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Y -Hany'iGHH!I B p98Killl!lX MGlKilY CnOlKllhiMII !l.llp8MH SUlnRGTCR OAHHM 

113 OCHOBHWX cpencTa accnenoaaHBR MexaaaaMa pea~naa 11 caoACTB Rllep. Tax, HanpaMep, 

/1,2/ 
nony'IBHHbiB H9.0.a8RO CllBKTpbl Y -KBBHTOB, HCIIyCK89MbiX B p98KUKSI.X, B KOTOpbiX 

OCHOBHWMB KOHG'iHbiMH npOilYXT8MH RBITRIOTCR Ae<P<JpMHpOB8HHbl9 'iBTHO-'iGTHbl9 S!llpa, IT03-

BOnHnH yCT8HOBHTb H8nH'iHQ pOT8UHOHHO A ITOITOCbl CO CITHHOM 16 H c nenaTb cymeCTB 9 HHbl9 

38Kn!O'i9HHH 0 B036yJKA9HHbiX COCTO>IHBHX !l.ll9p C 60nhmHM yrnOB biM MOMGHTOM. 

HapMy co cnexTpaMH aalKHBR HH<j>OpMaUHH MOlKeT 6h1Tb nony'<e Ha TaK JKe H 3 yrnoaoro pac-

npeneneHHH y -xaaHToa . Kacxan qacTHU H y -KB8HTOB 0 CHIIMB!Ol!IHX B036ylKil9HH9 !l.llpB, 

MOlKHO npH6nHlK9HHO pa36HTb H8 llB8 3T8na: CT8THCTH'i9CKIII!, On penenR9Mbll! Cpe)lHII MH XB

pBKT9pHCTHK8MH no 6 0nbiiiOMY 'iHCny COCTOHHH H S!llpa, H 3 8 B9plii8IOmHll, B KOTOpOM OCHOB

HYIO ponb Hrp8IOT HH)lHBHilY8ITbHbl9 CBOll:CTB8 COCTOHHH ll: . 'iaCTHbiM cny'<89M n o cnenaero HB -

nseTCH poTaUHOHHhlA x:acKaa. B nponecce CTBTHCTH~ecKoro a Tana yaoCHTCR HeKoTopaR 'IBCTb 

yrnosoro MOM9HT8 H H3M9HR8TCR HCXOaHBH OpHeHT80HH yrnOBbiX MOMBHTOB B nnOCKOCTH 1 

nepneanaxynHpHOI! nyqxy HaneTaiOlliHX '<8CTHn. Taxoe 'paa6anThiB8HBe' npHBOilHT K y M GHhiiiG· 

HH!O 8HH30TpOnHB B yrnOBOM pacnpeneneHHH Y -KB8HTOB no Cp8BH9HH IO C O CJIY'l89M, K Or)la 

MOMQHTbl neJKaT B nnoCKOCTB, n epneH)lHKynHpHOll: n y qxy , H no 3 TOMy Y M9Hblll 9 lll1 10 MOlKHO 

Cy)lHTb 0 CT8THCTH'i9CKOM 3T8IT9 p8CIT81l8 B036ylKil9HHOrO H)lpa. 

B aacTOHl!lell pa6oTe paccMaTpHaaeTCH yrnoaoe pacnpeneneHHe poTaUHOHH hiX y - xaaa-

TOB1 B C fiYCK89MblX nocne CT8THCTH'1.8CKOrO 3 Tana K8CK8.ll8 • .D.nSI pemeHHSI 38.U.81.fH IIpHM8-

HH9TCH Kn8CCH'i9CK09 OnHC8HJie, T8K K8~ MOlKHO nOK838Tb ( CM., H8ITpHMep, 
131

) , 'iTO Knac-

C H1.{8CK09 B K:B8HTOBC>-M8X8HH'tf8CKoe p8CCMOTp9HHH .llOn}KHbi ll8B8Tb B n o.a.06 HbJX cny'\fBSIX 

6nH3KHQ peaynhT8Tbl. 3TO 03H8'<89T, 'iTO yrnOBb19 MOMGHTbl C'iHT810TCR Kn8C C H'i9CKHMH 

aexTopaMH, pac npeneneHhl a npoc TpaacTa e aenpepb!BHO H a peaynhTaTe HcnycxaHHH poTa-

UHOHHOro y -KB8HT8 H3M8HSI10T TOJlhKO CBOIO B8nB1.1HHY• 

BepoSJTHOCTb BhlneTa 
.. 

y -KB8HT8 B HanpasneHHH n 

W(;{J = {W(j,;)P{JJdJ 

rne W ( J, ; )- B9pOSITHOCTb HCnyCK8HBH Y -KB8HT8 B Hanp8BITQHBH 
.. 
n 

(1 , 

>IIlPOM C yrnOBbiM 

MOMGHTOM j , p (j ) - BepOSITHOCTb H8ll:TB SlllpO B COC-:"OHHHR C yrnOBbiM MOM 9 HTOM 
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¢>yHKUHJO VI ( J,;) a cny qae E2-nepeXOAOB Me"'AY ap a luaTe llbHblMH y p OBHRMH Mpa 
14 / 

MO)KHQ 3 8flHCBTb B BHA9 : · 

~ ~ 

W ( j, n _
5
_ [ 1 - cos • \ 7. r: l l . 
16" 

(2) 

BepoHTHOCTh P (D MO>KHo BLipaaHTb qepea pac npeAen e HHe P (j
0

) no ae nH'<HHe yrno-

soro MOMe HTB D llJIOCKOCTU , n epneHAllKy n srpHorr llY'<Ky : 

P( i) =! P (j Jw \J . 7 )ll (k • J0 /i0 )d ~ 
0 0 

(3 ) 

r Ae S - AenLTa- <jlyHKUHH, - OpT OCH, Ha llp8B119HHOa BAOIIb rry'IKB , wu:,J) - Bep~RTHOCTb 

HAPY c y rT!OBblM MOMe HTOM j nocne C T 8 THCTB1.JeCK OrO aTana K8CK8Q8 OK838T bCH B Co-
o... .... .... 

CT0 51Hlllf C y rn OBbiM M OM€H TO M • T o'll!Ll ii pacqeT wlj 0 , j ) c n o "'en H rpOM03AOK 
1 

H TBK 

K BK LlJlSJ JI8Wet1 3llll,81.JH He C yLU9CTBeHHbl .neT BnH pacnpenen e HHH, W ( j
0

, '"t )MOJKHO B3HTb B 

li J060fi <jiOp Me , X8pBKTClpH3Y9MOfi ABYMH rrepBbfMH MOMe HTBMH . n nsr Ollp9A9lle HHOCTII B03bMe M 

r ayccoay <jlopMy: 

w < ;·0. r) 
• < Io-7 )2 

~--;-2-) 3/ i ?,';2' 
0 0 

1 ·- e -
(217 s2)a/1! 2.

2 

0 0 

n oACTBBliSH! (2)- ( 4) B ( 1), llOliY'III M: 
82 

4-- .... 
2R2 2 ( -+ 

J e o s ds J [ 1- cos ( j ,n )Jd0
8

• W! ; ) = fP ( j o) j o d j o J b \ k • j Jio J d U; 
G 

3an£Pffl CDO.!lHT CH K DbJ11'HCneHH lO H€ 11 0Cf"' eJlC TBeHHO cos ( j ; J . 

(4) 

(5 ) 

B t..l nonueHnc co o Ta e TC T eytomnx BbJK nun.oK {eM . npHno}f<e Hu e ) n aeT nnR onpeAeneHHo-

r o 

1'/ ( 0. su , io ) 1 - a 
I 

. 2 
s1n 0 - a sin 11 T l _ _s sin 2 D 

1- c 
~sin'tJ 
1- c 0 

r·nr {} - yron 

3a ;...re T11 M 1 '"ITO 

MGtKf.J.Y ua npas n eHMeM ny"4Ka n BhtneT£! y 

C "' _2 x'-.2 x
3
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0 2 0 y2 0 0 y rr 
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3 X O 
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X < + _:!. X 
3 
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2

) ~J 
0 v ~ 0 0 yrr 

0 

- KD8HTa
1 .. 

J ( x oJ = J 

X = 
0 

.. ~ 
e 2x G ~I 
1 -X 

~ 
jo 

c 
2 

~ [ 1- lU 
ll 

X + 
0 

105 
l 

• X 
0 

15 
yl 

3 
X 0 ( 1 + 7 X 2 J{x J OJ --] 

v" 

t x ,,J yHoaneTaopHeT .rtHQxPepennHaJibHOMy ypaBH&HH JO 

J ' ( x >-....!... J (x
0
)=-v ; --} 

0 XO X 0 
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(6) 

(7} 

l 

,.., 

I 
I 

H HTopc·c .a..-· c ., rrai-P{ 

H x
0

>> 1. 

a) x =~ <.< 1 (yrno 
0 . 

H OA nyqx.y ) • ~~ ~ y::.HBHGH 

Kll ITO x
0 

VI ( U • so • j o 

B "tHl CTH OCTH , npu X = U 
0 

n e pne HLlH KY I I HpHofi FIY'-ll< y; 

6 ) x =~ » 1 (noc 
0 . 

j ( X ) " .[JL )_'l ( 1 - _!._ 
O 2 X O 3 

Ka no _L HMeeM: 

xo 

B "tJ 8 CTHOCTH, llpH 

H3 0TponHo; 

'( = OQ 

0 

w 

Ha puc . 1 H 2 npea 

3 UBHCHMOCTII K03<p<jlHU119H1 

11 M Ce T CSl B03M O)KHOC T b fiC 

MO.KC H MYMBX JlOJl, pa3HhTMI 

qaea , xoraa B H eceHH b!!"r 

:.Toro n ap aMeTpa ABeT ou 

M OMe H T U0MCHS1eTCfl H 8 e. 

3aMeTHM, '-ITO K 8 K H 

paccMOTpeHH n c neayeT, ,... 

KOBbie y rnoabt e pa cnpeae' 

C HBUOCTU )' - H3 nyl.f. e H H51: 

Al ·Tll.Y iJle My , OJ,Jne nnTh TY , 

pOT8U HOUHLIX COCT0 5IHH ii Jl 

y -ua n y '<eHHll 11 c uenyeT 

aor o p a c npene ne Hif!l, ycpe 

Aon e HH IO n o j • Ha pn· 
0 

BHH3 0Tp011 HH An~ p acnpet 



'ellbHbJMH ypoaHRMH smpa 

(2) 

no aenaquae yrno-

(3) 

lY'IK8, wu:, j) - BepORTHOCTb 

l KBCKB.llB OK838TbCQ B Co-

CnO*eH H rpOM03.llOK
1 

H T BK 

W ( J , ·t )MOlKHO B3>!Tb B 
0 

lSI Onpe.o,eneHHOCTH B03bMeM 

--;-:-2 
1! 0 

(4) 

~ . ~ 

-cos (j,o )Jd!l
8

, 

(5) 

onpeneneaao-

in 2 C1 -~ si n 4
1J 

I- C 

·a 
I 

.~ 

0 

) = J e 2x ~ ~, 
1 -X 

X 
0 

2 J(x J 
X)--) 

o V" 

10 

(6) 

(7} 

I 

HHTHpf;; c :::rc c ·;·rran qecxol"J TO'IKH 3peHHR paccMoTpeT& n.sa rrpe.nenhHblX cny'HlH! x
0 
<< 1 

!f X
0

>> J. 

a) X =~<.< 1 (yrTJOHbl9 MOMeHTbl M8TJO OTKTIOHHTIHCb OT TJTIOCKOCTH, nepneHI!HKyngp-0 . 

HOfJ ny«xy) • JJ. ~ ypaBH9 HIJ5! (7) J (x
0

):=V-If X O H C TO'IHOCTbiO 110 'ITI9HOB BTOpOrO nopsm-

Ka no 

::1- __2_sin 4 tJ - 3( 
~ 

2 
sin tJ 5 

4 
sin 0 l . (8) 

B "'BCTHOCTu, n pH X = U 
0 (H30TpOnHoe pacnpeneneHHe yrTJOBbiX MOMeiJTOB B IITIOCKOCTH, 

n epneanHKYTI H]JJ<oii n y '-IKY ) 8HH3 0TponHR MaKCHMBTJbHa: 

w ( U) = 1 - 3 si n 'o . 
~ (9) 

5) x 0 =~ >> 1 ( TIO'!TH H30TpOTIHOe pacnpeneneHHe yrTJOBbtX MOMeHTOB) . 11 3 (7) 

J ( x 0 ) " IJL J.i. ( 1- __!._ ~+ _1. __ 
1
,- 1 --2, ) H c TO«HOCTh JO no «neaoa nToporo nopsrn-

2 X 0 J X 15 X 105 X 
KB no __l_ HMeeM : O O 0 

xo 

W ( 0 ' so ' j ) =-· 1 - _2_ ( ~ ) 2 s in 2 0 • 
0 21 s (10) 

0 
B '-I BCTHOCTH, npH. x0 oo ( 1130Tponnoe pacnpenenenae y rnoabJX MOMenToa) y -ll3Tiy«eHile 
H30TpOn Ho; 

w (0) = l . 

(II) 

Ha p uc . 1 H 2 ll}J9llCTaaneHhi pacCl.fHTaHHhle Ha a neKTpOHIIO-DbP-IHCnHTenbHOii MBUH1He 

3t!BHCHMOCTH K03cP¢»UH9HT OB a I H a 
2 

H yrnoeoti 8HH30Tp011HH OT neniPUlHbl napllMCTpa X O 

YfMCeT CSl B03MO >KHOCTb fJOClle H 3 Mepe HH5I HHT€HCHDHOC TH Y -H3lly4eHH~ B pOTB UllOlfHLI X 

MBKCHMyP.ASX noa p8.3HhiMH y rliBMH HBftTH Jl.IB1 OnpeaeneHHOr' O j 
0 

na paMeTp s 
0 

• JlJl ~ CJ!y

j0 , B9J1HYHJI U KBBApAT8 
lJ89B1 KOr.Qa BH9C9Hllb!i'r yrnoeot\ MOM9HT 6J1H30K ITO D9J1HYHHe 

3 T OrO napaMeTp8 Ll89T OU9HKy 'tJ:HClla C T BTll CTHqeCKHX J19): 9 XO/lOB, TIJJH KOTOp btX yrnonoii 

MOM9HT H~MCH~eTC~ H8 9.QUH HUy. 

1'51 3aMeTHM 1 1..fTO K8K H3 Kl18CCH'i9CKOrO 1 T8K H H J C"Tporo KBHHTODO- MGXEllll1'-l9CKOrO 

y - KBBHTbl pOTB JUtOHIIOro K8CK8Jl8 H .\ fCIOT OJl iiJflJ-

KOBbie yrnoebte pacnpeae.rteHHSI. Bocnonba oaaelllHCb 3 Tl1 M , MO>KHO, Bhi4TH H3 n onuoii HH T e 11-

CHBHOCTlf y - H3 lly9 e HHSJX l< 8 KOrO-liH50 nepeXO!l8 HHTt2 1fCH nHOCTb
1 

COOTBGT CTJJ)' IOI:l ylo n pe-

JlJ,J.UY il.l9MY 1 BIJI!l9liH.Tb Ty 1.J:8CTb y -H3lly'leHIISI, KOTOp a51 06S138Hfl 3 llCeneBHOCTH pa3JIIfl1H l.JX. 

pOTaUHOHHLIX COCTOSIHHii TlOCn e CT8THCTHl.J9CK{)f'0. 3 T ana KB C J<BJlB. J-1 M9HHO lt3 8 Toii t.I DCTH 

y -uany«eHH 51 11 cnenyeT onpenenRTh napaMeTp s
0 

, llOTJb3yHCb cpop"ynoii (6 ) liiHt yt · no

a oro pacnpene neHHSJ , y cpeltHeuaoro no o5paayJOtUeMyCH npll o5.'1y'leJJHII qacTuuaMI! pacnpe-

a.eneHH JO no j
0 

• Ha pHc. 1 npHBell.eHLI 3Ha Y: eHH SI a
1 

H a 
2

, a Ha pHc. 2 - 3asncH,tOCTL 

allH3 0TponHH nnsr pllcnpeneneHH>J P(j 0 ) - j 0 ( a nnoTb no iomox ), onpenen>JeMoro TI>Juth 

5 



reOMBTpH'lBCKHM ~8KTOp0Mi 
s 

0 
C'lHTaeTC SI onHH&ItOBb! M nnSI scex j 0 • Peam.soe pacnp-

neneHHB 6yueT OTJ!H'l8TbCSI OT 3 8 nHC8HHOro, B H3Y'lBHHB yrnosoA 8HH30TpODBII U8CT HBitOTO

py~ HH~OpM8UB~ 06 HCTHHHOM pacnpeneneHBH, 

8 38KJ!~'lBHHB OTMBTIIM, 'ITO pOT8UHOHIIblB n epeXOUbl 6biJ!H Bb16p811bl B Cllny CpaBIIW

TBllbHO npOCTOA H HBUBlKHOll HX HUe HTHqlHit8UHH, nouo6HOB paCCMOTPBHIIB MO>KBT 6b!Tb npo-

seue HO unSI n~6oro xapa KTep&oro y -nepexona B aasepma~meM sTane KBCJtana ues03-

6y lKUBHHSI, 

nonb3Y~Cb c nyqaeM IICKpeHHO no6naronapBTb B.M.CTpyTHBCKoro 3 8 nocTBHOB"Y . 

3 8 U8'lll II CTHMynapy~mHe o 6cyJKUeHII51 . 

nPI1JlO:lKE HI1 E . ~ ~ 
CpeuHee cos ( n, j ) no TenecHOMY yrny s eJtTopa s 

I cos • < ii', i 

~ lT 2lT 

)I = __:_ f~ ;;(io-;)] 4 dfl =-1-J si n (;l.d (;l . J d ¢ I (-1)mem(;; J)4

-m(;;s')":(n .1) 
n 4, 1 j - ; 1 • 4rr o < i 2 - 2] ; + s 

2 i\ m = o • o 
s 0 0 0 

Y!HTerpHPY "' no cp , nony'lHM, : 

-+ -+ m m mE(~ 2n 

I cos '( n, j )I = Y, I ( -1) e x I e 
Q S m =O 4 n =O 

1 m·~ 2 n 
( 2 n -1)!! f t t1-t ) dt 

(2n) !! -t (1-2tx + x 2) 2 

•-+1> p 

I (-1) e cosll( 2 -•lo, (n.2) . ' p =O 

m 

em • e 6HH0Mil81D> Hbl e K03 q>qliiUHBBTbl, 
m m 

E(~ - uenaSI qaCTb q&cna --
2 2 

s -t»=-, 
r ue e • io 

t = cos6 . 0
8

, 0 n -yrnbl MelKUY j
0 

II s n COOTBBTCTBBHHO. 

CpeuHee co s 'I: 2-•l (J no 1!3oTponaoMy pacnpeneneHH~ j 
0 

s nnocKOC'Ml, nepnea-

UHKyn5!pHOH nyqKy: 

2(2-p) 

I cos tJ I = 
n{l 

Jo 
2TT 

'1: 2 -p) 

f cos 0 

~ 

ll(k•J / j )dO 
o o lo 

l21.~-p )-1] !! sin ll(2-ol (j ' (n.3) 

l21.2-p) J!! 

rue (;I - y r on MelKAY HanpasneHHBM BhtneTa •y - KB8HT8 H OCb~ D)"ll'Bo 

Cne uosaTellbHO, a peaynhT&T e cneuy~wero HHTerpHposaHHSI a (5) nonyqaeM: 

. .... )I = il Ieos ln,J n n 
a • to 

rue 

E(~ 
m 2 

I (-1) em I 
2o 

e (2n -l)!! J • (x) I (-1) •+• e• [~ 2-P~-tl!! sin21~:l(n.4) 
(2n)!! m p=(l o [21.~-p)]!! m =O • n=O 

(x) = x 

I m -2n 2 D 

f t ( 1-t ) dt 

-I (1-21 X + X 
2 

) 
2 

6 

Co6pas Koa<jl<jJHUHBHTbl npH pE 

2 
" ....... "S' ( Ieos (j,n )ln.n =il -

a jo p=O 

• . 4! I (-1) J 
m=2n ( 4-m)! (m -2n)! 

3neMeHT8pHOB HHTerpHpOB8HH 

A = 
0 

~ [__!_ (1-x 2 -
16 8x 

A = __! [ _ 1_( - 1 - ~ 
1 4 32x 

A = 
2 

~ [_s_(-1 ~ 
16 b4x 

nanbHellmee HHTerpupOB8HHe I 

8 = i a f 
0 

3 

x2 

2~ e o X 
2d: 

8 = j 
0 0 

2 
_.....__2 

J A
0
e Oxo 

B = i 
3 J 

l 0 
0 

A 

_ _.._2 

e 2x ~ 

B .a -~ 
2
= J J A 2x2 o 2 e o 

0 
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j 0 • PeanLBOe pacnpe-

1H30TponBK ~acT ue~oTO-

t6paHhl B CKny Cp8BH11-

rpeHH9 MOlK9T 6h1Tb npe>-

9T8U9 ~acxa~a ~esoa-

oro 38 ll0CT8HOBIY 

m m -+ .,... f·m-+-+ m 
) c, (n j

0
) (ns) .(n.1) 

D 

•+» p 

I (-1) c. cos 0(>-• l o,. (n..2) 
p=O 

8R 't18CTh liHCna 

j 0 B llliOCKOCTH, nepneB-

-1]!! sin '0-•l (J , (n.3) 

•) J !! 

0 lfY'U'8. 

[ • 1]11 2(~n) c" 2(2-P,- . sin 6, (n.4) 
D [21_~-p)]!! 

r .. 

l ... 

Co6pas xoatll<jJHUHeHTht npu paamt 'I HhtX cTeneHstx sin fJ 

2 
p [2(2-p)-1]!! 2 

t cos • ( j,; l 1n n = ~ I s in 2< 2 -'t] I (-1) (-1) 
. s' Jo p=O [2(2-p )] !! n = p p! o! (n-p)! • D 4! 2 • I (-1) 1 (x) = A0 + A 

1
sin {} + A 2 sin {} 

m=2n ( 4-m)! (m -2n)! 

3119M9HTapH09 HHTerpHpOBaHH9 no H aaTeM cy MMuposaHtte uaeT: 

A = 
0 

3 
( __! ( 1 - X O - X ( + X 6 ) fn ( 1-X ) 2 + ( __! 

16 8x 1+ x 2 
1 
3 

2 1 
X +-

2 
X 

4
) ) 

A =.l._[_1_(-1-3x
2

+9x
4

-Sx 6 )fn(..!..::__x.)
2 

+_.!._(-1 + 22
x 2-Sx 4)] 

I 4 32 X 1- X 8 3 

(n,5) 

<n.s) 

A, = 3 

16 
[_s_(-1 

Mx 
+9x~ -1Sx

4 +7x6 )Cn(~) 2+ _1_(81-190x 2 + 10Sx 4 )]. 
1 + X 48 

nallbHeArnee HHTerpHpOB8HHe B (5) no 'laCTSIM uaeT: 

3 
B = i 

0 

B=j
3
JA 

I 0 
0 

X 
2dx = V ....1L j 

3 
X 

3 

2 0 0 

• -~ 

(n.7 ) 

A e o 
2 + 105 x')-..!:i. x"(l+7x 2 )J(x )], --2- 0 2 0 0 0 

B = j a f 
2 0 

0 

2 4 - 2 
X dx = j l V __,.. ( 1- 10 X 

0 2 0 

H opMupyst Tax, 'IT06b! '1119H 6ea CHHycos paB lHlliCst eu>HtHU e, uony.,aeM t~OPMYi!)" (6) TeKcTa . 
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