax: TG = r. T G , rne TG = const • MolKHO nOCTpOHTb a npyry10, 9XBBBHneHTHyJO cacTe-

MYo ec1UI Y'fecn. H3B9CTHoe nonolKeHBe, 'ITO npa CTyneH'IATb!X ~HJWJISIX B ypaBHeHHSIX 

Xanna ¢oxycapy10mee neAcTBBe aaBHCHT OT npoaaBeneHBA THna V(JTG , rne Q - BhiCOTbi 

'CT01IOB', CneAOB8TellbB00 38 9KBBB8119HTftYIO CBCTeMY MOlKHO B3JI'I'b TAKyiO, 'ITO 

a Q pacTeT nponopnaoaan&ao ~ 
v. 

§ 3, 3nexTpOMBrHRTHOe none 38p!llK9HHbiX cryCTKOB B MllnnepOBOA 

CBCT9M9 XOOp/lHHST 

T =T ~const 
G G ' 

Jln!l nony'I9HBB o!SruBX Bblp8lK9HHA 'leTblpexnOT9HIUl8118 B HeRH9p1lR8nbHblX CRCT9MAX 

IOOp/lHHAT 6yneM RCXO/lRTb R3 H3B9CTHbiX ¢Qpuyn, Onp9/l91IBIOWRX 'leTblp9lmOT9H1lR81I B 

RH9pnR811bHOA CHCT9Me XOOp/lHHAT /J,e/ (aana3/lb!B810WH9 DOT9HnR81Ib!) 

I 

A' = I {r-d'x. i = O,l,2,3, T = T-R (3.n 
( B 3TOA rnaBe 3/l9Cb II B /lAIIbHeAweu npRHRM8eTC>I C= 1 ), 

3TH Bb!p8lK9HBII MOryT 6biTb nepenRCAHhl B KOB8pR8HTHOM BRAe 

A
1

~ 2 f I' (X•) 8 (S 2) d 4x (3.2) 

rne s2 - KB8/lp8T RHTep~ana, Bbl'IRC1IeHHOrO no reOA93R'IeCKOA, C09/lRHBIOW9A TO'IJCR X I R 

~ I 2 
X 0 T,e, S DO onpenaneHHIO 9CTb HHBApRAHT OTHOCRTe1IbHO 06WRX npeo6pa30B8HHA 

KOOp/lBHST, llpR 3TOM B RH9p1lH81IbHOA CRCT9M9 KOOp/lHHAT HHT9rpRpOB8HRe /l01IlKHO Bee-

THCb no TOA o!SnacTR 'leTbipexnpocTpaacTBa, nn11 xOTopoA co6biTRe X nelKHT B 6ynyrueM 

"' OTHOCHT91IbHO X , 'ITO COOT8eTCTBY9T 38n83/lbiB810WRM DOT9H1lH8118M, 

l1cnom.ay11 H389CTHhl9 npaBana npeo6p830B8HBB B9XTOpOB0 nepeAneM B npOH3801IbHYIO 

CHCTeMy, CBI!38HHyiO C HHepnB81IbHOA COOTHOW9HHeM: 

x' = x 1 ( xl). (3.3) 

Torna q e TbipexnoTeauaan a aToll cacTeMe 

B 3TOli lKe CHCTeMe, C119AYIOIUHM o6pa30M: 

A I onpenenHeTCSI 'lepea TOK j I , 38/lAHHbiA 

a 1 ax" "' :----=- ~ A
1 

(xk) = 2 _x f __ jm(xP) 8 (s2) y~g(x•)d 4x • 
a X" axm (3.4) 
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-ODpenenBTenb M9Tpaqecxoro T9H30pa B H9HH9pAH8nbHOA CHCT9M9 XOOpAH-
~ 

saT, 8hlnonBllll B (3,4) aBTerpaposaHBe no x
0 

, nony'lllu: 

~ 

R B93jl9 BM9CTO X
0 

G = ---=--::--
1 as 2 

2 a~ o 

HHH ·xOToporo yqBTbiBBeTCil ycnosue aan831lhtB8HBil. 

(3.5) 

(3.5a) 

80CDOnb3yeMCil T9D9pb Bbip8lK9HB9M (3,5) nnll H8XOlKil9BBil qeTbipeXnOTeHAKAna B 

M~nnepOBOA CBCTeNe XOOpjlBBaT, CqBT81l0 qTO yCKOpeHHAil CHCTeMa KOOpAHH8T llBHlK9TCil 

no ocu Z 1 B aanpasneHBil oceA XOOPAHH8T HHepuBanbHOA B ycxopeBHOA CHCTeU COBna-

naJOT, Torna, acnom.aya npeo15paaosaua~r Mllnnepa lcM, .popMynht 1.41 ), nonyquM qeThtpex-

DOT9HABan B BB.Il9: 

A1,2:Ji~·ah d3; 

h = y:t:goo • 
(B 3TOA ~OpMyne 3B8KOM 

(3,6) 

y scex senuqas OTMeqatoTCH ~HKAHH Toqxs xa ) . 

Kax BBilBO 1 (3.6) Be 38BBCHT OT Bbt6opa HCXOilHOA BHepuuan&HOA CHCT9Mbl KOOpllBH8T 1 qT01 

9CT9CTB9BH01 B AonlKBO BM9Th M9CTO, 

Cnenye-r OTMeTBTb TaKJKe, qTo G no ODpeAeneHRIO BBBapaaHTHO OTHOCBTen&HO Bbt6opa 

HCXOilBOA CRCTQMbl KOOpABHST, 

nepeAAeM Tenepb K onpeAeneHBIO BBHOro BBAA G , 8 BH9pUB8nhHOA CBCT9M9 KOOp-

ABHAT KBBApaT BHTepBana, BhlqacneBHOro no reOA93BqecxoA nBHBB 1 38DBChlB89TCil B BHA9 

r -BHB8pRaBT, ero BblqucneRB9 CBO.ABTCil K 38M9H9 nepeM9RRblX B 3TOM 

BblpAlK8BRR. 11cnollb3yll npeo15paaosaBBB Mennepa ( 1,41), nonyqaew 

s 2 = I 2 
- I 2 + 2 I ( z sh w - ; sh w ) -. . . 

- 21 , ( z ch w - i ch ; ) + 2 z '; [ ch ( w - ; ) - 1] 
2 

-r • 
(3.7) 
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3J19Cb 
2 ... t ... ~ 2 ~2 Q 

r = ( z - z ) + ( x,1 - x ,1 ) + ( x
1

- x ) 

I 

I ( t, t ) • f ch w(t) dt 
c 'I' 

• I 
10 (t, t ) = £ sh w(t) dt • 

I 

J.is <IK>PMYll (3.7) R (3.5a) CliGJ1YeT0 '1"1'0 

G 

h [ 1
0 

ch ; - I sh ; + z sh ( w - ; ) I 

3aM9TBM, 'ITO , BXOJ11Ull99 B 9TH .popJoCYIIbl, - ltOpGHb ypaBB9HBH s 2= 0 

C orp8HB'I9HH9M, H8Kli8J1biB89MblM ycnOBH9M 38ll83)1blii8HHSI, 

nng p8BHOYCKOp9HHOrO J1BB~9HBB nocne BHTerpBpOBaBBH B 

(3,8) MO~O 38nBC8Tb B BBJ19 

G·T = h h sh a(t-t) 

a 

H 

rne h = 1+ az • B aTOM cny'!ae yno6ao npeAcTaBstTb G K41t <PYHKIUIIO 

ypaaaeHBe 

OTBOCHT9llbHO cb a ( t-t) 

s 2
= 2[cb a(t-~)- 1) J!..!_- r 2=0 

a2 

(3.8) 

, Bbl6apaeMblA 

Bhlp8~9HB9 

, pemaa 

G = 
~:-:===--~ (3.9) 

4ht 

npHB9A9M Tenepb B ltS'I9CTB9 BllliiOCTp8THBHOro npBM9p8 Bbl'IBCli9BBe '19Tblp9XTIOT9HUB8-

ll8 B M~llll9pOBOA CHCT9M9 BOOpAHBAT J1liB paBHOMepao-sap~eHHOro B C06CTB9HHOA CHCT9-

M9 BblTHBYTOro no Hanp8Bli9BBJO ABR~9BBK c.pepoB)18 0 npennonaraH, 'ITO TOitB BHyTpB 

aero OTCyTCTByiOT 

io= 3eN 2 ~o(l- x 1 +x2 

4 "Rfh ~ R2 

___£_ ) .r ,2, 3 
[ 2 • l = 0' 

(3.10) 

1 
rne o(x) =f 

0 

x>O 

X < 0 
R B - COOTB9TCTBeBao ManaH a OOllbmaSJ nonyoca 

c<Pepoana, N - nonaoe 'lacno 'laCTBU B crycTKe. 

<I>OpMyllhl (3 , 6) nepenBCbiB8IOTCSJ AliSJ p8BBOyCitOp9HHOrO ABB~9BBH B BBA9 
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(3.11) 

Orpasxqxsasc& paccuorpea.eu nona c$eposna sa ~nxaxsx paccTosa.sx OT aero (nx6o 

ssyTps), nposeneu paanoJKesse • $yHKDHH fpasa • G B pgn no uanouy napaueTpy ~ 
2 

= .. 1!!±] 
G =I (- 1 )" (2n-1 )II (_•_)a. ,2 n·l (h h) 2 

n= O Qn)n 2 
(3.12) 

npei1CT8BIIM Tenepb ch a (t-t) B sha (t -t) I8K $YHKI{RR r B $Qpuynax (3.11). 

Torna, c Y"'eTOM (3.9) a (3.1 0), nony'IRM 

Ao= 3eN If 
411R 2 fh n=O C 

(3.13) 

KaK BHI1BO R3 nOCD911B9A $OPMYDW 1 Z -as KOMnOH9BT8 4-X nOTeRUH8D8 R9 1189'1' BKD8118 

B Hanpru«9RROCTB nona B MOlK9T 6WTb o6pa~eKB B ByDb rp811H9HTHbiM npeo6pa30B8HH9Mo 

OrpaHH'IHMCSI Aanee Bbi'IHCneaaeM none A B o6naCTH, orpaHR'I9HHOA ycnosaeu (2 a r )<< 1, 
max 

npe11nonaraa, ecTecTaeaao, qTO paaMepw crycTKa Bbi6paHbi B coOTseTCTBHB c HHM. TorAa, 

OCTBBJISIB nepBbi9 ABB 'III9H8 pana B (3.13), H p8CKII81lb1Ba.H $yHKI{RH h H h C TO'I-

IIOCTbiO 110 'III9ROB nepsoro nop.HAK8 no a z , nOJiy'IBM 

I . (3.14) 

nepsbiA BHTerpan s $QpMYne (3.14) 11aeT none pasaoMepao aapru«enaoro c$epoana s l!iaep

UBallbaol! CHCT9M9 KOOpABHBT, BTOpoA BHTerpan onpenenaeT A06aBO'IHW9 CBIIW 0 CBB38HHbl9 

C 119HR9pllB8DbBOCTbJO CBCT9MW OTC'IeTa. 

npHB91l9M peaynbTBT BW'IHCII9HHSI 3THX HHTerpaiiOB lliiSI BByTp&HHeA 06118CTB 
Jo::; .2 2 

11 = ! dx rr(l-f1)f2 fn~+ ~(...! .. .=f.J 
C r f: 1 - p 1 f 12 2f 1 

rr(l-f2) 1+f1-2") 2 - ___ 1 (fn __ ,
1 

z 

P
3 

1-f1 
1= 
z - z d 3x = 277(~--i,~f 2 

e2 
1 

2 

~fn 
21' 1 
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2 2 
+ II' {1- t,.) <-.. ! .. =.!1 fn .....!.±.lL - 3 ) ( .?' + x 2 ) z -

1- f 1 1 2 t~ 2t1 

2 2 
- 17(1- f ) [ fn 

f 5 
1 

1+f1 

1- f I 

2 
e1 =1- R 2 

i 2 

2 
2f 1 (3-2 f I) 

3(1-f2 ) 
1 

l % 3 

Ka~~: aanao aa npaaeneaablx B blme BblpalKeBB:II n n s 'leTblpexnOTeBIUiana, B co6CTaeaaoll 

cacTewe aapBJKeaaoro cryCT~~:a, ABBlKymerocs paaaoycJtopeaao, BMeeTCB T011bii:O anexTpo-

CT8TB'I9CIC09 none. 

H3ny'I9HK9 a C06CTB9HHOII CBCTeMe OTCYTCTByeT, 'ITO ecTeCTB9 HHO COBD8lt8eT 

/4/ 
C 8HanOrB'IIIbiM peaynbT8TOM, DOny'19HIIbiM B AnR paaa owepaoycKopeaaoro TO'Ie'laoro 

aapRlta. 

B aa~~:niO'I eaxe OTMeTHM, 'ITO npa Bbl'lacneaaa nonell a co6cTaeaaoll c acTeMe MOlKHo 

npoaecTB paanoJKellJie 'leTblpexnareH!lBana no Manowy napaMeTpy 2 a r ; c Jlpyroll 

CTOpOHbl 0 MOlKHO DOJ<838Tb 0 'ITO B CODyTCTBYJOIII911 CHCT9Me II:OOpJlHHBT Tpe60B8Hll S!0 Heo6-

XOJlBWbl9 )lnR DOJl06Horo pa3n0}!{9HBR 0 6onee }!{9 CTKH9. 3TO o6CTORT9nbCTB00 8 T8K}!{9 Dpo

CTOTB Dony'189Mb1X Bblp8}!{9IIHII, RBnRIOTCR 6eaycnOBHbiMH Jl.OCTOHBCTB8MH C06cTB9HBOli 

CKCT9Mhle 

§ 4. 3neMeHTbl II:HH9THKH B rHilp011HB8MHII:H CHCT9Mbl 38pRlK9HHbiX 'IBCTHD 
• 

a H9HH9pnH811bHOII (M~nnepoBCKOII) CBCT9Me KOOpll.BH8T 

1. 

Ka~~: o6bi'IBO,cOCToRHBe 'IBCTBnhi onpenenseTCR coaoKynHOCTbiO npocTpaacTaeaao

apeMeaaoro nonolKeHBR B BMDyllbca; 'leTbipexMepH&Ilt BMnyn&c eCTb 

pi = dx
1
=mu1 m - o 

o dr (4.1) 
( i~·0,1,2,3). 

B aanaaaolt B npocTpaacTBe co6hiTB:ll cucTeMe ~~:oopnuaaT c apeMeaaolt 'IBCTbiO 

MeTpu'leCII:oro Teuaopa g
00

(t,xl ,x2,x3) B npOCTp8HCTB9HHOlt g (x 1 ,x 2 ,x ), 
aa 

(glk =0, i ,t k ) aneMeHT C06CTB9HHOro BpeMeHR IIBR}!{ymeltcSI 'IBCTBDbl 9CTb 

S4 



x dt J g
00 

+ _1._ ~ 
x) 

dr a1 =li dt gaa X 

c 2 a.=1 00 y 

rae 

3 .,., 
?' = [ 1 +_!_ !. &aa ja2] • 

c2 a = 1 &oo 

BMecTo PI (ana COOTB9TCTBYIOIIl9rO IOB8pB8HTHOro BMDy11hC8 PI 

HHK /lBB~9HHH 38pWKeHH~X 'ACTin '8CTO YJl06Ho BCU011h30B8Tb BenBqHHM 

(4.2) 

(4.3) 

) npH paCCMOTpa-

~ 
I 

I Jt8HOHB-

qeciH corrpiDKeHH~e c nepeNeHHMMH xl • Kai H3BecTHo, o6o6meHHMll HMnynbc 

llHTCH C UOMOlllbiO <j>yHID.HH narpaHlK8 0 IOTOp8H IIJ>H HAM,HB &neiTpOM8rH11THOrO n o nH, 38-

.!lAHHoro 4-nOTeanaanoM (j O , (j 
1 • (j l 

' a2 e dx l 
gaa x + - (t 1 - ' 

c dt 
Tor)la 

(i 0 • 

BenaqaHM ~ 
I 

CBH34HM COOTHOW8HH8M 

3 

l; _1_ ( ~I - ~ (1 I ) 2 = ( m 0 C ) f 
1=0· g II C 

YpaBH8HHH narpaHJKa JlAIOT 

d~a 
dt 

aL = .Jioo d~a-~ = 0 
axa y dr axa 

1 a L 

c at 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

nocneaaee COOTHOIU8HHe B(4,7) -cneJlCTBHe nepBMX TpeX, B CTSUBOH8pHOM cny,ae HMeeT 

MeCTO 38l[OH COXp8H8HHH 

~0 = cons!. (4.8) 

x) B OTnaqae oT ( 1.34), aaecb B npocTpaHCTBeHaoll o6naCTB CBCTeMa Ioop/lHHaT 

soo6me IpBBon&Hellaa, ao opToroaanLBa, 
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2. 

flpH p8CCMOTp9HHH aanaq KHH9THKH HHB8pH8HTHy~ 60nbUM8HOBCKy~ ¢YHKUH~ pacnpe-

neneaan qacTau onaoro copTa f 
110 11,12/ 

MO)KHO BB8CTB 1 BCXO.l:UI B3 HHB8pH8HT HblX aneMeHTOB 

¢aaoaoro npocTpaHCTBB ' • 

M P0 dx 1 d x2 dx 3 B __ 1 d p 

Po~~ 1 dP d"' y- g 2 ,J 3 

B cnyqae o()o6meHHbiX HMDYJibCOB H 

y--:g p0 dx 1 dx 2dx 3 B y-g dp l dp2 dp3 

Po 

- B cnyqae o6&JqHbiX HMnynbcoa - cneay~lllHM o6paaoM: 1) 

J f(x', Pa) dx1 dx 2dx3dP
1 

dP
2 

dP
3 

= 

=J ~ (x 1 ,pa)~ (-g)dx1 dx2d x 3dpldp2dp 3= N 

P o 

- onpenenneT nomwe qacno qacTau B cacTeMe, 2) 4-x aexTop&r 

HDB 

\ ~J ..;=g 
pk -.,Zctk t (x 1 , P ) dP dP dP , 

a 1 2 3 p- ..J!. (1 
0 c 0 

jk = ce v-:& J Jtr (x1, pa)dpl dp2dp 3 

Po 
upenCTBBDB~ cpena~~ DDOTHOCTb 4-TOKB B CHCTeMe. flnOTHOCTb 3 8pgna 

O<leaanao, 

p = iioo. ,0 - 1 ' J - --1. 
c y- 0 

c goo 

N =.l..f _t r-i. d 3
x =.l..J l,Q r-g d

3
x = _l_JpFg,P d~, 

e c e c g
00 

e 

rne gnp =g/~ 0 - neTepMHHBHT npocTpaaCTaeaaoJI qaCTH MeTpaqecxoro Teaaopa. 

(4.9) 

(4.10) 

(4.11) 

( 4.12) 

(4.13) 

(4.13a) 

B '6ecCTODKHOBBTen&Hhlx' a anaqax npa cneuoaaaaa BAOJ!b ¢aaoaoll TpaexTopBR qacTa-

nbl B811H'IHHB Re R3M8HBeTCSI1 n03TOMy 

!.!__ = ~ .ii_ + iiPa ..£.!._ =D • 
(4.14) dr dr il x I ilr aPa 

HnH 
~ 

i!_ + __9__L a! = o . (If 
= dx 1 

(4. 15 ) -
il r dr a xl d r ilpa 

B (4.14) DpOH3BOAHbl9 o6o6meHHbiX Hll<nyDbCOB YAOBD9TBOpH~ ypaaHeHHBM (4.7), ADS! 

(4.15) yp8BH9HHSI nBHlK9HHH MOryT 6 biTb 38DHC8Hbl B <jlOpMe 

~a = - _1_ rl: P' pk-~ga'L<~ -~ ) 
dr m0 c m0 ilxl ilx k 

(4.16) 
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3. 

B aeiOTopwx cnyqaax BOOMOll<eH t5onee npocToli ranpoABHaMaqeci<ali nonxon. 0t5hi'IHO 

rauponaH8MHK8 CTpOaTCH H8 OCHOB9 ~YHKnaa pacnpeneneHaH, I<OTOp8H0 B '18CTHOCTa, B f5ea

QaCCilll8THBHOM C11Y'Id9 M0)1(9T Bblf5Rp8TbCH B Bane ot5of5meHHOrO H8 p911HTaBR3M M8J<CB9111IOB

CJ<OrO pacnpeneneaaa
110

•
13

• 
14

•
15

• 
161

• 

Ecn.a: aHyTpeHHHH Tennoaaa 3Hepr.aa B 3119MeHTax o!S-J.ewa CHCT9Mbl qacTan aeaenaKa, 

pacnpeneneaae TennoBbiX cxopocTeli B30Tponao a ABCcananBR 'OTcyTCTByeT', To Teaaop 

9HeprHB HMUY1IbC8 '18CTan OnpenenReTCR Ot5bl'IHbiMB COOTHOW9HaSIWB 

(4.17) 

rne Tennosaa ~YHKnas a naaneHBe ecT&: 

w = n ( m c 2+ 2_ k T ) 
0 2 

P=nkT 1 

(4.18) 

n = L = In VI - cot5cTaeaaas nnOTHOCTb 'I&CTan, u k ranponaaaMa'leCKaa 4-x CKOpOCT&, 

Y ? Ollp9A911H9TCH B ( 4.3), HO T8][)1(9 nnR ranponHH8MH'I9CKHX ; a • fanponHH8MH'l9CKHe 

YP8BH9HH>I 

T
fk 

aopa 

naall<eHliH 'IBCTan 38llHCb!B810TCH K8K Of5bi'IHO: UpHp8BHaB8R 4-naaepreHUHIO T8H-

B911a'IHH8M _!_(F + F(O) )jk , rne F
1
k- Teaaop cot5cTaeHHoro nong cacTeMbi 

(0) c lk lk . k 
qaCTBilt F1k - aaewaero nona, J 4-x-aeKTOp TOKa, KOTOpbiil Tenep& onpenenaeTCH 

COOTHOllleHRSIMH 

(4.18) 

K rnnponaaaMa'leci<aM ypaaaeaaaM, noMaMo ypaaHeaaa aenpephlBHOCTH a ypaaaeanll Mai<c

aenna, nns aaMwxaaag cacTeMbl .Heot5xonaMo not5aaaT& eme ypaaaeaae, BblpalKaJOwee cot5oll 

anaat5aTa'IHOCTb nBa)I(9HK>I. 3TO yp8BH9Hae MO)I(HO 38UHC8Tb B sane p8B9HCTB8 HY1110 

4-naaepreHnHa nOToKa 3HTponna au
1 1111 

(4.20) 

B naHHOM cnyqae 

a= k n fn ~12 

(4.21) 

KaK a a KaHeMaTHKe, a cTauaoaapHoM cnyqae (~ = 0) ot5mae ranponaaaMaqecKae ypaaae-
at / 18 / 

HHH nonycKaJOT aHTerpan (aaanor aHTerpana Eepaynna ). 

(4.22) 

rne <!> =- l (1 0 - Of5bJ'lHblli 'CK811MpHblll' llOT9HllH811. nocTOHHH8H B (4.22) f5epeTCH BAOilb 

11aHaa Toilll.J HB p83Hb!X 11aHHHX TOK8 M0)1(9T f5b!Tb p8311H'lfl8. 
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4. 

npeACT8BflH9T HHTepec nepe'IBCfl9HHbi9 BbiWe o6mue COOTHOW9liBH paCCMOTp9Tb B BalK-

ROM 'l8CTIIOM Cny'lae, KOr)la CHCT9M8 >mnSieTCH 8KCB8flbHQ-CBMMeTpB'IliOll. 

B uunB!IAPH'IecKBX KOOPABBaTax (s npoCTpascTsesHoll o6naCTB r =x 1 
• ¢ = x 

Z 5 X J ) , 9CIIB U9l1Tp CBCT9Mbl COBepwaeT 1IpHMOIIBH9ilH09 )lBHlK9HB9 BAOfib OCR oz , KOM-

IIOH9HThl M9TpB'I9CKOrO T9B30 pa p8BHhl gl i- 1 
2 

g =- r 
22 g3J- 1 H 1 cornacao 

(1,45) g = g (z,t) 
, 00 00 

x ) 

TaK KllK ¢ Tenepb UBKIIB'19CK8H KOOpABH8T8 0 TO ypaBH9HBH (4.7) ASIDT 38KOH 

coxpaaeHB H 

rna Y r 2 ~ + ..!.. r a <!; = cons! • 

ygoo dt 
(4.23) 

8 (4.23) BM9CTO KOB8pH8BT!IOil KOMII0119BTbi a 2 4-IIOT9HUB8fl8 BB9A9B8 '<!>H3H'I9CK8H KOM

IIOH9HT8 • 8 = __ 1__ (j 
2 

· 
¢v lg 221 

8 ruApOUBBBMBK9 Bblp8lK9HBIO ( 4,:.!3) COOTB9TCTBYeT 'BBTerpan MOM9HT8 • : 

w 

n c 2 

y 
const (4.:.!4) ,2 ~ + _e_, a = 

y-g;;-0 dt c ¢ 

(KOH9'1HO, B (4,24) y H .3_f COOTB9TCTBYIOT Cp9AB9il (rHAPOABH8MB'I9CKOll ) CKOpOCTB), 
dt 

B CTBUBOHBpHOM 8KCH8flbBQ-CBMM9TpB'I9CKOM CIIy'!ae HBIIB'IB9 ABYX 38KOHOB coxpane-

HBH II03BOIIHeT H81IBC8Tb Kfl8CC '18CTBbiX p9W9!1Bil KHH9TH'I9CKOrO yp8BH9HHH (4,14) B BH)le 

npoB3BOIIbHoll <!>YBJtUBB nepB blX HHTerpanos P
0 

=coast , P 2= cons! , T,e. 

f = f ( P
0 

, P 
2 

) • (4.:.!5) 

5. 

3H8'1BT9nbBbiG ynpomeHBH rHAPOAHB8MH'IGCKBX ypaBH9HHil nony'ISIOTCH B np9ACT8BIIHIO

W9M HHTepeC '18CTHOM cnyqae, KOr)la B CTBUHOHapaoll 8KCH8fibHQ-CHMM9TpH'IHOll CBCT9M9 

HM99TCH TOnbKO ¢ -a TOK. To eCTb !!.. =!!.. = 0 • j 
1 

= j 
3= 0 • (j 1 = a 3= 9 Tor)la at aq, · 

ruApOAHH8MII'I9CKH9 ypaBB9HHH ABH lK9HHH 'IBCTHU IIpHHHM8IOT CII9AYIOWHil BHA: 

~(nkT) = lln(y 2- 1~en !.!..i.[t(a +a10 ~] yy 2..1 -y~ l 
a, , , a, ¢ ¢ a, (4.26) 

x) 1 
~ (1.45) U9HTp COBepwaeT )lBHlK9HH9 IIO OCH OX • 
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(4.47) 

B (4.26), (4.47) Y'IT&HO, 'ITO 

(4.48) 

, B BB8A8HO o603HH'I9 HH9 

f)= w =mc 2+~kT, 
n --.c 2 (4.29) 

a ~l , <l>(Ol - nOTeauaanhl Baewsero nonH. 

B AHHHOM cnyqae B 3HMKHYTOA C8MOCornaCOBHHBOA CBCTeMe ypaBH9HHA rRAPOABH8MBKB 

a MaKCBenna ypaBsesaH senpe pb!BHOCTB s anaa6aTH'IHOCTB BhmonamoTC!I TOJKAeCTBeaso. 

TaK Kax KpoMe Toro, naaaaMa TOKa HBn!IJOTC!I OKPYJKHOCTH, TO HHTerpanbi Tana (4.22), 

(4.24) Be AHIOT HOBbiX COOTHOW9HHA. no:aTOMy UonBH!I CHMOCornaCOB8HH8!1 CHCT9M8 CBQ

JlHTCSI TOllbKO K (4.46), (4.47) s eme UBYM ypaBHeHB!IM MaKcBenna nna nOTeansanoB a ,<l>. 
¢ 

TaKHM o6paaoM, B paccMaTpaBaeMoM cnyqae D!ITb aeaaBeCTHbi X <jlyaKuaA n , y , <l> 

a¢, T CBSI38Hbl T01IbKO '19TbipbMSI ypaBH&HH!IMB, T.e. nonycTBM 3H8'1HT91lbHbiA npoaaBon 

B Bblt5ope KnaccoB 'laCTHhiX p eweHHA. 

8 (4,:.!2), (4,24) KOHCT8HTbl R3M9HSiloTC!I npa nepeXOAe OT OAHOA nHHHH TOK8 K Apy

roA, T,e, ljlaKTB'I9CKH SIBnSIJOTCSI <jlyHKUB!IMH ( t, Z ) • l1CD011b3Y!I 3 T0 0 MO>KHO C DOMOillbiO 

( 4.22), ( 4,24), Y'IBTbiB8!1 ( 4,:.!8), ( 4,:.!9), BBeCTH H0Bbl9 H9H3B9CTHbi9 f, 

a¢ <l> 

ef(r,z) =.Jg [f)y +e(<t> +<1>(
0 \J 

00 

BM9CTO 

(4.30) 

(4,31) 

nocne HCKnJO'I9HH!I a¢' , yp8BH9HH!I (4,:.!6), ( 4,:.!7) npHHHM810T 6onee Up OCTO A BRA: 

a 
yg az 

00 

- VY2=1:l.l. a t ae 
(y g nkT) ~ enf -~- __!.___!_ +--I. 

0 0 r az yg az e az 
00 

(4.32) 

(4.33) 

nerKO nony'IHTb HOCKOllbKO KnaccoB '18CTHbiX peweaaa ypaBHeHBA (4.32), (4.::!3). HanpaMep, 

nonaraSI H 
d F (op .) 

c r y d</1 (4.34) 

rAe F(l/l) - npoa3BOnbH8!1 <jlyaKUHH, nonyqaeM peweaae ( 4.32), ( 4,33) B BHJle: 

f = F (1/1). \4.35) 
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11a (4.35) npa Bhtoope ft=cu =con st cne .ttyeT B03MOlKHOCTb 'Tsepnoro spameaaH 
dt/1 

CBCT8Mbl '18CTB.Il OKOJIO OCR Z C nOCTO!Ill.BOl! y rnOBOl! CXOpOCTb!O W 

K .ttpy r oMY p asaosecaoMY cny~a~ npa so.ttBT Bblo op: 

Torn a (4,32 ), 

T = ~ , Y, = con s! 1 

v'&a~ 
( 4,33) HHTerpapyiOTCH B BHil9 

rne a =const . !(4.36) 

·312 .S/4 
n y =cons! ( g ) exp ( -~f) . 

00 a k 
(4.37) 

B oaMOlKBhl a npyrae cny~aa aaTerpiipyeMOCTH ypasaeHIJl! ( 4,3:.!} , \ 4.33 ) . Heo6xouMo, 

O)lH8KO, OTM9THTb, ~TO n onyqe flHbl8 '18CTHbl8 p aBHOB9CHhl 9 COCTOHHHH MOr yT BM9Tb OKOH'I8-

T9nbHbll! <jlH3H'I9CKHl! CMhiCn T OnbKO nocne OnpeneneHH!l npocTp8HCTB8HHhiX rpaHHil CHCT8Mhi, 

B '18CTHOCTH, B c nyqae ' Tsepnoro Bp8In8HHH' CHCT8M8 )lOnlKHB Ob!Tb orpaHH'i8HHOl! n o paAH-

ycy, 

§ 5. 0 c aMocornacosaaaol! aaaaq e llBHlK9HHH crycTxa qacTau B naael!aoM 

ycxop aTene B M~nnepOBOl! CHCT8M8 KOOpABH8T 

1. 

B § 2 oblno noKaaaHo, 'ITO .ttBBlKeaae qacTan y cKopeaaoro cry cTxa non nel!CTBH8M 

BHewaax can (ycxopRromax, <jloKycapyromax a ne<jloKycapy romax) y .ttooao paCCM8TpHB8Tb 

B CHCT8M8 KOOpAHHST, ycxopeHHO )lBBlKYIU9l!Cn BM8CT8 C BhiileneHHOl! p8BHOB9CHOl! '18CTHUel!, 

B TaKol! · 'coocTseaaol!' cacTeMe llBDlKeHae scex qacTan B crycTKe HBnReTCR, KSK npasano, 

HepenHTHBHCTCXHM, 

HBlKe COOcTB9HH8H CHCT9M8 XOOpAHHST HCUOn&3yeTCH ana peweHHH 38)l8~ 0 npaona-

>KeHHO C8MOCOrnaCOB8HHOM ABHlK9HBB cryCTX8 ~8CTHU B nBHel!HOM lK8CKo<jlOKyCHpyiOIU8M 

y cKopaTene. Tio.ttooHaR aaaaqa B npeanonolKeHHB nocToHHaol! cKopocTH crycTxa B naoopaTop

a ol! caCTeMe paccMaTpas anac&, aanpaMep , B p aooTax
119

•
201

, 

Tipa paCCMOTpeHHa B ycKopeaaol! cacTeMe xoopnaHaT npaonalKeaae nocTonacTaa cxo

pOCTH cryCTK8 B BCXO)lHOl! naoopaTOpaol! CBCTeMe H9 HCnOn&3yeTCH, TipH 3TOM OKB3hiB8eT

CH, 'ITO nnR onaoro B03MOlKHoro sapaaaTa naael!aoro ycKopeHHH noseneaae cry cTxa s y cxo

peaaol! CHCTeMe OUBChiB8eTCH ypaBHeHB!lMH Toro lK9 BRAS, 'ITO B B YK838HHb!X paoOTSX, 

TioMHMO aToro aayqaeTCR aaua6aTH'!ecxoe noaeneaae crycTxa a nuael!HoM ycxopaTene nnH 

OOIUero Cn~SH, 'ITO npome Cll9n8Tb HMQHHO UO OTHOW9HIJ!O K yCKOpeHHOll CHCT8M9, J1MeiOT

CH H llpyrae OTnB'IHH, 0 XOTOpb!X 6yneT CK838HO )lanee, 
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ITpeanonoJKaM, Tax JKe xax a § 2, 'ITO paaaoaecaaJI 'IBCTana coaepwaeT "ranepiSoliK>-

'Iecxoe JlBHJKeHae• no OCR Z =X l i aenH'IHHB ycxopeHBSI a H MBXCBM&llbHbllt pB3Mep 

cryCTXa f max TaXOBbl, 'ITO 

(5.1) 

a 'IBCTBnbl a cryCTxe a M~nnepoaoA cacT&Me - aepenHTBBBCTCXBe. ITpa 9TBX ycnoaBSIX 

(5.2) 

dna- _dpa YnpomeBBe aena'lBH =-- ISblno Bblnonaeao a § 2, rae noxaaaao, 'ITO oaa MoryT 
dr d t 

6b1Tb CB&)leBbl X HeXOTOpolt aepenm'BBBCTCXOA Cane ( q 1 , q ~ ql) (a xoTopy~ axn~'leaa 

a cana aaepnaa-caMBOnbi KpacT<><W>enH ae ace paBHbl ayn~). 

B aaTepecy~meM aac npaiSnaJK&BBH ypaaaeHBSI npoaoJILHbiX a nonepe'IHbiX xone6aHHA 

BO BHeWHHX nonSIX naaeltaoro ycxopaTenSI SIBn~TCSI nBHeliHbiMH H He CBSI3BHBbJMB M&JKAY 

co6oA. CoOTBeTcTaeaao canhl qa naaeAHo aaaac>IT OT OAHOHMeRHbiX xoopABHBT (2.62). 

1ln>1 pemeaB>I caMocornacoaaaaoA 3BAB'IB x AelicTay~maM canaM aeo6xo.!UIMO Ao6a

BBTb eme coiScTaeHHbie xynoaoBcxae canbi pacTanKHBBBBH a crycTxe. ITpeAnonoJKHM, 'ITO 

B K8JK)lbllt ABRHbiA MOMeHT MllnnepOB8 BpeMeHH cryCToK a ycxopeaaoA cacTeMe npeA-

CTBBn>leT co6olt gnnancoaA c paaaoMepao pacnpeAeneaaoll nnOTHOCTbiO. B npa6naJKeaaa 

(5.1) aa (3.14) nony'laew, 'ITO none aap>IJKeaaoro annancoaaa a M~nnepoaolt a B aaepnaanb

aolt cacTeMax xoopAHHBT HMeeT OABH a TOT JKe BRA. IToaToMy aawe nocneAaee npeAnono-

JKeHHe COOTB9TCTByeT TONY Cny'laiO, KOrAa cryCTOK C'IBTBIOT 9nnanCOHAOM H B COnyTCTByiO-
. /8 21-1 

melt ana na6opaTopaolt cacTeMax ' • 

ITpa 9TBX ycnoaaSIX npoexnaa can pacTanxaaaaag gnexTpB'Iecxoro non>! aa xoopAaHaT

Hbie oca nponopnaoaanbHbl OAHOHMeHHbJM xoopAaHaTBM. TaxaM o6paaoM, a npa y'leTe 

xynoaoacxax can naaellaOCTb ypaaaeaalt a aeaaBBCBMblli xapaxTep xone6aKali B co6cTaea

aolt CKCTeMe coxpaa>!eTC>I. CneAy>l MeTOABKe caMocornacoBaHH>I, AnSI OKOH'laTenbaoro 

p~WeHHSI 38A8'1H BeofSXOAHMO nOK838Tb cymeCTBOB8HBe ~YHKnBH pacnpeneneHBH 

cne'lBBBIOmell npennonaraeMoe pacnpeneneKae aapHna crycTxa. C noMOWbiO f x) 

MoryT ISbiTb aaAAeHbl 'lacnoBbie xapaJtTepacTHKB crycTxa. 

, o6e-

nanee 

YpaBHeHHH ABHJKeBHSI 'IBCTBn (2.tl2) c y'leTOM co6cTBeHHbiX can pacTanJtBBBHBSI npaaa-

MBIOT BHA 

Y +X' y = 0 , z + x 'z = 0 (5.3) 

x / .llanee Beane y f onycxaeTCH. 
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X X·=-~ =- q"+q;Yli= xx"- X X 

y x' = 

mo m
0 

Kyn 

q- y s - qy + '~Y~YXY y 

- 'YX KYli m mo 

-~ z ~ 2 z. 
ZX'=-_q_,. _q+'<Kyn=Z"-\i-ZX , 

mo mo Kyn 

rna x" , x 1 , "'II onpeneneahi s (2.61) , (2.56); q Kyn, 

CKae canbi pacTaliif.asaaast 'laCTRu, npa'leM X • , x 1 
, 

Kyn Kyn 

MO)I(}IO, 38BHCSIT OT Bp~MeHH , HO He 38BHCRT OT X, y, Z • 

qY Kyn' 
z 

X If.Yli 

(5.4) 

qJ<yn - Kynouos-

nono~HTenLH~, aoa-

KaaeTa'!ecKoe ypasaeaae npa cnenaHHbiX npennonolKe&:Bsrx &MeeT san: 

at .a a t q a a t = 0 _ +x + --
at a;a mo a ia , (5.5) 

rne t - paCCM&TpHB&eTCS! K8K ~YHKUHS! x a • a 
t I 

$opM8libHoe peweaae (5.5) MOlKeT 6WTb npeACT8Bli9HO B BRAe npOH3BOlibROA ~YHKUHH 

nepsbiX HHTerpanon ypasaeaaA ABHlKeHHst (5.3). 

2. 

B aTOM nyHKTe 6yneT paccMOTpea 'I&CTHbiA rrpaMep (eM. Koaeu § 2, aa'!HHaH c ~op-

MYlibl (2.63)), KOrlla KOS~~HU K9HTW llpH X y K Z B (5,3) - TO'IHble nepHOIIH'IeCKHe 

~YHKUKH npeMeHH (Tenepb c y'leTOM KynoaoscKHX can) . 

BocnOlib3yeMCS! peweHHHMH $noKe ypaBHeHHA THna Xanna. nycTb 

It/J(t ) ·lo/f( t) 
l)(t) = S(t)e , l)*(t) =S(t) e (5.6) 

- liSa KOMllli6KCRO COUpS!lKeRRbiX liBHQAHt>-He38BRCR MbiX HOpM&libHWX p eweHHH ypasHeHHA 

(5.3). KaK aaseCTRO, aopMalibHbie peweaast TaKOBbi, 'ITO S(t) - nepaona'leCKast nonolKR

TenbaaH ~HKUHS! C nepKOIIOM, onpenenHeMblM nepROIIK'IHOCTbiO K03#KUH9HT8 llpK X 

(HliH y , Z ) B ypaBH9HRS!X (5,3); t/J (!) YllOBneTsopaeT ypasaeaaiO 

dY, - 1 
~- s'(t)' (5.7) 

spoacKaaa W( '1, '7*) = - 2 i Onpeneneaaasr Bbiwe S(t) H83biB&eTCH ~yHKUHeA $noKe. 

ni06oe ~teACTBRTelibHoe peweaae ypasaeaaA Xanna 

x(t) = I S (t) sin ( o/1 (t) + 0 ) , 
X X X X 

(5.8) 
y(t) = I S (t) sin (Y, (!)+ 0 ) 

y y y y 
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• I y 
e e 

y 
B9nRtrHH 1' 1 y, X, y 

B OCTSIOTCS! llOCTOSIBHbiUJI B npouecce llBHlK&HHS!, TO 8CTb HBllSIIOTCS! HBTerp8118MH llBHlK&

BBSI, 8blp8lKSHH8 STHX llOCTOSlBHbiX 'lapea ( x, I) H (y, y) 8CTb 

2 • 
)2+(2.._): I 

2 
= ( S 

2 
+ (.! .. /; I = ( s X -s X y -s y ) (5.9) . . . s y y y s . y 

e = arcsin X 

"' 
e = arcsin 

y . X y 
.p (5.10) 

I s I s y 
X X y y 

LlllH Tp&TbarO ypSBH8BHSI (5,3) HHTarpallbl llBHlK&HHSI MOryT i5b!Tb 38DHC8Hbl 8H8llOrH'I-

HbiM ol5paaoM. BMecTe c TaM, BBHilY aana'IHSI a Z -Oil CHile i50llbWOA H UOllOlKHTSllbHOil 

UOCTOSIBHOA COCTSBllSIJOWeA 

rae 

2 

"'II 
-. 2 

, !Sea cywecTaeanoA owal5u MOlKHO aaM&HIITb X -+ "'II > 0 1 

(5.11) 

anaJr: < > 03HS'IS&T ycpeanenae no nepaoay <j>oxycapyJOw ero nona. TaJr:oe ynpoweaae B oa

HOM cny'lae !SyaeT acnonL3oaaHo, Toraa HHTerpanhl naa>KeHHSI 

2 ; • 2 
I "'II + -b-z ' 

(<) (5.12) 

e = arc sin 
z!Z; 

"'n t 

O'leBHilHO, , rne A •- aMnnaTyna nponollbHblX xonel5aaail, smnBJOwax-

CSI B llSHHOM npHi5llHlK8HHB rapMOHH'I&CXHMH, 3ai!M8MCSI Tenepb <j>yHKilH&Il pacnpe aeneHHSI, 

nouoi5p8Tb <j>yHKilHIO pacnpeueneHHSI TSX, 'ITOi5bi B Cny'lae 'XHllllOBCKHX' KOnei5aHHA ny'IOK 

npencTaanRncR 15bl TO'IHO B aaae annancoaaa, aaTpynnaTenbHO, PaccMOTpHM naa npal5na>Kea

Hb!X cny'ISSI, nepBblil H3 HHX COOTBSTCTByeT 38M&He SllllHUCOHUS pSBHOMepHO 38p51lK8HHblM 

3llllHUTII'ISCKHM llHllHHilPOM, nonepa'1Hbl8 p83M8pbl KOToporo cneuyeT B3S!Tb MHOrO MSHbWH

MH npouollhHblX, Bo BTopoM cny'lae Mbl nony'IHM annancoaa, ao peweHHSI Xanna (5.8) 

B03bM8 M B npHi511HlKBHHO ynpOIUBHHOM BHilB, 

11TSK, nepBbrA cny'lall, Bbr5epeM <j>yHKilHJO pacnpeaeneaag 

f = D 

-Ja -I 2 
2 • 

(5.13) 

rue B8llH'IHH8 fSepeTCSI H3 (5,12) ( [j - <j>yHKUHSI, BXOilSIIUSSI B (5,13), i5blll8 HCUOllb3o--

B8H8 Kan'IHHCJr:HM B KS'IeCTBe <j>yHJr:DHH pacnpeaeneHHSI a pai50Te
1191

, CM, TaKlKe
1221

). 

3aeCb D, a l , a 
2 

- UOllOlKHT8llbHbl8 KOHCTSHTbi, 8 0 - <j>yHKUHSI onpell&ll518TCH KSK Oi5bl'IHO 

0 npB 

npa 
\5.14) 
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0'19B.BJUI00 (5.13) SIBJISieTC51 pemeQeM IBB8TB"'9CitOrO ypaBB9B.B51 (5,5), DOCitOilhlcy 9T8 

<jlyBIUBSI 3ABBCRT TOJlhiO OT BBTerpanoB QBBlK9llliJI. 

ll01t8>K9M, 'ITO rutOTBOCTb '18CT.BA0 B~CneBB451 Ba OCBOB9 (5.13), !SyQeT ltOBCTABTOA 

B npeQenax nunBHQpa, paawep~ xoroporo aaaucaT or al ' a 2 ' s (t) . • sy (t) • "'II' 
B paBBOA uyn~ BB9 9Toro ABn.BBQpa. 

B COOTB9TCTBBH C (4,13), C Y'I9TOM DpB!Sn&>K9B.BA (5.1), (5.2) (npBBBMASI BO BH.BN8-

B.B80 'ITO B COOTB9TCTBHH C (5.2) paCDpe,neneBB8 (5.15) B9 COA9p>KHT '18CTBA C AOCTaTO'IBO 

!SOJlhmHMB ' . 
~ ' y ,. z ) , llpOCTp8IICTB9IIH8SI DnOTBOCTio 3apSIA8 MO>Ke'l" 6~T b llp9ACTaBne-

ua TAB 

p = Y~oio= e..;-g f£( xl, ia)a(p',p
2
,p 3)d 3i= em 3 f£(x 1 ,~a)dx dy dz. 

c g
00 

a(:il,:i2,i 3) 0 (5.15) 

lloACT8 BOBI8 <IJYllXA.BH (5.13) A8CT 

+ ... 

p =em
3 

D fffli[a -(si-s x )
2 -(s; 

Q 1 X X y 

i. 2 ; o{ z 2 - .}] ' ~ • 
-s y).:..(..!..)~(b . a,-Tii -,1 . dxdydz 

Y s. s II ·(5.16) 
Y ya - J::- c:; z2 

llocne 38M9Hbl D9p9M9BHhiX 

s i - s X ~A cos "' • . . 
S y-Sy -Asin¢ , 

y y 

a( i,y) 
a(A, ¢) 

A 

s s 
• y 

2 - II 
"'n 

i ~.;.;11 (a
2
- ;l z2) sin ( , dz = v' 11 ( a 2 -ru~ z 2) cos ( d( 

a nocne.Qy~mero auT9rpupoBaJuut aaA.neM 

P=Dem:" 2 ytJII u(a _;II z 2]o(a -(_2_) 2 -(_~_.}]. 
ss l 1 s s 

• y • y 

(5.1 7) 

(5.18) 

113 (5.18) BBABq, 'ITO p.f 0 TOilhiO TOr.na, ltOrQa TO'IIt8 nelKHT IIByTpB 0008CTH, ODp9A9-

nHeMOA B9p8B9BCTB4MII 

2 
X 

(yal s. 'f 

2 
+ __ Y _ _ < 1, 

<v'~, sy> 2
-

lzl<v'~· 
wll 

(5.Hl) 

Tax.M o!SpaaoN, crycTox .neACTB.BTenLBO SIBJIHeTCH arpeaxow nun.uu.npa a nnanTB"'&CKoA 

4lopww, .nnauoA 2 V ~ B nonepe'IBbiMB paauepaMH ya; S • (t ) , yo:-; S Y (t) , nepaona-

"'&CU aaMeasnomaMc:'lt: "18CTOTOA ljloiycapy~mero nonsz. llnOTHOCTb aapHna BByTpB crycTxa 
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BO BCeX Toqxax OAHHSKOBS (onp&AQUH&TCH B9UH'IHHOlt 0 ), OAHSXO TSK~e HBnROTCH nepao

AH'I&CKOA ~HKUHelt Bp&MeHH. TBKAR nyn&CSUHH BO Bp&MQHR CBOACTB&HHA ABHHOlt CSMOCOrna

COBSHHOlt 3AAS'Ie, atSo canhi pacTanKHBBHRH 'lacTan TBK~e OYAYT nyn&capoaaT&, 'ITO a 15hmo 

aano~eao BHS'Iane, xorAa Mhi acxoAana aa ypaBHeHHH Xanna. Kone•mo, TOKH, B03HHxaiOmae 

3 8 C'IOT nyn&CSUHH UHUHHApa R A810ll1H9 B npHHUHne MSrHHTHoe nOlle, He Y'IHThlBS!OTCSI. 

Ecll.ll a 
2

-. ~ , TO perneRHe OTBe'ISeT (ecna He HHTepeCOBSTbCR BOnpOCOM, B KSKOlt CHCTe-

Me xoopAHHBT BeAeTCH paccMOTpeaae) cny'laiO Kanqaacxoro 
1 IS/ . 

nocTpOHM Tenepb ApyryiO <j>yHKUH!O pacnpeAeneHHH, COOTB9TCTBY!Oll1YIO npOCTeltrnelt 

MOAena BnacoBa-EonAapeBa
120 1

, xorAa npx aexOTopoM ynpomeHHH perneaalt Xanna crycTox 

Mo~o npeACTSBHTb B BRAe annancoHAB, nonepe'IRhi e OCR KOToporo onpeAeneHRhlM oopaaoM 

CB!I38Hhl MelK!ly COI5olt. XOTSl yK838HHbl9 SBTOphl He HCOOnh3YIOT KRH&TH'IQCKOrO ypSBHeHBH, 

8 orpSHB'IHBS!OTCSl ~SKTR'IeCKH TOnbXO Bhl'IHCneHBeM MOMeHTOB OT <j>yHXUHH pacnpeueneHRR, 

OURSKO, HMeH ~B3H'IeCKYIO MOU9nh, HeTPYARO BOCCTSHOBRTb BRA ~YHKURlt, 

Boa&MeM npa6na~e11ao 

x(t) = I S (t) sin (;;;.l t + 0 \ . . . y(t) = I S {t) sin (iil t + 0 ) , 
y y .l y 

(5.20) 

i(t) = I•cos(rult+O. ), 

s (t) . 
• I -y(t) = _2__cos(wl t+O) 

s (t) y 
y 

Mhl yqna, 'ITO !'L=1/ s2 

dt 
a npeaeoperna 'upo~HHeM' <j>aa (eM. (5.7), (5.8)), HBnHIO-

ll1HXCH apryMeHTSMH sin • y' x) 
H COS B Bbip8.>KeHHSIX l(nst X B X t Y B t OCT8BHB 

nam& cexyngpHbie 'ISCTH. Ecna onpeAenaT&, KSK OOhi'IHO, 

t +t
o X 
r _1_ dt=J.L 

'o 
s 2 (t) 

rue t- - nepaou ~yaKnaA X (t) 
X 

, a aenaqaaa t 0 - npOH3BOnbHOe H8'18n0 ( J.L 

He 38BHCHT), H C'IHTSTb napaMeTp J.L OUHHSKOBblM una X a y -xoneoaaaA, To 

wJ = L =<~ > . 
tx d t 

OTMeTliM, 'ITO paBeHCTBO J.L .= J.L y ooecne'IHB89TCH ycnoaaeM 

x· <t> =xY <t + _:x>. 
2 

(5.21) 

OT 

(5.22) 

(5.23) 

x) 
Pa3HOCTb Me~uy ~38MB KOUeOniOWHXCII BenH'IHH X R X ( COOTBeTCTBeHHO y, y 

B perneaaax Xanna xonel5neTCH B oxpecTHOCTH 11/ 2 , npR'IeM aTa paaaocT& ~3 TO'IHO 

PBBHS yxaaanaouy 3HB'IeHHIO B nepaoua'lecxa noBTopaiOmaxca TO'Ixax, rue S{t)= o, 
8 (5.20) TSKBSI p83HOCTb ~3 B3HT8 BCIOuy, 'ITO COOTBeTCTByeT 'rnauKOMY npaona~eHH!O'. 
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flpll 8TOM 

s (t) ~ s ( t + ...!x ) . 
y 2 

(5.24) 

'iTo xacaeTCB ToA "'aCTH 
- xy 
X , xaropaa o!SSI3aaa aaem&IIM canaM, TO Bb16opoM G 

(eM, (2.61)) paae&CTB:Y (5.23) BCerA8 MOlKHO YAOBJieTBOpllTD, B C8MOCor naCOB8HHOJI 38118-

"19 AllB Can, oiSH38HHbiX ll9ACTBRIO npOCTpaHCTB9HHOro 38pHA8, y cnOBII9 THU8 (5,23) B Bbl-

ISpaHHOM '18CTHOM cnyqae T&JtlKe ilon>KHo BbiUon&srn.CB. 

TorAa IIHTerpallhl ABIIlK9HIIB (5.9) H (5,10) 38UIImyTCa T8X 

I2= s2 'i2+ ..A.~, 
s 2 

X -(J = arcsin __ -cult , 
X I s 

X X 

2 
I2 = s2P + _Y_ , 

y y s 2 
y 

IJ Y ~ arcsin _Y _ _ ,;;L t . 

I S 
y y 

(5.25 ) 

3TH Bblp8lK9HHSI COBU8AYT C Bblp8lK9HHSIMR (5,9), (5.10), ecna T8M npe ae6pe"'b "'ll9H8-

MH ~S , S H 38M9HHTL t/l(t)-+ <<!t >t~.:l t • .YHXUHIO pacnp9119lliiHHH 6epeM B BRAe 
x Y' dt 

f ~ D o(a 1-I! -I:-a 2I!JS(I ,-I B ( arc sin _.1_ - orrc sin _y_ -..!!... ) , 

I S I S 2 
X X y Y 

rAe D a 
I 

a
2 

- nonOlKHT9llbHbl9 KOHCT8HTbl, H 3119Cb 8H8llOrH'IHO (5.25) 

I!= st i 2 + ~. 
.• s2 . 

(5.26) 

(5.27) 

flOil"'9pXHeM, 'ITO apryMeHT [5 - lj>yHXUHH, CTOSUUeJI B (5,26) H8 nocneAHeM MeCTe, 

ecTb aHTerpan llBHlKeHHH, Tax xax oa paaea (eM. (5.25)) (J - IJ -..!!... 
• y 2 

• B 1>r6op Taxoi\ 

p83HOCTH lj>a3 COOTB9TCTByeT BpameHHIO '18CTHU B nonepe'IHOJI nnOCKOCTH, eCllH 38 nepeMe H-

Hble a3HTb zls. , y/sr • 

C llOMOIUb!O (5.15) Ha OCHOB9 (5.26) nony"'HM BblpalKeHHe llllSI nllOTHOCTH 38pHA8 

B crycTxe. llpa Bbi'IHcneHHH HHTerpana yao6Ho OT nepeMeHHbiX x , y , ; nepeJITH x 

I, , I Y , I, (5.25), (5.27). Toraa nocne HHTerpapoaaHHH (5.26) no nepeMeHHOJI 

xoTopoe cseaeTca x 3aMeHe I, -+ I Y , BTopas B - lj>yHKUHSI a abipaJKeHaH ans f MOJKeT 

IShlTb npeaCTaaneaa a BHAe 

[5 ( arcsin X 

I S 
y 

-arcsin _.!_ 
I S 

y y 

2 2 
[5 (I - x - y ) jxy I 

y 37 31 . " 
s.sry'x2 / S2+ y2/ s2 

X y 

flpoa3seag 38TeM sneMe&Tapaoe HHTerpaposaHae no I Y , npHileM npa HHTerpaposaHHH 

no X Bb!p8lKeHHIO 
Q 3 I 

p = D 
8 e m a [ Q 2 - __:__2 ) f 

X d I X 

v' 2a 
2 

S S S 
s 2 

R ~~ 
X y X 

X 
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Xapu:TepHo, 'lTO nocne.llBHA KHTerpAn: He 38"BKCHT OT Q 11 R • paseH rr • 0KOH'laTeru.-. 

HO nony'IHU 

P•D 
(5.:>.8) 

v2a
2 

s.s
1

s 

TO &CTb nnOTBOCTb 38pSA8 AeJ!CTSBTen&BO DOCTOSBBA SByTpB snn:BDCOBA8 11 paSHa 0 sue 

ero. non:yoca y'!!J. S (t) t y~ S (t) B ..{gj_ S (t) nepBOAB'19CJtl! H3M9BSIIOTCSI C Uepao-
2 • 2 Y a

2 
• 

AOM cl>oxycapytolll&A caCTeMbl. B~>~palKeaaSI AnSI can, oCSycnosneaablx noneN snnancoBABoro 

cryCTKA o(Smero TilDA, MOlKBO BAATH, BlllipB.M&p, S 
181

• C JlX nOMODlbiO B&TpyAHO UOK838Tb, 

'ITO ycnOSHSI (5.:.18) SblnonHJUOTCSI, upB'IeM X • (t) =)(_' (t+ _!j() 
xyn . ·-xyn. 2 

, TO ecTb cana 

no z HMeeT nepHOA s Asa paaa ueJibwall, 'leN no x B y 

s. 

EnHHbiA •aepenstTasacTcxall• san cpaay scex Tpex ypasaeHaA ASH>Keaan s ul!nnepo

soll cacTeMe noosonReT !Sea xaxax-naCSo AononHHTen&HhiX aauea nepeMeHHhiX paccMOTpeTb 

sonpoc oCS anaa5aTB'IecKoM aaueaeaaa napaMeTpos crycTxa. Taxae H3MeHeHBst acerna 

npOHCXOASIT, ecJIB pe'lb He HAST 0 CU9U118nbHOM pelKHUe 0 = V r ,.j const , xorna 

s ul!nnepoaoA CHCTeNe crycToK cTanaoHapea. 

nnst paCCMOTp&BBSI o6mero Cny'IBSI UOCTpOKM 8AHa6aTa'leCKBe HH&apHaHTbl ypa&HeHHII 

(5.8), rne Tenepb xos<l>ci>HuaeHThl x (t) He SIBnSIJOTCSI CTporo nepHOAB'<eCKHMH, a KX 

•aunnaTYnbl' a •nepaOnbi• uenn:esHo MeBSIJOTCst upa aaMel!eRKK sHeprau pasaosecaoll 

'laCTHilbl qacTOTa cpaaoawx xone6aaal! "'1\1- cons! H TSX*e nocTeneaao 

H3M9HSieTCSI. Anaa!SaTH'IeCKKe HHSapBaBTbl B03bM9M 3a npa6UalKeBBbl9 KBTerpaUbl ASKlKe

BKSI DpB UOCTp09HBH <jlyHitilHK pacnpeneneRHH. 

J1CKOMbiM HIIBapBaBTOM AUSI ypa&HeHHSI •rapJriOHB'leCKBX' Kon:e6aHHII !l&n!leTCSI, KaK 

aasecTao, I z sa (5.12). Anaa6aTa'lecxae &bipalKeHB!I s cn:y'<(ae ypaeHeBall (5.3) MOlKHO 

onpenen&Tb aa ocHoee npa6nalKeHBbiX peweaaA, npaaeueaawx e pa60Te 
1231

• Boa&MeM 

ypasaeHBe AU!! x - xone6aull (AnSI y a z -xone6aHHA aa (5.3) 6yneT ace s TO'l

HOCTB TaX lKe). 3a HCXOAHOe npBHHM89TCSI npennonoJKeHHe, 'ITO BBBAY Manoro OTnB'lBSI 
• lk 

xosc!>¢anaeDTos ypasHeHaA Ha Aeyx cocenHHX nepaoAax sneMeHTbi MaTpanbi nepaona• b , 

OUpeAensteMOII TaX, 'ITO 3Ha'leHHSI X H ' X B Ha'lane H KOHne n -ro nep&Oila csSI3aHbi 

COOTHOWeH&eM 
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II : ·+, 
~ n+l 

11 
b 

b" 2 1 

bl2 

b" 
22 

I~ %. 

II %. 

RBJ!R~B M9An9aBO M9HIDOWBMBCR ~YBXllBRMB HOM9pa nepBOJ:I8 n 

3anameM pemeHae {5,3) nng J<aJ<oro-na~o nepuona B sane 

x) 

x(t) = I S (t) sin ( o/l(t) + 0 ) 

~(t) ~ IK (t) s(t) cos <.P<tl + '<tl + e > • 

sin ((t) ~ - S I K S , cos "t) ~ 1/s ~ • 

.{ 5.29) 

(5 .30) 

r~:~e ''lacTOTa' K (t) 
d.'f' 

, .a;pyrse BBe.o.eH.u:hle ylKe "qacTOThl"
dt 

Bb!p8lKBIOTCR 'l9p93 <jlyHKJlBIO 4>JJOK9 T8K: 

;;; l H Oi5bl'lHO BB<>-

.QBMAH ~~8CTOT8" V 

- 'o+''l.' 
K(t) = J1+s2[2 

-52~ ' 
v ~K(t0), 

dr/1 

dt 

1 . 

52' "'l~...L=-1- f~ ~( 1 t --)· 
X t:X 'o s'(t) s 2 (t) 

(5.31) 

Cornacuo CM&Icny t 0 , napaMEI'I'Jl v 9CTh 3.Ba'l911.H9 K B TO'lK9 H8'l8Jl8 nepBOJ:18, 

OnpeAell.HM TaloKe AJJR &Toll To"u 

< c "! 0 ), 

Tor~:~a nerKo noKa3aT&, 'iTO M8TpKna 

l'k 
b 

cos(!!-<) 

COS£ 

v sinp 

COS( 

sin!! 

vcost 

cos (/L+<) 

cos ( 

l k /19/ 
b ~YAeT 

u 77 
b +b 

=cos ,.,. • 
b 

B cny'lae, ecnu uaqano nepuo~:~a B3BTO B TO'lKe, r~:~e S = 0 , TO <=0 

(5.32) 

(5.33) 

B b 
11~ b

22
= COS/! • 

npn H3Y"'9KHH 8J:IH808TH ... eCKoro nose~:~eBH!I pemeHHll ypaBH9HHR Xunna napaMeTpbl 

IL . ( v C'lHT810TC!I He K OHCT8HT8MB 0 a MeAJ1eHHblMH ~YIIKllHRMB HOMepa nepHOJ:I8 

( OKH oynyT llOMe'l8TbCH HBJKe HHJ:IQKCOM "n" ) , 

B pa60T/23 / 3H8'1eBHSI X ~ B KOHne (n-1) BJ1H H8'lane n nepaona 

Bb1p8lK8 !0TC 5f J:IOBOnbHO KOMll8KTHOll npH6J!HJKeHHOA <jlopMynoll "1epe3 3HaqeHBH X , ; 
0 0 

B Ha"'ane !lynesoro nepaona. 3Ty CBR3b AJJ!I paccMaTpusaeuoro cnyqau (Det=bll!i2 -IJ2b2b1) 

38JlHW8M B Bblp8>K8HHH qepea Il8p8M9 Tp b1 £ , J.l 1 V T81t 

x) Pa.na KpaTKOCTH HHAeKCbl ">.. " np11 s I) orrymeHbt. 

18 



xn=(JQCOSla 
y C03 ( 

)(, 

) (X COS IJI 
0 

.. 
X 

+ ( __ o_ + x
0

tg •
0

) sin lJI) = 

v
0 

OOS£ O 

+ x0 v0 sin £ 0 

(v COS€ ))(, 
0 0 

P+lv cos• 
0 0 0 

sin (lJI + e ) ' 
n 

cos (lJI n + e (5.34) 

dfl n d(v siDl ) 
I IJI ~ f !fl.---- n n dn, n 

do 2v cos• do 
n 

n 
d(sin• / v

0 
) 

IJI = f { ~". -~+ __ v_n_ I dn • 
" do 0 2 COS€ n dn 

li .. 
= XO(YOCOSln) cos8=rrnYgsin 'p 

yT To + "ovosi~•o ]~x~~,.'-• ~+~ ]\x2 v cos,; 
(v COSl ))(, (v COS€ ) )(, O O O (v COS< ~ (v COS€) )S O O O 
oooa oo oo 

sin 8 

(5 .35) 

V!a cpaBHeHHSI COOTBBTCTBYIO!I(HX BbipaJKeHal! 11n>1 sinl9 H cosl9 c (5,35) a eTpynao ycTa-

HOBHTb, 'liTO 

8~19+•· 
0 (5.36) 

Banao, 'ITO 8 H 8 - KORCT8HTbi, onpenenSieMbie H8'l8nbHbiMH ycnOBHSIMH, Basm 

p a3HOCTb HHTerpanoB ljl -IJI 
n n 

, Ral!neM 

lJI=lJI+<-<. 
" 0 

(5.37) 

3H8'1HT, apryMBHT <j>yHKilHH COS BO BTopol! <j>opMyne (5,34) OTnH'I89TCSI OT apryMBHTa 

sin B nepaoll <J>opMyne (5.34) aa anllHTHBHbll! 'lneH < n 

("' +19 ) = (lJI +8 )+< 
n n 

' (5.38) 

HeuocpencTBeHRbiM Bhi'IHCneHHeN H3 (5.34) c HCnollb3oBaRHeM (5.38) Hal!neM 
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X x v sine 2 • 

+ n n n + ] +x 2 v cos< =[~ 

(vcos • )~ (v COS< ) ~ (vo cos•/' 

"o':Q.,sin<o ]~ 

<(v COS< )~ 

x 2v cos l = lnv. 
0 0 (5.39 ) . " " " 0 0 

nocKom.Ky v = 111 (t ) , • = ( (t ) 
on n o n 

(eM. (5.31), (5.32)), TO (5.30) JlaC1' 

----,- = &:t ) • 
(v C09! )~ 

Y
0

si.D C 
0 

(v COS< ) ~ 
=-s(t) I t=t (5.40 ) .. 

CpaBBBM (5.89) c y'leToM nocne.naax Bb!pa>Keaall c (5.9). Hcao, 'ITO aaeapaaaTHOCTb 

(5.89) 03Ha'laeT, 'ITO (5.9) !IBnHeTCH a.naaf>BTB'IBCKBM BHBilpBilBTOM AnSI TO'IBK t = t
0

n 

OTBB'IIliOWBX Hll'lllnllM HOCneAOBBTenhBbiX nepBOJlOB. JlaBHOB pllCCMOTpeHBB OCBOBilHO OJlBillt O 

Hll HpBJlCTilBnBBBB 0 TOM, qTO BCB Hapii.MBTpbl MBHSIIOTCSI He6om.mHMB CKil'IKilMH OT nepHOJla 

I< nepao.ny, a BHyTpH Ka>KJtOrO H3 BHX BCB BBB3MBHHO ( B CMhlCne • llJlHil61lTHKH'), B BBpHbl 

BllaapaaHTbl (5.9). CneAOBBTe Jlbao, (6.9) !IBnSIIOTcH anaa5aTa'leCK.HMH aaaapaaaTaMH .nn n 

HpOB3BOJlbHOrO t • 3aMBTBM1 'ITO B (5.34) MHO>KHTenB 1 H , ~)~ 
(v CO !I!.) ~ f. CO.Ji < 

COOTBeTCTBYIOT MHOJIQITenHM S(t) H IJ(t) S(t) B ( 5.30' 1 AaanorB'IHO HllllllifM, 'ITO 

aAHilf>llTH'IBCK.IlM BBBapHilBTOM 6yneT 

e =arcsin _x_-'P (t) , 
IS 

(6.41 ) 

rna 'l'(t) - HBnpepbiBBilH <jlylll<JlHSI, COBUillllliOWilH C Bblpll>KBHHBM 'II n B TO'IKilX CTbiKOB 

nepHOJlOB. npa6nalKBHBO MO>KBO B3S!Tb 1P(t) = 1/J '(t) , Y'IHTb!BilH, KOBB'IBO, 'ITO 1/J(t;:."t. 
•·1 n x) 1=0 

npa l: t _ < t < l: t X OT nepaona K nepaony aeCKOJlbKO H3MeBHBTC" • 
;oj,() XI 1=0 I 

P. , 

Y'IHTb!BilH BCB CKII.38HB091 UpH.[lBM K Bb!BOilYt 'ITO nony'IBBHbiB B n. 2 BaCTOHIUero 

Haparpa<jla peayJlbTilTbl OCTiliOTCH B9pBbiMH H npa MBilneHHOM H3MBHBBHH HBpllMBTpOB S 

s 
y 

(ana .;;
11 

) OT nepao.na K nepaony. s 

3 a K n 10 'I e a a a 

KaK HOKil3b!BileT aHanaa, npOBBilBBHblll Bb!WB, HCUOJib30BilBH9 MBTOilll HBHHBpllHilJlbHbiX 

CHCTeM OTC'IBTa MOlKBT B pS!JlB Cny'lllBB OKil31lTbCH none3Hb!M .[lnsr ynpOlllBHHSI MaTeMaTH'Ie

CJ(OJl c-ropOBbl aana"' H Blonrcaeun <jlaaa'IOOKOA KapTBBhl nponeccoa. B cymaoCTH roeopH, 

9TO ynpomeBBB CBH311.HO C HCKniO'IBHHBM penSITHBBCTCKOro aanpaaneHHOro llBH>KBHHSI H 

caeneHBeM 3BJlll'IB I( aepenBTaaac-rcxoll:. Kax aaeecTao, nnH paaaoMepaoro llBH>KeHan TaKoe 

ynpomeaae IICer.Qa NOliCeT 6biTJo Bb!HonBBBO npHMBHBHBBM npeo5pa30BaHHil nopeana; B 

naaaoll: pa60Te noxaaaao, 'ITO aaanorn'IHhre peayJlbTBTbl nnH naaaMa'leCKHX nponeccoa c 

x) t 
npB OTCY'f'CTBBB llllHilf>llTB'IBCKOrO H3MBBBHBSI napaMBTpOB pll3HOCTb 1/J(t) -1'\f'-1) 

npB (n-l)t~ <t< n tX nnH acex nepBOJlOB onaa • Ta JKe. 
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ycxopeBHeN nonyq8IDTCB0 ecna HCROnh30B8Tb NAnnepOB~ npeo6p830B8BHB X COOcTBeBBOA 

CHCTeMe, DpB'IeM X8p4XT&p nas~eBHB T8XOB0 qTO OTXllOBeBHB 0T DCeanoaBKllRAOBOA MeTpH-

u Mallhl ( g
0 0 

= 1 ) • 

MoryT 6~Th yxaaaabl npeofSp830B8BHB It cofScTBeaaoA csCTeMe a Apyroro Tana, 

/24/ 
ae~ellll MQnnepOBhl, H8npaMep, xn8cc x oa<j>opMBhlX npeo6p830B8HaA • Onaa xo, no same-

MY MH9HIII00 !!peo6pa30B8BHJI0 RCDOnh30B8BHhle B H8CTOKWeA pafSOTe, aaa6onee DpOCThl0 

aarngna~ a ynofSabl a npanolKeHaBX. 

HeofSxonaMo OTMEn'RTh, 'ITO seeM R3BeCTHhlM TRnaM npeo6paaoaauJ! x aeaaepnaanh

aoA CHCTeMe RpHCyW8 T pynBOCTb, '::BH38HR8B C CRBrYllBpHOC'l'hiO MeTpRXB0 KOTOpaB o6xonaT

CH Tpe60BaBHeM RCKllJO'IeBHB COOTBeTCTBYJOIIlRX o6nacTeA 4-npOCTp8HCTB8 B3 p8CCMOTpeHBR0 

ao Be 8H8nR3RpyeTCR no cymecTay. 

3TOT BODpOC Tpe6yeT AanhHeAmero B3y'leHRR, To ~e OTBOCRTCR R X HeKOTOpblM 

TOHXRM MOMeHT8M0 CBJI38HBhiN C DpBfSllB~eHBeM runep60nH'IeCKOrO ABRlKeHR R, H8DpHMep, 

OTCYTCTBRJO H3ny'leiiHJI B COfScTBeHHOA CHCTeMe AllR aTOrO CllY'I8JI, 3TH DpBBDBDH8RhHble 

BODpOChl B p850TQ He p8CCM8TpHB8llHCh, 

0cHOBHOe BIIHM8Illle 6hlll0 yAeneao npBMOllBHeAaoMY ABBlKeHBIOo HO K8X y~e OTM9'18-

ll0Ch0 MeToAalta MOlKeT fSbi Tb o5o6mea8 a aa llpyroJ! B8lKabiA AllB npanoJKeRHA cny'18A 

Bp8maTenhaoro ABHlKelliiB neaTp8. Heo!SxoABMO DOil'lepxayTh npa aTOM, 'ITO nony'leaaaa 

T8XRN OfSpa30M COfScTBeHB8JI CHCTeMa KOOpllBHaT Be COBD81l89T C Bp811l81011leAcR CHCT&-

/9/ 
NOA xoopnHH8T (eM, Banpawep ), XOTOp8B BCDORh3yeTCB X4K B TeopeTR'IeCXBX, T8K B 

npaltll81lBbiX aonpoc8x. Mo~ao OlKBil8Th, 'ITO Mi!nnepoaa cscTeMa OJtalKeTCR aecxonhJtO 

yno6aee aaany ee 'apeMR-OpToroaanhHOCTB'. 

Haxoaen, aeo!SxoARMO DOil'lepKHyTh, 'ITO npaMeaeaae npeo6p830B8aaA x aeaaepnaanh

aoA CH~TeMe Be BMeeT BCXlliO'IIITenhRO MeTOilOROrB'I9CXOrO xap8KT9p8 0 IUIK aTO MOlKeT 

DOK838ThCB. noMBMO aTOJ! B8lKHOA CTOpOHbl Aell8 0 OHR HBnBIOTCR DOR93Bh!M BBCTpyMeHTOM 

llllB sccnellOB8lliiB BllBRHBB ycxopeasg a8 <j>a3R'Iecxae nponeccbl. HarnAAHblA npaMep TOMY -

pellBTBBBCTCKHA rapMOBB'IeCKHA OCDHnllBTOp, 

B 3&KnJO'Ieaae 8BTOPhl a~palK8JOT rny6oxy10 5n8rollapaocTh B.H. Bexcnepy 38 BHR

M8Illle R RHTepec It A8HBOA pafiOTe R TOB8pRIIl8M DO p860Te 38 MBOrO'IBClleHHble o6CylKAe -

HBSI. 
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BhiBOA YpiiBB&Rd (1.21)- ( 1.22) 

B MOM&BT ape MeiDl rQ r e npeo6p830BAJIIII CYr CBCT9Mbl 

x'1= a 1 (r) xk. 
k 

nepeiiAeM CYr S I< S* 0 CABBHY1'011 BO speM&BB BA dr 

x* I = a *1 x" k • 
k 

nepeXOA CYr X
1 

I< x*1 MOJKBO 3811RC8Tb B BBlt9! 

I k , f 
x•= a=

1
a fX = af(r+dr)X, 

nP11JIO)I(EH11E 

K CBCT9M9 S CyTb! 

(1) 

(2) 

(3) 

af;( r + dr) - M 81'pBJ18 n peo6p830B8HBII Jlopeana K COnyTCTBYIOIIl&ll CHCT9M9 B MOM9HT Bp9M9-

HH r+dr 

Ho, no n::nOBHJO, a* I 9CTb M8Tpuna c5ecKOH9'1HI>-Manoro npeo5p830B8RBSI Jlopeana 
k / 1/ 

5e3 noaopCYra, T,e. (eM,, aanpuMep, ),: 

a* ;=S ;+81 , {4) 
k k ·~ 

3necb f; - 8HTBCH M M 91'pB'IBblll T9B30p, He p8BHbl9 BynJO KOMIIOHe HTbl KOTOporo paBBbl 
·~ 

v d v 'v 
l = - --· Oil c 

, 
<"=~. .,_. 

c 

d v" - CKOpOCTb CHCT9Mbl S* CYrBOCHT91IbBO CHCT9Mbl S, 

HeTpy aao suaeTb, 'ITO Teaaop 

,, 
•k 

f ~ 
k 

MO*HO 11p9ltCT8BHTb B 0511leM BRite T8K 

U '
1 d U k - u k d U 'I 

c' 

{5) 

{6) 

Y'IBTblB8ll0 'ITO U '
1 
= U ; = (c,0,0,0) - 4 - CKOpOCTb CBCT9Mbl S OTHOCHT91IbHO H99 CBMOII 

B onpenengg du'i Tax: du' 1= (c,dv"') • 

Tenepb HMeeM 

I ( ) * I k I '-) k I af r+ dr = ak af = a f v +af '.,t. 

BnB 

af I r+ dr} - af (r} = ~ ( u'l(a[ d u ~)- d u' I (a~<)] 
c 

= 2_ ( u
1 
'due du'l Uf )= _l a~ (UkdUf- dUkUf ) . 

c 2 c 2 

nenH o()e '18CTH 9TOrO p8B9 HCTB8 H8 dr 0 OKOH'I8T9 11bHO 11011Y'I89M! 

I I k ~ =- ak !e 
d r 

~ 1 •k • k 
~~=~(u u f-uf u ). 
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Tax KaK coOTaomeJUUI opToroaam.BOCTH (1.16) BhlnOilB!IIOTCSI Ana ruo6oro MOMeBTa speMeBJI _, 
, TO ypasaeaaa Ana xoa¢$anaeaToB ak 

I -f COOTBOW9BHH OpTOI"O&anbHOCTH af a k = 

nerxo nony'IHTb 1 ecna npoAH~epeanaposaTb 

no r 1>
1 

• Hcnom.aya npH aTOM (7), HRXOABM: 
k 

(8) 

n a T e p a T y p a 

1. B.A. <l>oK. Teopua npocTpaac·rsa, speMeaa H THrOTeaaa. fH<I>Mn, M., 1961 r. 

2. B. na)'nH. TeopeH OTHOCHTe nbHOCTH, Ofl13 fi1TT n, M. , 1947 r. 

3. T.Fulton, F.Rohrlich. Ann. Phys. (N.Y.), ~ 499 ( 1960). 
F.Rohrlich. Nuovo Cim., ~· 811 ( 1961). 

4. C.Bradbury. Ann, Phys. (N.Y.), !.2_, 323 · ~1962). 

5. C.MJ,ller, The Theory of Relativity, Oxford, 1952, 

6. C.M</>ller. On Homogenious Gravitational Fields in the General Theory of 
Relativity a nd the Clock Paradox, Copenhavn. 1943 ( Tpynbi naTcxoli AxaAeHH Hayx, 
~· N> 19). 

7. C6opaaK 'Teopaa a pacqeT naaeliHbiX ycxopaTeneli". rocaTOMB3AaT, M., 1962 (5I.B. <l>alia
!Sepr. naHRMJII<R 3apHlK9HBbiX 'IBCTRA B naaeliBOM ycxopaTene C 6erymeli BOnaoli). 
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