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OBIWI XAPAIITEPHCTHKA PAEOTl-1 

AKTYaJII,HOCTI, rrpo6JieMli. IIpe;n;CTaBJieHJie 06 O,nHOMepHo.:..rrpoTIDKeH­

HIDC peJIJITHBHCTCKHX o6~eR~ (cTpYHax), BBe;n;eHHOe E.M. Eap6amo-
BliM ll H.A. tJ:epHllROBliM /l , IllllpOKO llCIT0.,1I,3yeTOR B Teopllll aJieMeHTap­

HIDC qacnm ITPH :irnyqeHn:n: CTpoeHM ~OHOB ll MeXaHll3Ma llX B3aI1MO­
;n;ettcTBM. B qacTHOCTll, KBaHTOBaHlle CBOCO,nHOH CTPYHli ;n;aeT crreKTP 
MaCC peaOHaHCHIDC COCTOHHJift B .IJYMI,HIDC MO;ll;8JIHX, qTo IT03BOJI!I8T 

paccMaTPHBaTI, STOT o6~eKT KaK W!H~8CKYJO OCHOBY .IJYMI,Ho-peso­
HaHCHOro rro~o;n;a B (pll3llK8 8,l!J)OHOB 21. ,llyaJII,Hlie aMITJillTY)l;II pacce­
HHM ~OHOB B TaKOM rro~o;n;e MOryT 6liTI, rroJiyqeHli KaR KBaHTOBO­

M8XaHllqecKHe aMITJillTY)l;II rrepexo;n;a M.H;eJIHTllBllCTCKOH CTPYHli, B3a­
JIMO;ll;8HCTBYJO!ll8H C BH8111HlIMll TOKaMR / 3 • IIoaTOMY rrpe;n;cTaBJIHeT JIH­
Tepec paccMoTpeTI, Toquo pemaewe 111o;n;eJIJI B3aI1Mo;n;eilcTBYJO!llett ;n;yan:I,­

HOH CTPYHH, 

PeJIHTllBllCTCKalI CTpYHa C ToqeqHHMII MaCCaMR n sapH;TI;aMli Ha KOH­
uax JIBJIHeTOSi O)UIOH ll3 rrpocTefumlX MO;ll;eJieil B qlli3HKe aJieMeHTapHmc 

qacTHU, 'aqecTBeHHo o6~RCHHIOOllIX M8XaHll3M y;n;epJKaHllH KBapKOB B 
~OHax 4/. B HepeJIJITllBHCTCKOM rrpe;n;eJie ;TI;Be MaCCHBHHe qacTllUH, 

CBR3aHHHe CTPYHOfi, B38lIMO;n;ettCTBYIOT M8lKJlY co6oft ITOCP,8,CTBOM ITOTeH­
D;llaJia rrpHTIDKeHM, JIHHeftuo paCTYlll8I'O C paccTORHlleM 15 • 3TO o6-
CTOJIT8JII,CTBO ;n;eJiaeT oco6eHHO aKTyaJII,HOtt sa;n;aqy llCCJI8;11;0BaHM wr­
HaMllKH peJIRTllBllCTCKOH CTPYHH C MaCCaMII Ha KOHUax. 

ilHTepec K MO;ll;8Jlll peJIRTJIBl!CTCKOfi CTPYHH B IIOCJie,nHee BpeMff 

CTllJIIYJIJipyeTCR TaKlKe JICCJie;TI;OBaHlleM ITOJieit.HHra-MwJ.n:ca C ITOMOIIU,IO 
<PYHKD;llOHMOB, sa;n;aHHIDC Ha KOHTypax. B TaKOM rro~o;n;e ypaBHeHllH 
peJIJITllBllCTCKOfi C?EY,Hli B03HllKaxJT KaK O)UIO ll3 rrpn:6JmlKeHllit B Teo-
Pllll Hura-1.wJIJica 7. 3TO ITOTpe6oBaJIO 60Jiee RpJITll'ieCKOI'O OTHome­
HllH K xopomo JI3B8CTHHM TPY.JUIOCTJIM (HeqinsK'!eCKalI pas111epHOCTI, rrpocT­
paHCTBa-BpeMeHll d = l 6 , HaJIJiqUe TruraouHHX cocTOJIHllit) , JIMeJO-
lllllM M8CTO B KBaHTOBOil Teop:im CB060,nHOit peJIRTllBJICTCKOfi CTpym1{2/ 
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B 3TOH CBil3H rrpe,n:cTaBJI!IeTCJI ITOJie3HHM rrpHBJieqeHHe HOBllX 
MaTeMaTnqeclCllX MeTO.I(OB HCCJie,n:oBaHIDI ~aMHKH CB060~0H peJI.HTH­

BUCTCKOH CTPYHH· O,IU!H H3 HHX, Trut Ha3HBaeM!lH reoMeTpMeCKHH Me­
TO,n: / 7/, Il03BOJIHeT rrepeqiopMYJillPOBaTI, HCXO.I\HYI() MO.IJ;eJII, Ha H3HKe 

~qxpepemum.JinHliX YJlaBHeHHii, CYl!leCTBeHHO OTJIBllHliX OT ypaBHeHHii 
8.ltJiepa-]arpamKa B o6HqffOM rro.zuco.n:e. IIo CBOeMY IlOCTpoemuo TaKHe 
ypaBHeHRff RBIDilOTCJI YCJIOBIDIMH COBMeCTHOCTH .n:epHBau;HOHHHX qiopMYJI 
faycca-BefuirapTena, oITHCIIBal001IDC ,nBIDKeHHe rro,nBIDKHoro perrepa no 
MHPOBOH IlOBepXHOCTH CTPYHH, Il03TOMY reoMeTpnqecKHii rro.zuco.n: .n:aeT 
sqxlJeKTHBHHii crroco6 naxolK,I(eHHH rrapu orrepaTopoB ]aRca, neo6xo~MllX 
JJ,JIR perneHHH B03HHRa.!O[lJlDC a.n:ec1, ne~efuIHX ypaBHeHHii MeTo.n:oM 06-

paTHoii 3~aqn pacceHHRff. OTO OTKPHBaeT lliHpOKHe B03MOJKHOCTH .IT,1lfI 

HCCJie,n:OBaHRff ~aMHKH peJI.HTHBHCTCROH CTPYHH H Il03BOJIReT CTPOHTI, 
HOBHe MO.IJ;eJIH O~OMepno-rrpoT.IDKeHHllX peMTHBHCTCKHX o6~eKTOB. 

B CBeTe BHllieHMOXeHHoro CTaHOBHTCJI RCHOH aKTyaJII,HOCTI, CJie­
,nyIOll1HX a~aq: 

I. IlocTpOeHHe TOqffQ pernaeMoii MO.IJ;en peJI.HTHBHCTCKOH CTPYHH, 
B3aHMO.IJ;eiicTBYKI!leil C BHelliHUM IlOJieM, ROToprur peMTHBHCTCRH-HH­
BapnaHTHa H He UMeeT TaxHOHHllX COCTORlllill. 

2. IlOHCK TQqHlil{ pemeHHii YJlaBHeHHH ,nBIDKeHHH PeJI.HTHBHCTCROil 
CTPYHH, Harpy,KeHHoii ToqeqHJlMH MaCCaMH. 

3. HcCJie.IJ;OBaHHe MHPOBOil IlOBepXHOCTH CB06o~oil peMTHBHCTCKOil 
CTPYHH MeTO.IJ;aMH ~qxpepeHIUiaJII,HOii reoMeTpHH. 

4. Mo~cpHKaIJWI CTPYHHOii MO.IJ;eJIH, OCHOB8.HHaH Ha reoMeTpMecKOii 

crx>PMYJillPOBRe .IJ;aHHoii a~aqn. 
Ilo 3TUM qeTupeM HarrpaBJieHRffM H IIpOBO)J.R1IBCI, HCCJie,n:OBaHHH, peayJII,­

TaTH ROTOPHX rrpe.IJ;CTaBJieHH B ~ccepTa.IJ;HH. 

UeJin pa6oTH. HcCJie.IJ;OBaHHe RJiacm!'IecKOil n KBaHTOBoil ~aMHKH 
B3aHMO,n:eiicTBYJOOleii CTPYHH, reoMeTpnqecRaH qJOPMYJIHPOBKa TeopHH 
CBo6o~oil peMTHBHCTCKOtt CTPYHH n o6o6meHHe CTPYHHOil MO.IJ;en B 
paMRax reoMeTpnqecKOro rro.zuco.n:a. 

Haytrnrur HOBH3Ha H rrpaKTMecKaH ueHHOCTI,. B ~ccepTau;HH 
BrrepBHe rrpe,wroliteH ROBapnaHTHHil qiopMa.JIH3M .IT,1lfI peJI.HTHBHCTCKoil cTpy­
HH I B3aHMO.IJ;eiicTBYJOOleil C BHelliHHM 3JieKTpOMaI'IIlITHllM rrOJieM. IlocTpoena 
PeJI.HTHBHCTCKH-HHBapHaHTHaH KBaHTOBaH TeOpRff 3TOil CHCTeMH 6e3 OI'­
paHHqeHHii Ha paaMepHOCTI, rrpocTpaHCTBa-BpeMeHH H 6e3 TaxHOHHHX noc­

Tommtt B crreKTpe Mace. HcCJie,n:oBaHo MRl!Hlle BHelliHero sJieKTpoMaI'IDIT­

noro IlOM Ha 3KfilmHCTaHTHHe yporum 3TOro crreKTpa. Ilo.nyqeHHhle 
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TO~e pemeHM KOBapIIaHTHliX ypaBHeHHil ,nBIDKeHHH lT,lIR 3apR.,'KeHHOH 

CTPYHH B IlOCTCJIHHOM o~opo~OM sJieKTpOMarHHTHOM IlOJie MOryT 6HTI, 
HCilOJin30BaHH rrpn rrocTpoeHHH .I(yaJII,HllX ~HTY.D: C yqaCTHeM qJOTOHOB. 

BrrepBHe Ha~eHH ToqHue RJiaccMecrore pemeHHH B BH,n:e HHTerpaJioB 
iliypne ypaBHeHHil .IJ;BruKeHHH 6ecKOHeqnoil peMTHBHCTCKOil CTPYHH, HaI'­
pYJKeHHoil o~oil Toqeqnoil Maccoii. B .STOM CJiyqae ne~nefuloe ypaBHe­

HHe ,nBIDKeHHH MaCCHBHOH qacTHUH, pacITOJIOXeHHoil B u;eHTpe CTPYHH, 
y,n:aeTCJI JIHHeapH30BaTI, C IlOMOmnro KaJIH6poBKH, B KOTopoii ITapaMeTp 
BperljeHHOll SBOJIJOD;IIH 'f ITpoITopu;uoHaJieH co6CTBeHHOMY BpeMeHH qacTH­
D;H /8/. 

HoBHM BRJI~OM RMReTCJI paaBHTHe reoMeTp1rqecKoro ITo.zuco.n:a K 
HCCJie.IJ;OBaHHJO ,IUrnawmu CB060~0H peMTlIBHCTCKOll CTPYHbl B Tpex-

H '!eTblpeXMepHOM ITPOCTpaHCTBe-BpeMeHH ( cl= 3, 4) ' B paMKax KOTO­
poro CTPYHa OIIHCHBaeTCJl 0~ He.'lllliefuIHM ypaBHeHHeM ]Hy~ Ha 
,n:eiicTBHTeJinHYID (d = 3) wrn KO~eKcHoatta'Inyro ( d ='I) qiynKD;Uro. 

IloKa3aHO, qTo K STOMY lite ypaBHeHIDO CBO,nl!TCJI .nBYMepHrur 1110.n:em, .n:e 
CUTTepa u 6e3MaCCOBOe CKaJIHpHoe ITOJie EopHa-HHcpeJin.IJ;a. 

B ~ccepTau;HH BITepBHe YCTaHOMeHa CHMMeTpRff ypaBHeHHH ]ny­
Bl~ OTHOCUTeJ!l>HO 6ecKOHeqHoro qnCJia O~OITapaMeTpH%C.EGrX rpyrrIT 
ITpeo6pa30BaHHH H Ha STOH OCHOBe C IlOMom1,ro TeopeMH HeTep ITOCTpoeHH 
6ecKOHeqH!le cepnn aaKOHOB coxpaHeHHH .IT,1lfI peMTUBHCTCKOll CTPYHH B 
TpexMepHOM npocTpaHCTBe-Bpe111eHU. 

C TO'IRH apemm qJH3HKH sJieMeHTapHmc qacTHD; HOB!1M BKl.l~OM RB­

JIReTCJI UCCJie.IJ;OBaHHe COJIHTOHHliX pemeunn ypaBHeHRff ]HyBUJIJIB Hux 
YCTOH1!HBOCTH. HBH!1H yqeT 3THX pemeuuil B KBa3UKl.laCcMecKOM npn6~­
XeHHH IIpHBO~T K HOBOMY, 60Jiee peaJIHCTMeCKOMY cneKTPY Mace ITO 
cpamrnHHJO c o6!1qffHM IIO,IU{O.IJ;OM K Teopmr .n:ya.JII>HOH CTPYHl1. 

Ilpe,wroxeHO o6o6meHHe peJIHTHBHCTCKOll CTPYHH - MO,n:eJII, O.I(HOMepHO­
ITPOTllliteHHOro ocheKTa, ,l(HHaMHKa . KOToporo onpe.n:eMeTCR Tpe6ona­
mrnu, 'IT06!1 ITOKpirnaeMaJI UM ITOBepXHOCTI, B ITpOCTpaHCTBe MmiKOBCKOro 

HMeJia ITOCTOHHHYID cpe~JOJO KPHBU3HY A ITO KalK.I(OMY HopMaJII>HOMY na­
ITpaBJieHIDO. qacTHIDI! CJiyqaeM TaKUX ITOBepxHOCTefi, Kor.n:a ~ = 0 ' RB­

MeTCJI MlipOBaJI ITOBepxHOCTI, peMTHBHCTCKOll CTPYHH (MliHl!MaJil>HaH ITO­
BepXHOCTn) • 

B '!eTHpeXMepHOM IIpOCTpaHCTBe-npe111eHU rrpe,wroxeHHM MO,I(eJII, 
OIIHC!1BaeTCJI peJI.HTHBHCTCKH-nHBapnaHTHOH CHCTeMOll HeJIHHefuIHX ypaBHe­

HHll, ,n:JIH KOTOpofi Haii.r(eHo rrpe.IJ;CTaBJieHHe JlaKca. 8TOT peayJII>TaT 
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MOlKeT CJIYlKIITI, OCHOBOi!: ,l(8JII>Hei!:mero HCCJie;n;oBamur ;n;rurnoi!: MO,l(eJIH C 
noMomI>ro paSBHBaeMoro B HaCTORI11ee BpeMll KBaHTOBoro MeTo;n;a odpaT­
HOi!: sa,n:a'!ll pacceJIHWI / 9/_ 

Anpodamm padoTll. PesyJII>TaTll ,l(HCCepTarum: ,l(OK7Ia,n:RB8JIBCI, H 
odcyJK,IJ;aJIHCI> Ha ceccrunc Q}lc.!) AH CCCP B I978 r. (Iv!l1~H H HTWI) H B 
I979 r. (MI'Y H HT:»), Ha MeJK;n;yHapo;n;HHX ceMHHapax no npo6JieMaM 
qJHSHRH BllCOIGDC SHeprni!: H KBaHTOBOH TeopHH nOJIR (IlpoTBHHO, I978-
I979 rr.), Ha ceMHHapax ]adopaTOPHH TeopeTHqecKoi!: qJHSHKH OID-lll 
H MaTeMaTHqecKoro HHCTHTYTa AH CCCP HM. B.A. CTeMOBa. 

Ily6JIHKamm. Ilo pesyJII>TaTaM ,l(HCCepTaIUlli onydJIHKOBaHO ,l(eMTI, 
cTaTei!:. 

Od'beM padoTll • .If,HccepTaqrur COCTOHT HS BBe;n;emm, qeTupex. t'JiaB 
H saK7I!OqeHWI, co;n;epl!tHT I24 CTPa.HHI.Ul MalJIHHOITHCHOro TeKCTa, 2 PH­
CYHKa H dH6JIHorpa~~ecroril CITHCOK HS I34 HaSBaHHH. 

CO.I(EPJKAHI1E PAEOTU 

Bo BBeneHHH ;n;aeTCR KPaTrori!: odsop pasBHTM TeopHH peJIHTHBHCT­
CKOi!: CTPYHll KaK MO,l(eJIH a,n:poHa B qJHSUKe SJieMeHTapHUX qacTHU, 
IlpoCJieJKeHa CBflSI, MelK,l(y .I(ya:T.II>HO-pesoHaHCHllMH MO,l(eJIHMH-H PeJIRTHBHCT-

.CKOil: CTPYHOi!:, a TaKJKe MeJK,JJy CTPYHOi!: H npodJieMoil y;n;epltaHH.II KBap.KOB 
B a,n:poHax. CJKaTO HSJIOllteHll MeTO,l(ll KBaHTOBa.HlUl CBOdO;n;HOil .I(ya:T.II>Hqi!: 
CTPYHll B paSJI~llX KaJIHdpOB.Kax. OdcyJK,IJ;aJOTCR npH~, npHBO,l(Ril1lie 
K HapymeHmo peJIRTHBHCTCKOil HHBapHaHTHOCTH KBaHTOBOA TeopHH STOi!: 
CHCTeMll H BOSMOlKHlle nYTH npeo;n;OJieHIIJI ,l(aHHOi!: TPY,l(HOCTH. IIepe'!llc­
JieHH npodJieMll, HCCJie,nyeMlle B ,l(HCCepTarum:,H odocHOBaHa HX aK­
Tya:T.II>HOCTI,, 

B nepBoi!: rJiaBe ,l(HCCepTarum: IlOCTpoeHa MaCcHqecKaJI H KBaH­
TOBaJI TeopWI peJIHTHBHCTCKOH CTPYHll BO BHeIIIHeM SJieKTpoMarHHTHOM 
TIOJie des orp~eHHil Ha pasMepHOCTI, npocTpaHCTBa-BpeMeHH H des 
TaxHOHHllX COCTORHHi!:. ]arpaHlKHaH STOi!: CHCTeMll BlldHPaeTCJI B BH,l(e 

'{J - rr • I 2 • 2 I 2] i/2 I • fV 
dv-- L(xx)-x.x + ~'Xj,xvFc.x) > (I) 

r,n;e X f ('(,(5) - KOOp;n;HHaTll pa;n;eyc-BeKTOpa MHPOBOH TIOBepXHOCTH 
peJIHTHBHCTCKOi!: CTPYHll B npocTpaHCTBe Mm!KOBCKoro, 
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i ('i:,G)=dXr(1:,6)/a1 > }fcr,G)== axf("i,6)/c}cr > fr -KOHCTaHTa, .HMe!O!l1M pasMepHOCTI, KBa,ll;paTa odpaTHOi!: ,wrn:Hll. 
BTopoe CJiaraeMoe B WCPMYJie (I) oITHcllBaeT BsaHMo;n;ei!:cTBHe c sJieK­
TPOMarHHTHllM noJieM ,l(Byx ToqeqHllX sapR;n;OB, pacnoJiollteHHllX Ha KOH­
u;ax CTPYHll• 3TH sap.H,l(ll paBHll no BeJIHq,rne, HO npoTHBOnOJIOlKHll no 

sHaey: ~,i=- ~{ ~. . 
B nepBOM naparpawe ,n;aeTCR KOBapHaHTHM ifx:>PMYJIHpOBKa ypaBHe­

HHH ,l(BIDKeHIIJI peJIHTlIBHCTCKOii: CTPYHll BO BHeIIIHeM sJieKTpoMa:IIDITHOM 
IlOJie M.fI JiarpaHJKHaHa (I). IToKasaHo, qTo 8TH YPaBHemm ,l(OITyCKaroT 
ToqHoe pewemrn B BH,l(e p.H,l(OB ~I,e B ~ae nocTORHHOro O,l(HOpo;n;­
HOro sJieKTPOMarHHTHOro nOJIJI' HanpRllteHHOCTI, KOTOporo orpamrqeHa 

TpedoBaHHeM 19 E /1 I ( ~ . Y CJIOBHR opToroHa:T.II>HOil: KaJIHdpoBKH, HaK­
Jia;D;11BaeM11e Ha ITOJiyqeHHble peweHWI' B Tepr..firnax qiypI>e-ffimJIHTY,l( COB­
na,n:aroT c YCJIOfilIBMH BHPaCopo. 3To JIBJI!IeTCR CJie,n;CTBHeM Toro, qTo 

,nei!:CTBHe C JiarpaHlKHaHOM (I) odJia,n:aeT TaKoi!: JKe penapierHSau;HOH­
HOi!: HHBapnaHTHOCTI>ID, KaK H ;n;eil:cTBHe CBOdO;n;HOil: CTPYHll 2 • 

Bo BTOPOM rraparpawe ITOBe;n;eHHe sapRJKeHHOil peJIHTUBHCTCKOil: 
CTPYHll BO BHeIIIHeM SJieKTPOMaI'HHTHOM nOJie RII.1IIDCTPHPYeTCJI PR;n;OM KOH­
KPeTHllX npHMepoB (cTpYHa B nOCTORHHOM sJieKTpHqecKOM nOJie H B 
CKPemeHHUX sJieKTp~eCKOM u MarHHTHOM noJIJIX). YcTaHOBJieHll HaHdOJiee 
xapaKTepHlle ocodeHHOCTH ee ,l(BIDKeHUi!:, Tarore,KaK ITyJII>CaIUlli BO Bpe­
MeHU H HSJIOMll npoqfilJI.f.I, TaK KaK CTPYHY C .D:BYMH IIpoTH­
BOITOJIOlKHllMH sapR,l(aMH Ha KOHIJ;ax MOlilliO pacCMaTPHBaTI, KaK MO,l(eJII, 

0 
Hei!:Tpa:T.II>Horo '.T( -MesoHa, paccq:i,rTaHa ero noJIHpnsyeMoCTI>: 

-3 p 3 
cl ~1.12.·10 · 1m , 

KOTOpaJI no IIOPR;n;Ky Be~ COBna,n:aeT C ou;eHKffifil, noJiyqeHHllMH 

B KBaHTOBOi!: KHPaJII>HOH TeopHH. 
B TpeTI>eM naparpawe paSBHT raMHJII>TOHOB qJOpMa:T.IHSM ,IJ;JIJI peJIHTU­

BHCTCKOi!: CTPYHll BO BHeIIIHeM sJieKTPOMarHUTHOM IIOJie,n Ha ero OCHOBe 
ocymecTBJieH nepexo;n; K KonapHaHTHOi!: KBaHTOBOH TeopHH STOi!: CHCTe­
Mll. BCJie,l(CTBHe CHHryJIJipHOCTU JiarpaHlKUaHa (I) qJaSOBOe npocTpaH­
CTBO HCCJie,nyeMoii MO,n;eJIH orpaH~eHO CMSm.m' KOTOplle B COBOKYIT­
HOCTH JIBJIJIIDTCR nepB~Hb!MU CBflSJIMU nepBoro po;n;a. raMHJII>TOHHaH B 
STOil: TeopHH, nocTpoeHHllil: no KaHOH~eCKUM npammaM, TOllt,l(eCTBeHHo 
paBeH HYJIID, IIosToMY B KaqecTBe WYHKIJ;HH raMHJII>ToHa peJIJITHB,cTcKoi!: 
CTPYHll BO BHeIIIHeM SJieKTpOMarHUTHOM noJie, corJiaCHO .If.Hpaey IO/, 
de-peTCR JIHHelll!aJI KOMdHHau;HJI CMSei!:. naJiee CTpOHTCJI KOBapUaHTHaJI 
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IIBaIITOBruI TeopIDI peJI/iTirallCTCIWfi CTPYHU, B3rullvlO.I(eficTBYI0111efi C 
BHeI!IlUIM llOJieM, B IWTOpofi CBH3ll HaI<JJ:a,n:HBaIOTC.fI Ha BeRTOPH COCTO.fI­
Imfi, TO eCTI, ytlllTllBaIOTC.fI .KaK 11 CJia611e" paBeHCTBa. 3Ta TeopIDI c 
ca.Moro Ha'IaJia peJI/iTllBllCTCKll-llHBapllaIITHa, O.I(HaKO MeTpII.Ka B rrpocT­
paIICTBe COCTO.fIHIIfi IIH.I(e<pHHHTHa. 

B 'IeTBepTOl/1 11aparpaq>e MeTo_µoM, rrpe,JJ,7.!oJKe,w Pop.7IIDCOIII ,JJ,7.1.fI 

KBaIITOBaIIIDI CB060.I(HOfi peJI.fITIIBIICTCKOfi CTPYHU II' pernaeTC.fI rrpo6-
JieMa IICKJIIO'IeHHJI COCTO.fIHIIfi C OTpID.I;aTeJII,HOi1 HOPMOH B Teop1rn CTPYHU 
BO BHeilIHeM 3JieRTpolliarHliITHOM llOJie. C llOMOII1I,JO 3TOro MeTO.I(a cpII3II­

'IeCKOe rrpocTpaIICTBO BeKTOpOB COCTO.fIHllll CTpOIITC.fI B CllCTeMe ueHT-
pa Mace cTpY!fH. B pe3yJI1,TaTe He B03HliI.KaeT HliI.KaKIDC orpamr'IeHliifi Ha 
pa3MepHOCTI, rrpocTpaHCTBa-BpeMeHII, II B Teop:im OTCYTCTBYJOT Ta.xHOH­
Hlle COCTO.fIHM. McCJie,I(OBaIIO BJIHmme BHeilIHero aJieKTpOMaI'Hl:!THOro 
llOJI.fI Ha ClleKTP 011epaTopa KBa.I(paTa Maccu CTPY!fH. B o6JiaCTII npm,m­

HllMOCTII Hai1.I(eHH!lX perneHIIR I ~ E Ir I < 1 pacCTO.fIHlle MelK.I(y sKBr .. , 
.I(llCTaIITHllMll ypommr.m 3TOro ClleKTpa yEeJIH'IllBaeTC.fI B [1--{~E/r) J 
pa3 110 cpaBHeHll!O co cno6o.I(Hl1M CJiyqaeM. 

Bo BTOPOH rJiaBe .I(llCCepTarnrn paCCMOTpeHa rrpo6JieMa llCCJie.I(OBa­
HH.fI .I(llHaMllKll peJIJITIIBIICTCKOfi CTPYffil, Harpy,KeHHOH TO'Ie'IHHMII Maccru.rn:. 

B 11epBOI/I 11aparpa<J:ie ccpopMYJ!IIPOBaIIll OCHOBH!l'.e ypaBHeHHJI, 011pe,I(e­
JI.fIIOII1lle .I(llHru.rn:ey peJI.fITlffillCTCKOH CTPYHU C Maccru.m Ha KOHUax. HeJIII­
Hei1Hlli1 xapaKTep I'paIDI'IHhlX YCJIOBIIH ,JJ,7.1.fI MaccllBHOfi CTPYHll cymecTBeH­
HO YCJIOJKH.fieT 3a,I(atfY ll3ytieHHJI 3TOit CIICTeMH. KpaTKO o6CyJK,D;aIOTC.fI Hffi!-
6oJiee IIHTepecHue 110,I(Xo,n:H Kee perneHll!O. B O.I(HOM II3 HIDC /S/ rrpe.I(­

JiaraJioc1, .I(OilOJIHliITI, opToroHaJII,HYJO KaJIII6poBey Ta.KIIMH YCJIOBMMll Ha 
BH6op 11apa.MeTpoB '[ II 6 ' 'IT06U 'f 6HJIO rrpo11opUHOHaJII,- ' 
HO co6CTBeHHOMY BpeMeHliI i11accIIBH!lX TO'IeK Ha KOHUax CTpyirn. B pe3yJII,­
TaTe 3TOro I'paHll'IHHe YCJIOBIDI JIIIHeapll3YJOTC.fI, O.I(HaKO TaKrur 11apaMeT­
PII3aull.fl l103BOJI.fieT OITIICaTI, JIIIllll, orpaIIll'IeHHHi1 KJiacc .I(BII,)KeHliii1 .I(aII-
HOii CIICTeMH. 

Bo BTOPOM 11aparpacpe 3TOT MeTO.I( rrpllMeHJieTC.fI ,JJ,7.1.fI llCCJie,I(OBaIIIDI 
.I(llHaMHKll 6eCKOHe'IHOi1 peJIJITlIBIICTCKOfi CTPYHH, Harpy,KeHHOR 0.I(HOH 
TO'Ie'IHoii Maccoi1. IloKa3aIIO, 'ITO HliI.KaKIIX OrpaHH'leHliiit Ha .I(OrryCTll­
MIIe .I(BIDKeHHJI CTpyirn 3.I(eCI, He B03HliI.KaeT,II B .fIBHOM BII,I(e y.I(aeTC.fI 
llOJiyqIITI, TO'IHHe perneHHJI ypaBHeHHii ,I(BllJKeHll.fI ,JJ,7.1.fI TaKofi CllCTeMH. 
B 3TOM CJiyqae KaJIH6poBO'IHlle YCJIOBIDI, HaKJia,n:HBaeMIIe Ha 110.JiytieHHlle 
pemeHM, .fIBJI.fIIOTCSI CBSI3SIMH BTOporo po.I(a, 1103TOMY 11epexo.I( K KBaHTO­
BOll TeopIIII pacCMaTPHBaeMoii CIICTeM!I ocymecTBJIJieTCSI C llOMOII1I,IO CK0-

60R .Illlpaita/IO/. 
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B TpeTI,eM 11aparpacpe MeTO.I(OM, pa3BIIT!l'.M B pa6oTe /Bl, paccMaT­

PIIBaeTCJI HeKOTopufi KJiacc ,I(BIIJKeHIIfi peJiiITirallCTCKOii CTPYffil C 3apSI.I(aMll 
II MaCCaMll Ha KOHUax BO BHernHeM aJieRTpOMaI'Hl:!TH0!/1 llOJie. PemeHll.fIMH 
ypaBHemrfi ,I(BIDKeHll.fI II I'paHH'IHHX YCJIOBIIii ,JJ,7.1.fI 3TOfi CHCTeMH 0.Ka3llBaIOT­

C.fI 11o'ITII 11epn:o.I(ll'IecKHe 4JYHKUHH, llOJiytieHHHe B BII.I(e p.fl.I(OB <fyp1,e. Ilo­
.Ka3aIIo, 'ITO BBe,I(eHHe 3ap.fl.I(OB Il MaCC B MO,I(eJII, peJI/iTIIBIICTCKOfi CTPY­
Hll cymecTBeHHO BJill.fieT Ha MaCCOBll1i.c11eRTp, CHHMaff ero BllpoJK,neHliie. 
KpoMe Toro, B Teop:im 110.fIBJIJieTC.fI B03MOlKHOCTI, KJiaCCliqJllUHPOBaTI, 

BHYTPeHHHe B036YJK.I(eHIDI CTPYHU 110 COCTO.fIHIDIM, aIIaJIOrH'IH!l'.M 110JI/ipu-
3arntffi/l KJiaccl'I'IeCKOro SJieRTPOMarHHTHOro llOJI.fI. 

McCJie,I(OBaIIIIIO MHPOBOii llOBepXHOCTII PeJIJITIIBHCTCKOfi CTPYHll Me­
TO.I(al/lll .I(HqJqiepeHUHaJII,HOil reoMeTpIIU llOCB.fIII1eHa TPeTM rJiaBa .I(llccep­

T8UHH. C reoMeTpII'IeCKOit TO'IKU 3peHll.fI MllPOBYJO llOBepXHOCTI, peJISI­
THBIICTCKOit CTPYHU MOJKHO OITIICaTI, He TOJII,KO ee pa,I(IIJC-BeRTOPOM 
Xf'('f,6) , HO II OCHOBHUMH KBa.I(paTJiI'IHHMH qJOpMaMll / 7/. Kos@illUH-

eHTU 3TIDC cpopM ~ij Il Kc.j ItaK cpY!fKUHH KOOp.I(HHaT 'f , 
6 '3a,I(aIIH!lX Ha llOBepXHOCTliI, .I(OJilKHll y.I(OBJieTBOP.fITI, .I(llqx!JepeH­

UHaJII,HHM ypaBHeHH.fIM raycca-IleTepcoHa-Ko.I(auUH-Pll'I'IH, KOTOplle BU6Il­
paIOTC.fI B Ka'IeCTBe HOBUX ypaBHeHliiil .I(BIIJKeHIDI, cymecTBeHHo OTJill'I­
HllX OT ypaBHeHliIH 3i1Jiepa-JlarpaIIJKa B o6ll'IHOM 110.I(XO.I(e. KoHKPeTHHH 
Ell.I( .I(aHHOil CHCTeMII ypaBHeHllil orrpe.I(eJI/ieTC.fI KaJIIl6poBK01i, a Talt-
JKe Tpe6oBaHHeM, 'IT06U MHpOBruI llOBepXHOCTI, CTPYHU 6HJia MliIHHMaJII,­

HOH, KOTOpoe 03Ha'IaeT paBeHCTBO HYJIIO ee cpe.I(Hefi KPliIBil3HH ~= 0 . 
B 11epBoM' 11aparpacpe .I(aIIO reoMeTplI'IDCKOO OITIICaHHe MHpOBOfi 110-

BepxHOCTil peJIJITlJBHCTCKOii CTPYffil B TpeXMepHOM 11ceB,I(OeBKJIIl.I(OBOM 
llpOCTPaIICTBe. K~sqxliID.I;ueHTll BTopoii KBa.I(paTH'IHOil qiopMH g<j 
3TOfi llOBepXHOCTil 011pe,I(eJI/i!OTC.fI H3 ypaBHeHilfi IleTepcoHa-KO.I(auUH: 

g ± g = Q (1±6), (2) 
11 12 r± 

r.I(e q,..± - rrpOH3BOJII,HHe q,yHKUHH 11epeMeHHUX 'f ± 0 , COOT-
BeTCTBeHHO. B Il30MeTpl'I'IeCK01i CHCTeMe KOOp.I(llHaT Ha HCKOMOil llOBepx­
HOCTil .I(llHaMllKa CTPYffil OllIICllBaeTC.fI ypaBHeHliieM raycca, KOTOpoe C 
ytieTOM (2) 11epexo.I(llT B HeJIIIHeiiHoe ypaBHeH!iie JlllyEWIJIB 

'f - 'f = Rexp'f 
'I'f 66 J 

(3) 
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r,n;e cpymru;,m lf ('f, (j ) cBHaaHa c Roa@JHIUrnHTOM rrepBo:li KBa,rwa-

TII'IHO:li cpopM11 gfi COOTHOll!eirneM: lfC'f,G )=- en (R 91/2q~JIIo.Ka3aHO' 

'tfTO R aTOMY JKe ypaBHemno B reoMeTpHtJ:ecRoM rro,nxo,n;e CBd,nHTCJI .n:BY­

MepHaJI MO,ll;eJI:& rpaBHTaI.UllI ,n;e CHTTepa H 6e3MaCCOBOe C.KBJIJIPHOe IIOJie 

EopHa-MmpeJI:&.n;a. 

Bo BTOPOM rraparpacpe C IIOMOil1:&IO MeTO,ll;OB .n;rr\M)epeHUHaJI:&HO:li reo­

MeTpmr HCCJIEl,ll;OBaHa MHPOBaJI IlOBepXHOCTl, peJIJITHBHCTCROH CTPYHH B 

'tfeTupexMepHOM rrpocTpaHCTBe MrumoBCROro. IlOKa3aHO, 'tfTO naytremre 

,n;HHaMH.KH 8TOll CHCTeMll BHOBl, CBO,ll;IITCJI R ypaBHElHHIO JinymLJIJIJI (3) , HO 

B OT~e OT TpexMepHoro CJiy'tfaJI - Tenep:& y;r,.e Ha RO.MIL7IElRCHO3Ha'tfHy10 

cI>YHrru;,no · ~er, 6 ) • 

B TPBTl,ElM rraparpacpe IlOCTpoeHll 6eCKOHe'tfH11e cepmr aa.KOHOB 

coxpaHeHHJI ,n;JIJI peJIJITHBHCTCKO:li CTpyrm B TpexMepHOM rrpocTpaHCTBe­

BpeMeHH. Haii.n;eHa CHMMeTpHJI ypaBHemm JinyBRJL7IJI (3), CJie,ll;CTBHElM 

KOTOpOH JIBJIJIIOTCJI 8TH 3aKOH11. 

B 'tfBTBepTOM rraparpacpe HCCJIEl,n;yIOTCJI COJIHTOHHhle pell!emm ypaB­

HeIDIJI JlnyBRJL7IJI (3) n HX YCTOH'tfHBOCTl,. Cpe.n;rr ycTOii'llBHX Haii,n;eHo 

rrepHO,n;I!'tfElCKOe pell!eHHe 

\f'_ n.2 2.fm 6.,-lJY-60 ) e - J21R1 cosec ,T v'~-ut" ) (4) 
r,n;e 'm -r.racca IlOKOJI COJIHTOHa (4), a U' -ero CROPOCTl, • .Uo6a:BJie­

HHe K RaHOHJI'tfecROMY TeH3OPY aHepruu-HMITyJI:&Ca CJiaraeMoro,aaBH­

CJimero OT CROPOCTH COJIIITOHa 1f , IlO3B~eT COilOCTaBHTl, COJIHTOH­

HhlM pell!eHJmM IIOJIHYJO aHeprmo, HMITYJI:&C H Macey IlOKOJI C rrpaBRJil,Hh!M 

peJI.HTHBHCTCKI™ COOTHOIIIEllillElM B IlpOCTpaHCTBe Cf ; 6 
B ITJITOM rraparpaqie rrocTpoeHa KBaHTOBaJI TeopHJI .n:BYMElPHO:li MO­

,n;eJiu' OITHCHBaeMOH ypaBHemreM JlnyBRJL7IJI (3) B KBa3HKJiaccll'tfeCKOM 

IlpHOJIIDKemm. IlOKa3aHO, 'tfTO COJI1ITOH11 a Toro ypaBHemm MOJKHO HH­

TeprrpeTHpoBaT:b KaK · }.ffiCCHBH11e tracTIUW:, ROTOphle CTa6RJI:&Hhl MU 

HElCTa6:rrJI:&HH B 3aBHCHMOCTH OT YCTOH'tfHBOCTH COOTBElTCTBYJ0111Elr0 KJiac­

CH'tfeCROro pell!eHHJI. KBaHThl HCXO,ll;I!Oro IlOJIJI OCTa:IOTCJI 6eaMaccoBhlMII 

lI IlOCJie Bbl,n;ElJIBHHJI COJIHTOHJI!IX pellleHu:li. Ilepno.n;rrtreC.KHH COJilITOH 

(4) B KBaHTOBOM CJiytrae rropoJK,IJ;aeT cepuio peaoHaHCOB,Maccom.it crreKTP 

KOTOPHX, Ha'tfIIHaJI C rrepBoro B036yJK,n;eHHOro COCTOIDllIJI, 8KBll,IUICTa.HTeH. 

IlO3TOMY Ta.ItO:li COJllITOH . ecTeCTBBHHO paccMaTpHBaT:& B Teopmr 

3a.MKHYTOH peJI.HTlIBHCTCKOH CTPYHhl• 
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B·treTBepToii rJiaBe .n;rrccepTBUHH rrpe,n;JIOlKeHa MO,ll;ElJil, O,ll;HOMepHo­

rrpOTJilKeHHoro peJI.HTIIBHCTCROro O6:&eRTa, .n;HHa.MIIKa KOToporo orrpe,n;e­

JI.HeTCJI Tpe6oBaH1IeM, 'tfTO6hl IIOKJlh!BaeMaJI HM IlOBElPXHOCT:b B IlpOCTpaH­

CTBe MHHROBCKOro JIMeJia IlOCTOJIHHYIO cpe,n;HIOIO KPHBH3HY ti ITO mm­

,n;m:ry HOpMaJI:bHOMY HarrpaBJieHHIO. lfacTHhlM CJiytraeM TaKIIX IlOBElpXHoc­

Tei1: JIBJI.HeTCJI mrpoBaJI IIOBElPXHOCTl, peJIJITUB11CTCKOH CTPYHJl (MIIHIIMaJil,-

HaJI IlOBepXHOCT:& c i = O ) . c ITOMOil1:&l0 MElTO,ll;OB ,n;II@iepeHUllaJI:&-

HOii reoMeTpmr IICCJIB,n;yIOTCJI HaH6oJiee HHTepecmie CJiy'tfaII pa3MepHOCTII 

o6MM7IlOil1ero IICElB,ll;OeBKJIJI,ll;OBa rrpocTpaHCTBa c1 = 3, 4 . 
B CJiytrae cl = 3 ' ROTOPllH rro,n;po6HO paccMOTpeH B rrepBOM 

rraparpacpe, IIOKa3aHO, 'tfTO C8Tl, JIHHHH KPHBH3H11 Ha HCCJie,n;yeMOH rro­

BepXHOCTU JIBJI.HeTCJI O,ll;HOBpeMeHHO II30MeTpH'tfeCROH CHCTElMOiJ: .Koop.n;rr­

HaT. B 3TO:li RaJIII6poBKe CUCTeMa YPaBHeHH:li Ha RO3cpcpHUllElHTll KBa,n;­

paTH'tfHHX cpopM IlOBElPXHOCTU CBO.n;HTCJI K O.IJ:HOMY HeJIIIHElHHOMY ypaBHe­

HHIO 

D lf = f - lf = ~ sR 'f 
'Vi <56 ' 

(5) 

KOTopoe ,n;orrycKaeT rrpe,n;cTaBJieHHe Jia.Kca. ,IL7IJI oITHcamm rrpewi:oJKeH­

Hoii MO,ll;eJIH B TepMHHax KOOp.n;HHaT CTPYHH Xr('f,G') IlOCTpoeH CJJYHK­

UllOHaJI ,n;ei1:CTBHJI 

J =- ~ JS drrda {-/-d~t~; + ~~(x [i\,i~])}. cs) 

. Bo BTOPOM rraparpacpe HCCJie,n;yeTCJI MHPOBaJI IlOBepXHOCTI, rroc­

TOJIHHOii. cpe,n;rre:li KPHBH3HH B 'tfElT!lpElXMepHOM IlpOCTPaHCTBe MruIKOBCKO­

ro. B 8TOM CJiytrae .n;HHa.MIIKa MO,ll;ElJIH orrpe,n;eJIJIElTCJI peJIJITHBHCTC.KH­

HHBapHaHTHOii CUCTeMo:li ,n;Byx HeJIHHElHHHX ypaBHeHUH 

·If -'f' -tf 
olf=fice-ecosG), ofJ=i~esin0 > (7) 

,n;JIJI KOTOpoii B TpeT:&eM rraparpacpe C IIOMOil1l,l0 ,n;epHBBUHOHHhlX cpopMyJI 

raycca-Bei1HrapTeHa rrOJiytreno rrpe.n;cTaBJieirne Jia.Kca. 

B 3aKJIIOtremm rrepe'tflICJIElHll OCHOBHlle peayJII.TaTU, IlOJiy'tfeHHue 

B .n;rrccepTaunn. 
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0Cl!OBHUe pe 3VJII:,TaTU ;ru,rncemamrn I BUJIBllraeMll8 Jt)I.fI 3a.IljHTU: 

I. IlocTpoeH KOBapUaHTHllii cpopMaJIU3M ,JJ,JI.fI peJI.fITllBllCTCKOii 

CTPYHll, B38JIMo;n:eiicTByrorqefi C noCTO.fIHHllM O;n:HOPO;n:HUM 3JI8KTpOMaI'­

HUTHUM noJieM, HafmeHU TOl!Hlle pememrn: ypaBH8HUll ;n:Bmtemrn: 3TOH 

CUCT8MU B Billl:8 P.filJ:OB <liypM, 

2. IloBe;n:eHlle 3ap.flJiteHHOH peJI.fITIIBUCTCKOit CTpynu BO BH8IIIH8M 

3JI8RTPOMarHUTHOM noJie UJIJIIOCTpnpyeTC.fI Pflll:OM KOHRP8THllX npm11e-

poB (cTpyHa B nocTO.fIHHOM 3JI8KTPlll!8CROM nOJie ll B CRP81l18HHllX 

3JI8KTPlll!BCKOM ll MarHllTHOM nomrx). YCTaHOM8Hll Han60Jiee xapaRTep­

HUe oco6eHHOCTU ee ;n:BIDK8Hllfi,TaRlle,RaR nyJincarum BO Bp8M8Hll ll 

ll3JIOMU IlpO(lllLJI.fI, 

3. lfoCJie;n:oBaHO Mll.fIHlle BHeIIIHero 3JI8RTPOMarHllTHOro nOJI.fI Ha 

cneKTp onepaTopa RBa;n:paTa MaCCll peJI.fITllBllCTCROit CTPYHll, B o6Jiac­

TU npIIM8HllMOCTll Hait;n:eHHHX pememiii 19 E Jr I< 1 paccTo.fIHlle M8)KJ}y 

SRBIUJ:UCTaHTHUMU ypOBHIDilli STOro cneKTpa YBBJilll!IIBaeTC.fI no cpaBHe­

HllIO co CB060;n:HUM CJIYtiaeM. ~3lll!8CROe IlpOCTpaHCTBO BeRTOpoB coc­

TO.fil!llll CTPOUTC.fI B CUCT8M8 U8HTpa Mace CTpyml. B pe3yJI'bTaTe He 

B03HllRaeT HllRaRHX orpalllll!8HUii Ha pa3M8PHOCT'b npocTpaHCTBa-BpeMe­

Im, lI B TeOplill OTCYTCTByIOT TaxHOHHlle COCTO.fllilI.fI, 

4. IlOJIYl!8Hll TOl!HU8 KJiaCClll!8CRll8 pememm B BIUJ:8 llHTerpaJIOB 

<liyp'be ,JJ,JI.fI ypaBH8Hllii ;n:BIDK8H1Ul: 6ecROH8l!Hoii peJI.fITllBllCTCROll CTpynu, 

HarpyxeHIIOii TOl!8l!HOll Maccoii. 

5. llcCJie;n:oBaHne rmpoBoii noBepXHOCTll CTPYHH B Tpex- n l!e­

TllpexMepHOM npocTpaHCTBe-BpeMeHll (cl= 3, 4 ) M8To;n:aMll ;n:nqxi)epeH­

UllaJI'bHOii reoMeTpnn IlpllBOll:llT R H8JillH8liHOMY ypaBHeHllIO JlnymmJm Ha' 

;n:eiicTBUTeJinHYIO (cl= 3 ) Mn RoMITJieRCH03Hal!HyIO ( d = 4) cpy1m­

un10. K STOMy JKe ypaBH8HllIO B reoMeTplll!8CROM no,IPCo;n:e CBO;n:.fITC.fI 

;n:By-MepHM Mo;n:eJI'b ,n;e CnTTepa n 6esMaccoBoe CRaJI.fIPHoe noJie Eopna­

llncpeJin;n:a. 

6, IlocTpoeHH 6ecRoHel!Hlle cepnu 3aRoHoB coxpaHeHM ,lJ,JI.fI pe­

JI.fITllBllCTCKoii CTPYHH B TpeXMepHOM npocTpaHCTBe MmrnoBcROro u 

Hait;n:eHa CilMMeTpM ypaBH8Hll.fI JiuyBUJIJI.fI, CJI8.D;CTBU8M ROTOpoii .fIBJlfIIOT_; 

C.fI STU 3aROHll, 

7. C TOl!Rll spemrn: !pH3llRll 8JI8M8HTapHHX l!aCTUU llCCJI8,ll;OBaHU 

COJIUTOHHUe pememrn: ypaBH8HM JillYBMM U me ycTOlil!llBObT'b, IloRa-

3aHO, 'ITO TaRUe pememrn: MOlltHO lll!TepnpeTnpoBaT'b RaR l!aCTllUU C 
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OTJIUl!HOH OT HyJI.fI r411ccou nORO.fI,npUl!eM STa IDITepnpeTaunR llMeeT 

CMUCJI RaR Ha KJiaCClil!8CRO!I! , .TaR ll Ha RBaHTOBOM ypommx. 

8. Ilpe,JJ,JiolKeHa MO;n:eJI'b O;n:HOM8PHO-IlpOT.flJit8HHOro peJI.fITllBllCT­

CROro 06'b8RTa, ,n;IIHaMHRa ROTOporo onpe,n;eJI.fieTC.fI Tpe6oBalllleM, tJ:T0-

6u IIORPUBaeMM llM noBepXHOCT'b B npocTpaHCTBe MmrnoBcRoro llMeJia 

nOCTO.fIHHyIO cpe;n:HIOIO RPllBH3Hy ~ no RalK,n;OMy HOPMaJI'bHOMY HanpaB­

JI8HlllO, llaCTHllM CJIYl!aeM TaRIDC noBB!JXHOCTeit .fIBJlfI8TC.fI MHPOBM 

noBepXHOCT'b peJI.fITIIBUCTCROll CTPYHH (ri1llHlllvlaJI'bHa.fI noBepXHOCT'b C 
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