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Pa6oTa Bbmon11011a n CBB3ll C cymeCTDYIOlllHM B II4CT0Hnt88 Bp8MSI 6om.mnM IIIIT8po-

COM 1t npoCineMe 11axonnemu1 ::iap!V!:annblx< 'lllCTHI!, B Ta:itHX ycTa11oaxax cymecTBenno B38.HM0-

11encTa11a 'ISCTHI! MOIK.ltY coooll, '!TO H npHBOAlIT It neo6xoARMOCTII pemenHB C8MOCOrnaco

B8Jll[bIX 38)'.18 'I, 

Ilpa llOCTJ)OOIIRR CaMocornacoDB.IIIIblX CTa11no11ap1IblX MOrtenenx) p43nll'!llbIX CIICTOM 

38pl!lKOIIJlblX 'ISCTHI! 'ISCTO BblOHpalOT cjiyllXD:HIIO pacnpe11enenusi: B BHAO uexoTOpoll cjiy11xnun 

OT l!HTOrpanoB ABRllCOUUSI (npn 9TOM xnneTU'IOCXOO ypaanelme YAOBneTDOPSIOTCll IIBTOM8TU

'18C1tn). 06bl'!HO 9TR BIITerpanbl SlBlllllOTCSl'. CIIOACTBBllMII OAIIOPOAIIOCTR 311A8'1U no COOTB8T

CTBY10lll8ll XOOPAIUlllTO, Trot, B 'ISCTHOCTU, AIIB Re 34BRCnnten OT Bp8M8lllll CUCTOMbl IIC

non&30B81IIIO coxpa11n10merocn B 9TOM CIIY'!IIO raMHllbTOHRaHa 'ISCTllllbl Il03BonneT C!POUTb 

pememrn, HRTerpnpyeMblO B npOCTJ)IIHCTB8 IIMilyllbCOB, T,e. YAOBnernopsnomne TOMY neo6-

XOABMOMY Tpel>OBll!IRIO, 'tTOl>bl llllOT!IOCTb 'IIICTllll B KOOPAKHaTHOM npocTpaHCTBO l>b1118· 

KOHO'IHOll, B Xll'IOCTBO OAIIOro 113 MnorHx npHMOpOB TSKoro poAa MOlKHO llpllBOCTll pa6o-

/ l / 
Ty • Ilom,iTKa ncnom,aoBllTb sToT npneM B necTannonapnoM cny'!ae aeAeT K neo6xon.u-

MOCTU OTblCK.!lllllSI UOTplIBllllllbHOro IIHTerpima ADIIlll'OHUSI (auanora raMl!lihTOIIJlana)' neTpu

DllllllbDOro B TOM CMblCJie, "lTO &TOT IIHTerpan ne SIBIISIOTCSI CIIOACTBIIOM onnoponnocTE 

CUCT8Mbl, 

3aA11'18 MO>KOT 6bl'Ib pemeea B KCUOllb3Y8MOM il4MII X -.nnnelluoM npx6nn>KOHIIU AIIH 

nonepO'!HOro ADll>KOUBSI - TBKOM, rne pa3HOCTb cun, AOllCTBy10mnx na HeXOTOpYJO nen.pallb-

HYlO 'IIICTIIllY II mo6yio npyry10, Upl!MO nponopnnoeam.ua OTKJIOHOHUIO 

neuTpam,nonxx). 

0TM8TIIM -cneny10moo MOMOl!Tbl: 

STOil 'IIICTHllbl OT 

1, nnsi: BBOltODHSl X -nnnellnoro np116nn>Kennsi: Ann coCicTaennoro UOJ:ISI x:on&na 

cymeCTBOHHO 38A8UUO onpenenennon 38BIICSilllell OT H8CKOllbXHX llp0113BOllbHblX <p~HltllBll 

it) IloA MOAO.JtblO 3AOCb UOHIIMBOTCSI mo6oe 'IBCTHOe pewcnue, KIIHOTll'IOCKOro ypaane

llHSI C caMocornacoBSHlll,IM IIOJ:18M (6e3 CTOJIKUOBeHHll), 

xx) X - nnnellnoe npu6nu>K8Rlle npeACT8B1ISIOTCSI AIISI pSIAa 38A8'1 !p113ll'IOCKU pa31111'1;_ 

HbIM H YA06HblM, 
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apoueu 1ton¢xrypami:11 4-Toita. Bb16op nocne.t1nel! aaTOM no11Taep}iC.[laeTCsi pemelI11:eM JtrrHOTll

'lecxoro ypan.11e1111si. .Qnsi anemaero nonsr Tpe6;reTCSI llllillb onpe.11e11ean.1ui nnannocTh naMeKe

ffil:ll ero no C8'181Ill)'.) i:om.na npn npOH3B0llbH0:i 3&BHCJIMOCT11 OT Bp8M8f!JI. 

2. X - mrnel!noe npH6nHlKe1111e nni:ai: ne cas.aano c n11Heapll'3ann:el! ltliIHeTn'tecxoro 

ypaanemisi, Tax 'ITO caMocornacoaanHall aa.cta'la OCTaeTCll CTporo nen~He!lnoil. 

3. ITp11nn11n11am.noe pemeHH8 38.tlll'IH, T.e. 0TblCKllll.iI8 H8TPIIBH.!lllbHOro IIHTerpana llBll-

lK8Jmll B p.!1Mlt8X X -llHnelluoro npH6JmlK8HHS!i llOCTllraeTCn llOCTpoelllleM 6HllH1lCl!11ol! ,j,op-

Mbl OT x. , x. ( xi - nonepe'Illble Jt00p.[!llll8Tb1) II3 H3B8CTJiblX B TeopHII llHBellllblX ypaeae

HBli C IIpOH3BOJibll0 3.!lBBCllI!lHMH OT npeM81Dl Koa¢¢11n11el1TaMX llIIJIGJl:m.1x HBBapHaBTOB. noxa

aano, '{TO 8Ta ¢opMa acer.eta MO}K8T 6blT& B3SIT.!l Ollp8)l8118Jill0l! II B 8TOM Cily'l:80 <PY111".llll5! 

pacnpe11e11ellllSI HllTerpnpyeMa B llpOCTp.!lllCTDe HMllym.c0B ll C0OTBeTCTByeT C0CTO!IlIHIO,orpa

I!ll'lellllOMY B npocTp.!lllCTB8 KOOPJlHIIAT. 

4. ITOCTp08lIB8 llCK0Moro JIBTerpana .tlBll:IK811JUI no B.!llUlllllb!BS0T llllK.!llU[X ycll0BHl! na 

38BHCHMOCT& CHCT8Mbl OT apeM8Hll (ao Tpe6yeTCSI M8Jlll81lll0CTH ll T,ll.). 

5, PacCMOTpen11e SlDJUI8TCll KHl[OTJf'IOCltBM B TOM CMbIC/18, 'tTO B O)lllOll. H TOl! lK0 

TO'IK8 0ll110Bp0M81lllO HSXOllllTCll 'IACTHllbl C nenpepb!BllO pacnp8Jl81l81lllblM Hanpaanell!feM 

HMllym.ca, 'tTO no M0lK8T 6un. COO.[l81l0 X a6con10T,ll0 XOIIOllllOli MllOrO}l{ll.[lltOCTllOl! r:llllPO

.tlllllaMllle C KOll0'lllbIM 'lllCll0M KOMJIOllellT. nuDib na rpaHlill8 R)''IOJt-BrutYYM T8H30p ll8Bll81lHSI 

o6pamaeTC!J n eym., 6naro.t1apst 'teuy II cymecTayeT peaxan .t1B11xymaJ1CS1 rpami:na. 

§ I. YpaBHOllHll llBHlK8HllSI. X - llHHel!noe npu6n:n:1Kelllle. 

KBHeTH'I8CK08 D:?.aBH0HH8 

PaccMaTpBBllSI ny'I0X, CB0pByTbll! B a3HM;yTallbHO O)lll0pOAH08 KOlll,ItO, ecTecTnenno 

llCfiOllb30BaTb ItllllIIHllPH'l.8C1ty10 CHCT8MY ltOOPllHBaT ( r, 8 , z ) ' r,1:1e ypaBll8Hllll )lBH}K8HIIlI 

'I.!lCTHllbl HM810T BIi.ti 

3.t1eCb IIpHHllTo: 

d 

dt 
(-yr)= Yf:}-8+_! F' + _l F·• 

m ·o m e 

_d_(,y z) = ..!F z + _!_ F~ 
dt m -o m '• 

m,y Pot +er(·Aoc+A8e) =M =const. 

cxopocn. cneTa c= 1. 
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(1) 

i 
I; 

t 
l 

\ 
l 
I, 

... 
:F 

• ,o 
(;, r, z,t), A 8000 (r,71t) - CO0TB0TC T»81lK0 KOMllOB:0HThl Clillbl nopenna II 

0 -,r KOMilOll8HTa neKTop-noTeHitlIA/la, 3ua:coM "c!' ll0M8'\U\JOTCSI 11enll'tllHbl, OTHOCllI!lH8Cll K 

B38HMO.[lel!CTBHIO C co6CTB8Hllb!M llO.'I0M cryCTKO, 3E:a'IKOM "e" - C a.s:omDM nOJlllM. OcTam.

llble o6oana'IOllllll llOllllTllb!. 

Yno6no OTC'tHTblB4Tb ltO0PllHHSTbl OT He:t:OTOporo icGIITpa C0'l8Dll crycTt:a r (t}, z (t). 
' 4! 0 

O603Hll'IIIM. 

x 
1
=r -r,,(t) 

:-:
2
=z -z

0
(t). 

(2) 

:\ 12/ x) 
ITplIMeM .[la.nee KOlllpeTllblli 1111.tl llnl:! .4 -TOK.!l (jJ,J J crycna 113 pa60Tbl , a 

llM8HllO; 

N !. 
p(x ,t)=..!!_ IG I a(l-x G (t)x ), jo(x ,t)=/3 (t)p. 

l 2-, 3r I 1k k I 0 

i (x ,t) =[r (t) +O (t): ]p, 
r 1 o lk k 

jz(x-1..,t) =(z_o(t) +02,; xJp, 

aCe)=I o 
e:::_o 
,f.<O , 

i= 1,2 

r.t1e ·N - nonuoe 'IHCllo 'taCT,rn a crycne, 

(3) 

I /3 
0 

Ct>, ; • (t), 

·Glk (t)' 

Z O (t) 

{l lk (t) 

cxopocT& .t1BH:l!Cemu1 I1;e11Tpa crycn;a (u:enTpam,noli 'laCTllllbl). 

1IpOlI3B0JibHO _3.!lBBCSl'.lllll0 OT Bp0M8llll'. MATpll'.Itbl, 'G - CHM-

MeTpll'IIUI n BMeeT no1IO}KHT8llbllhl0 co6CTBOllllbl8 3lla'l.elllill. 3.[leCb II neane .[lanoe Ilp81llI0-

11araeTCl[ cyMMBpOB.!lHlle no BC8M llll)lOl<C.!lM, BCTp8'18!0JllHMCII ,l:IBSX<.!!bl. 

/2/ 
Tor.t10. (cM. ) )lBlll!Ce:iIBe It81lTpllID,HOl! 'ISCTIIItbl om1cuna0TCII ypaBH811JUIMII 

:r.) L[To KacaeTCn CO0TBeTCTBHSI 4-TOKll TllXOI'0 BH.[la P0III81lllIO xnneTH'I0CJtOI'O ypaaue

HIIII (nOCKOllbKY pe'lb lI)l0T O caMocornaCOB.!lHllOli 3.!l,1:18'18) 1 TO xax 9TO IlOK83blBll8TCll JmlKe 

( § 3) 
1 

TaK0O COOTD0TCTBH8 MOlKeT l>b!Tb llOCTHI'HyTO , 
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rAe V 

d 

dt 
[ly

0
+v {l+fl!)L If.] =/3o(M+tt•·A1;1,.) 

m r 2 
0 

d 

dt 
[1,ylv {l+fio2 )Lz ] =...!.:F• • :n • 

ci 'Yoflo r. + 2m v rofioL +er OA e.= II , 

2N 
__ e __ -'norOBHbIA'aneKTpOB, 

211r 
O

m 

L =ln ~
f.p G 

+ ...!.:F • 
II • 

(4) 

Ilepeil.)lOM K OTHOCHTem.HOM)' )lBH:X<emuo '1'.8CTl!Ul. Hae ocooeHHO BBTepecyeT cny•rnll, 

KOr)la nepBble )lB8 ypaBHOHB9 (1) MOryT own. JtllH08pH30B8llhl no xi• B '1'.BCTHOCTB, 

C eToil nem.JO )lml Hy'l'.KS npHBBT 4-TOK (3). TSKOO npn6nmKeHHe H830BOM X -nunell:Hb!M. 

Ono srpaeT xpailne CYJIIOCTnennyro pom. npa nocTpoenna pemennB IUIHOTB'l'.ecxoro ypanse

mrn. 

rne 

/2/ 
Cornacso pa6oTe nMeeM 

d 4v -- ( y (t) x 
1 

) + a (t) x + [ w (t) - ____ _ 
dt o lk k lk ,y:Sp G-½ 

2 4 ·r.,=[ 1 - /3 o(t) ] . 

(
' 0 1 \ 

( alk )=,yoa(t) •1 0 > 

<,) 
lk 

aF_I 

axk 

6 

½ 
G 

!k 
(t) - v p ! L o ] 

r2 
0 

lk 
X =0 

k 

I 

I 

t i•i 

I ii 

ii 

:F = 
M ,-er A(). 

+_1_:F • 
I mr 2 m • 

' . 
:F 

2 
= ..!.. F 

m • 

Ii G Ii ·G =G =(Gil) 

-Y.i Ii 
G G =1 

(3)l0Ch H )lanee 'l'.BCTO ntnOllh3YIOTCB M8TpH'l'.HbIO o6oana'l'.ennB), a TBK>KO 

Yo a (t) 

a.F 
1 

ax 
2 

a F
1 

a i 
2 

3 
a· 

XI 

aF2 + ~ (,yoa )]. 
a';- dt 

1 

fipOH3BO)lHblO OT FI 6epyTC.II B TO'IXO r Jt) , z
0
(t) /3olt) r o<t) 

(56) 

; Jt) 

TaKHM o6pa3oM, BOlill'l'.HHbl y c12(t) t "'1k (t) t OllHCblBBIOlllllO B38HMO)leilCTBH8 C BHem-

HBM noneM, BBlI.IIIOTC.11 q,yHKHH.IIMB TOlihKO BpeMeHB, a )llIH npnMeHHMOCTH X -nsnellnoro 

IlpHOlIH>KOHHH B OTHomeJIHll BB81lllUIX noneil Tpe6yeTC!I lIHlllh i-.OCT8TO'l'.H4H nnaBBOCTh H3Me

HOHHH BX no CO'l'.OHHIO Kon&na B838BHCHMO OT KOHKpeTnoro xapaKTepa BH8filHHX nonell. 

. /2/ 
CoOTnomeHHSI (56) CyTh ClIO)lCTBB.11 ypBBBOHHil MaKCBenna (cM. ). 

'ITO ttacaeTCH cnpaBe)llIHBOCTH X -nHBei!noro npHolIH>KOHH.11 )llI.11 co6c;TBOHHOil CHlibl 

(tt Heil OTHOCHTCSI BCe, KpOMe a,w ), TO 3)l8Ch KPOMO BHna 4-TOKB (S) )lOlI>KHhl Ob!Th 
'}21 

BblllMBOHhl cnenyromHe ycnoBHSI (CM~ ): 

a 2 1 
1) -.<<- a - xapaXTOPHblil p83Mep CO'l'.OHHH ny'l'.Ka), 

r 2 , y 2 
0 0 
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2) 
. 1 x2.<< _, 

I y 2 
0 

r 2 « _!_ ' Z 2.« _!_ • 
0 y• 0 y2 

0 0 

IO 1k I a<< :: 
(3a) 

3) ~ «1, 
yo 

4) Ci,/<< 
o a 

1 -;:, . 
0 

2 
( z r ) << 

0 0 

1 
y 2 

0 

Kalt BHJlHO H3 (5). nOJiy'IE!HJil,le BblpalK0HBSI AllSI CHJl 

lte no CBO0MY CMblCllY O'lelJb npOCTbl. Tait, nblpa}xeaHSI 

cnna flopeHDa, Bhl'lncnenna11 Amr nonst BblltpS!Mll0HHOrQ 

B34BMOAellCTBH!I '18CTHn B cryc-r-

4v . G ½ x eCTb 
·Y

0 
2 Sp G·½ 1k k 

ny'llt8 p4BB0Meplloil: llllOTHOCTB 

SlUlllnTB'l0CltOrO C0'l'.0HHSI • .UononHBT0llbllbl8 Cllllhl paCT8.JIXBB8HllSI, npOBCXOllmzlB8 OT pa3ml"!ll51 

1 

Kon¢nrypannn sne:S:TpH'l0CltOrD B MarHHTHOro none!! B BCltpBBll0HHOM IIY'l'.lt0 y"lBTblBaJOTCSI 
' 2 

'l'.ll0BOM V p Q L x • 
2 I 

BpeMSI B corlc!lrneneyro cnny BXOAHT llBlllh Jtalt napaM0Tp (cM. 110 STOMY IIOBO.l'.\Y 38.M0'14Jm8 

B /2/). 

B CBSl3B C STHM ycnonne 1) H3 (3a) eCTb ycnonne onpeJ:teneHHOll TOlD[OCTH KOllbDa. 

YcnOBllSI 2) B 3) COOTBeTCTByIOT nepemlTHBJICTCltOMY ABHlK0BlllO '14CTllll B CHCT0M0 :s:oopAB

HaT, conyTCTByIOmel! neHTp8llbHOll 'l'.8CTHD0, - M8llOCTb ltHH0TB'l'.0CKOll sneprun B rny6HHbl 

noTeHDl!allbHOi! RMbl no cpaBH0HHIO C Maccoll DOltOSI. Ilpll ycnOBllll 4) BllllRHJl0 nanyq:emrn 

· Ha OTHOCllT0llbB00 ABlllKeHHe 'l'.8CTllll Mano • 

3¢4'0KTbl, CBSl3aHHbl0 C B3ny'l'.elllleM, B aameM npllOlllllK0HHII npOS!BllSIIOTCSI llllmb B ABll

lK0Hllll KOllbll& :s:a:s: n:enoro (cM. (4) - A06an:s:a x uacce). 

.Qng Aallbuel!mero yAo6ao cncTeMY (5) ncnollb3onaTb n nune 

ii= vi 

VI =-a1/t) vk -blk(t)xk. 

CMblCll a lk ll blk Bll/l0H B3 cpaBH0HBSI C (5). 

B :s:a"!eCTB0 nepeM0HHblX B ltllH0TH"l0CKOM ypaBH0Hllll B03bM0M 

t ,-xi,vi, 0, ·M. 

(6) 

B pea yllbT8T8 B X -nn110l!HOM npn6lllllK0Hllll KHH0TH'l'.0Clt00 yp8BH0HH0 npBM<a>T BBA: 

~+ 
at 

at at 
v,--. +[-a,k (t)vk-bll<(t)xk] --=0. 

ax, ' avi 
.Qng sneM0HT8 OO'b0Ma B npocTpaHCTBO llMDYllbCOB BM08M 

1 2 
2 

d P = - dM d p dp = -2'..o, dM d v 
r z 

(7) 

(7a) 

BblpalKeRBe AU d P n A03nonenHhlX paMKax nbl6pano Tax, "!TODbl ypanueHBe aenpepblBHo

CTll Bhlnomu1nOCL TO'IHO, n 'l'.eM ner:s:o y6en:nT&csc. 

-8 

I 
I 
' ' I 

YpaBH81D18 (7) u onpa/l&n8Hll8 (7a) J[ COCT4Blt510T 4,opMymq>oBltY ltllR8TB'18C1tOro ypan

nemu1 B X -llllnelh1OM npB6lllllK8Hllll 

3atta"l4 6yAeT caMocornaconannol!, ecllll Mhl uony,au Tllltoe pemeBllo (7), :i!:OTopoe 

Ael!CTBllTel'lblIO Jl80T Dp8ADOJ10lK8HJQ'JO ltOR,jr.lrypaitBD 4-ToJta (3). P83yl'lbTaT AOCTBraeTCSI 

B § 3. Xo'l'.0TCSI cpaay llOA"!ep11:nyT& TllltlK8, 'ITO X -mu:el!Roe llpllfSlllllK8Bll8 Rllltalt ae CBS!-

3allO c nnneapnaannel! 1tlllle1'liI"!OCXOrO yp8Bll811BSI • .UellCTBHT0.llbllO, Kalt BlllUIO 113 ( 6) ll (7), 
li 

n xos4'4,nn:nel!T b (t) 
lk 

BXOAl!T B0llll'Illll!il G lk (t) , Bblp8:llCAIOlllJ8Cll '10p03 4,yBXItliIOllanbl OT 

4,yHJtlOlll pacnpeJ:tenensc • TaJ:HM o6paaoM, caMocornacoaaa~11 34/la'Ia OCTaeTCsr CTporo 

1remmel!aol!. 

.n~rn Toro, "!TOObl 4,yHltDllll pacnpeAenODSI UII: pemem1e XBH0TH'l'.0CltOro ypaBB0HllR 

OIIllCblBana 4,ll3ll'l'.0CIOI OCMhlcaeanyD CllCTeMy, Tp80~ll CXOAJ(MOCTb lll!Terpana OT 

IIpll liIBTerpnpoBaHllll IIO BC8M1 IIJ>OCTpalICTBy llMJIYllbCOB (3AOCL' ll:CT&TII, Mbl Tpe6yeM 60llb

me - c1meCTBOBa!1llll llJITerpana IIO BC8MY 4,a30BOM1 npocTpalICTBy, T.e. 'ITOObl CBCT0Ma 

'l'.aCTBD B ltllltOM-TO CMi:icne 6hlna JIOlt811H3OB81Ill B npOCTpdJICTBe ltOOPAHllaT). P83yllbT8Ta 

MO)Kl[O llOCTB'lb, ecnn ¢YliltDBSI pacnpeA8ll8HJlll 38BHCBT OT DHTerpana ABllllC0HHR, si:nnmomero-
/1 / ' 

csc 6nnnuellaoA 4,opMoll citopocTell v
1 

(cp. pacnpeAelleHlle {'\axcnenna, u up.). BMecTe 

C T0M 1IpllHllllllH8Jlbllq8 OTllll'IBO H0CTllllllOHapnoll 34A8'1K OT CTailHOHapnoA COCTOBT B TOM, 

'ITC 3A0Cb BCXOMbll! llllTerpan ABll}K0HllSl ae S!BllsreTCsr Cll8ACTBD8M CJlMM8TpllH 38A8'lll (xax 

STO HM88T M8CTO AnSI raMHJlbTORllllHll B CTllllliIOHapllOM cnyqae). 3THM '3O1IpOCOM Mbl cel!

q:ac 11 aal!MeMCst. 

.Uanee "!Beno 4,yaunl! :,:I 110 Dp0/llIOnaraeTCSl paBHblM J1B7M, IIOC!tO.JlbKY AnSI PSIA8 

peayllbTaTOB STO aecymecTB0HHO. 

§ 2. Bllllllllel!Hble HHBApHaBTbl CHCT8M!il nnael!JlblX yPaBH0llllA 

.Qng nnaeAHoll cncTeMbl' ypanaeHHll liI3necTea niinel!n1,di no ee pemeHHD nnnaplilaHT 

/3/ 
( CM. ) • B 'l'.aCTJIOCTll, Anll CHCT0Mbl B BIIA8 ( 6) no.ny,i:aeM 

e ( t) V + I' ( t) X = C = CDl!st. 
aJ I P-al I a ') (8) 

rAe e , I' - nDf>oe 'IaCTIIOO pemeoe CHCT8Mbl, COltpllllC0HHOil: C JlCXOAHOl! (6), 
ai m 

;1=\,,e1,. 
(Ba) 

e I =-it I+ akl e k" 

CncTeMa (Ba) nMeeT 2n IDlllel!ao-neaanncnMhlX pemeH11ll. TorAa, BOCIIOllb3OBaBll!llCb (B), 

MOJICHO llOCTpOHTh 6BllBH0llm,il! nnnapBaHT CHCT8Mbl (6) o6mero Bl!Aa. YMHOlKHM (8) Ha 
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T8l.:OO JKe paBeHCTBO C npyrHM 3H8'18HH8M a , paBHhlM ll8:l:OTOPOMY 

pll'll!hlll aneMeHT npOH3BOJlbHOI! IlOCTOSUIHOll . CBMMOTpH'IHOII [ 2n x 2n] 

/3 • ll Ha da/3 -MaT

M8TpBnbl H npocyM-

MBpyeM no BC8M rpe'leCXBM BHA8XCBM OT 1 no 2 n • B peaym.TaTe llOllY'!HM 

r.ne 

S 11 (t) v1 v1 +2P 11 (t)v1 x
1 

+ Q 
11 

(t )x
1

x: 
1

=C =C adafJCp, 

s (t) = da/3 (11 f /31 II 

p (t) = da/3 ~ 01 µ ~I • II 

QII ( t) = da/3µ al µ pl • 

(9) 

(Oa) 

BenH'IHHbl (µ .t . ) o6pa3yIOT HeXOTopyro CBCT8My pemeHBI! (6), XOTOpall MOJKeT ObITb 
ai al 

3anncana B BHAe [ 2n x2n ] MaTpBllbl 

,, 

}: 

( 

11·············-···r~J\ 

1 ·:. ----·r~; ) 
; ·······-·········~ 1n · at,n 

(10) 

MaTpBny d af3 083 HapyweHBst OOWHOCTH MOJKHO C'IHT8Tb 81lHHB'IHOll. .ltelicTBBT81IbHO, 

nonarasi, ½ ½ 
d a{3 = d ua d up 

'ITO B03MO>KHO nnsi nro6oll CHMMeTpH'IHOli M8Tpllllbl, B BBOllSI BenH'lllHbl 

npaBeneM (9a) K BHllY 

½ 
µ~ =d aa µ CTI 

;' = d½ ~ 
al ar CTI 

s 11 =~~ e"' 

pll = ~~ µ'<4 

QII =µ~ µ'<4 

(96) 

Ilpa STOM WTpllXOB8Hllbie B8~'1ll.Rbl llOll'lllHSIIOTCSI TeM JK8 ypaBneHBSIM, 'ITO B HeWTpllXOBan

Hbie, II ecnu BTOpble COCTBBnmm nu11eli110-ne3aBHCIIMYIO CIICTeuy peweHHll II onpet1ennTem. 

M8TpllUbl d OTnH'l8H OT Hyn>t, TO B npeo6pa30B8Hllbl8 pemeHH>t 6ynyT nunellno-ne38BHCH-

Mb!• T.e. o6pa3yIOT nexyro qiynnaMeHTam.nyio CIICTeMy. IloCK01IbJ.Y HCXOllK8>t CBCTeMa HB:1:BX 

10 

., 
I 
( 

.1 

i 

ir 
\I 
·:), 

' ., 
I 

!1:0 cpm::cllpOBUa, y6ell[Jla8MCSI, 'ITO d nellCTBIITOltbHO MO)KJIO B3llT1, OAllllll'lllOA • 

ECJIJif O)UUlXO, llpB T8:l:OM nepexo,110 OT AellCTDBT8J(bllblX ~al. µai MU XOTIIM nepel!n 

11: nellcTBKTOnhnbl),I .::xe e' ,µ' To, Boo6me roBopst, MaTpuna d e:e MOllCeT OhlTb 
al 01 

II0110lK8H8 8,IO(BJl'IHOll, 4 AOIDK118 ObITb B3.!IT4 AllBrOllam,nol!, rne ltllJKAblll nnaroaam.111,11l 

• 
sneM8HT MOJICeT OblTb B3Sl'l' paDHbIM +l II/Ill -1, 11838BlfCKMO OT OCTalrullbIX B coOTBeTCTBHH 

c c11r11aTypo.ll MaTpm:tbl d • B cnenyromeM paaneno Mbl, onnaxo, yoennMcn, 'ITO An>t uam11x 

nenell ro.ttHTCSl TOltb:1:0 0llHHB'IH8SI M8Tpana (mm 0llBIDI'IH8SI C oopllTIIblM 3ll8E:OM, '!TO BO 

:a:rpaeT ponu), Tll:I: 'ITOObl q,opMa, cTorunast B (9) cr.0na, oblna ow onpeneneauoll. Jl.ng onpe

.ttenolllIOCTll 6y.tt0M C'IIITII.Tb 00 nono>KlITe11hBO onpenen0BHoll. 

n0rxo BBAOTb, 'ITO (,ttllJlee 3II8'1XOM * ll0M8"188TCSI TpancnonupoBauHaSI MaTpBna, 

nnn apMIITOBO-COnpIDKellJIASI C IICXOAIIOll, IIOCJ.OllblQ' ace MaTpBllbl C'IIITlllOTCll .ttel!CTBIITellh

llMMll, 3118'1XOM -1 o6paTRBSI) 

l: I* (~ P* \ 

s I (lOa) 

3necb s p • Q - MBTpunu c sneMeHTAMB, onpen0n0HBbIM11 a (9) • .ltanee an0ueHTbI 

[ n xn ] MaTplllX 0503B8'18IOTCSI 31UlE:OM M8Tplll!;bl C COOTBeTCTBYIOlllBMB nanei::caMII. BbI'IIICnBM 

onpen0n11T01!b I l:• • Cornacno 
/4/ 

ll:l:l=ISIIGl. 

rAe G= Q-P*s"1> 

(C'l:BTAeTCsr, 'ITO S neoco5eaaas). MaTp11na G 

llAJKHylO ponb. C Apyroll CTOpOBbI, 

III= 

Billi OXOH'l8T8n&BO 

--
1 = mnstl GI 

I SI 

ll3B8CTBO, 'ITO 

fs,, a(t) d t 
mnste 

·2/S.••· 
e 

(106) 

BrpaeT npu ll81Ihll8ilmBX llOCTp08BHSIX 

(10a) 

, mnst >0. (lOr) 

T0n0pb ycTABOBKM ypaa11eBJ1S1, xoTopuM IIOll'IBBmoTCsi MaTpBllbl S,P,Q • 3TO MOlKBO cne-

naTb,npOCTO B0Cllonb30B4BWllCb onpenenenKeM (9a) JI ypaBB8HBSIMB (Sa). 8 p03ym.T&T8 

BM88M 

S =-P* -P +a* S +Sa 

(11) 
P =- Q + a* P +Sb 

Q=b*P +P*b. 
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I 
' nerxo y6ennThCR, 'ITO nepno n o6paTaoe npenno)KeHBe, T.e. ecn11 MaTpBllhl s, P, Q non-

'IBHIDOTC.11 ypanneHRSM (11), a v., X. - (8), TO nenaR 'ISCTb (9) ecTb BHTerpan .[lBBJKaHBR 
1 l 

CHCTOMhl (6). TaKBM o6pa30M, 11n.11 Toro, '!TOOhl naArn BHTerpan Jl.BB)KOHII.11, 110CTSTO'IHO 

6blDO 6hl npe11noDO:>KHTb, ,TO OH BMeOT nn11,nenon '!SCTB (0), n yCTaHOBHTb senocpencTCTnen-

HhlM 11nq,¢epeH1lnponanneM, 'ITO TOrAa s, P, Q 110IL1Kli0 DOl1'111Jil1TbCSl ypanneHHRM ( 11). 011-

naxo Bbl.llBDOHBO CDR3ll s, P, Q C 'VJH.[l8MOllT8llhHOll CHCTOMOA pominmA COltp.lVKOIIIIOII en-

CTOMhl ( 11) npe11CT8BJI.IIOTCH HO nnmeHHblM CMblCDa n ncnom.ayoTCR n § 3. 

§ "· _YpaBHOHHH B xonneKTBDHhlX nepeMOHHblX. YpaDHOIDl'.8 nenpapblBHOCT""d. 

CaMocornaCOBllHHSH MOAellb 

PacCMOTpHM pemeHBe JtHBOTH'leCl[Oro yp11BHOHJISI (7) .[lOBOJlbHO o6maro BBllll 

f= AB{ M -!.1
0

) ¢'{I). (12) 

lllTp'lIXOM o603Hll'l0Ha npoB3BO.tUUUI npo11anom.uon cjlyHXIOlll ¢(1) 

nonaraaTCR ¢'(!) > 0 ) • 

no ee apryMeHTY {npeA-

B MllTpB'iHblX 0003lUl'lOHIISIX 

I =v"'Sv +2v"'Px +x"Qx, 

A - llOpMRpODO'IHOH ltOIICTaHTa. 

,Llm1 IlpOCTOThl llODO::!OIM TllJOK0 

¢(-)=0 

{12a) 

<f>~Hlt!lllll'. (12) A0llCTBBT8DbHO Y.llODDOTB0p<IeT KHH0Tll'l0CltOMY ypanaeHR10, DOCltOJlbltY 

SIBnSIOTCSI qlYHKilllOA BHTerpanon .llBB)K0HJISI. 

B 3TOM paanene TODbltO nHI!Ib 1111H npOCTOThl 6yneM C'lBTSTb n="2 • Bee proylibTll-

Tbl, ne CBS!:3llllHUe C CSMOCOI'DllCOBSHHOCTbJO 30.llS"IH, nerxo nepeHOCHTCH na o6nudi cny'laH. 

Bhl'llICDBM 4-TOJ. (mm OTHOCHTen&l!Oro .llBBlKemrn). CornaCHO (7a) B (12) BM00M 

y2 eA y 2 

P =e ff ---e dM dl = --Df¢'(1) dv dv 
r l 2 

(13) 
jo= flo(t) p 

i 1 2= ~; f v ¢'(!) dv dv 
• r i.2 1 2 

Bee Bl!Terpanu fiepyTCa OT - 110 -
12 

' j 
I ,, 

'} 

1J 

/1 

I, 

i' 
'· l. 

i1, 
,., 
"t,', 

) ., 
(1i 

} 
:\ 
f1 

I'\ ''.:. 
1;., 

} 

I 

3aMe'iaSI, 'ITO ·s (paBHO Z:8.11: B Q x G ) - CHMMeTpll'ilUUI MaTpBna, DODOlKHM 

Sij = L si L sj , 

'ITO naeT B03MO:>KBOCTb aanncan. I n cno11y10meM n11.11e 

I~y
2 

+x G x =T +x"G~, (14) 
s I ll l 

I'Ae 

·• y = L V + p L X 
1' . .. I ll I• 

3necb BCDODb3yeTCH T8K:JK0 TO CBOACTBO L , '11:TO 

s·• 
_, _, 

= L L 
pq pk qk 

Tor11a nMeeT CMucn B (13) nepellTB z: BHrerpxponamuo no y 
8 

• Y 'lilTblllOR 

llMOOM 

\ 
acy, ···-· Y >\ ½ 

• n =I L I =IS I 
a (v •·•·-•• V ) of. 

1 n 

A 2 oo oo 

p = ..:..-2.o I I ¢' {I) d ; 
r1s1is _ _, 

2 --~-=~.?a I ¢'(T+x"Gx)dT 
r ISP• 

0 

2 • ½ 

·11~ ¢ (r' Gx) = - 11eACol G I <ll (x*Gx). 
r.l s I i. 

Ilocnenuee paneuCTno B c11ny (lOr) n y'lTeHo, 'ITO nn.11 uamero cnyqag 

fs,, adt 
e 

2 • = const y (t). 
0 

(14a} 

(15) 

311ecL yMeCTuo cnenaTb cneeyJOmee aaMe'iaHBe. B (14) B 11anee npennono:>Keuo, 'iTO 

cpopMO T npeACT8BDH0TCH B Bll.110 cyMMbl x:nanpaTOB 11ellCTBl1TellbllUX nenll'IBH y S • Llnll 

aToro nocTaTO'lHO, 'IT06bl qiopMa I 6bUla nonolKHTen&no onpeneneua (T.e. 'lTofiu µ' 
. al 

/;' al 6UJlll .t1eJICTBBTellbHhlM11 BOllB'IBHSMB, 'iTO ncer11a B03M0)KII0) • neAC'IBBTOllblI01 lt8HO-

HB'leCXBJ!: BIi.ii qiopMbl ne aan11c11T OT cnoco6a ee IIpnne.11e1IBS1, a n (14) Taxoe npuneneHBe 

B BhlHoJlllOIIO 'IHCTH'IHO. TaXBM o6pa3oM, neaaBllCllMO OT :r.os¢<1,BIUieHTOB YPllBHeHBil alk (t) 

B blk(t) , T.e. H038BBC!IMO •OT nnemHllX nonoll, MOl18Db, D ltOTopoil I OCTb onpenenen-

aag qiopMa,. ODBCUBOOT COCTOHHBO, BHTerpnpyeuoe IIO BMnym.caM n, lt8K fiyneT noxaaano 

11anee, nox:anuaonannoe n npocTpanCTne x:oopnimaT. B Ilpnno)Kemtn nox:aaano, 'ITO 

ecn11 ecTb qiopMa neoIIpenenennaH, TO STBM TpefionallltaM· ynonneTnopnTh nen&ag. 

nmi Bbl'IHCDOHB.11 11nyx .11pyr11x BHTerpanon B 03), YMHO)KOSI (14a) na L .. B cyMMII-

pyg no s 1 HM08M -1 
v =L y 

'" . +Olkxk, 
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!"AO 

l(JUI 

0 ,k =-P 
lk 

n =-s· 1 P 

•1 
s 

Ir 
(18) 

0rcJOAa, y'lllTblBllll, 'ITO llHTerpa11 B CIIMM8TpB'lllblX npe.11en.ax OT H8'18THOA qiymuum 

PacCMOTpKM ypaauemrn uenpepblBBOCTK, HcnOIIb3ysr (13), C y>l8TOM (15) ii (15a) 

IIM88M ½ 

(~~ + I G I ½ Sp n ) <I>· ( x* G:r ) + 
dt 

~ 
½ • 

+ I G I 1* (G + G n f- n• G ) X <Ii' ( x* G:,:) = 0. 

(19) 

paaen nynJO, ll0l1Y'IJIM I 0TCJOlla nerxo Bll.QeTb, 'ITO BTopoe na YJJll.BllellllA (18) c ero cne11CTBHOM BhlpaJKaeT no 

i1=v1(xl,t)p=!1lkxkp • (1511) 

Xo'l8TCSI eme OTM8TllTL, 'ITO llOCl181lH88 BblplllK8HB8 AIISI p B (16) Cnp4B8A.JIIIBO 

BCer11a, &Cllll TOJll,ltO ll0Tp860B8.TL BhllionJl8HHH ypaBH8HBH BenpepblBBOCTB, neACTBIIT81IhHO., 

~ xax llOIUl3b1Bll8T npocTeAmHA 111I8llB3 ypaBH8BJISI (7) , /IIIH Bl,lnOIIH8llllSI ypaBB8UllSI n:enpepblB

HOCTB 81I8M8BT olh.eM& B VI otfaaau CO.ll8pllU1Tb MHOJIOIT8Jlh 

fa,, adt 
e 

Kaz: BllllHO 1(3 ( 16a) , MATplllla fl BM88T '18Tltll qllI3B'l8CXllll CMblCII B CBIIY ee 

lK8CTltOA CBSl3II C B8ltTOpOM cpe.itnell cxopOCTB, AJITll3PMBTOBCX8H 'laCTb {l OllBCblBaeT 

3ABBltpOBllH B CBCT8M8, neACTBlIT81IbH01 Bbl'IJICIIHH pOTop CXOpOCTB, BM88M 

:: a; a; 
[ rot 9 ( X , t) ] = __:___l - __ 2 = 0 - 0 • 

1 0 a a x 12 21 
X 2 1 

(17) 

nocxom.Jty 4 - TOlt Ollp8.ll81I!l8TCH 'lepea ·G JI n. ec:TeCTBeBBO OCB Cl!UILie ypaBB811JU{ 

( 11) llpllB&CTll lt BB/IY. r.11e G I[ n cjrarypapyJOT HBHblM o6pa30M, B peayro.TaTe IIOny'lllM 

s =(0 +a )S +s (O"'+ a*) 

G =-0 G -·GO"' (18) 

• -1 
0=S G+(O+a)O+b. 

CacTeMa (18) B Xoro:t8XTHBHblX ll8p8M8BIU,IX s • G • !l IIOIIHOCTbJO OllBCblBaeT 

3AJl8"lY, 0TM8THM eme Cll8.llCTBBH ABYX nepBblX ypaauenll: (18), YMHOlKall lt.!llK/108 B3 ll!IX 
-1 -1 

COOTB8TCTB8BHO ua S , G I[ B3HB mnyp, JIM88M 

!... I S I = I S I Sp ( S •l S ) - 2 Sp ( 0 +a) I S I 
dt 

d l·G l =IG I Sp (G·
1c; >--25p n IG I. 

dt 

OrcJO.na, ltCTAT!I, 11er1:o cneeyeT paaencTBO (1 Or), HO 3.ll8Cb ne BHABO, '!TO XOHCT8HT8 

B (lOr) llOIIOlKHT8JibHa ('ITO,. 0.ll.lUlXO, neo6XO.llBMO B (15) ). 

14 

(18a) 

cymecTsy 38.ltOH coxpaueHBH aapSI.lla, 

Boaapamasrcb K 311JU!l'l8 o nocTpoennu caMoccr11acos1111aoA MO.llellil, llOHBM118Mollxax 

'111CTHoe pemelllie CIICTOMhJI, COCTOruv;ell: l[3 ltKH8Tll'l8CltOI"O ypann:omrn ll ypaBHOHH.il Maxc-

B8lllla, Bl[,[UIM, 'ITO OCTBJIOCb n1,16paTb B ( 15) ¢ (I) TaKHM o6pa30M, 'iTOOhI Bhlpll)Keuue lllllI p 

npKusmo TOT Billi (3), ,qnn 1toTOporo Bhl'l.HClleua cima nopelII!a (5), ITonaraH 

- <I> ( x* G :: ) = o ( 1 - x* Gx ) , 

HM88M 

p !!!.. IG ~¾ o(l-x"Gx) 
211 2 r 

je = f3o·p j =fl X p , 
l lk k 

'ITO, ecn11 y'leCTL llBRlKOHKe D:.eHTpa C0'10HKH ny'llta, llpRB8A8T ~ (3). :i:,To H Tpe6yeTCg: 

cor.nac110 (3). 

llllll 

3.necb HOPMBpOBO'IH8H lt0HCTl1l!TS Ollp0AOll8Ha K3 panencTna 

2 
eN =J tp a} d J =2JT3e AC

0 

AC 0 = ~-
2 1T 3 

(20) 

<PyHKlllllI pacnpeAOllOBHH (12) MOJK&T 01.lTb nonyqeaa B3 (20) llpOCTblM llH,pcj,opellllKposa-

HlleM, Orc1011a 

N 
5 (M -1' 0 ) 5 (1-1) 

2rr sc o (12a) 

HTaK, Rama MOllenb 0TB8'180T TIUtoll CIICTeMe, rAe BCe '18CTlllll,I'. RMOJOT llB8 paBllblX mrre-

rpana .llBBlK0lllllI M ll I - Ilpn TIU'.OM IIOIIOJICE!!Illll nemell: .llOIIyCXl18TCH uexnl! paaopoc 

CKOpOCTei! V l H v 2 • 0lUlSEO, Kl1lt STO BBJ:tl[O H3 (9), 3all81IlI8 Ol:UIOli H3 lllIX ( H KOOp-

ll1Ill8T XI } llBY3Ira.'IHO ODP8ll0JISI0T BTOpyJO. 'I To lraCl18TClI pacnpeueneHHlI 'IBCTBll n npo

CTpl1lICTBe, TO llllOTHOCTb OTJill'IHa OT aymr llllil!b BHy-rpB arumrrca x* Gx=l. 3To llOIISITHO, 

llOClltOllbltY, Kalt BHJUIO B3 (14). 38.llSHKe HHTerpana I B81l0T It paneHCTBY 

T + x* G x = con st, T > 0 , 

T,e • .llOIIyCTHMble 3H8'10Hllll KOOPAIIIIBT X i llpll llBlUKOIDlll "l'.8CTKD:.bl HllXOrm1 ue BhlXOJUlT 
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aa npenem,1 snmmca, onpenensreMoro MaTpnnelt G B B01Ill'lllllOA n!lTerpana .I. 

B, pa3Dl:i!Tllll CBCTeMY BO BpeMOllll Monem. npe.nyCM8TpllB88T ll3M8ll8Hll8 ljlopMhl C8'18111UI 

JtOm.IlA, Bh.TJ)AllUD)meecsr B 1!3M8ll8Kllll nenH'lllll nonyocell snnnnca ll llX Opll811TAIIBB. Ilp:a: 9TOM 

·B B CT8llB011apHOM ~.nriae 0 -ll XOMDOll811T8 poTopa CKOpOCTn (cM. (17)) MOlKOT 6b1Tb 

OTnB'IH8 OT nynsa. 

§ 4.~J].na npyrax ypaBBellBB M0Me11Ton 

Ilony'IKM R.3 ltHll8Tl!'l8CKOro ypaB!l8HllB Cl!CTGMy YP8Bll811BA MOM8BTOB. 3na!Dle qJyBXllllll 

pacnpenenemur (nnn 1ta11:110-n:a:60 npe.m1onolKem111 OTIIOCIITem.no a:ee) 11oanonneT c srolt To•uo1 

apenn:r lllllllb 38MJ::!IYTb 9Ty CIICT8MY. Bhl'IBCnemu1 DpOBOASITCB AJBI qJyllltllRll ( 12a). XCT.II 

uecnol!Cllo npoa·ecTB Bhl1tnanxn nm1 npoBanon&noA 4'Ymt1u111 ¢ (I). 

0603H8'11U,. 

fo { f ,y 2 dM d~· = ..!..p 
o e 

r, = r I v,f dP V f 
I 0 

f11 = r f v I v 
I 

f d P 

f ljk = r f VI VI V k f dP • 

YpanneHlle nenpep1,1nnocT11 Mbl ylKe nnnen11. nanee, yM110>1<a11 (7) cna'lana 'Ill 

T8M 1(8 V V 
I I 

l! BhlDOAIIBII Bl!Terpxponam1e, BM88M 

a f I 

a 1 
+ 

~+ 
di 

a 

ax 
k 

a 
ax 

f lk + 8 ik f k +b x f =0 
lk k 0 

fllk +alk fkl +all,fkl +blkxk fl +blkxkfl =0. 

BneneM MaTpnny 
k 

-( - 2d 2 fT =f(v-v)v-v)f,y Mdv. 
o 11 I I I l 0 

(21) 

v
1

,aaa-

(21a) 

(22) 

Trui:nM o6paaoM, 

'ITO 

T1k TpBBBan&Ho cnsraa11a c TenaopoM nannenus. Torna ner11:o BBA8Tb
1 

B 

f 11 = l v~ v~ + T 
11 

) f 
0 

r,,k =(v, Tlk +v, Tlk +vk T ,,)fo 

T = ½ s• 1 
( 1 - x* Gx) • lk lk 

16 

(216) 

(22a) 

Karr BIIJUIO, Ba rpaHnne T lk o6pamaeTCB a nym.. 

:3roro peayn&TaTa l! Hano 6uno OlKHAllTb. neACTBHT81lbHO, paneHCTBO l9) C DOMOIIlblO (14) 

11 ( 15a) MOlKJIO nepoDHCllTb a· BHAO 

( v* - ;., ) S ( v - :; ) = 1 - x* Gx • 

OrctoAa cneAyeT, 'ITO 8CnR TOllbKO s 1 rrax 3TO B' npeAnonaraoTCH, T8KOB8, 'ITO q,opMa 

cnena nonolKHT011l,HO onpe,[leneua, TO Ha rpaHBne CKOpOCTB TO'IHO paBHbl CBOBM cpeAJlllM 

3Ha'IORBBM. BByTpB lKO ann:a:nca, K8X YlKO YJ:B.3blBanOCb, cymoCTByeT paa6poc CKOpOCTell. 

B peayllbTaTe necnOlKHblX Bbl'Il!CneJDtA nony'IHM H3 (216) ypaBHOIDIB· nmr 

(ae HHTepocyac& ne~ocpencTnenao rpaID111eA): 

V H 
I 

To; 

~ + v- a ;, 
a I J,; a xk 

-~ - alk vk - b,kx k 
axk (21B) 

dTII _ aT,1 dv av ___ + v ___ + T -=--.:..1. + T __ I_+ a
1
kTkl + a

1
k T =0. 

a t k a X k lk a X k lk a J: k k I 

Ecnu aanncaTb Bblpa21<onua nna v
1 

H 

ypaBH0HBO :3ll.nepa OCTb YMHOlKOHHOe llll X 

T lk B BBHOM Bl!AO, TO nerxo BBAOTb, 'ITO 

Tp0Tb8 II3 ypaBH8HHil .(18). '-ITO 1tacaeTCB 

BTOporo H3 ypaBHOHl!il (21B), TO 311MO'laH, 'ITO B cnny ypaBHOHIIB HODpOpblBHOCTB (18) 

(BTopoe) MHOJ>KHTem. ( 1- x*Gxl 

nony'laeM TO'IHO ypaBDOHHe AnB 

B f lk MOJKOT 6h1Tb Bh!HOCOH 38 3H8KH npOH3BOAHhlX1 

s. I • KOTOpoe atrnnsanenTHO llOpBOMy H3 CHCTOMhl ( 18). 

Jlerxo nponepBTb, 'ITO rpaBH'IHble ycnOBBH TllJt}KO COAOPJ>K8TCB B CHCT8MO (18)-

§ 5. npyr11e XOMOJtTlfBHbl8 nepeMOHHhIO. HeKOTOpble 'ISCTHhlO cny'l8B 

YpaBH81lBB (18) IIMOOT CMb!Cn npeACTSBBTb B ApyroM BHAO, YA06HOM nna HOKOTOph!X 

npBAOlKeHBA. nonolKBM 

S = L* L, G = A*A • 

Torna, HanpnMep, nn11 G 

G = A*A + A*A = - A*Ml - !l*A*A 

(nocneAnee cornacHo (18)). 

(23) 

(23a) 

noc11:on&xy A ypaBHORBBMB (23) onpOAOnHeTCB nnlllb C TO'IHOCTblO AO YMHOlK8Hl!B 

cnoBa na yRBTapey10 MSTJ)Blly 1 _B03MOlKHO nonOlKBTb 

A =-Af' 
"* * ( A =-f',A) (236) 

. 
L=L(!l+a ( L*- ( !l* + a•) L• ) • 
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llaneo •3 (235) 

O--A" 1A u L1 L -a .A"1A --i:~L-a. 
(23B) 

Hmr, AH4>¢epeimnp:ri:r (23B} • DOACTABJISISI n :rpanlleBlle Mll n 113 CIICTOMN (18), JIM88M 

A" 1 -L"1 L"1.•A• +a A"1 bA" 1 -o (24) 
• • I 
A•IA +L• L +a aO. 

Taxo!t BU.ti :rp1ume1D18 Ilp8J:ICT8MSlOT B3B8CTJil,lO B03MOl!t!IOCTJI B 118ltOTOpLIX '18CTJ11,1X cn:r-
'fa=., 

1. n,-cn. 

a•O b• b*, 

TorAa B03MOl!tllO IICIUITh 'l:8CTlf08 peme11He (24), 1J:IOM8TBOpsmmee YCJIOBUIO 

r: 1 
L • L• L" 1

.• cn•-n >. 
0.IUlllltO ll'pll STOM ·G II O llOJillC.llbl QblTb ltOMM)'T8TIIBJll,I 

·an - n·G - o. 
Tor.1:1a DTopoe li:3 paBellFTB (24) MOJJCST 6b1Tb 38DIICaJIO B BIIAO 

llffi!l 
A." 1

A +L* L" 1
.• =0, 

L1
,• A"

1 
•C 

l 
( L° 1 * = C A ) , 

I 

r.1:1e C I - npoH3BOJlbli4SI DOCTOSl.llllai:r M8TpH1Ia. 

{2.S) 

(28) 

YcnoBne B:OMM;yTATHDHOCTB MO}KOT 61,1n, TpHBBam.no Bblllonl!8IIO, 8CJIB C OTJIH'l88'1'-
I 

CR OT OA!flllil'll'IO!t M&TpHru,r mum, IlpO113BOJlbHhlM DOCTOSIHllblM MHOlKHT8JI8M ( Cl• c 1 ) , 

C TO'IXII 3pelllltS1 Teopnn CHCT8Mbl mrne!tm,rx ypanaellll:!t p&BOIICTBO (28) 03ll8'188T, 

1[TO np:a YCllODlUIX (25) AJilI CHCT8Mbl (8a) c;rmeCTBYOT TaltalI 4WRJ:18M811Tam.HaS1 CHCTeMa 

peme1D1tt ( 10), "ITO M&llelly ea XOMDOR8llT8Mll cymecTB:yeT n 11Jlt'e6pall'18CltBX COOTHome

l!llltt L.i.• ,;. cA • 

Tenepb, 1tor.1:1a Ha!t.1:1011 llllTerpaJI CIICTOMbI (24), OIUl CBOJ:IBTClI X OJ:IIIOM;y ypan11e11B10 

BToporo nopsmxa, co.1:1ep}KAllleJ.IY npo11snom.ey10 nocTommy10 

A" 1
-c 2 A*A A*+b A" 1 -o . (27) 

2. b - .11narO!l8JibHASI M8TpHIUI (J:IIISI ltpATltOCTH onsrn. a,,0 ). B 9TOM CJiy"l'.88 cyme

CTBYOT '18CTH08 pemeBBe (24). B XOTOpOM nee MATpllDbl .itnarOHEilibllbl n, Cll8J:IOBBT8JibHO. 

ltOMMyT&THDDbl. l-iM88M 
L.

1 
*A" 1 =C 

2 

r.110 C 2 - I!pOH3BODbl[ASI DOCT0Sllllll!lll .1:1naronam,l!aS1 M&Tpnna. O603R8"IBSI 
•l 

SlIOMOHTbI A c 1 - .11naroaa1Ibllhle alleMeHTu 

a 1 .11naronanbHble 

(24) .tin.II A" 1 C 
2 

, 3BDHWeM YPBBH8Hll8 

B DH.tie 
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a 
I 

2 

~+b a '=0 
I I as 

I 

( no He cyMMHpOBllTb) .. (27a) 

Hcxo.1:1Ha,r CHCTeMa ypan11enni! (8a) np11 aTOM J1rn11aane11THB n H838BHCHMbIM yp&BH8Hll'.SIM 

BTOporo nop_ruu,a. neaag '18CTb (8) oopamaeTCSI DpOCTO BO BpOHKCHaH COOTBeTCTBy10mero 

ypll.BH8HllSI. 

Ecrut bi (t) nepHOJlH'leCKSSI 'PYHltDHH, TO '18CTHblM peme1111eM (27a) SIBJIS18TCSI 

orn6aiomasr peme1111S1 ypanaeansr Xnnna 

'i + b (t) x = 0 , 

OTciona MO>Kl!O yCMOTp8Tb H8KOTOpy10 aaanorn10 MelK.Qy (27a) n (27). 

§ 6. CTIUIBOB8pHhl8 COCTOSIHHSI 11 anna6aTH'l8CKH8 rrponecci,r 

B CTannoHapHOM cny'lae ypaBHeHHSI B KOIIlleXTBBHbIX nepeMeHHblX oopamalOTCSI B a11re6pa

ll'l8CKHe, IlpH STOM YJlOOHO llOllb3OD8TbCSI CHCT8MOli (11) 

P.* + P = a* S + Sa 

(28) 

Q = a*P + Sb 

bP + P.* b = 0, 

Ilocxonbxy n aTOM cny'lae b eCTb M&TpHna apMBTOBCKast, MO>KHO conepmnTb TBXOO 

yHHTapaoe npeo6paaonaa11e, 'ITO B HOBOM Dp8JlCT8BII8HHH M&Tpnna b 6yneT .1:1narOHam,-

EOli, 3To COOTB0TCTBy8T DOBOpOTy CHCT0MU ltOOpABHST X I , X 
2 

• HTaJt, HM8eM 

b = U* b U = ( ). l O ) • 
o O >,. 

2 

(29) 

CncTeMa (28) nunapH8HTH8 OTHOCH'.l'OJibHO YEBT&pHoro npeo6pa30B8HHSI, Dp11'10M M&Tpnna 

0 l 
a=a(_l 0 

He M0H>l8TCSI npH STOM npeo6pa30B8HHB. H3 TpeTbero ypanHeHJISI CHCT0Mbl (28) BM98M 

(nanee 3H8'1XOM O DOM8'1BIOTCSI M&Tpnnu B llOBOM npe.t1CT8BJI8HHH) 

p = ( 0 p>,.2 
0 -p>,. 0 ) • 

I 

(29a) 

rne p - nponanom.aasr xoHCTSHTa. 
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noncTasnsrn sToT peay.m,TaT s nepnoe ypasneJDle cucTeMU (28) ner1:o 06.e:apy>a'l'b, 

'ITO spMHTOBCXSSI MSTpHna s O 06sraa1ta 6hl-n. n11aro.11am..e:oa, T.e. 

S a ( S 1 0) 
0 0 s 

2 
(296) 

H 

p ( .\ 2 - .\ 1) = a ( S 1- S J • 
(2Bs) 

HT11X, npH .\ i=.\ 
2 

COCTOSIHl!e onpe.o:ensreTCSl O.O:.U:OOH4"1110 ABYMll'. llOCTOS!llll'.hlMH ·s II s • 
1 2 

IlpH .\r.\
2 

H a ,I. -0 aeo6xo.o:uMo s 1= s 2 • cOCTorumo onpe.o:ens10TCsr .o:sywsr JIOCTosm-

lfl,lMH p ll S t° 

B cny-qao )Ke .\ 
1
=.\ 

2 
II a=O B03MOJKIIO aana!DIO TpOX nOCTOSil[llhlX p 1 ·s ii ·s • 

1 2 

3TOT peay.m,TaT BllOJl.lle IIOHSITOH • .nel!CTBllTem.ao, BIIO paMOJt CSMOCor11acosa11aol! 

aa,o:a'DI HHTerpan .O:BHlKOHllll (9) 8.!UOITJIBOJJ 11, CJlO.llOBSTO.IIl,JJO, MOlKOT 6h!T& nony'fOll xax 

ru111el!:11asr 1toM61111an11sr H834BllCHMl,IX U11n11Hell.llhlX 11.1rrerpanos JtBIIJKeDsr. Bcer.o:a, xor.11a 

paseHCTBa .\1 =·A 2 JI a =0 HO BhllIOIXJISIDTCSI OAII0:5peueano, lI83aBJICl[MhlX J[!IT8rpa-

nos .0:BlllKO.llltll BH.Qa (9) llBa, B lIOCJlOJlll8M c~e - TpD (raMllm.TOlillaJlhl JlBllllltOIDISI no 

l'JlABllhlM OCllM B MOMOIIT OTl!OCBTOJlbBO OCll O V 1 X 2 - V 2 X 1> • B cauocorrutCOBal!HOll 38-

)ta'!e .e:am HHTerpan ABlllKOIIlldl HO 6yneT a,llltKTIIBHhlM, HO no-npe:auteuy co.11,epllOIT AUO 

(ltJlll Tpll) npOD3BO.'lhHhlX lIOCTOSlllHhlX. TaxllM o6pa30M, B pa>.aaX X -llll.U:OIIHoro npll6m::-

>KOHllSI o6mua lUITerpan JlBUX.8.U:Bll BJUla (9) OlOIChlBAOT 601100 IIDlPOXHII J[JlllCC CTll.llllOHap

/1/ 
HhlX COCTOSllllll!, 'leM B • Peaym.TaThl IIOCIIOAl!Oli nony"laDTCSI, ecmi: D:OIIOllCITt. I', l - S 2 , 

p =0. 
Ha BTOporo ypanneimsr CHCTOMbl (28) 

HMOOM ) 

Q = 1 
( 

.\i's + a p .\ 
1 

0 0 

.nanee HMOOM AJ?,SI MSTplllll,I G 

G = 

2 

(

.\ls +ap.\ -p22.,i 
1 1 .

02 

0 

.\s:p.\ 
2 2 2 

A• +opA'-,-_.:} 
2 2 2 ·s 1 

(:: ;,) 
2 

(29r) 

(296) 

0Tcro.aa cne,llyeT, 'ITO MaTpDllbl s • Q J[ 'G DpllB0.0:H'X'Cll I[ .11:DBrOIUIJlLHOMY BBAY O)tHIIM B 

TOM JKe yRUTapnb!M npeo6pa30BSHDCM. Ha BDJta MATpDllhl 

n caMocornaconauuoe none 

20 

b , BhlpaJKennoA 'fepea nnemnoe 

I 

b 
lk ·Y 

0 

( (u -
1k 

4v I, _____ ·a 
·Y: Sp G -~ lk 

2L ) 
.!:J!.n::..Slk' 

r ~ 
0 

ll4XOJlllM, 'ITO 3TO l'KO npeo6paaonalllle IlPllBOJlllT K~rJlSBlll,IM OCSIM c1my Bnemnero 1lOlls:r. 

Ta1mM o6pa30M, llOJiyOCB snmn1ca CO'!eHK!I B CTB.IUfOHapllOM COCTOIDIIUI: opUOIITlfPYlOTCSI DO 

rnasHhlM nanpasnenu.11M nope..e:nonoi1 clfnM Bllemnero nonsr. 

8 K8"18CTB0 lle3SBBCHMhlX llOCTOS!HBblX Yi!OOHO npBl'll!Tb nonyoca anmurca CO'IOH!Bl 

a l, {' 0 • Ilp!r 9TOM a 
1 

D a 
2 

llOJlJKIIU 6b!Tb TSKHAfll1 "ITOObl COOCTBOHHb!O 3HS'r0IDUI 

MaTplill:hl s s Ill s 2 6un.e: llOJlO)!(IITOlll,llb[. 3nech YMOCT.HO cne11aTb cneny10mee 3QMO"ISII1IO. 

XoTg panee 6bl.l!O noxa34no, 'fTO :rptiB.110.U:llSI n XOJlJlOXTHBllhlX nepeMOIIllhIX BCerna llMOlOT 

pemeime C llOIIOlKRTOlihHblMH co6CTBClHU,IMll 3.!!ll'IOHBS!Mll MaTpll:lI s ll G • TOM ne MeBee 

llHOTKyna 110 cnenyeT, 'ITO npn npoR3BOIIblihlX llOCTO!IIUJblX K03ipqlllllll0llT8~ ypannenna TliKOe 

pemeHDC 6ynoT T4B:>KO HO 3&BHC2'.Dl11M OT BpeMenn. 

/5/ 
C o6mel! TO'fKB 3pennsr llOCTp001I110 1'1,tt1'a5aTlPIOCU:ll. BllBSplU!HTOB ( CM, ) CBOJtHTCn 

1t OThlC1taBBro nepeMOILl[b1X )'.leilcTBR!I, noc11ei:u1ee Tpe6yeT paanenemrn: nepeMen.e:::.ix npH ¢1n:

cuposanm,rx 3Rli'!O.D:DSIX Mennen.e:o MOIIIDOllUIXCSI napaMOTpOB. 

8 CTSllHOHSPHOM COCTOSlllHD HM80M YP4Bll0ll1HI )tBll>KGIIIUI "ISCT!rilhl nocna llPlIBO.QOHllll 

lt rnaBllhlM OCnM 

x+a ~ +.\ x=O 
1 2 I I 

:; 2 - a x ;+ .\ 2" ii o • 

06mee penre1me STOJI CHCTOMhl MOl!<OT 6bITb aanncano ltSlt 

r11e 

"'--x 
X =y l--1-21 

t GJ ~Leu 2 

X = 
2 

I 2 

2 
~ 2 

a ill I 

.. 2 
z ==-Cu z 

I I I 

J1 

X z - A2-w2~jl 
1 a eu:;? 

W~-.\ I 

eu2-eu2 

2 
w,-.\ 21 

Cu 2-1'.il 2 
l 2 

2 I 2 

:i +/1 w}>., I 
I w2-M.12 

z 2• 

1 2 

2 
(,) 

1,2 
At.\;t-a2 +/<'>..,+.\,ra'ZJ:_.\ ,\ > 0 

2 - 4 I 2 

Jim (.\ - w 2 );,; 0 • 
I I 

a ➔ o 

21 

(30) 

z 

(3Oa) 



J'vi02KIIO nerito y5e11HTbCH, 'ITO npH a=O 

CTB8lillLIM. 

npeo5pa30BaHlle OT l< i X Z· i _®llll8TCSI TOltCJlO-

B BOBLIX 1taB01rB'leC1tHX nepeMeHllLIX z i • y Oz i llCXOJlHhlil: rAMJIJll,TClmaB nonepe'IHcrc 

IIBIDK8IDIH llpllM8T B1111 

2 

H=l:[½y z2 +½•y eu
2

z:lJ 
' 0 I O I I (31) 

TaxnM o5pll.30M, 38118'18. CBOJlHTCSI X OThlCXII.HllJO nepoMOHHOli )lOil:CTBBSI )lJISl rapMOIIH'18CXCrC 

OCJ<!IJIJI!ITOpa. HTax, BMOOM 

I = .2'..n._ ( z 2 + "' 2 z 2) • 
I 2 Cu I I I (31a) 

IlocKOJiblcy npeo5p&30B8.Hll8 OT X • X :I: z • z romellao, a 11Jl'll808Tll'l8CX118 BlrB8pllaJIThl 
I I I I 

I I CyTb OBllBHOlhlhIO cp<>pMhl OT V 1 • X I, !Q'JKllLlll HaM 'IIHTerpan JlBll)KOIIJISI B](Jl8 (8) JlOJOKOH 

0h1Tb B3HT B BBJlO llBHel!noll ltOMOHHa!llIH I I C IIOCTOSlllllhlMH xosqxpan:neBTII.MB 

l=CI+CI. 
I I 2 2 

ti 
(315) 

B1,1pa3BM R3 (30a) z, , Z I '10p03 xf • ,.., 

z 
I 

2 ~~2 

A2-<JJ: "' a-,\f y' I "' ' -eu ; I IX + X 
cu 2 -eu2 eu2 -,\ I 

a <u 2 2 
2 I 1 2 2 

z 2 
"' 2_,\ 2 v' I 

-2--2-
A 2 

"'I -eu? I I x - 1-"' IX } 
2 2 "'2 -,\ 2 aCtJ,2 1 

u) -eu 2 1 1 2 I 

= "'~-,\, ., I "'2 -eu '·1 ,\ 2 I . .\ If"""' 2 I Z I ---- V ~ -- X - ____ 2 X 
<u 2_"'2 <u2-,\ "'2 1 a 2 

2, I 1 2 2 

eu 2_,\ 2 2 . J,. A -eu 2 
z = __ 1 __ 2 y' I "'I -eu • I __ 1 Ix + __ 1 _1:,: I 

2 "' 2 _"' 2 "' 2- A "' 2 2 a 1 
I 2 2 , 1 I 

_II011cTaBllaH nocne11stee B (315), IIOJiy'lllM BhlpaJKeHlle 11mr MATpllI( 5o' po' CQ01• 

22 

S = ( S 1 0: ) 
o , 0 s

2 

s = C .....l:'..4. I 
I 1 Cu 

I 

<,)2-,\ 
_L__2_J 
<u 2-eu 2 

I 2 

• 
3+c~I Aa"'!1£ 

"'4 2 "' "'2-eu 2 eu4 
2' 2 I 2 I 

s=c -2'.i>J 
2 2 Cu 

2 

"'2 ,\ 2 y 
::.LJ...J~+c_O_J 
Cu 2-eu2 Cu 4 I Cu 

I 2 1 2 

~i 
CV 2_ Cu 2 

I 2 

,\. 2 

-.::..2. 
Cu 4 

2 

(32) 

neriro y5eAHTbClI, 'ITO CB!I3b Me)l{Jly M8.Tpl(I(8.MB S , P Q OCT8.8TCSI Tairoii lKO I XII.JC 

liI B CT8I(BOllapllOM cny'lae, CymOCTBOllllCO OT.IIB'llle 8.)lBll08.TB'IOCKOro JlllBllCOIIJ{Sl OT CTII.I(HOHap

HOrc COCTOIIT B TOM, 'ITC HR O)lllll 113 MII.Tpl!.IX s • p • Q 110 MOJKOT 01,1Tb B3lIT8. nocTC!III-

uoil:. 3aMeTUM TllXlKO, 'ITC MII.TpUI(hl llJll[80aTU'l8CJ::Oro pemOlllUI s • p • Q no-npo,irne-

M1· llpHBOJlSITClI :I: 1111arc11aJlbHOM1 BHJlY OJUDIM K TOM llCO YllllTapllhIM npeo5p830B4JiBOM, 

T.e. IIOBOPOT smmnca CO'IOllllll MOlllIOT B8llB'IBfIY CBOIIX non,ocell B B TO JKO BpOMlI IIOBO

pa'IBBaeTCll B COOTBOTCTBBB C rn&BllhlMll OCHMll BHOillll8ll CBnhl. 

B npOCTeil:meM cny'lae a=O JIM88M )lJill MaTPBllhl G 

,,-( ...l.. ~ ) · (~' ,,:,) (32a) a• 1 I 0 

0 1 

~ 
0 

2 

§ 7. Pe310Me 

HTaK, B npeMaraeMoi! MOJlOllB pemellHe CII.MOCOrnacoBaHHOii 38)l8'1U CBOJlOHO K peme

muo CBCTOMhl OOhIXHOBOHHhl~ ypaBHOIIJli! 

s = s ( n + a ) + ( {l* + a* ) s 

G =-GO -!l*G 

n = s°1
G - ( 0. + a ) 0 - b 

( B.IIII SXBBB81leBTHhlM ell CUCT8M8M ( 11) H (24)). r.Qe no (8) 

. {o 
a = -2'.a. 1 +a ·l 

'Yo \ 
1) 
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b _1_ ( "' (t) 

Yo 

4v 

·Y 
0

2Sp G -IS 

G !i (t) - v p :L 1 ) • 
r2 

0 

G!i 
CHMM0TpU'lll'.8H M8TpJllla C 110110)1CJ(Tem.BuMH COOCTB0RBHMl'l 31U1118BJ(l!M][, onpei1enen

B8.!1 p8B8BCTllOM 

G½ ½ G = G 

-½ ½ 
G G = 1 

CaMocornacOB4JIBOCTb 38lU111Jl BHP8JK49TCSI B 13.QBJ[Cll:MOCTJl l[OSlpqllllDleBTOB b l:1T G 

T.e. B l[OB811BOM C'l:8Te OT ,PYnxmra pacnpe.11ene.1Q1sr., 4>JOJl'18Cl[llA CMHC.'I IICXOMhlX B8IDl'IBB 

!Sun BHHCRell Bume. B 'l4CTHOa"H, B8ltTOp 4 - TOX8 3A8CL paB&n 

p= 

jo 

j I 

~ IGl!iu(l-x* Gx) 
2 rr 2 r 

/3 0 p 

flit X k p 

ABTop !Snaro,q~pell B.H.Bexcnepy, .H.B. 'i>aA.Koopry u Tonapmnaw: no pa60Te, u oco

OOBUOCTll a.A. fiepem.mTeAny, 38 HBTepec JC pa6o-re B ol>CylK,!le.llllsr.. 

2{ 

,, 

~ 

nPHnO)KEHHE 

IloKaJKeM, 'ITO ecmi: ,cl>opMa neonpetienenna, TO STO B0Jl0T nu6o K paCXOAHMOCTU 

IIBTerpana (13), 'ITO $B3B'l0CKB 6eCCMblCneHB0i nn6o K TOM;y, 'ITO nnoTBOCTL p OX83hl-

B88TCSI KOBO'IBOA Ba 6eCKOB0'1HOCTB, 'ITO T8KlKe B8M Be llOAXOAHT • 

.llei!CTBBT8llLIIO, eycn. 11eonpei1ene1111a. Tortia eCTh TPH B03MOJKHOCTB. 

1. 4>opM8 T BeonpeJienenua ue3aBncnMo OT Toro, KaKoBa cjiopua x*G:r • Tortia 

T = y2,-y: + T 2 , r,qe T 2 ne COAOplKBT y Ill y 2 • PaCCMOTpBl,1 TY o6naCTb npocTpau-

CTB8, rJie JinH onpei1ene1111ocTn y? y 2 , y ?- 0. Ilonarag 

UMeeM 

u, cneJIOBBTem.110, 

y 1 =~chs 

y =~shs 1 2 I 

O<T
1

.< 00 -00.< $ .< 00 

a(y 1 yJJ=½ 
a ( T 

1
, s 

f <b'(I) dy
1 

dy
2

=½ f f 
0 

2 2 
y -y = T 

I '- 1 

¢'(T+T+x*Gx)dT ds. 
1 2 I · 

KaK BHJIIIO, STOT BUTerpan pacXOAHTCH, TBK KBK llO/lBIITerpanLBOe Bbipa:aceHBe ne· 

38BHCUT OT S 

2. EclDI T onpeJieneuua, no neonpeJienenua cjiopMa x* Gx , TO B npOCTp811CTB0 X i 

cymeCTBYIOT TllKBe o6naCTB, rtie . npu X (...,. nnOTUOCTL OCTll8TCH KOUe'IUOll:. 

3. OcTaeTCH nocneJinHH B03MO>KuocTL tinH 11eonpe11ene1111oi! I • T u x* G x onpeJie- . 

nenbI 060, no HMeroT paanbli! 3uax. Jlng onpetienennOCTB T > 0 , x* G x< 0 , Tortia 

UM08M U3 (15) 
p -<b (:r*Gx). 

CocToHBUe MOJK8T C'lllTllThCH nOK8llU30B8BRblM B npocTpancTBe TOllbll:O TOrtia, 11:or.11a 

¢(:r*Gx}+O npu x_..,. • C yqeTOM :r*Gx<O STO TOlK/l&CTB011110 C ¢(--)=(). • Ho no 

onpeJieneHB10 ¢(oo)=O • TaKHM o6pa3oM, ¢'(I) MenneT 311811: •• cnei10BaTem.110, ue 

MoJKeT 6b1Th cjiymmueA pacnpeJieneHBH. 
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