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H3ny'!eaae, B03BBKaiOmee npa nponeTe 3apSI.tton a TOKOB '!epe3 oTKphiTbii! xoaen nonyoec- , . . n~ 
KoBEi'laoro nanua~;tpu'lecxoro nonaono.tta, Chino accne.ttonaao •B PliOOTa:,-c ' • 

·s .ttanaol! paooTe paccMaTpanaeTcSI B3ny'leaae npa nponeTe axcaan&ao-cH~MeTpaqaoro 

3apSIJKeaaoro crycTKa '!epe3 OTKphiTbli! xoaen nanua.ttpH'Iecxoro nonaono.tta, KoTopbii! xoaneaT­

pa'!ecxa pacnonoJKea B .ttpyroM, ·oecxoae'!BOM nonaono.tte 6on&wero pa.ttayca, 

npe.ttnonaraeTCSI, 'ITO 38pSIJKeBBbii! cryCTOK .ttBHJKeTCSI CO CKOpOCThiO u no ocu non-
BOBO.tta z , CrycTOK no pa.ttuycy o.ttaopo.ttea, B aanpanneaaa z pacnpe.tteneuae 

nnOTHOCTB 3SpHil8 xapaKTepH3yeTCSI ifl.YBKUHei! Q(z) , AnSI onpe.tteneaaocTH MOJKBO npe.tt-

nonoJKBT&, 'ITO crycToK BMeeT ljlopMy nanua.ttpa r = r 0 • PaccMoTpeaabiM MeTo.tt~M ·3a.tta'ly 

MOJKBo pewuT& .ttnSI n106oro axcHan&ao-cuMMeTpa'laoro pacnpeueneaug 3aps.tta. ,· 

Aanee npe.ttnonaraeTcSI, 'ITO nonyoecxoae'I:Hhii! nonaono.tt' pacnonoJKea npu z ·> a u 

pa.ttuyc ero r = a 1 a pa.ttHyC oeCKOHe'IHOrO BOnHOBO.tta ' r = b 1 b > a o. 

1, nony'I:9BHe BblpaJKOHHi! linSI 

~ 

"IToobl y.ttooaee oblno cpanaunaT& nony'l:eBHbie pe3yn&TaTbi c ljlopMynaMu ynoMSIHyThiX 

'paooT, nenecoo6pa3Ho acxaT&· P?Weaan .ttnSI nonel! npa noMowa nexTopa fepna ... 
n MOJKBO npe.ttCTaBHTh B BH.tte CyMMbl 

' -

.. 
n , BexTop 

(1) 
r.tte onacbiBaeT none 3apSI.tta, nponeTaiOmero B 6ecxoae'!HoM nonaono.tte pa.ttuyca r = b 

a .ttononaaTen&aoe none oT nepexo.ttaoro B3nyqeaaSI, Bcne.ttcTnae CBMMaTpau 3a.tta'l:u 

·ii 'ii 0 ·iit BMeiOT nBWh O.ttHy ::oMnoaeHTy B8KTOpbl 

·n = ·n. , (2) 

npoCTOTbl p&IIB 'lls 'll: ll I 
• 

'll I , npe.ttCT&Bneaue ¢yp&e ljlyHKilBi! 

B .ttan&H8i!W8M OY.ttYT 3anBCbiB8ThCSI KaK 'll 

BMeeT BH.tt: 

'll
0 

= i'n:e-t<Ut dcu 

3 



I / 

¢>yHKUHSI , 'll ~ HMeeT cneAyromee BblpSJKeHHe ( BbiBOA STOrO BhipaJKeHH.Il npaBelleH, B J1pnno-

JKeHHH K~ll8HHOfi.pa6oTe): 

no = iqA(k) '7•-ut> 
"' ~ e -I K0 (k·yr) Io (k·yr)l --. (4) 

.. 
B <jlopMyne (4) acnon&30BBHhi o6o3Ha'leHHSI H3 Ilpnno)l{el!liH:' q - lienH'IHHa o6mero 3a-

l,r 
pSIAB crycTKa, 

21 
1 

(k·yr0 ) l~z' 

>. (k) fQ(z')e 
a 

dz'. = 
k·rro (5) 

• k'"' .../1-{32 rJie z = z - ut , = - , ·y = -----zr- • . c tJ 

. 1 /1/ . 
'Bb!pa2KeHHe AnSI ll t K8K STO OOK838HO B t M02KHO HSfiTH cneAyiOlllHM o6pa30M, 3apSI-· 

JKeHHblfi cryCTOK HHAyUHpyeT•HB CTeHKBX nony6eCK~He'IHOrO BOnHOBOA8 TOK 

jz=,f(z) •. (6) 

J1one; .Bbi3B8HHOe TOKOM, MOJKeT 6b!Tb BblpB2KeHO npa UOMOIDH B~KTOp noTe ann ana 

1 
lkR 

A= -f _e __ j ds , • 
c R " 

(7) 

rAe HHTerpnpoBanne npOH3BOAHTCH no licefi noBepxnocTH nony6ecKoHe'lnoro BonnoBoAa. Hc­

nonb3ySI o6o3HB'IeHHH,. BBe.AeHH&Ie na pnc, 1, M02KHo aanncaTb 

rAe 
·, 

2 
Ro 

. .. lkVC•-~> 2 +R~ 
A= A.(r,z) =j...!..Jf(~)d~r.e . 

c 
. o o ,l(z-~)2 + R2 

0 

r ·
2 

+ a 
2
·- 2racos ¢ 

IlpnMeHSIH H3BeCTHbie COOTHOmeHHH 

lkVR~+• 2 
e 

.../ R~ + z
2 

00 
. lwz 

j_ f J< 0 (vR 0 )e dw, 
2 _; .. 

-••¢ 
J< 0 (vR 0 ) =.IJ.(vr)J{

8
(va)e 

. ··, -•·¢ 
J{o (vR

0
) =l:J

8 
{va)J{• {vr)e 

H ~peACTSBnHH TOK jz B BRAe pa3noJKel!liH 

4 

r <a; 

r·> a 

d¢. 

. 
' 

v = .../k2 -w 2 
; 

(8) 

·I 

'_...-' ~ _, 

lwz 
f{z) = f e :F{w) dw. , 

" (9) ' 
M02KHO nony'IHTb 

217'2 a Jwz ~. 
'A (r,z)= __ 1-fe J {vr)J{ (va):F(w)dw, r<a, • ' c 0 0 

2 .. a lwz J{ 
A.{r,z) = .::..::....::.J fe J 0 (va) 0 {vr)F{w)dw, r. >a. 

c 

BcnellCTBHe CHMMeTpHH 38A8'1H H3 BbipaJKeHHH llnll A z { r, Z) nerKO DOny'IHTb .jlopMyny .l:tiUI 
n1 . 

BeKTOpa c.J I 

(·n I > =-
"' 0 

2 .. 2 
a 

c 
f:F( w) 

1
0 

(vr) J{0 {~a) 

J
0

(va)J{ 0 {vr) 
elwz dw' (1 0) 

rAe BepXHllll CTpO'IK8 B qmrypH~IX CK06KaX-Anll r < a , a HH2KHHH - Ann r > a • B (10) 
npeAHaMepenno DpHMeaeaa 3annc& 

I 

(ll"')o .. , T,K, ( 10) ~Bn>teTCH '18CTHbiM pemeHHeM 38-

ll8~H, no6aBnHH o6mee pemeane OAHOpOAHoro ypBBHeHHH H YAOBneTBOpHH rpaHH'IHOMY yc-
1 

noBHIO E;lr=b = 0 

HHe Ann <jlyHKUHH 'll~ 
, 'ITO pBBHOCHnbHO llc.J .,r=·b = 0 , M02KHO nony'IHTb o6mee peme:-

·nl = 

"' 
..1!!:._ (F(.w )L(wr) lwz 

-- e dw, rAe 

"' 

L{wr) = .. av 
2 

J
0 

{vr)[J{
0 

(va) 

'2 
L(wr)= ,.av J

0 
(va)[J{

0
{vr) 

I 

v2 

J{0 (vb) 

10 { vb) 
j 0 (va)}, r < a ;] 

J{o ( vb) J 
0 

( vr ) ] , r •> a • 
J 0 (vb) 

PaBeHCTBa ( 11) T02K.IleCTBeHHhi cneAyromnM: 

2 ~ 
ia..v J 0 (vr)[N 0 (va)J 0 (vb) -N

0
(vb) ]

0 
(va)} --

. J~ (vb) 

L(wr) 

(11) 

( 12) 

, r.< a 

L(wr) = ia..v
2 

J 0 (va)[N (vr)J (vb) -N (vb)J
0 

(vr)] _ 1_, r > a; 
o o o Jo(vb) 

anD:, ecna BBeci-a o6o3aaqeann -

/ 

Z 0 (va) = N0 (va) J 0 (vb) -N
0 

(vb)J
0 

(va), 
(13) 

Z0 (vr) = N0 (vr)J0 (vb) -N
0 

(vb)J
0 

(vr),. 
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TO <jlqpMynhl ( 12) MO:>KHO 3anuca:b B. BH.ll9 

L(wr) = ia 77 v2 1o(vr). Z0 (va) 
1

0 
(vb) 

L(wr) ia'.,v 2 z0(vr) J(,(va) 

1
0 

( vb) 

r.< a 

, r >a.· 

<l>opMynbl ( 1 I-14) H03BOmiiOT CBeCTH 3alt8'fY OTbiCitSHHSI ljlyHJtnHH 'n I 

peneneHiiSI ~yp&e-KOMHOHeH~hl HaBe.[lilHHOrO TOKS :F ( W) • I 

. 
' 

-i-t 

pH C. 

I 

(I4) 

1t 381la'le on-

______ , 

Tenep&, Korna aaltnea o6muli BHil 
0 

n H n , Mo:>KHo uanucaT& Bblpa:>KeHHH llml nonel!, .. 
.• • Bi,Ipa:>KeanH nnH none It npn · noMomn aexropa n MoryT 6biTb npeACTaaneHbl cneAyromuM o6-

pasoM: .. 
E 

2 .. 
1 a n 

c at2 grad div TI 

Y'IHThiBSSI (2), H3 (15) MO:>KHO nony'IHTb 

:E .. e: 

a2 
__ n H = 1 a <. aTI. > 
araz • • ¢ car at 

.. 
.. 1 aTI 
H = crot -ar-· 

2 
E .·2._n • az2 ,. 

\ 

1 a n 
--;;; at2 • 

(15) 

(16) 

H3 paBeHCTB (I 6) B COOTB9TCTBHH C pa3nOlK9HH9M (3) MO:>KHO HOny'IHTb Bhlp8lK9HHH AnSI 

ltOMnO~eHT C06CTB9HHOrD nonn'sapHA~ H HOml H3ny'I9HHH 

6 

! 

. j 

,· 

l 

~,, 

._....-~ 

01 I 
E, =I~ an. 

a ar 

:E,I = lw an! 
ar • 

o 2 a o o 1 an~ J :E =-•y k TI , H-~.=--"'--• 
• • 'I" c ar 

I 
I 2 I I i an z 

E. =- v TI. , H ¢ = c "' af" · 

(17) 

noACTSHOBita B ljlopMYnbi ( I7) B'blpa:>KeH~l! AnH 
no . H 

I n. H3 (4) H (7) npHBOAHT It 

· paBeHCTBSM 

E 0 = k,yq • A(k) I K 
1 

(k·yr) +l(k,yr) K o(k,y b) 
1 o(k,yb) 

I 
,~. 

e " . o::u 77{3c 

·o 2 2 · iq K ( E....,= -·y k A(k)-IKo(k·yr)-1 (k•yr) o k·yb) 

L'(w,r) 

El = 

"" 

:EI 
zcu 

I 

H¢.... = 

""' 0 I
0 

(k,yb) 

277i , .... 
J ..!.:F( w) L '(lv, r)e dw , 

v "' -oo 

277 [WZ 

f:F(w) L (wr) e dw 
(<) -oo 

277i 00 l , ·twz J- :F(w)L (w,r) e dw; 
-oo V c 

=-77av 2 1
1 

(vr)[Ji
0

(va)- J
0

(va) Ho(vb) 1 
J 0 ( vb.) 

:~.} 
e " ) 

r .< a_;· 

2·. J{o(vb) 
=-77aV J

0
(va)[H

1
(vr)-J

1
(vr) ], r> 

J
0

(vb)_ 
a • L'{w,r) 

(18) 

(19) 

(20) 

$yHKilHIO .F ( W) MO:>KHO onpenenHTb 0 ecnn petnHTb ypaBH9HHSI 0 SIBmiiOIOB9CH cnellCTBH9M 

rpaHH'IHhiX ycnoanlt, B Ka'leCTBe rpaHR'IHhiX ycnoaal!, no-nepBhiX, aeo6xoAHMo · npnastT& pa­

BeHCTBO aynro TaHreHnnan&HOli COCTSBnHIOtnel! aneKTpB'I9CKOro nonSI Ba CTeBXSX nony6eCKOH9'1-

Horo BOnHOBOAS 

E 0 
. 'E 1 0 .• + .• ==. r=a,z·>O 

(21) 

BO-BTOpbiX, - o6pameHRe B HYnb nnOTHOCTII TOKS Ha npOAOn:>K9HHH CTEiBKB BOnHOBOAa npu Z . .<O 

z < 0. f(z) = 0 
(22) 

noACTSHOBKS B ljlopMyny (2I) Bhlp8lK9HHJ! AnSI nonel! B3 (IS) II (19) B B ljlopMyny (22) Bbl• 

pa:>KeHBSI AnSI TOKS B3 (9) npHBOAHT It COOTHOW9HHSIM: 

7 



2 i7 
2 

a 
Cil 

J{o (vb) lws 
I v :F(w)j 0 (va)[Jl 0 (va)- -- ]

0 
(va)] e dw 

· · .Jo (vb) 

iq·y2k 2 ,\(k,) 

11Cil 

Cil 

I K 0 (k•ya)- 10 (k·ya) Ko (k·yb ) I t·;-•, :t>O 
I 0 (l•yb) 

lwz 
I:F(w)e dw=O, z < 0. 

(23) 

CucTeMY (23) MOJKHO pemuTb MeToaoM Buuepa-Xomjla, aapual!Thi KoToporo paccMoTpeHhl a 
/1 2/ 

pSiae pa6oT ' • Umt paccMaTpuaaeMol! aaaaqu 6yaeT ncnollbaoBaH MeToa, npuMeneH!Ihll! 

Ball:nmTeifHoM. Cneayg STOMY MeToay, ljlyuxunro L ( w, a) Heo6xoauMo npeacTaBnTb B auae 

UpOH3BeaeliHSI 

L(wa) = L(w) = 
L 1 (w) • L 2 (w) 

2' w ru2 

~ 

(24) 

npu'leM L 1 (w) ronoMOp<J>Ha H He HMeeT Hynell: B BepXHell: nonynnoCKOCTH, a L 
2 

( W ) 

ronoMopljlua u He HMeeT uyneif B HH:lKHell: nonyunocKoCTH, TaK xax B nepaoM ypaauennn 

(23) KOHTyp Hl!TerpHpOBSHHH cneayeT 38MhiK8Tb B BepXHell: nonynnOCKOCTH W 1 .TO ljlyHK-

UHSI F ( w) • L ( w ) .!IOn:IKHa 6hiTb ronoMop<jlua B Bepxuell: nonynnocxocTn aa ncKnroqeaneM 

TO'IKH W=~ 1 r.!le j:tOnJKell 6biTb npOCTOIJ: noniOC, Bo BTOpoM ypSBHeHHH (23) KOHTyp HllTei'-
U • 

pnpoBaHHSI Heo6xo.!IHMO aaMhiKSTb B liH:lKHeif nonynnocxocTu nepeMeHnoro w • Cneao-

BaTenbHo, F(w) .!IOn:lKHa 6h1Tb perynSipHOil: B STOll: nonynnOCKOCTH, npnHHMSH BO BllHMSIIHe 

CBOilCTBa ljlyHKUHIJ: L 1 ( W) H L 2 ( W) B COOTBElTCTByiOIDHX nonynnOCKOCT>IX, STHM Tpe6o-

BSHHSIM MOJKHO Y.!IOBneTBOpHTb, ecnH :F ( W) 

F (w) 

npeacTSBHTb B BHae 

R 

L 2 (w) 
(25) 

npu T&KOM OnpeaeneHHH BH.!18 :F(w) o'leBnauo, 'ITO yaoaneTBOpSieTca BTopoe ypaaueune 

(23), rae 

F (w ) 

R - HOKOTopaH UOCTOSIHH8510 KOTopyro MO:IKHO onpeaennTb, ecnH noaCT&B11Tb 
. . . /1/ ' 

B nepooe ypaBH9HH9 (23). B COOTB9TCTB11e C L 1 (w) 11 L 2 (w) MO:IKHO 

npeacTaBHTb B B11ae 

L r(w) = ¢ 1 (w)(w + ~ ) y k + w 

rae ¢(w)=¢ 1 (w)•¢
2

(w) 

C y'leTOM <flopMyn (25) H (26) MO:IKHO H8U11C8Tb 

8 

1 
v 

L (w) =¢ (wXw -~)yk-w , (26) 
2 2 u 

L (w). 

', 

.I 

:I 
·I 

I' 
i' 

--' 

lws 
lw• 

I:F (w) • L(w)e 
L(w)e dw 

dw = R I 
(27) -oo .QL )yk-w 

u 
¢ 2 (w)(w-

Kax yJKe 6hlno OTMeqeao Bhlme, KOHTyp 11HTerp11pOB8HIDI B ( 27) HSJlO 38MhiK8Tb B BepXHel! 

nonynnocxocT11 w t T.X. npH W-++ioo 
.... 

e .. 0 • Ho B aepXHell: nonynnocxoc-

T11 ecTb eaHHCTBeHilhlil nonro c B noanaTerpanbnoM BhlpaJKeHB11 ( 27) 

Tenbao, naTerpan B (27) MO:IKHO aanncaTh B B11ae 

Bbt'I9T B TO'IK9 

npu 

..... 
k I 

Lt (w)e dw 

2 Cil2 
w- ~ 

w = ~ paBeH 
u 

lws 
L (w) e dw 

I-------
¢2 (w)(w - !!!..)yk-w 

u 

=2niR 

w· = 
Cil --· • u 

v yk
2

-w
2 

=ik·y 

.~. 
L (~) e u 

u 

¢ (!!!..)y k- ..!!! 
2 u u 

J 0 (ik-ya) 10 (k·y a), J{0 ( ik•ya) 2 K (k·y a), -. 0 
111 

w = ~ • UeilcTB11-
u 

(28) 

(29) 

(30) 

2 2 2 K (loyb) ( ) L (IlL)=- -:-ak •y 10 (k·ya)[K0 (k·ya)- _o __ I0 (k·ya )] • 31 
u 1 I

0
(k.yb) 

11cnonbayu cooTHomeH1151 (27), (28), (29), (30), (31), MO:IKHO nony'IHTb 11a nepaoro ypaa­

ueung ( 23) ljlopMyny anSI Koaljl,PuunenTa R ·: 

R 

H, noacTaBHB B ( 25) R H3 ( 32) 1 

Cil --
Q•A(k)¢2(u)yk- -i-
8118iai0 (k·ya)(w -~) 

u 

L 2 (w) ua (26), ljlopMyny anH :F(w)': 

Q• ,\(k) ¢2<:>vk-~ 
u F(w) 

811
3
ial0 (loya) ¢ 2 (w}./k-w (w -!!..> 

u 

9 

(32) 

(33) 



2o MccneAoB&BIIe BcnoMoraTen:bBhiX 4Jymm1111 

HB.Ilhll!: BRA tlJyHIU!Bl!: cp I ( W) II ¢
2 

(w) AIUI 38AS'IB0 ltO.l'AS nonyf5&Cit0.118'1.1lhll!: BOll.llO-

. 11/ 
BOA pacnono*eH B CB060AHOM npocTp8HCTB8 0 onpaAeneH B 

nmr p8CCM8TpRB88MOl!: 38A8'1B COOTBeTCTBYIOII!R8 tlJyiiXIlllR 6YAYT IIM&T:b xapa!tT8p.llhl8 

ocof5eHHOCTHo noaTOMY HBOf5XOAHMO OCTSHOBHT:bCH .118 HX onpeAen&HHHo npa aTOM nenecoof5-

/1/ 
pa3Ho npaAep~BST:bCR o6mel!: cxeMhl, npHHHTOl!: B pa6oTe npa onpeAeneHHR ¢ 

1 
( w) 11 

¢2 (w) o Cornacao aTOl!: cxeMe, Hy~o BB&CTH tlJymmaro 

X (w) a In¢ (w)o (34) 

0'19BRAH0 0 pa3f5Re.llll8 cp(w) na npoH3BeAellRe ABYX tlJyRKnall paBH03Ba'IHO npeAcTaBneaaro 

X ( w) B B.llAe cyMMhlo Hyna tlJyHKilRR ¢ 2 (w) pacnonoJK&HLI na paape3e k .. i.oo s Bepx-

Hel!: nonynnocKoCTR w o Er:::na npeAnono*RTb cymecTBO!ISHRe y k · M.llHMol!: 'laCTH k 
0

, 

TO cp I (w) ronoMoptlJHa BCIOAY HlllKG OCR J,. W < k , eyna ¢ (w) pacnono*eHhl Ha , 
paapeae k .. ioo ' ¢I (w) ronoMoptlJHhl Bhi1II8 OCR J,.w>-koo 

CneAoBaTen&ao, o6nacT& perynHpHoCTII ¢ ( w) 0 8 TaltlKB .II X ( W) 0 HSXOARTCSI B 

nonoce 
- k 0 < Jm w .< k 0 o 

Ha ·TeopRR tlJyHKilHA KoMnneKcaoro nepeMeHHoro H3BeCTHo, 'ITO B 3TOM cnyqae X ( w ) 

MOJKI!O npenCTSBHTb B BHAe CyMMbl ABYX tlJyHKnHl!: )(I (w) ,.II 'Xa (w) 0 DpH'I8M 

X2 (w) 

X 
1 

(w) 

1 
I<a+oox(w')dw' 

y:- J -,,---
m+ko-oo w -w 

•"t,+oo 
_1_ f 
2~ri_ko....,. 

x(w')dw' 

wr- w 

B 111 . 
pa6oTe npoBeneHO A8T8Db.llhlM o6pa30M Bhl'IHCDBHRe XI (w) 

npRMep, x
2 

(w) MO~O onpenenHTb TSKRM of5p&30Mo npoaaBOAHSR OT 

d 
dW)(2(w) ..i.tn¢

2
(w)=­

dw 

lko+oo1 

fl-. . va 
2m+l"o-- ' 

"' 

J~ (va) 
+-­

J 
0 

( va) 
+ 

z~ (va) 

Z 0 (va). 

10 

l~+oo 

1 f dx(w') dw' 
21ri lk....&lw' w'-w 

0 

J~(vb) 

J 
0 

( vb) 
~~~ 

v w-w" 

(35) 

H X (w) o Ha-
2 . 

X
2 

(w) paBHS 

(36) 

I 

nyTb HHTerpHpOBSHRSI B (36) H80f5XOAHMO netlJopMHpoBSTb TaK 0 'ITOI5bl OH OXBSTHD pa3p83 

k .. + i .. Peayn&TaToM HHTerpapoBaHIIR 6yAeT, Bo-nepBhiX, cyMMa Bhl'IBTOB noMu-

TerpMbHOro Bb1p8JK8HHH B (36) II CYMMS rnaBHhiX 3H8'19Hlll!: llHTerpana no npOTHBOIIODO*HhiM 

15eperaM pa3p938o l::fTo K8C89TCH Bbi'IBTOB, TO B ( 36) Hy*HO Bhi'IHCnRTb Bhi'I8Thl. B TO'IXSX0 

rne HMBIOTCR eyna t~Jymtlllll!: J0 (va) 
Ill 

Z 0 (va) J 0 (vb) 0 To9o TpH rpynnh! Bhi'IGTOBt II 

Bbl'IHCD8Billl1 npOB9A8HHhl9 B , ASIOT B peayn:bT8T9 OAHy rpynny BLI"'8TOB B JlYIISC;: J
11
(n). 

Ill B aana'le H3 pal5oThl yq:RTh!Banac& rnaBHhle aaa'leHRR HBTerpanos no 6eperaM paa-

peaoso HeTpyABo y6eAHT:bCR, 'ITO B paccMaTpHsaeMol!: aana'le BKnan OT aTHX HBTerpanoB pa- . 

BBB HYIIIO o JiBTerpanhl OT MOnyn&l!: tlJyBKillll!: DO npoTR!IODODOJKHhiM tieperaM p&3p830B p&B.Ilhl R 

npoTHBononoJKBhl npyr npyryo ApryMBBThl ljlyHJtnRl!: v 10 (va) Z 0 (va) , J
0

(vb) 

Be 38BRCHT OT w BAOnb pa3p830B ll ll3M8HSIIOTCH HS IIOCTORBHyro B8DR'IRBYo npoH3BOAH8ll 

no w BAODb 6eperoB pa3p938 OT apryMeBTOB p8BH8 Bynroo 

Ill 
EcnR o6paTRThCH K aanaqe .113 , TO TaM Hano 6h!no y'IRThiBSTb BHTerpan oT apryMeB• 

Ta tlJYRKilHH }{ ( va) 0 KOTOphll!: 38BIICHT OT W • 3TOT HHTerpan B KOH8'1BOM pe3yn&TAT9 

naBan s~tcnoHeanaan&Bhll!: MHO~Ten&o TaK.IIM o6paaoM, KOrAa nony6ecKoHe'I:Bhlll BODHOBOA 

pacnonOJKBH B CBOI50ABOM .llpoCTp8HCTB81 TO nonyqaeTCH OAHS rpynna DODIOCOB .II 9KC.IlOB9BilH-

8Db.ll8R 'ISCTb B perueHHHo Korns JKe nony6ecJtoHe'I:Hhll!: BOnHOBOA pacnonoJKeH B npyroM son­

aosone, TO HM99TCH Tpll rpyniihl IIODIOCOB .II H9T 9KCIIOH8BilH8DbHOrO MHOlKI!!TBDRo 0'18BHAH01 

MOJKBT 6h!Tb nposeneHa COOTB8TCTBy10Ill8B ljJR311'18CK8B HHTepnpeTanRBo B OTKphiTOM npOCTpaB­

CTB91 Korns RM99TCB OAI!!H BODHOBOA 0 AODJKHS f5hlTb OAHS rpynna BOnH II pemeBRB AOn*Ho 

RM9Tb BRA1 YAOBneTBOpBIOII!IIl!: yCDOBIIBM 113ny'IBHRB Ha f5eCKOH9'1HOCTBo B ASHHOl!: 38AS'Ie -

TpH rpynnhl BODB1 COOTB9TCTBYIOII!HX DpOCTpSBCTBy BHYTPH nony6ecKOBB'IBOro BODHOBOA81 npo­

CTpSHCTBy MBJKAY BOnHOBOASMll H npOCTpaBCTBY nnB Z < 0 1 rne nony15eCKOH9'1Hhll!: BODHO­

BOA OTCYTCTByBTo 

rne 

HBJKe o6 aTOM 6yneT paccJtaaaHo 15onee noApo6Hoo 

JiTSK1 B peayn&TSTB HBTBrpHpOBSHHB B (36) DODY'ISBTCH peayn&TAT 

1 + k 1 + k __ 1 __ -k -~·--([; X2(w) 
2a(w -k) a( w-w,.~ a(w-w,.J a(w-w,.

3
) 

W ml Wm2 w,.2 

Jo ( v m I a ) = 0 • 

w = 
ml 'l/k 2 -v! 1 

BBDHIOTCH KOpBBMH ypaBHeHHI! 

Z
0

(v,.
2
a)=0, 

w,.
2

='1/k2 -v2 
m2 

lo ( v .. a) - 0, 

w,., = '1/k 2 - v2 
ma 

Ma (37) MOJKHO nonyq:HTb 

11 

(37) 

(38) 

(39) 



x
2 

(w) ln¢
2

(w) ln{ya(w-k>II (w-w., 1)a(w-w., 2)a 
(w -w.,

8 
)a 

P2 I , (40) 

rAe p 
2 

•HeKOTopaH ¢YJlKIIHH0 He 38BHCHman OT w , Hnn, aaMeHnn (40) TolK.IleCTBeHHbiM 

paBeHCTBOM,IIOlly'IS9M 

(41) 
¢ 2 (w) = y a(w -k) 'II a(w -w,.l) a(w -w.,2) p 

a(w-w,.
8

) 2 

npon3BOAH COOTBeTCTBytomHe BbiqnCneHHH, MOlKBO HaHHCSTL 

¢
1
(w)=ya(w+k)'II a(w+w.,l)a(w+w ) m2 p 

a(w +w,.
3

) I 
(42) 

lfTOObl. YAOBneTBOpHTL TOlK.IleCTBY ( 26), p 1 H p 2 cneAyeT BblopaTL TSKHM of5pa30M, 

'ITO Obi 

¢I (<i> ) • ¢ 2 ( W) 

---
bra yk 2 -w2 • (va) Z0 (va) JO ----

J 
0 

(vb) 
(43) 

C Apyroll: CTOpOHblo p·I H p2 H9 AOnlKHbl 38IIHCeTL OT W • <l>yHKllHH J0 ( Va) 

Z 
0

(va) 1
0 

( vb) MO*HO npeACTSBHTb B TSKOM BHAe: . 

J (va) = A'IIa 2 (w 2 -w
2 

), Z (va)=B'IIa 2 (w2 -w
2 ),J (vb)=CIIa

2
(wa.w

2
),(44) 

0 ml 0 m2 0 m8 

J 

rAe A, B, C He aasncnT oT w noACTSBIIHH (44) B (43), MO*HO nony'IHTb 

¢ 

. --- . [ 2( 2 2 2 2 
j(w) • ¢2(w) =i1Tayk2-w 2 ·A·B··CII a w -w,.I)]La (w2-w.,2)] 

[a2 (w2- w 2 )] • (45} 
m8 

C Apyro!1 CTOpOHbl, Y'IHTb!BSH (41) H (42), HM99M paB9HCTBO 

[2 2 2 2 2 2 

¢1 (w) • ¢2 (w) = -ayk2-w2 'II a (w -w,.l )][a (w -w,.2)] 

[a2(w2 -w =a)] 

Ecnn BbtopaTb 

p 
I 

p 
2 

2 2 2 
[a (w -w,.

8 
)] 

Zo (va) 'II - --- 2 
y-IIT]0 (va)-. -- [ 2( 2 w2 )][a2(w 2 -w J1 J0 (vb) a w - ml m 

12 

(46) 

•: 

(nerKO BHAeTb, 'ITO pI p 2 He 38BHCSIT OT W ) 0 To IIOACTSHOBKS ( 41) H ( 42) B 

(43) YAOBneTBopneT STOMy paBeHCTBy, 0KOH'IST!!nbHO ¢opMynbl JlnSI cp 
1 

(w) 

npno6peTaiOT BHA: 

¢I (w) Y iiTa (k + w)Z 
0 

(va) Jo(va) ll (w + w ml)(w +w m2)(w -w., 8 ) 

10 (vb) (w+ w 
8
)(w-w )(w -w ) 

m ml m2 

_¢
2

(w) = yi1Ta(k-w)Z
0

(va) Jo(va) 'II (w-w.,IXw-w,. 2 Xw+w., 8 ) 

J (vb) (w +w,. 8 )(w + w,. 8 )(w - w,.J 

3, Bon!lbl B BOIIHOB0JlH0!1 CHCTeMe 

n ¢
2 

(w) 

(48) 

nocne Toro, KSK onpeAeneHbl ¢YHitllHH F(w) H L(w) , B03MOlKBO npHCTyllHTb K 

Bbi'IHcneHnto nonel1. 06mn!1 BHJl ¢ynnnn u! , xapaxTepnaytomen none .l!n¢paxnun, npnBe-

Aell B \!JopMyne (7), nonCTSBnlUI B (7) 311a'leiiHSI :F(w) H L(w) H3 (14) H (33). MO*-

110 nony'IHTb 
--- lw~ 

I q• ¢ 2 ( ~ ) y k - ~ ,\(k) .. 10 (vr)Z 0 (va)e dw 
'II = f , r.< a 

"' .41T<i> I 0 (k•ya) -oo J
0

(vb)(w-..£)yk-w 
u 

¢2 (w) 

-- lwz \ (49) 

u' = 
.. ~ (va)Z 0 (vr)e dw 
f , r '>a 

"' -oo J 0 (vb)(w- !!L)yk -w ¢ 2 (w) 
u .. 

HHTerpan B ( 49) Bbl'IHCIISieTCSI llpH IIOMOmH Bbl'leToB, Jlng OOIISCTH BHyTpH nonyf5ecKOHe'IIIO­

I'O BOIIHOBOAS HMeiOTCH IIOIIIOCS IIO)lb!HTerpaliLIIOI1 ,PyHKilHH B TO'IKSX, I'Ae OopamaeTCSI B 

Hyn& ~ (va). 

Jlng oonaCTU MelK.Ily BOIIHOBOASMI! noniOCa of5pa3yiOT HYnll ,PyHKilHH Z 0 ( va) , 06naCTL 

Z < 0 1 rne I!MeeTCSI nnmL OAI!H BOIIHOBOJl, xapaKTepnayeTCSI TOll: OCOOeHHOCTLIO, 'ITO 

KOIITYP I!HTerpnpoBaHHSI B (49) llpHBOJli!TCSI Y*e He B Bepxaell: IIOnyllllOCKOCTH nepeMeHHOI'O 

W 0 a B HHJKBell: nonynnoCKOCTI!, noSTOMY nontoca COOTBeTCTBYIOT HynSIM J O (vb) , 

nontoca nepBO!l: H TpeTLell: rpyllllbl HMeiOTCSI B TO'IKSX 

(50) 

(51) 

. 13 



Tenepb 6yneT' paccMOTpeH aan nonefi B oTnenbHOCTH nns xa~ofi o6nacTH. 

1) 06nacTb BHyTpH nony6ecKOHe'IHOro BOIIHOBOA8 J % "> 0 1 r < 0 • 

q¢2(~)yk-~ ,\(k) 
lwa 

I 

'll"' = 
u ll 

J0 (vr)Z 0 (va) e dw 

f------------------
-oo J

0
(vb)(w -!!!_)y~ 

ll 

4mu• I 0 (k.ya ) ¢2 (w) 

11HTerpan paBeH CYMM8 Bbl'IBTOB B TO'IK8X 

w = w 
u 

H ;:-r--r J (v a)= 0. w =v'k -vml 1 o ml ml 

Bbi'IeT B TO'IKe 
w 

W=­
U 

paBeH 

q • >.(k) ~(k·yr ) 
I~ 

u 
e 

""'i I 0 (k·ya). 

"' f-Z 

I K
0 

(k·ya)-I 
0 

(kya) Ko (k-y b) 

I 0 (k·yb) 
I a 

q>.(k) e u llo(loyr)Ko(k-yb) -Io(loyr)Ko(loya) ). 

""'i I 0 (k·yb) I0(k-ya) 

Cornacao ( 5), none aapSina B aonnoaone panayca r = b paBHo 

·no = 

"' 
- ~: ~·{K 0 (Joyr- K o(k·yb) I

0
(loyr) I. 

""' i 10 (ky b) 

BbipaJKeHHSI (54) H (55) naroT B cyMMe 

0 q>.(k) I~z . K 0 (1<ya) 
(ll"') =- ___ e u {K 0 (loyr)- I

0 
(k·yr) I 

~=• 11«> i I 0 (k·ya) 

(52) 

(53) 

(54) 

(55) 

(56) 

0 

(ll«>)r=a , KBK aTO nerKO BHAeTb, HBnSieTCSI noneM 38pliA8 B 6ecKOH8'1HOM BOnHoBOne pa-

nayca r= a • none H3ny'leHHH, T8KHM o6pa30M0 onpenengaTCH Bbi'I8T8MH 'B TO'IKBX 
I 

WI • Ecna o6oaHa'IHTb none uany'leHHSI (ll«>)H , TO 

I 

(ll«>)H l,_<a = 

•>o 

q•.l.(k)yk -~¢.(!!!) 
u • ll l: 

2«>i I
0 

(loya) m 1 

2) 06naCTb Me~y BOnHOBOnaMH, z•> 0 

nacTH onpenenaiOTcs 

lo(vml r)Zo (v a )e lwml" ml 

fg(vmlb)y'k -wml(wml-"'
11

)¢'(wml) 

(57) 

r•> a • Cornacno (49), nons B aTofi o6-

14 

lwo 
u'=qA(k) .¢2(~-i.Joo fo{va)Z0 {vr)e dw 
"'--

4m>.> 10(loya)- J
0
{vb)(w-!'!!..)yl:-w ¢

2 
(w) 

u 

J1HTerpaii paBeH CYMM8 Bbl'IBTOB B TO'IKBX 

Bbi'IaT B TO'IKe 

w = "' u 

w = w u 

w = v'k 
2

- v 
2 

m.2 m2 
1 Z0 (vm 2 a)=0. 

paBeH 

q •A(k) 10 (loya) 
e 

"' K0 (loyb) 1 = 
1

;;-" {K (kyr)-lo (loyr) 1 (kyb) 
mui lo (kya) 0 0 

Ko(k·yb) I . q·.l.(k) eu:;z I Ko (loyr) -lo(kyr) lo ( loyb) 
rrrui 

(58) 

(59) 

(60) 

BbipaJKeHHe (60) paBHO H npoTHBononoJKHO no aHaKy 
0 

'll"' (55), onpenensromeMy none aa-

pS!na1 nponeTaromero no ocu 6ecxoHe'IHoro BonaoBona pannyca r = b 1 T.e. B cyMMe Be-
e -

nH'IHHbl (60) H 'll«> naroT Hynbo 

3TO COOTB8TCTByeT TOMY1 'ITO none 3apanal npon8T8IOill8rO B fiBCKOHe'IHOM BOIIHOBone 

panuyca r =a 1 npononJKaeTcH no r -<.>. a 
L 

OTnH'IHblM OT HynSI. none nanyqaHHSI ('ll«> )u 2 

nnpnr~a aTO none He MOJKeT 6biTb 

1 (ll«> >ul.> = q.\(k)¢2(!:!..)v'k- ~ z>: Tc;;i ~ . . . ll 

Bbl'IHCnSISTCSI no Bbl'I8T8M B TO'IK8X "'m 

l: 

lwm:f 
Jo(vm2a)Zo (vm2r)e 

m2 Jo(vm2b)¢;(wm2)yk-wml~,2- ~) 
(61) 

3) 06naCTb 6ea nony6eCKOHe'IHOrO BOnHoBona1 Z < 0 

1 
n = 

"' 

I 

n"' 

q· ¢2 (~)yk -!!!_.\(k) 
ll ll f 

411«> l
0
(k -ya)-oo 

q¢2 (~)yk -~>.(k) 00 

u ll f 
411«> I .~k·ya) 

-lwz 
J0 (vr)Z 0 (va) e dw 

r < a : 
J 0 (vb)(w- :)vk-y. ¢

2
(w) 

-iws 
(62) 

Jo(va)Z 0 (vr) e dw '· 
• r > a. 

J0 (vb)(w -~ )yk-w ¢ 2 (w) 

2 

11HTerpan Bbi'IHcnaeTca TBKJKe npn noMomn- Bhl'IBTOB. Tax KaK -1m w < 0 , To KOHTyp nn-

TerpHpOBaHHSI HaOf5XonHMO 38Mb1K8Tb B npyrofi nonylillOCKOCTH W, Jm W < 0 1 rna 
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¢ (w) He nMeeT HyneA. Hynn HMeeT J0 (vb) = 0 B TO"'KSX wm 3 -=Vk 2
- v~ 3 

QqeBHAH0 0 cnpaBOAIIHBN COOTHOWOHUH 

Z
0 

(vr) = J
0

(vr)N
0 

(vb), Z
0 

(va) =J
0

(va)N0 (vb), 

(63) 
J

0
(va)Z0 (vr) = J 0 (vr)J0 (va)N0 (vb), T.e. 

noAbiHTerpan&nan <jlynKnnn onnHaKoBa nnn r.< a n r> a • KpoMe Toro, T.K. J,. w < 0 

H npennonaraeTCH0 'ITO W HMeeT nonolKHTenbHYIO MHHMYIO KOMIIOHOHTy, TO W = .:!!_ B 
u 

npenenax KOHTypa HHTerpHpOB&HnH He BbiiiOnHHOTCHo 06a Bb!BOAB COOTBeTCTByiOT <jlH3H'lOCKOA 

KapTHHO: IIOCKOIIbKY nnn Z <0 neT BTOpOro BOIIHOBOA80 T0 0 Bo-nepBbiX0 Bblp&lK8HHH AIIH no-
1 

nell ae AOIIlKHbi OTIIH'Ia'I'bCH npH r < a H r > a Ho BO-BTOpbiX0 fl «> .B 60IIbWOM 

BOnHOBOAe MOlK8T OllHCbiBBTb IIHWb. none B3IIy'leHHHo 

npn 

Bbt'IHCIIHH Bbi'leTbi H B~IIOIIb3YH ( 63) 0 MOlKHO nony'lHTb Bb!p&lKeHHe AIIH llOIIH AH<jlp&KHHH 

z < 0 

«> _/ «> -twa• 
1 q •A(k) ¢2 (u)vk-u Jo(v,.a r)Jo(v,.aa>No(v,.ab)e 

en > I = -- :£ 
"' u z<o 2«>i I 0 (k•ya) ma J' (v b)¢ (w )(w +f!!..)yw .+k 

0 ma 1 m8 ma u mo 

(64) 

4. Hanyqenne aapnna 

Bbi'lHCneHHble nonn onpenenniOT noTepn na nany'leHne npn nponeTe aapnna qepea oT­

Kpb!TbiA KOHen nony6ecKOHO'lHOrO BOnHOBOAa. KaK H3BeCTH0 0 llOTOK H3IIy'l&eMol1 aneprHH AIIH 

BOnH C onpeneneHHOA qaCTOTOA «> MOlKHO Bbl'lHCIIHTb llO <jlopMyne 

w"' 2 r.c f:E«>r H«>r rdr. (65) 

IloncTaHOBKa BbtpalKeHnA none A qepea BEliKTOp 'll ~ , npnBeneHHbiX B ( 17), npeo6paayeT 

(65) K BH.tly 

w"' 
a , 2 

2a«>w f[- ('ll"' ) ] rdr. 
I ar u (66) 

I 
Ta!t K&K CBOACTB& {'fl«>)u paaiiHqabl ,!liiH KBlKllOA o6n&CTH0 Heo6XOilHMO B OTnenbHOCTH 

onpenennTb ·w"' BHyTpH KBlK.tlOA o6naCTHo 

1) r < a z ·> 0 • HaTerpnpoBanne B {66) Heo6xonnMo npoaaBOnH'I'b oT r = 0 

nor=a. 

a a I I 2 

w"' 1._<. =-2a«>w f[Fn"' >u 1 rdr , 
s·>a o r 

(67) 

rne 1 I I . 
(11 ) = (TI"' ) lr.<a 

CtJ u u ··>o 
(68) 

16 

Ilpoaaoons onepanan nn<jl.pepennnposaans, ooaseneaae B ItBsnpaT n HHTerpxposaane Han Bbl~ 
I 

p&liCE!HBeM nnH (TI«> )
4 

, npHBE!nOBHbiM B (57), MOlKHO nonyqxTb 

2 2 (k "'> 2 "' ) 
• q A (k) -1 ¢ 2 ( u :£ -::----w-',."-'1------:: 

"'
17 ~"o(k•ya)· • 1 ¢' 2 (w )(k-w )(w -.!el• 

:w «>Ia< .. 
··>a 

2 • ml m.l •1 u . 

IlpB nonyqeHBH ( 69) 6biiiH BCHOIIb30BaHbl TOlK.tl8CTB8 

.. 2 2 
2[1( ) v,. 1 a 2 ) v,.

10 
J1 v,. 1r rdr- __ 

2
_ J

1 
(v,.

1 
a 

rne 

"•• .. vmla ' J 0 (v .. 1 ) • 0, 

v,., J 2 (v,.Jl • -2- I 

N0 (v., 1)j 1 (v. 1)-N 1 (v,. 1 )J 0 (v.
1

) = N
0 

(v,.
1
)J

1
(v,.

1
) • 2 

JTV ml 

NZ 0 (v,. 1) = N0 (v. 1)J 0 (v,.p)-J0 (v,. 1 )N0 (v.
1
b) • N

0 
(v.

1
)J

0
(v.

1
b). 

2) 06naCTb MOlKlly BOIIBOBO.tl8MH
0 r >a , z > 0. 

b 

I a 1 2 2 
WC<l r>a =- 21TC<lW f£-('fl«>) ]rdr, 

z>o a ·a r u 

rna I I I 
(11 )2 = ( ll«>)u r>a 

"' ' ··>o 

(69) 

(70) 

(71) 

nnn llOtiCT&HOBKH B (71) cnenyeT HCllOnb30B8Tb <jlopMyny (61), onpenenHIOIIIYIO (11 1 )2 • IlpH 

"' u nnTerpnposaann Hano npnHHTb so BBHMaane, 'ITO Z
0

(v.
2
b)a 0, Z

0
(v,.

2
a) = O, 

COriiBCHO (59), H llOSTOMy HMeeT· M8CTO paBOHCTBO 

b 2 2 2 

f Z 1 (v,. 2r) = ~ l[bZ 1 (v,. 2 b)] -[aZ
1 

(v.
2 

a)] I . 
IlpH aTOM Bblp8lKOHB8, nnn ·ww ·lr>a 

•>o 
6yneT HM8Tb BHn: 

(72) 

·w"' I r·>a = a~q~2(k) "' 2"' (k-u>¢2<u-> 
2 2 2 ~ 

v,. 2 w.J0 (v,. 2a){[bZ 1 (v,.
2
b)]:.{aZ

1
(v,.g)] I 

I 0 (1oya) 
:£. 

.m2 
lc,2(v.,.2 b)¢':(w.,.2)(k -•.Jew.,. 2...;72 

r>a ---
•>O .4«> 

(73) 

Ecnn ncnon&aoBaTb cnenyiOmne oqeBHllHble cooTaomeann: 
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Zo(vm2a) =Jo(vm2a)No (vm2b)-Jo (vm2b)No (vm2a) = ~' 

10 ( v;;...t2.._ 
Jo(vm2b) 

fb(vm2a) 

No(vm2b) 

Z1(vm:P) = J 1(v. 2a)N0 (v.Jl)-N 1 (v. 2a)J0 (vmJ>) = 

Jo (vmil) 

1o (vm2 a) 
[JI (vm2a)No(vm2a)-NI (vm2b)Jo (vm2a)] = 

Jo (vm2b) 2 
TO 2 • zl (vm2b)= 

1o (vm2a) ITVm2 a2 
---. 
ITVm 2 b 

v 2 {[bZ (v b)]~-[aZ (v a)] 21 Jo (vm2a) 
m2 I m2 I m2 -Jg (vm 2 b) 

a <jlopMyna (73) npao6peTaeT 6one.e npocToll BHA: 

2 2 . 

= l[ J~(v. 2 a ) 
"2 J: (vm2b) 

2 

- 1] 

[ 1o(vm2~) - 1] 
wm2 J~( vm 2 b) 

(74) 

(75) 

(76) w 1 = q A (k) (k -~)¢2(~) 
ru r>a --- U 2 u 

""' I 2 ('- l: o "'ya) m2 z>o ¢'22(wm2 )(k -wm2)(wm2- ..fiJ..'f 
u 

3) z < 0 , o6/ISCTb, CB060AHSH OT nony6eCKOH9qHoro BOIIHOBOAa, <jlopMy/Ia (64) AS= 

I 
(ll cu>u npH Z < 0 • fiollh3YHCb (64), MO}KHO Hai!TH BblpaJKeHHe eT BblpaJKeHHe A/Ill 

AIIH H3nyqa9MOI! 3HeprHH0 eC/IH HHTerpHpoBaHHe B ( 66 ) npOH3BOAHTb OT r = 0 AO r = b • 

1-fHTerpa/I B ( 66) nerKO BblqHC/IH9TCH1 9C/IH npHHHTb BO BHHMSHHe oqeBHAHbl9 COOTHOW9HHH 

2 b 2 
vm 8 J J 1 (vm 3 r)rdr 

0 

2 2 

Vm8b J 2 (v b), 
--2-- I m8 

N0 (vm 8 b)J 1(vm 8 b)=N
0 

(vm
8

b)J 1(vmJl)- N1(vm 8b )J
0

(vm 8b) = 

BbipaJKeHHe AIIH aanyqaeMoll sHeprHH HMeeT BHA: 

2 2 2 
q A(k) ¢ (~(k -~) 
-- u l: 

Wma 

2 
Jo<vmaa) 

Jo2(vmab) 
Wcu l •. <o = 

IT<U I 0 (k•ya) m8 
¢1 (wma)(k +wmaXwma+ !!Lf 

u 

Ecnn o6oaHaqnTb 

·w"' 1 •. <. 
z>o 

·w I , ·w"'l•>• = ·w2 , 
• >o 

H Dp0H3B9CTH TOJKAeCTBeHHy~ 3SM9Hy 
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wcu:l •. <o= :w 3 

(77) 

2 

rr Vma b 

(78) 

(79) 

I' 
:,\ 

(t 

:~ 
. )\ 

I 
,/i, 

\If 
. )1 
··? ~ ' j•' 

i 
.~ 
" 1: 
/II 
;i;l 

til 

! 
'I 
l 

~ ~ ( 

II 
,I·. 
l.j 

(I· 
•''· 

" 

(U 
-= k 

{I' u 
.!.. (k 
k 

1 ~) = .1- p. 
u 

TO Bee Tpn .PopMyiibl AIIH noToxa nanyqaeMoll sHeprnn MOJKHO aanncaTb B BRAe: 

:wl 
2 (l-1)¢2(k) 

q2 A (k) 7I 2 7J' l: wml 

~rcl:(k•ya) ml ¢'12(wml)(k-wml)(~-w.,/ 

(80) 

2 2 
W2 =qA(k) 

1 
2 

k 
(1-7I}{J¢2(7J) l: 

"clo(l<iya) m2 

[J:(vm2a)_l] 

wm2 J ~ (vm2 b) ~ (81) 

¢ , (w )(k- w 2 )(~ - wm~2 2 m.2 m fJ 

2 

·w a= 
2 2 

q A (k) 

1 2 k 
(l-7J)¢2(7f) l: 

rrcl:(k-ya) "' 8 

Jo (wmaa) 
w 

j~·( Vma b) 
2 k 2 

¢1(wma)(k-wma)(wm8+ /f) 

5. fionyqeHne npH6/IHJKeHHbiX <jlopMyii 

rrpn noMomn <jlopMyn (81) MOJKHo oneHHTb BenHqHHy noToKa nanyqaeMoll sHepraa. B 

o6meM cnyqae neo6xoAHMO 6bi/IO 6bl BbtqncnHTb 6ecxoHeqHbie cyMMbl no m 
1 

m 8 . n nHTerpaiibi B 6ecxoneqHbiX npeAenax no qacToTe cu • 

m2 

0Anaxo <jlynxnna OT cu 0 BXOAHWH9 B (81), TO/IbKO TOrAa HM9IOT KOpHH, KOrAa 

k ·> v CneAoBaTen&Ho, A/Ill ASHl!oro k HMeeTcll /IRm& KOHeqaoe qncno Benaqan \""' 
1

, 

Vm2 H Vma 

TaxnM o6paaoM, cyMMbl no m 1 m 2 H m
3 

COA9plKaT KOH9qHQ9 qac/IO qneHOB0 

eCIIR k KOReqao. nnll npH6/IRlK9HHOi! OU9HKH MOlKHO TSKJKe H BM9CTO 6eCKOH9qHbiX npe= 

A91IOB HHTerpnpOBSHHll yqHTbiBSTb KOH9qHyro 06/IaCTb B9/IHqRH 
2 

My/Ibl (81) COAeplKST B 3HSM9HST9/I9 MHOlKHT9/Ih 10 ( k.y a) 

qegaeM qaCTOTbl <U W 
1 

, ·w 
2 

y6biBaiOT no aaxoey 

k • nei!CTBHTe/IbH0 0 <jlop­

• CneAoBaTe/IbHo, c yaenn­
-2k•ya 

e • EcTecTBeHHO BBec-

TH nexyro aepJmroro rpaHnuy qacTOTbl cu ="'max • HanpaMep, oueiiHTb "'max= c • kmax 

npH nOMOWH paBeHCTBS 

kmaltya= 1 • 
(82) 

~HTepeCHO OTMeTHTb, qTo ecnn 38ASTb •y ·a H b , T.e. CKOpOCTb 3apHAS H reo-

MeTpHq9CKH9 p83M9pbl BOIIHOBOAHOI! CHCT9Mbl0 TO MOlK9T OK838TbCH0 qTQ HSAO yqJITbiBSTb 
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TOnbKO no OAHOMy 'lneay B CYMM8X. no m l , m I , m a • 3To 03H8'188T, 'ITO B 

TaxoM cny'lae ¢opMynM (81) O'I&Hb yno6ao acnonbaosaTb nna 'lacneHBMX oneaox nepexon-

Horo B3IIY'I8BHH, 3H8'18RHH v,., V 10 2 , V • a npa m a 1 COOTB8TCTB8HHO p8BHhl 

VII• 2:Jt_ 1 VIJ .. a 

rne v 0 - xopeab ¢yaxnaa ·seccena, 

f1 

b - a 
vo 

vu= T' 

] 0 (v 
0

) • 0, v .. 3 
0 -A"" 

Oco6eaao HHTepecea cnyqaa, xorna naaMeTphl BOnaoBOnos 

'ITO BhlllOnHH8TCH ycnoBae 

a ·>> b -a , b ». b -a , a J!! b 

Torna as (83) c y'leTOM (84) cnenyeT, 'ITO 

Vu• vu<< vll 

(83) 

a H b Bhl6p8Hhl TSX, 

(84) 

(85) 

Ilpa BhlnOIIH8HHH YCIIOBHH 85 MOJK8T OX838TbCB, 'ITO AnH k -~ _1_, w =y k ~- v 1 
·ya u 2 

6yneT B8IIH'IBHOll MHHMOi!, T,e, C ll8HHO!l '18CTOTOll BOo6me He MOJK8T CYIII8CTBOB8Tb BOIIH 

B llpoCTp8HCTB8 M8*lty BOIIHOBOll8MH, 

Taxoa cny'laA sxsnsaneaTea pacnonoJKeaaro, xorna B nnnnanpnqecxoM sonaoBOne aMe­

eTca cTynenbxa - nepexon oT ·onaoro nnaMeTpa x npyroMy. 

Jlpyroa xpaAana cny'lali, xorna, b >> a • Ilpn b -+ oo cooTaomeana, rrony'I&RHMe B 
/3/ STOll pa6oTe, llOIIJKHhl nepeXOllHTb B ¢opMyiibl H3 pafiOThl o 

'iT06hl nOK838Tb, 'ITO STO ll8liCTBHT8nbHO TSK, Hano p8CCMOTp8Tb $yBKllHID 

J o ( va >I J( o ( vt) -J o ( vt) J(o ( vb) I . 
J o (vb) 

IlpaKTH'I8CKH B8IIB'IBH8 k scerna conepJKnT ae6onLmyro MHBMyro 'laCTb acnencTBne 

aaTyxaann. CnenoaaTenbao, 'lncna v KOMnnexcaMe • 

v = v 1 + iv 2 • 

Ilpa aeorpaaaqeaaoM aoapacTaann apryMeHTOB ¢yaxnnn Beccena cTeMaTca x cnenyro-

IIIHM BerrB'IHHSM: 
hlo 

}(0 (vb) -+ e e ITllo e -Tilo 

b .... oo 

J
0

(vb) .. 

J<o(vb) 

IYlo •IYb •IYib Y b 
e +e ... e e 2 

--+ e 21Ytb e •2Y2b .. 0 • 
J0 (vb) 

b ... 00 • 
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CnenoaaTenbHO, npn b -+ oo 

J( J<0 (vb) J( 
J 0 (va)l 0 (vr)-J0 (vt) __ llb-+oo-+J

0
(va) 

0
(vr), 

J0 (vb). 

'ITO n Tpe6oaanocb noxaaaTb-

B K8'18CTB8 npaMepa MOlKBO p8CCMOTp8Tb0 KSKBM o6p830M llOny'IBTb oneaxy llOTOK8 

aanyqeaaoa aaeprnn B nony6ecxoae'IHOM nnnaanpe, T.e. onpenenBTb 'lncneaayro senn'laay 

·w ·1 , xorna MoJKeT c;YmecTBOB&Tb enaacTaeaaall aonaa c 'IBcnoM w ., 1 • B ¢op-

MynynnH W1 BXOllBT OTBOW8HH8 B8IIB'IHH ¢!(~)/¢;
2

(w,. 1) o JlnH.Oll8HKB STOro 

OTHOW8HHll yno6HO BOCllOIIb30B8TbCll T8KOli 38nHCbiD cp I ( W) , BHll KOTOpoli lipBB8li8H B 

(41). Cornacao (41), 

¢ 2 (w) = vw -k ·n <i -w,.1Xw-w .. 2 

(w- " .. a 
(86) 

rne w = aw , k = dk 

Torna, cornacao (86), 

k k- -1 '"k <P2<i =<7i-w .. 1 >vrv 71 -1 <P2<7f>' 
(87) 

(88) 

¢~(w,.l) =a v;_l-k ¢"2(;,.1). 

rne 
.. (w -w > - -
¢2(w) = ·n ml (w-w ) · m2 (89) 

(w-w .. a> 

MHOlKHT8IIB no m 1 H8AO C'ii!:Ta'l'h, H8'1HB8ll C 

'ITO·neilcTBHTenLBMMH 'lncnaMH aanHIDTCll TonLxo 

m 1 .. 2. Ilpa cnenaaaoM npennonoJKeaaa, 

w.~Jml-=1 B W a :1 , 0'18BHliHO, OT-
m ma=t 

aomeaae 
~ k 
¢2 <-,r) 

= 1, (90) 
8 = 

¢ .. 2 <W" .. I 

To rna 

2 k 

~ 
¢,2 2(w,.l) 

k 2 1 
k <-,r- w,.l ) <-,r-1) 

(91) 
w,.,- k 

C'!BTaa 0 -~k·y a -~ 1 10 (1oya) .. H IIOliCT8Brrllll npH6nBJK8BB08 paB8HCTBO (91) 

B ( 81), MO~HO nony'IHTb 
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:w I= 

( 1 1)2 
[o· q· A (11:)]

2 ~ •.;1 • 11: 
17C (k -• )2 

•I (92) 

nonaas aaepras, aany'leHHas upa nponeTe aap.IIlla, acT& BaTerpan no seeM 'IBCTOTaM OT Mil· 

HHM8n&ROA, 

.110 MrutCHManbHOA 

Ecna AonyCTHTb 

k max 

kmia. • Vml 

k = max 

k 
miD 

·ra 

1 •y-;_- vml .« V ml I 

TO RHTBrpRpoB8HRB MOJKHO 38MBHRTb YMHOlKBHHBM ·w I aa nonocy 'lacToT 

/1(,) = c <-1-- v 1 )=~(..!..-v) • ·ra .. a ·r 

06oaaa-qaa nonayro aaepraro -qepea U , MolKHo aanacaTb c y'IBToM ( 94) : 

u 
2 1 2 

_1_ [q·A(k)o] <;r-1 > 
17a "' 

- .. 1 
w 1k(--v) 

m ·Y 
(I<' _;ml )2 

= .. 

(93) 

(94) 

(95) 

k • •ml cpeAHRe aaa-qenaa k w,., H8 .IISHHOM HHTBpBane, npa BbinonaeHHH (93) 

MOlKHO nony'IHTb 
= 
l< = k max ya 

w = w = · 1k
2 

-v
2 

= ml mlmax V max ml - y2k .& 
max 

(96) 

1t -'W = L k ml ,max• 

Hcnonhaya paBBHCTBa (96), MOJKHO (95) npeo6p&30B8Tb K BRAY 

u 
..;2 a/2 

--- [q ·A(k)· o] 2(.!...-1)2(1-.yv) 
rra ~ ·r 

(97) 
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Ecna npBHHTb 

a. KonR'IBCTBBHHhiB OUBHKR 1!3Uy'IBHHOA aneprnB 

A (k) = 1 • 0 = I • TO 

u ..;2 
17a 

a 8 • 

q2(1 2(1-· a/2 --0 Yv> p ---

·r = 0,4 <·r = 

·r 

_1_). 
2,5 

nna OTBBpCTI!H B 6eCKOHB'IHOM 3Kp8HB 
/7/ 

, cornacao , 

r.11e 

uoo 
2 

_q __ 

a·y~ 

u 

uoo 

a - ,III!&MBTp OTBBpCTBa, 

( 1 -~) 

~·r 

2 
(1-{3)2 

yl - ~ 2 

- 2 ~2 
y2 f3 (1-M 0-·yv) 

.. ~ ·r 

= ( 1- ~ ) a/2( 1 + ~ )--;, 

u a/2 
..;2 [(1-M(l-•yv)] y1 + ~ .. 

a/2 2 a/2 
[(1-p)(1-yv)] = ..!...[l-\.y (1-·w)] 

1T 1T uoo 

H no.QCT&Bn>~a 'IHcneanhie Bb!p&)[{eana, nony'InM: 

-6 
u 5.10 . 
Uo 

PA3nEn II. Hany-qeane MaranTaoro .11unonu 

B paa.Qene I paccMoTpeao nepexoAaoe nanyqeane, B03HHKaromee npB nponeTaann aapa-

.118 no OCR .IIBYX nRnHH.IlpR'IBCKHX K08KCH&nbHbiX BOrrHOBO.IIOB, 

Bo BTopoM paa.11ene 6y.QeT paccMOTpea cnyqaA, xor.11a no ocR TaKRX BonaoBO.IIOB ABR-

)[{BTca ae aapa.ll, a MarHBTHbiA ARnonb P m 

M&rHRTHOrO ,QHnOUH noCTOSIHH& R p8BH8 U 

• npe.QnonaraeTCSI, 'ITO CKOpOCTb .IIBB)[{BHRa 

1. nona, B03HBK&IDmRe npR ,IIBB)[{BHRR Maranraoro .QRnOna 

none, B03HBKaromee npR .IIBB)[{BHRB .QBnona pm 0 SIBUHBTCH cyMMOA COfiCTBBHHOro 

nona p B 6eCKOHB'IHOM BOUHOBO.IIB R nona AB¢p&KIIRB H8 OTKpbiTOM KOHUB nony6ec-
KOHB'IHOrOmBOnHOBOU8, EcnR nona onRCbiB&Tb ¢yaxuReA BBKTop- noTeaunana X 
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TO A A ... l + ;o (I) 
... 

rAe Ao cnymuT Anu Bhlpamenuu co6cTsennoro nons, a A I - HOnK AH¢p~HHo 

B cnyqae C MarHHTHhlM AHnoneM HM9eTca TO OTnH'IH9 OT 3SAA'IH C 3apaAOM1 'ITO 

TenepL B036ymJ:~AIOTCa MarHHTHbie BOnHhl1 a He !9ll9!tTpH'feCXH9; HS CTGJU:ax BOnHOBOAS np:S 

ABHmeHHH MarHHTHoro AHllOna HSBOilHTCa 83HMYTSnLHhlil TOX1 TOrAa XSX ABHmeHH9 an9XTpH­

'19CKOro 3apaA8 HSBOAHnO npOAOnLHhlil TO!to Hanaqae BOnH TOHL!tO OAHOro THll8 H B TOM1 H 

B ApyroM cnyqae o6ycHOBH9HO CHMM9TpH9il 38A8?• Ta!tJKe BCH9ACTBH9 CHMMeTpHH B 

cnyqae MSrHHTHOro AHnona B91tTOp-llOTeanaan A HMeeT TonL!tO 83HMyTanLHYIO KOMllO-

H9HTY .... 1 ; 0 0 1 
I A 1 =·A¢ I A =A¢ I Acp=A¢ +A¢ • A= ·A¢ 

KoMnoaeaThl none a MarauTaoro .Txna ·.E ¢ 

AYIOillHM o6paaoM: 

E = _!_~ H 
¢ c at I 

H. H. Bhlpall<aiOTca qepea 

~L(rA ) 1 H =-~ 
r ar a z 

( 2) 

A¢ 

(3) 

ITpa ABHmeanH MaraHTnoro AHnona P,. 
0 

B CB060ilHOM npOCTpSHCTBe ¢yHKllHa ·A¢ 

B9CTH8 H p8BH8 

0 
A = ¢ 

p m'Y - l~z-ut) 
4;c-_~ Kl( kyr)e u rudru 

u 

rAe 
k = .!£.. 

c 

0 
BBOAa npeAcTasneaua A¢ 

0 

.--
y1-fj2 
-{3~ f3 'Y 

B BHile pa3nOJK9HHa 

0 -l<Ut 

A¢= -,:;fA</xue dru 1 

B38M9H ¢opMynhi (4) MOmHO nony'IHTL 

0 

A</xu = P,..yk Kl(k·yr)e 
-2-u-

l~z 

u 
c 

(4) 

(5) 

(6) 

(7) 

Bbipamenne (7) aBnaeTca 'ISCTHhlM peweaueM Ana 38Aa'ln onpeAeneaxa nona P m 

cne-

H3-

llpH ABHm9HHR B 6ecKOHe'IHOM BOnHOBOA9 paAHyca. b • 1ho6bi aai!TH o6mee peweHne, 

aaAo 'ISCTaoe cnoJKHTL c peweaneM oAaopoAaoro ypaBaenua Maxcsenna n YAOBneTsopRTL 

rpaHB'IHOMY ycnOBBIO aa noBepXHOCTH 6ecxoaeqaoro BOHHOBOAS 

0 

A¢ru '•=b = 0 • (8) 
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ITpH BhlHOHH9HHH STOro H HCHOHL3ya (7), MOmHO nony'IHTb 

0 
A</xu = 

k·yP __ m 

2u 
[ K1 (k•yr) -1

1 
(kyr) K 1 (k·yb) 

II (k·yb) 

t.!£..z 
e a 

(9) 

I 
Tenepb Heo6xOAHMO HSi!TB BhlpameaHe AnSI A ¢ HnB Ana 

I 
A¢., , onpenenenaoro 

paBeHCTBOM 

I 
A¢= 

1• 
217 

I -I<Ut 

fA¢rue dru ( 10) 

ITone, C03A8HHOe 83HMyTSnLHbiM TOKOM HS HOBepXHOCTH nony69CKOH9'1HOrO BOnHOBOll8 1 onpe­

nenaeTca ¢opMynoi! 

•I 

A,p= 1 
oo lkR 

c J j(z) e cos¢ ds , 
R . --

ds - SH9M9HT noBepXHOCTH BOHHOBOll8/ 

I 

A cp= 

ds = ad¢dz 
217 lkR 

!. Jj(z)dz J_e_ cos¢ d¢, 
C-oo 0 R 

j(z~ nnOTHOCTL 83HMYTSHLHOro TOKS HS CT9HK8X BOnHOBOll8 

j(z) = f(z) 1 

J 
z > 0 

j(z) =0, z .< 0 

Ecnn j(z) H A¢ npel:tcTaBRTb B snne paanomeanu 

• lwz 1 j(z)=f:F(w)e dw 1 

I 1 I -I<Ut 
A¢=-r;-fArue dru 

( 11) 

( 12) 

(13) 

(14) 

H npOB3BeCTH npeo6p830B8HHa 1 llOA06Hbi9 CA9n8HHb!M B p83Aene 1 COrnaCHO COOTHOW9HBIO 

(8), TO ¢QpMyna (12) npHBOAHT K Bb!pameHHIO 

I 
Aru = 

AI = 
<U 

2 
2u a ~ lwz 
---- J:F(w)J1 (vr)J< 1 (va)e dw 1 r' <a 

c 

2 

217 a 
e 

lwz 
J:F(w)J

1 
(va)J< 1 (vr)e dw , r > a. 

(15) 

4>opMyna ( 15) asm1e;ca 'ISCTHbiM peweaHeM Ana nona AB¢paxnxn. 1ho6bi nai!Tn o6mee 

peweane, HSAO K 'ISCTHOMY A068,BHTL peW9HH9 OAHOpOAHOrO ypaBH9HHa C HpOB3BOHLHhlMH 

xoa¢¢unneaTaMH, xoTophle or.peAenaTCSI npn yAoBneTBopemm rpaHn'IHbiX ycnoBHil aa nosepx-
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HOCTH 6eCEOH9~Horo BOnH080A8 

I 

·A ru 1.-b = 0 • ( 16) 

I 

CxnanhiBlUI ~acTaoe pem&Hil& nnH ·A~ , naHHoe B ( 16), c pemeaBeM onaoponaoro ypaB-. 

H9HHB H BhlJlOilBHH yCilOBH9 (16), MO~O JlO~Tb 

rna 

I 
Aru = 

21Ti -: lws 
__ f.F (w) L (w,r)e dw, 

c 

N 1 (vb) 
.f{wr) = i 11aj 1 (vr) ( N 1 (va) -J

1 
(va) I , r < a; 

J 
1 

( vb) 

N 1 (vb) 
.ttwr)= l11aj 1 (va) (N 1 (vr) -J 1 (vr) ---I , r >a. 

J 1 (vb) 

AaanorH~Ho Mo~ao BBecTH o6oaaa~eHHH 

N1 (vb) 
L (wa) = L (w) = l11aj (va)(N (va)- J (va) --- I . 

I I I J I (vb) 

BBonH o6oaaa~eHHH 

Z 1 ( va) = N 1 ( va) J 1 ( vb) - J 1 ( va) N 
1 

( vb) , 

Z 1 (vr) =N 1 (vr)J
1
(vb)-J

1
(vr)N

1
(vb), 

<jlopMyllbi ( 18) If ( {9) MO~HO npHB9CTH K BHny 

L[wr) =iiTBJ,(vr) Z 1 (va) 
J 

1 
(vb) 

L(wr)= iiTaZ
1

(vr) Jt(Va) , 
J 1 ( vb) 

L(w) = i 11 a J (va) Zt (va) 
I ---, 

J 1 (vb) 

r <a ; 

r •> a i 

r = a. 

(17) 

(18) 

( 19) 

} (20) 

(21) 

TaKHM o6paaoM, pemeHBe aana~H o nH<jlpaxnuoHHOM none CBonHTCH K onpeneneHHro 

.. 

<jlyaxnHH F(w) • nnll 3TOro MO~O nonyqUTb ypaBH9HHH, llpOHCXOnHWH9 B3 rpaaHqUhlX 

ycnoBHI! ua noBepxHoCTH nony6ecxoue~oro BonaoBona rrpB r = a • Ha rpaaH~hlx ycno-

BHA aa rroBepxaocTB rrony6ecxoae~aoro BonHoBona rrpH r = a MO~O DOJlyqi[Tb CBCreMy 

ypaBHeHHA, rroaBonHromyro orrpenenHTb F (w). 

npHp8BHHB8B S3BMyTaJlbHyiD KOMDOH9BTy 06ntero 31l9KTpH~9CKOro ITOilll DpH r = a· 1 

z > 0 aymo 
0 I 

E¢+E¢= 0, a, z > 0. 
(22) 
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Mo~o nonyqHTb nepBoe ypaBaeaBe, a, ynoBneTBOpHH Tpe6oBaaHro, ~To6M noBepxaocTBhll! 

TOK o6pantanca·B HOilb Ba nponon~eBHH BOilHOBOna DpH Z~ 0 1 MO~O nony~HTb BTopoe 

ypaBH9BH9 
f(z)·= 0, z < 0. 

(23) 

OnpenenHB E¢, H E 1¢ COrnaCH'O (3) C HCITOnb30BSHH9M (9) H ,( 22) H DOnCT8Billlll 

nony~eHBhle Bhlpa~eHHH B (22), a BbtpalKeaae nnH nnoTBOCTH Toxa H3 (14) noncTaBnHH B 

(23), ca=eMr ypaaaeaul! Mo~o aanucaTb B Bnne 

lws 
f:F (w) L(w) e 

I~ koy,P m [ K1(kyb) a 
dw - _o__ K1 (k·ya) -11 (k•ya) ] e 

:41Tiu 1 1 (1oyb) 
'z·>0;(24) 

lwo 
f.F(w)e = 0 , z < 0 •. 

MeTOit pemeHBH CIICTGMbl IIHTerpanbHhlX ypaBH9BHI! (24), npennOlK9HHhli! B/1/ 1 6Mn IICDOilb-

30Ba& B paanene I. nna paccMaTpi!BaeMol! aana~n COOTB9TCTBYIODlU9 npeo6pa3oBaHHH llpo­

BOnH T CH aaanorH~HhlM o6pa30Mo nonycKa9TCH, ~TO <jlyHKDIIID L (w) MO iKBo llp9/lCT8BHTb 

B Bllll9 

L (w) = 
L 1 (w)·L 2 ( w) 

2 ru­
w- 7 (25) 

L 1 (.w) . perynBpHa B ae uMeeT aynei! B aepxaei! nonynnocxocTH rrepeMeaaoro w , a 

. L 2 (w) perynapaa u ae uMeeT aynel! B aa~el! nonynnocxoCTII. B nepBoM ypaBaeana ( 24) 

xoaTyp aaTerpapoaaaua aeo6xonaMo npoaoniiTb 5 aepxaei! nonynnocxocTH. CnenoaaTenbHo,. 

npoH3Beneane F(w) L(w) non~o 6b1Tb perynBpao B Bepxaei! nonynnocH:ocTH aa 

acltllro~eaneM To~xn w = ~ , rna BMeeTcH npocTOA nonroc. Bo BTopoM ypaaaeau11 

(24) KOBJ'YP HHTerpHpoBaHHH 3aMblltll9TCH B BH~ei! DOilyDilOCitOCTH W • CnenOBST9nDH0 1 

F(w) non~a 6MTb perynHpaoi! B nro6oi! To~e aTOll rronynnocxo=u. 3TuM Tpe6oaaHHHM 

Mo~o ynonneTBOpHTb, ec::na F(w) npenCTSBHTb B BH/l9 

R 
.F(w)= L

2
(w) 

(26) 

rne R - HeKOTOpaa DOCTOHHHaH1 KOTOpyx) aeo6xonHMO onpenenHTb1 pemaH ~HcTBMY (24), 

Ecnu BB9CTH <jlyaxnaro t/J ( w) , TO 

t/J (~) • t/J 1 (w) t{J
2
(w) = vL(w) 

L 1 (w) = t/J I (w)(W+ ji-> ' 
yk +w 

yk 2-w 2 L 1(w)L
2
(w) 

...2 w2 

L 2 (w) = 

Q"i" 
tfJiwXw-~) 

u 

yk-w 

27 

(27) 



TO 

:F(w) = 
Ryk-w 

.p~ (w)(w - ~ '} 
(28) 

B COOTB9TCTBRB C (27) R (28) nepBOe ypaBH9HR9 (24) MO~O npenCT8BRTh B BRne 

. J< 1(vb) ,,.. R f yk -,w 

.P 2 (w)(w 
J 1(va)[J< 1(va)-J1 (va)---le dw = 

~) J 1 (vb) (29) 

koyP m K1 (loyb) t!!!..z 
--.- [K 1 (k-ya) -I 1 (k•ya) ] e u 

.41ft/3 · I 
1
(k·yb) 

Bbt'I&T B TO'D!:e W = .!:!._ paBen 
u 

Ilpn 

L(w)yk -w 
lws 

e 
R f -:--:--:-c--___,.-­

.P2 (w)(w - :') 

w = "' u 
• v = ik·y 

J 
1 
(ik·ya) = i1 1 (k-ya) , 

--- '"' L(~) yk-~ e :-q• 
u u-dw = 21fiR 
.Pa(~) 

u 

J( 1 (ik·ya) = · .1.. K
1 

(k·ya), 
If 

L (~) = 2ai1
1
(k·ya)[K (k·ya)- K,(k.yb) 1

1 
(loy a)] 

· u I I 1 {k·yb ) 

IloncTaHoBKa (30) n (31) B (29) npnBonuT K Bhlpa~eanro nnn R 

R = -
k·yPm .p 2 (~) 

u 

l611
2 ia I 1 (loya) yk-~ 

u 

(30) 

(31) 

a noncTaHOBKa nocnenaero B paBeHCTBO (28) npnBonnT K ¢opMyne nnn F(w): 

.F (w) 
koyPm .P~<~>v~ 

f3ifl .• (w)(w-!!l.)v'k -.!!!... 
• u u 

161f 2 ial 1 (loy a) 

(32) 

BbtBOn Bbtpa~eHRlt nnn ¢yHKilRlt tP 1 (w) R tP~ (w) MO~eT l5b1Th npOH3BeneH T8KRM ~e 
Ill 

ol5p830M, KSK STO cnenaHO B ~ IJOSTOMY npRBOnHTCSI TOnhKO OKOR'ISTenbHhle ¢opMynhl 

nm1 STRX ¢YHKilRlt: 

----------------------
J(va) (w+w 1 Xw+w Xw-w > 

tP
1

(w) =yin(w+k)Zt<va)-'-- 'll "' ma ma 
· J 1(vb) (w+ w.3 Xw -w. 1Xw- wm 2 ) 

.t. • J (va) . 
'I' 1 (w) = V trra(w-k) Z 1(va) _I __ fl 

J 1 (vb) 

28 

(w -w ml )(w-w ma Xw +wma) 

(w -w,. 3Xw +wm 1) (w + w m2 ) 

·.](M) 

B ¢opMynax (33) ncnonh30B8Hhl o15oaaaqeann: 

wmt = v k 2 
-v

2 
· ml ]

1 
(vml a)= 0; 

(34) 

Wma= yk 2 -w~ 2 z,(vm~a)= 0; 

w ma = V k 
2

-...; 
2 

ma • J I ( V m3 b ) = 0 • 

2. CBoilcTBa Bona B paann'IHbiX o15nacTstx BonnoBOnuolt CRCTeMhl 

IJonCT8HOBK8 B (J7) Bb1pa~eHRlt (21) R (22) HpRBOnHT K paBeHCTB8M 

I k·y tPa(~) 
A"'= pm --= 

lwz 

fy __ k_-_w_J...:.1_(vr_)_Z_;_1_(v_a_) _e __ d_w 
'r .<a ; 

Siu 11 (k-ya) yk -~ u 
( w - ~ ) 1{1 2 ( w) J 1 ( vb) . 

{35) 

I cp ("') 
A = p k·y 2 u f 

"' m ---8 iu I 1 (loy a) yk _ ~ 
u 

lwz 
yk-w J 1(va)Z 1(vr)e dw 

' ·r > a • 
(w- ~ ) .P 2 (w)J

1 
(vb) 

HnTerpan B (35) Bbl'IRCnHeTCH npn noMomn Bbi'IeToB. B paahene r 15hlnO YCTSHOBneuo, _'ITO 

nnn Ka~nolt ol5nacTn B nauuolt BonuoBonuolt cncTeMe cymecTByroT Bonn~ c xapaKTepnbiMR 
I 
oco15euuocTHMR. Bbt'Incneune (35) npnBonnT 'K TSKOMY ~e peaynhTaTy. Ilpn z > 0 , r .<a 

(BHyTpR nonyfieCKOHe'IHOrO BOnHOBona) KOHTyp HDTerpHpOBBHRH B (35) 38MbmaeTCH B Bepx-

nell nonynnocKoCTH w H Bbi'IeTbl. Bhl'IHCnstiDTCH B nonrocax, 015pa30B8HHhlX HynHMH 

J I ( Vm 1 a ) • 0TnH'IHe OT aneKTpR'IeCKHX BOnH 38KniD'I8eTCst B TOM, 'ITO npeJK.Ile nonroca 

fibtnH B TO'IK8X J0 ( Vml a)= 0 

Z 1 (v m 2 a ) = 0 • B o15nacTR 

• B o15nacTR z ·> U , r ·> a • nonroca B TO'IKax 

z .< 0 KOHTyp HHTerpnpoBaHHH 38MhlK8eTCSI B HH~eA 

nonynnocKoCTR w 

r < a ~'-cornacno 

I 
A = p 

"' tD 

, nonroca B TO'IKax J 1 (vma b) = 0 Han pnMep, Anst 

(35) • 

ky t,b(~) 

8iul1 (k-ya') yk -~ 
• u 

I 
29 

lwz 
yk -w J 1(vr)Z1(va)e dw 

f----------
(w- ~ )1/J ~ (w) J (vb) 

z. > 0 



(, 

Boi'IeT B TO'!Ke w =~ 1 paBHblli 
u 

p m ¥ 11 (kyr)[ K1(k.ya)_ Kl (kyb) ] el ":, • 
0 I 

1
(kya) I 

1
(kyb) 

B cyMMe c noneM ARnon>~ B t5ecxone'IHOM BonaoBoAe, panuyca r = b , paBHhiM 

K1 (k·yb) 
p ~[KI(Ioyr)-II(kyr) Il(k•yb) m 2u 

"' 1-• 
] e " 

o6paayeT none nnnonSI B 6ecxoae'IHOM Bonnoaone, PSARyc r = a, 

p ~[K 1 (kyr)­m 2u 

CyMMa Bbi'19TOB B aynSIX J 1 ( v 111 1 a ) = 0 

I
1

(1oyr) Kt(k·ya) t~• .---le" 
I 1 (loy a) 

cocTaBnSieT none nn¢paxnun 

OTKpb!TOM KOHUe nony6eCKOHe'IHOI'O BOnHOBOAS, paBHOe 

I 

A"'" 

___ lw ~ 

.p (~) v'k-w ... IJI(vmlr)ZI(vmla)e m 

na 

A = p JTkoy 2 U k --------------
CUU m ml 

4uit(kya)v'k- ~ (w 1111 -~)J 1 (v 1111b)!/J~(w 1111 
• (86) 

u u 

8. HanyqeaaaSI saepruH 

lloToK nanyqaeMol! sae·prnn aa qacToTe "' Bhi'IBCnSieTCSI no fjl opMyne ( 65) na nep-

ooro paanena. noncTaaoBxa Bwpa*eanli AnSI nonel! cornacao (8) B STY fjlopMyny npnaonuT 

K paB9HCTBY 

2 

w"' = 2JT«lW floA "'I rdr. 
(87) 

,llnSI. BpBM9pa MO*HO npoR3B9CTR Bh!'IRCn9HB9 BenR'IRHbl ·w "' B o6naCTn r < a ' z >0. 
HaTerpan B STOM cnyqae 6epeTCSI OT r = 0 no r = a • llOACTSBn!ISI B ( 37) BblplilK9HRH 

I 
AnSI A <f; B3 ( 86) B RCnOnb3ySI TO*A9CTBS 

Jl(v ... 1 a )=0, 

a 
2 fJ 1 (v 1111 r)rdr 

0 

2 2 ) 
a J (v a , 2 0 ml 

J
0

(v a)Z
1

(v a) __ 1 __ = J
0

(v 
1
a)N (v 

1
a) 

ml ml JO(v ... f) m m 
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2 

avm 1 a 

\1 
'1 

I 

) 

MO*HO nony'IRTb 
/ 

2 2 
2 

"' 
2 k ·Y "', .P 2 <u> 

~ p . 2 
rut·= m 2u2(k-~I 1 (k•ya u . I 

W ml (38) l: 
ml . 2 2 

(k + w1111 ),P' (w 1111 M :> 

4, llony'I9HB9 npB6nRJK9HHbiX fjlopMyn 

llpn Bb!BOA9 fjlopMyn AnB npOCTpSHCTBS M9JKAY BOnHOBOASMR R AnB z < 0 HSAO 6wno 

6bi HpOR3B9CTB TSKR9 *e npeo6pS30BSHRB1 KSKR9 CA9nSHbl B pa3Aene f, C H9KOTOpbiMB H3~ 

MeaeausMn B neTansx. nosToMy nenecoo6paauo aenocpencTBeaao nepeliTR x o6cy*Aeanro 

B03MOlKHOCTR npaKTH'I9CKOI'O 'npHM9H9HRSI fjlopMynhl (38), llpennonaraeTCSI paCCMOTp9Tb 

OIISITb TSKOi!.cnyqali, KOI'Aa B03MOJKHO cyru9CTBOBaHne no OAHOi! nepBOii rapMOHHK9 BOnH 

nepBOI'O. R Tp9Tb9I'O TRna R H9 cyrueCTBYIOT COBC9M BOnHhl BTOporo TUna, B STOM cnyqae B 

(38) COXp~HRTCSI/ TOnbKO OARH qnen, Mo*UO noKa3aTb1 'ITO (88) MO*HO eme 6onee ynpoCTHTb. 

4lyH~t,UHIO 1/J ( W) MOJKlio npeACTaBBTb B BHA9 

.P
2

<w> =Av'w -k n (w-w ... 1 Xw-w ... a> 

(w::..w ... 
3

) 

v'w-k · 
A{w-w 

1 
)---S(w), (3.9) 

rne A ,.. Benn'!RHa, ue aaBRCSiruaSI OT w ' a 

Wt=Wml np11' m 1 =1, .w 3 -wm 3 

CnenoBaTenbHO, MolKHo aanncaTb: 

y WI ..;. k 

,P; (w)jw=w = A S(w 1 ) , 
1 w 1 -w 3 · 

k k 
</1

2
(-)=A(--w 

f3 f3 

v'kv' 1 -1 It 
) ]I • S{"7T) • 

I k I' 
-- wa 
f3 

/ 

Mo*Ho noxaaaTb, 'ITO cnpaBeAnnBo npn6nnlKeHHoe paBeHCTBO 

s ( k) 

I~ I 
S (w

1
) 

1 • 

w- w 3 

npR ma = 1 . 

(40) 

II 

C HCHOnb30BaHH9M COOTHO_meH,Rii STIIX npR6nHlK9HHbiX' J?aB9~CTB AnSI paCCMaTpBBS9MOI'O cny­

'laSI fjlopMyna (88) npeot5paayeTcSI·K oqeab npocToMy Bnny: . 
81 / 

I, 



'-

·w .. ~~ = 
2 2 ] 2P. ~ [ __ _ 

-u-2~ vl2 •a 
(41) 

r.11e v 1 = v ml a 

¢opMyna (51) onenusaeT senuqnny cnexTpan&uoA nnoTHOCTH u3ny~euuu. ~olKHo, xax STO 

6htno yme c,11en~no B pa3nene I, nonolKl!T& 

b - a « ;", 
B STOM cny~ae BhlnonnueTcH 

v 1 .. v, 

R = max 

w,-k 

1 
•ya ' 
« k 

l:J.6J .. _c_ (1-v I'Y)' 
a·y 

k 2 
(wl -7J) 

k2 

(f'I' 

w 2 

(42) b 2 
v2 [(_) · -1] 

· 2 1 a ...J .. v'1-(v 1 ·y) .. v' 2(1-v •y), 
k I ( w I - w a ) .. k 2 a 2 [ 1- (•)" I) 2] 

nonaraH1 ~TO IIOnHblA IIOTOK B3nyqaeMoA SHepruu .. U paBeH 

U HC::IIOIIb3YH 

u ~ ·w (,) 1 • li(,) 

IIpH6numeHHhle COOTHOW9HHH(42), B pesyn&TaTe MOlKHO IIony~UTh 
2 

p m'Y 2 b 2 ( ) 
U = __ y1-(v •yH(~) -1]. 43 

8 1 a 

ABTop 6naro.oapeu E~M. EonoToBcKoMy sa OKasannyro noMomh npu o6cylK.IIenuu J)a3-

nu~HhiX BoiipocoB no nauuoa pa6oTe, C.E. Py6uuy sa BHTepec x sanaqe u coTpy.ouuxaM pac­

qeTuoa rpyiiiihi sa npoBenennhle Bht~ucneuuu. 

· nPHnO:lKEHHE. nony~euue BhlpaJKeuuA nnsr noneA sapsrmeunoro crycTxa B 6ecxoue~oM 

BOnBOBO,lle0 none 3apsrmeBHOrO cryCTKa, nponeTaromero DO OCR 6eCKOHe~Boro BOIIHOBO,lla pa~ 

llHyca r =b. 

YpaBnenuu llnD cxanDpnoro noTennuana 
2 

r ~ r 1 a ¢1 = - 4"P l:J.¢1- 7~ 

2 

r 0 -~ r -~ b, ._,_ 1a¢2 o 
'-' 'I" 2 = ~ ---:;-:-r = • 

· c at 

BcnellCTBHe CHMMeTpHH 3alla~ 

A.=fJ¢, Ax= Ay 0 • 

rpaHH~Hhle ycnOBHD IIpHBOilDT K 

32 

(la) 

.. 

'A .·1, .. b .. 0 • ¢ l, .. b ~ 0 • 

nnoTBOCTh 3apUila p • MOlKHO npellCTaBHTb B BH.lle 

p(i,t) a _q_ Q (z-ut) .. 

Iff~ 

q 
2 ,. 2 f 2 fa (k) e 

0 

(2a) 

t!!!..{z -ut) 
11 

X d6J , (Sa) 

npe.llCTaBneHDe CKanHpBOrO 'DOTeHnHana B lj>opMe pa3IIOlKeHHD ¢yp&e 3aiiHChlB;eTCSI B lj>opMe 

1 
t.!!L(z-ut) 

¢ (r,t) = --· f¢(f,k) e " · d6J • 
. 21T 

Y'IHTb!BaH TolK.IIecTBO 

2 2 
li¢(r t) "'\d ¢ (f,t) 1 d¢(f, t) d ¢ (f,t) 

I ~+·r +--. 

a TaKlKe COOTHomeHHe (3a) H (4a), (Ja) MOlKHO IIpellCTaBHTb B BHile 

•·<•. •'•·<•kl, _1_ ••• < ... ~.·,··.<••l··-'!_•(k)J 
df 2 f df Iff~ 

d 2¢2 ( f • k ) 1 d ¢ 2 ( f , k ) 2 2. 
f .<f.<b, + _ + k ·y ¢ 2(f,k)=0. 

0 - - df · f df 

Pemeuue (Sa) cnellyeT HCKaT& B ·BHile 

¢ 1(f,k) = 
2q 

m a(k)+ AI 0 (k·yf),] 
Iff 0 k ·y 

¢ 2 (f,k) = B· I 0 (1•yf) + CK 0 (k•yf). 

non&3YHCb H3BeCTHhlMH paBeHCTBaMH 
I 

'd.. . d __ I
0
(z) = I

1
(z), - K

0
(z) 

dz dz · 
-K

1
(k) ·. 

u rpauuqnhlMD ycnoBHSIMB 

¢2 (fo ,k) = ¢,c"fo,k), 

MOlKBO H3 (6a) IIOnyqnTb' 

d¢ 2 1,.;.,0 
df 
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d¢ 

df 
I , ¢ 2 (b,k)= o, 
w=l'o 

(4a) 

(Sa) 

(6a) 

(7a) 



2q 
222 a(k) + A 0I 0 (k·yr 0 )~ BI

0
(k·yr

0
)+ CK

0 
(k·yr

0
), 

ur 0 k •y 

BI 0 (k·yb) + CK 0 (k·yb) = 0, 

BI 1 (Jr.!r 0 )- CK 
1

(k·yr 0 )= ·AI
1 

(k·yr 
0
). 

nocne BB9Q9HHB 0003Haqenun 

A(r 0 b) =K 0 (k·yb)I 1 (k·yr
0

)+I
0

(k.yb)K
1
(kyr

0
) 

H yqHTbiBaB1 qTO 

K 0 (k·yr 0 ) I 1 (k-yr 0 )+ I
0

(k·yr
0 

)K
1 

(Jr.yr
0 

)= --
. kyr

0 

xoa¢cjlnuuenTbi ypasnennl! (Sa) MO}!{HO 3anucaTb a· anne 

B 

A 
2qa(k )f(r 0 b) 

ur 0 I0 (k·yb) k ·y 

2qa (k)I 
1
(kyr

0
) · 

K0 (k·yb), 
17r 0 I 0 (k·yb) k·y 

c. 2qa(k) I 1 (kyr0 ) 

ur 0 k-y 

, Ecnu Bbipa}!{ennu Jlnu xoa¢cjlnunenToB noJlcTaBHTb B (Sa), To MOlKHo nonyqHTb 

¢~(r 1 k) 

¢ 1 (r 1 k) = 
2 qa (k) 

ur 0 k ·y 
I 1-

2qa(k) I (kyr) I Ko(lr.yr) 
--- I 

ur o k·y 

f(r 0 b)I 0 (kyr) 

I 0 (loyb) I' 

K 0 (k·yb) I (kyr) I 
-- 0 

Io(k·yb) 

(Sa) 

(9a) 

~O}!{HO noxa3aTb, qTo H3 (9a) nonyqaroTcu Tax}!{e pemennu JlnB Toqeqnoro 3apu.lla. Tax 
X aX 

1 ·I~ f • -ut) 

-- f e " d(~) , a 
2" u u 

8(z-ut) 
a(k) -+ 
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I 

n npn 
r

0 
-+ 0 

k-y r 0 I
1

(k•yr
0

)-+ -2-

TO IlpH r
0 

-+ 0 oyJleM BM9Tb 

2qa(k) 2q • k·yr 0 = q 
--- I(k•yr 0 ) -+ ---
ur 0 k ·y ITUk•yro 2 7TU 

¢ (r,k) -+ -L I K0 (kyr)-
K0 (k·yb) (lOa) 

I 0 (k·yr ) I 
rru I 0 (k·yb) 

/3/ 
(lOa) ecTb H3BecTnoe pemenue JlnB Toqeqnoro 3apuna B 6ecxoneqnoM sonnosone. 

Tax xax 3anncu pa3nnqHblX BbiXna.lloX u ypasnenun B nannon paooTe npou3sonuTcll c 

npnMenenneM sexTopa fepna 'll 1 TO H900XOJlBMO nonyqeHHbl9 B npunO}!{QHUB cjlopMynbi 

nepenucaTb nnu sexTopa ii 

nnu CHMMeTpHqHoro 3apuna 
·n =·n . 

ecTecTsenno npennonolKHTb 

Tax xax 

I~ (•- ut) 
0 0 11 

'TI.=fll.(r,k)e dc:.J. 

"" d 1 11.. d'TI • · cu n ..,.. -- v =---=- 1- • > TO 

n: (r,k) 

dz 0 

iv c;- ¢ (r,k), 

0 
·ncu = iu 

(<) 

0 0 -lc:.Jt 
'TI = fll_cu e dcu 

.~ .. 
¢ (r,k ) e 

11 

Bsonu o6o3aaqenue 

0 

nnu ·ncu 

>. (k) ~ 

MO}!{HO nanucaTb: 

2ua(k)I 1(k•yro) 

r 0 k·y 

o i K~(k yb) 
'Ticu ~ _q_ I K0 (loyr) - --- I1 (loyr) I• >. (k). 

"c.J Io(loyb) 

nnu Toqeqnoro 3apnna >.(k) = 1. 

n H Tepa T y p a' 

(12a) 

(13a) 

( 14a) 
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