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HanpaBneno B )!(BM H M<l> 



3anaqa cocTOHT s onpenenennn KonaqecTB H xapaKTBpHCTHK CKOpOCTH pacna-

na a 1 

qeHH!I 1(1) 

= 1, 2, ••• , n ) HO peaynbTaTaM K3M9p9HH!I HHTBHCHBHOCTH H3ny-

B D.HCKp9THbi9 MOMBHTbl BpBMBHH lo , 11 • • • , 1m : 

(I) 

06blqno qucno naMepennll m + 1 (a /cnenosaTen&no, n qucno ypannennll) npeBblmaeT qnc-

no 2n onpene.nHeMbiX nenanecTnbtx, n nna naxo:lK.Ilenna nocnennnx npnMenae'tca, nanpuMep, 

MBTOII. H8HM9HblliHX KBanpaTOB, Mbi ynpoCTHM nocTaHoBKY 38.ll8'UI, By.lleM C'!liTaTb; 

no-nepBbiX, qTo nnH naxo:lK.IlCHHSI A 1 
B3SITO B TOqHOCTH 2n ypasnennll: 

m=2n-1, 
(2) 

n, so-BTOpbiX, npennonaraeM, qTo K3MepennSI npoBonunuc& qepea paBHble npoMe>KyTKH spe-

MBIIH: 

t 1 = rj , j = 0,1, ... , 2n-1. 

06oanaqus 

Mbl npnneM K cncTeMe ypaBnennll Knaccnqecxoll npo6neMbl MOMenToB 

I>. 1 x: -r 1 , J=0,1, ... ,2n-1 
I= I 

C BCTBCTBBHHbiMH nononHHTBnbHbiMH ycnoBHSIMH 

>. 1 ~ 0, 0 !> x 1 ~ 1 , I = 1 ,2, .,, , n 

(3) 

(4) 

(5) 

(KonuqecTBa pacnanaiOmHXCSI B9lli9CTB H90TpHD.aTBnbHbl0 a HHTBHCHBHOCTb 9KCHOHBHD.HanbHO 

y6b1Ba9T co BpeMeHeM). 

Ha ypasnennll (4) n nepanencTB (5) cnenyiOT 
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t l kf "m l 
/1 fm ek:O (-1) ( k )fm+k ~~:/•I X I (1-x I ) ~ 0 ' 

0 ~ m + t=:; 2n -1 , (6) 

ycnoBBH, BeofiXDABMb19 Afl!l C:YillBCTBoBaBB!I pemeBB!I CBCTBMhl (4) - (5), (::iTa ycnOBBll 

Ill 
11Bn51IOTC!I H AOCTBTD'IHhiMB, Korna n = oo 0 CM. , CTp, 97), 

A Tenepb npennono~M, 'ITO B3MepeHHa Bh!DonBeBhl c omafixaMB - . 
H3B9CTBhl f I TaKBe, 'ITO 

B BM9CTO f
1 BaM 

1£ 1 -f~ I~£ , j =0,1, ••• 2n-1. 
(7) 

IloTpefiyeM, 'ITOfihl TO'IBOCTb li3Mepealllt fi&ma TaKOBa, 'ITO CBCTeMa (4)-(5) OCTaeTCH pa3-

peiDBMoll0 Korna ee DpaBble 'laCTB DpDli3BOnbBO M9B!IIOTCH B Dpenenax OlllBfiKB 113MepeBI!!I, 

· ·Torba Mo:>KeT fih!Tb noxaaaBa cnenyiDmas 

TeopeMa_ 1. Ecnll:cacTeMa (4)-(5) paapemBMa nns scex f
1 

(7); TO f 1 DOA'IIIB9Bhl Bepa89BCTB8M 

0 YAOBfl9TBOpHIOIIlHX 

f 211-1-f-m l 
11 f .. ~3 2 •£, 0<0..l+·m~2n-1. (8) 

noxa3aT"enbCTBO. Caa'lana.yfienBMC!I B cnpaaenniiBOCTll fionee cnafi&IX BepaBeBCTB 

l.. t 
/1 f m ;::. 2 £ O=:;l +m<2n -1 ~ 

nonycTHM npoTBBBoe, 'ITO AflB BBKOTOporo m = m
0 

··' f = f
0 

Beao: 

lo • 
l~ t ~ <o 

11 fm 0 • k7.,
0
(-1) ( k Hm

0
+k < 2£ 

(9) 

BepaseBcTao (9) Be shlnon-

(IO) 

II DOKa:>KeM, 'ITO Torna BaltAyTCSI T8KB9 f1 , J = 0,1, ••• ,2n-1, YAOBn9TBOpBIOI!lB9 (7) ( r,e, 

BaxonBntBeca a npenenax omBfixH B3MepeBBsr), nna KoToph!X onao Ba aeofixonBMhiX ycnosall 

(6) Be shlnonBeBo,u, cnenoBaTen&Bo, cacTeMa_ (4)-(5) BepaapemeMa, nmr aToro nono:>KBM 

f f k "'o+k"' mo+k-(~1)£ ( 11) 

To rna 

11 ~ f 
mo 

~ f .. f 
l: (-1) t ( k H.. + t - 2 of < o 

k=O 0 (12) 
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.. 

,, 
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r 
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I; 
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I 
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B CBCT9M8 (4)-(5) C npash!MH '18CTHMH (II) BepaapeiDBMa, 

_IlepexonaM K noxaaaTenbcTsy BepaaeacTaa (8). Ha cooTBomeBasr 

f - f+l .. f -
11 ft = 11 fk + 1'1 fk+l 

B (9) nocnenoaaTen&Bo nony'laeM: 

· 2n-l-l., 2n-l-l 

11 f 1 ;:::_ 2 f; 1=0,1, ••• , 2n-l. 

:Jin-2-l • 2n-1-t .. 2n-2-l 2n -2-1 
11 f1 =11 f1 +11 f1+1 ~3·2 £; i=0,1, ••• ,2n-2. 
2n-8-l • 2n-2-l .. 2n-8-l.. .2 2n-8-l 

1'1 f 1 =11 f1 + 11 fl+1 > 3 ·2 £; 1=0,1, ••• ,2n-3. 

1-1 .. 2-1 ., 1-J .. 2n-2 1-1 f1· f, -11 f, + 11 fl+l ;::3 ·2 £ ; i =0,1 • 

0 .... 1- 0 .. 
1'1 f 0 = 11 f0 + 1'1 f1 ::t 3 

2n-1 

TaxHM 06paaoM, BepaaeBCTBa (8} noxaaanhl. 

(13) 

B Ka'leCTse npUMepa npBMeneBBH 3THX BepaseBcTs npoaBanaaapyeM naBH&Ie K.naano..: 
/2/ 

ma ( CM, 0 CTp, 284; nocne CYMMBpOB8HBS1). 8 DpBBOABMoil BB:>Ke Tafinane 'IBCDBT9fllf Aa-

JOT neB&Ie 'IBCTB, a auaMeaaTena - npas&Ie 'laCTII aepaaencTB (8) (£ = 2): 

/if~ ~- 413 -~ ~ 1:1 ~I 486 324 216 4 

/if f. iWl 178 [L M liD I 162 i08 72 48 2 

l'i .!.§§. 81 ~ g§. 
2 54 Sa 24 . 16 t-

1.[ 11 f 8 87 38 
18 i2 8 

/if 'f, 49 1.[ 
6 4 

/if fa ~ 
2 

B '19Thlpex cnyqaax, ofiaeneBH&IX paMKoll, aepaaeacTBa (8) aapymaiOTcsr. Mhl non:>KUhl cne-

K -/2/ 
naT& B&IBoA, cornacyiOntHllca c aaxniO'IeHHeM • naanoma B , 'ITo 3TH nanahle aenocTa-

To'IHO TO'IHbi, BX MO:>KIIO T8K B3M9HBTb B npenenax OlllBfiKH0 <iTo CHCTeMa (4) - (5) CTaHeT 

aepaapemnMoil. 

Ilpa npyroM npennono:>KeBBH o xapaxTepe omafiox B3Mepeaua npencTaaneaae o paape

' lllBMOCTH CBCTeMbl (4) - (5). naeT Cfl9AYIOIIlaH · 
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T e o p e M a 2. EcnK f o , f 1 , ••• , f 2n- 1 aopMallbHO pacnpeneneHHMe 11 no-- .. 
napHO HeaaBHCIIMbl6 Clly'taJ!Hbie BeliH'lKHbl CO cpeAHKMK 3Ha't6HHS!MK COO'I'BeTCTB6HHO f 0 , f 1 , 

••• , E:n-t -H nucnepcuen u 2 
, TO c aepoSITHOCTbro, ae MeHbmeA: qeM 

,2 
- 1 00 -T" 

_<l>(u*}u --f e dt, 
y2rr u* 

( 15) . 

rne 

min f !if'( } 
O<f+m~2n-l ~ 

- uy( f) 

u* a 

( 16) 

cHi::TeMa {4)-(5) aepaapewaMa, 

f 
.ll. o K a a aTe nbc T B o. Cny'IallaaH senK'lHHa !i f m , 6yny'IK nHHellaoll KOM6HHanaell 

HOpMaJ!bHO pacnpe,!:teneHHhlX aeaaBHCHMldX CliY'ISllHhlX BeliK'IKH fm, fm+l, ,,, , f +f 
. . . /3/ . m 

.-
TaK>I<e _liMeeT aopMSllbHOe pacnpeneneaae (eM. , cTp. 33) co cpenJmM aHa'teHHeM --f f .. 

f1 fm • A f m 

H nHcnepcnel! 

f 
l:u2(f 2 2 2f 

k=o k> .. (1 <e 

/4/ 
(eM, , c'l'p. 18). BepoSI'I'HOCTb aepaseacTBa 

pasaa 

.I 2 f 
(fy.( f ) 

f 
!i fm < 0 

t-Af,. 
·KC 

1
m 

-·-1 - fe u\J(f) 
y2rr-oo 

2 - 2 
) -DO -.!_ 
dt = _1_ f e 2 dt 

y2rr Af lm 

uy(~f) 

fuSJB Han6ol1bWYIO H3 aTHX BepOli'I'HOCTei!1 Mhl npnneM K YTBep>KAeHKIO 'l'eopeMhl 2. 

(17) 

( 18) 

( 19) 

(20) 

HecKonbKO cno~ee ~opMynnpyJOTCH nocTaTO'lHMe ycnoBnH cywecTB9BaHHSJ pemeHKH 

cncTeMbi ( 4) ..,.( 5). CnpaBen.nma cnenyJOwaSJ 

T e Q p eM a 3. nycTb peaynbT8Tbl naMepeanl! f I 3aKliJO'leHM B npenenax 

6 

.J 

.. 

.. 
f1s:r 1 s:F1 I = 0, 1 , ••• , 2n- 1 , (21) 

05oaHa'tKM 

I a 1 I = ( F 0 , f1 , F2 , ••• , F 21>- 2 , f 2n- 1 ) , (22) 

.. .. .. 
ls 1 l=(f0 ,f 1 ,f2 f2u-2 • rh-1 ) • (23) 

I b 1 I = (f0 ,F1 ,f2 , ••• fh-2 ,F2u-1 ) • (24) 

llyCTb BCe rnaBHbl6 MBHOphl MSTpHil n -ro nopl!AKa c aneMeHTaMH 

At,k =a t+k -al+k+l ;al+k+1 ;bl+k -bt+k+1 b t+k+ I 
(25) 

I, k = 0,1, ... , n - 1 

nono>KBTellbHhl. Torna cncTeMa (4)-(5) ,paapewnMa npH Bcex npaBbiX 'ISCTHX f 1 , ynoBneT· 

BOpliiOWHX HepaBeHCTBy ( 21) l H npH aTOM 

.. 
XI ~X 1 ~ X1 (26) 

rne x
1 

, i
1 

H X
1 

ynoBneTBOp!!IOT CHCTeMe (4)-(5) C npaBbiMH ~aCTS!MH CQQTBeTCTBeH

HO (22) 1 (23) H (24). 

.ll.oKa3aTen&c:rBo. Ha ycnoBnSJ nono>KHTen&HocTn rnaBHMX MBHopoB MaTpHil (25) cne

nyeT nono>KHTenbHaSJ onpeneneaaoc'l'b KBanpaTH'lHMX ~opM 

n-1 n-1 

l:(al+k -•t+k+l )xlxk;l: al+k+l xi xk 
t,k=O I, Jr.=O 

u-1 
l: {bt+k - b l+k + 1 >xt xk 

t,t-o 

3aa'IHT, nono>KH.Tel1bHO onpeneneHM ~opMbi 

u-1 ·n-1 

u-1 
• l: b t,k-o l+k+l x 1 xk 

l: al+k xl xk 
I,k=O 

l: b 1+kx 1 xk 
l,k=O 

(27) 

(28) 

(29) 

KB.K cyMMbl ABYX ITOliO>KBTellbHhlX ~OpM,(27) nn6o (28). CTahO 6MTb0 BCe rnaBHMe MHHOpbl 

MSTpHil n -ro nopl!AKa c aneMeaTaMH 
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Al,k = 8 t+k ; b l+k (30) 

. ( . /5/ ) . 
nonolKJITenbHhi. 11Tax, Bbmonaeabi yenoBHSI TeopeM MapxoBa eM. , eTp. 473 • 11a Teope-

Mbl MapxoBa o6 onpeJlennTaliSIX erre)lyeT, B qaeTaoe'l'H, 'ITO Bee rnaBabie MHHOpbl MaTpnn 

n -ro nopiiJlKa e sneMeaTaMH 

Al,k =sl+k (31) 

nonoJKHTanhnhl. 11a aToll JKe TeopeMI>I ene11yeT, 11anee, 'ITO rnaBHble Mnaophl raaxeneooll: 

MaTpHllhl e sneMenTaMH I tl+k I y6b!BBIOT, eenn tu y6b!Ba!OT, a tn+ 1 Boapae-

TaiOT 110 Tex nop, noxa Bee 3TH MHHOpbl oeTaiOTeSI nonoJKHTenbHbiMn. Eenn t n y6b!Ba-

IOT, a t2k+l B03paeTaiOT0 TO ~k - t 2k+l y6b!Ba!OT, a ~Jri.l-t2k+2 B03pae'ra!OT II, 

cne)1o8aTen&ao, no Toll JKe TeopeMe MapxoBa, rrraBHhie Maaopbl raaxeneBoi! Ma'rpHllbl 

I tl+k -tl+k+l I y6biBaiOT - 110 Tex nop, noxa oan oeTaiOTeSI nonolKJITarrhHhiMH. 

TaxnM o6paaoM, ncnonh3ySI nonoJKaTerrLI!yiO· onpe,11eneaaoeTL ~opM 

n-l n-1 n-1 

l: 91.f.t x,xk • l: (al+k ...:al+k+l )x 1 xk • l: (bl+k -bl+k+l hlxk 
I, k=O · l,k=O l,k=O 

a HepaBaHeTBa ( 21) 0 Mbl npHX0)1HM K 1I01IOJKHT91ILHOi! 0Dp9,1191I9l!HOeTH ~OpMbl 

n-1 

l: (sl+k -sl+k+l )xl xk 
I, k=O 

(32) 

(33) 

III 3Ha'IHT0 paapalliHMa eoOTBaTCTBYIOII!aSI npo6JieMa MOM9HTOB Xaye,11op<j>a (eM. , eTp. 97), 

T.e. eymeeTByaT aey6b!BaiOII!all ~yHKnag U (X) ? TBKast, 'ITO 

I k ~ 
sk =fx du(x); k =0,1, ••• ,2n-1. 

0 

.. .. 
(34) 

Koa<j>cjlnnneHTbl KpaeTo~enst ~ .. 1 n yanhl x 1 KB8,11paTypHoi! ~OpMyllbl fayeea, eooTBeT-

eTByiOII!ei! paenpe11eneaniO d3 ( x) 
.. 16/ 

, 11a10T0 KBK naBecTao, peweaae eneTeMbi ( 4). Opn .. 
3TOM .\ 1 > 0 (eM. , eTp. 61). 

16/ .. 
Yarrbl x1 npnna)1rreJKa'r o6naeTn opToroaanLaoeTn 

(eM. , eTp. 57): 0 <x 1 <1, 

nanee, H3 n01IOJKHT91ILHOi! onpe,11erreHHOeTH ~OpM ( 27), ( 28) erre11yeT, 'ITO paape

maMbl eooTBaTeTBYIOII!ae yee'!aHHble npo6neMbl MoMeaToB Xaye11op~a, T.e. eymeeTBYIOT aey-

6biBaiOmne ~yaxnnn u ( x) 

I k 
ak = fx du(x) 

0 

n l:(x) 1 Taxne, 'ITO 

I k 
bk = fx dl:(x); k = 0,1, ••• , 2n-1. 

0 

8 
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(35) 

• 

060aaa'!HM yanbl eooTBaTeTBYIOII!BX KBaJ1parypHbiX ~pMyn fayeea 'lapea x 1 n X1, I= 1,2, ••• ,n. 
. . . . . ( /1/ 12) - . -

J13BaeTHbl ypaBHaHHSI, KOTOpbiM 3TH y3llbl YI10Bli9TBOpSIIOT · eM. 0 eTp. • 3TH ypaBHaHru! 

eoBna~taiOT. e ypaBHSHHSIMa .TeopaMbl MapKOBa 0 XOpHSIX (eM./S/' eTp. 476),. OTKy)1a a ene-

ayeT aepaseaer~ (26). Tax xax yanbl KBaapaTypaoi! ~opMynhl rayeea npaaaaneJKaT oTpeaxy 

opToroHaliLHOeTH, TO 

0<x 1 s:i 1 ~X 1 <1. 
(36) 

TeopeMa 3 110Ka3aaa. qT06bl y6e)1HTLeSI B paapalliHMOCTH ene'raMbl (4)-(5) I11ISI Beex DpaBbiX 

'18eTei!0 HaXOI1SIII!HXeSI B npe,11errax {21), )10eTaTO'IHO 1IpOB~pHTL0 'ITO pa3pe11IHMbl )1B9 "rpaHH'I

Hbie" eneTaMbl e npaBbiMH 'IaeTSIMH (22) H (24). Hall)1SI HX pemeHHSI0 Mbl MOJKaM yxaaaTh 

rpai!HO:bl (26) 111ISI peme.I!HSI eneTaMbl (4)-(B) - T.e. DO TO'IHOeTH0 e KoTOpoi! H3BeeT!!b1.1Ipa-

Bbl~ '!BeTH0 yxaaaTh TO'IHOeTL, e XOTOpoi! MOrYT 6b!Th onpe,11eneHbl B91IH'IHHbl 

·Ta'!eexn aan6onee BaJKable napaMeTpbl pa11noaxTHBI!oro paena11a. 

n n T e p a T y p a 

·1: H.l1. Axneaep; Knaeea'!eexaSI npo6neMa MOMaHTOB. 4>HaMBTrH3, M., 1961. 

2. K. ilt;umom. OpaxTH'!eexne MeTOJ1hl npnxnaMoro aaanaaa. 4>aaMaTrH3, M., 1961. 

3. Ban ·11ep Bap11en. · MaTeMaTH'!eexast eTaTacTaxa. 11n, M., 1900. 

x 1 -npax-

4. 'H.C. fpaamTei'la, H.M. Pb!JKHK. Ta6rrm:thl aaTerpanoB, eYMM:, pRI10B n rrpoaaBeJ1eanll:. 
4>naMaTrna, M., 1962• 

5. 4>.P. faaTMaxep. Teopnst MaTpnn, fi1TTn, M, 1953. 

6. r. Cere. OpToroaanhHble MHOrO'Ill9Hbl. <l>ll3MaTrB3o· M., 1962. 

PyxonneL noeTynnna B naaaTerr&exna OTJ1en 
30 aexa6pst 1965 r. 

9 

.\ 


