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B · 6. / l--3/ . M r . M H . ,CBOHX OCHOBHb!X pa OTax; ... J:1. • enbcf>aHLI n .A. ait-

MapK Bb!HCHnnn PS!LI OCHOBHb!X Ma:eMaTH'IeCKHx· BOilfJOCOB Teopmr 

11pet:1cTaBneanit rpyrrrrh1 nopeaua. KpoMe BorrpoCoB, paccMOTpeHHhIX 
. . . ' . 

9THMH aBTopa~m, B nccnet:1OBaHn.11x; · CBH31lHHblX C penHTHBIICTCKHM 

,; 

paano)KeHneM aMIInHTYLlbl _paccesransr, IIOLIH.HT Borrpoc O HllXO)KL{el!HH 

._;IBHOI'~ BHAll rrpeLI.CTaBneanit· ll rnapoBblX. qiyHKitllit rpyrrm,1 nopea~a. 

WapOBble. qiyHKitHH Ha ot:111orronocTaoM rnrrep6onont:1e cncTeMaT11•1ecKH 
. : . . . /4/ . 

P,accMaTpnBanncb H.H. BnneaKHHbIM II H.A. CMopom111cKHM • MaT-

pH'IHhie aneMeHTbl rrpeL{CTllBnemrit f'.PYIIIIbl no peaua OL1nn. paCCMOT-
· t ' 

pe11L1 n.· 6aancax O (3) 0 (2, I ) E(2). J:13 M11oroqncnea11oit 

iIUTepaTypbl ITO 9TOMY Borrpocy Mbl OTMeTHM 3LleCb numb paGOTbl 

,· I 51 . A A .. M r· " w 161 
C, illTpeMa. n • • . aKapoBa, ~r,. errenena • 

LlnccepTauifsr rrocnmueaa nccnet:1onaun10 ocno_BHOit cepnn yun

TapHhlX rrpeL1CTaMeH11it rp.yIIIIbl nopeHua. C IIOMOl!Ib!O ooOOl!IellHH 

IIOHH.THH cmrnopoB Bb1Bet:1eHbl Ma'Tpll'IHble ane1v1eHThl OCHOBHOH cepnn 

YHl!Tapa~ix. rrpeL1CTannea11it 9TOit _rpyIIIIbl. ITonyqe;I~LIH. peaylibTaT HMe-

eT 6onee
1

• rrpoCTOH BULi·, 'IeM MaTpll'IHble aneMeHTbl 11pet:1CTaBneanit 

B 6aaucax O ( 3) , 0 ( 2, I ) , E (2) 

Han6onee IIpOCTOit peaynbTaT, rronyqeHHblH n nnTepaType B. Bbl

rneyKa38HHblX Oll3l!C8X t:1nH M8Tpll'IHblX aneMeHTOB 1 3aBHCHl!IHX OT 

Iiie~Tir napaMeTpDB rpyIIIIbl nope111ta, HMeeT BIILI TpexKpaTHOH CYMMbI, 

ecnn rnrrepreoM~TpnqecKyro cf>yHKitHJO fa~cca ae: C'IHTaTb·. cyMMoii, 

3 
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a 38ABHHOfi qiyHKUHefi. B T8KOM CMblCne pe3ynbTBT, nony'leHHblfi 

B AHCCepTaUHH, He COA8p:)!(llT HH OAHOfi cyMMblo B TOM cny'lae, 

ecnH C'IHT8Tb H caMy rHnepreoMeTpH'18CKyro c!>YHKUHID (B TOM 'IHcne 

D - cpyHKUHID rpynnbl BpameHmr) cyMMOfi, TO M8TpH'IHb18 sneMeHTbl, 

HCnonb3Y8Mbl8 B nHTepaType, HMeroT BHA 6-KpaTHOfi cyMMbl, a pe-

3ynbT8T AHCCepTaUHH COA8Pll{llT ABOi!Hyro cyMMy. 

KpoMe Toro, B. AHccepTaUHH paccMaT,PHBancsr· TaKlKe Bonpoc 

o nepeXOA8 K npeACTaBn8HHHM B 6a3HC8 yrnOBblX MOM8HTOB. noica.'.. 

38HO, 'ITO nepeXOA OT YHHTapHblX cnirnopoB K 6a3HCy yrnoBoro MO

MeHTa ocy,mecTBnHeTCH C noMOIUbID KOMnneKCHblX K03qiqJHUH8HTOB 

BHrHepa rpynnb1 TpexMepHblX BpameHHfi. HanH'IHe nonrocoB B KoMn-. . .. : 

neKCHOfi V. -nnoCKOCTH ( CM. HHlKe) B Bbllll8YK838HHblX KO scjJcjJHUH8H

TaX nepexoAa AonycKaeT no11y'l8HH8 MaTpH'IHhlX sneM8HTOB npeAcTaB

neHHfi rpynnbl nopeHUa B 6a3HCe yrnoBblX MOM8HTOB, 

B rnaBe 1 paCCMOTpeHa rpynna TpexMepHblX KOMnneKCHblX 
I• 

BpameHHfi O ( 3. C ). H noKa3a~o, ~TO CBH3H8H 'l~CTb 3TOfi rpynnbI 

• H30Mopc!>Ha co6CTB8HHOfi rpynne nopeHua. K Tp8XM8pHoMy KoMnneKC

HOMY BeKTopy MO)l(HO npHfiTH C118AYIDIUHM 06pa3oi:,i:. PacCMOTpHM 

8HTHCIIMM~Tp~'l.Hblfi T8H30p S /I; V . ( ~, !' = 0, 1, 2,3) H COCT8BHM 

TpexMepHblfi B8KTOp SI = -½ (lkf Ske +is O I ( i • k ,e =1,2,3). 

TTpH npeo6pa:30BBHHH~ nop.eHua_ _SI npeo6pa3yeTcR KBK, TpexMep

Hb1fi KoMnneKcHbli! B8KTop, 3ToT qiaKT. 6bin 38,Me'leH !l>,H., <'l>~Aopo-

/7 / 
BblM B 1962, roAy, 

O6o3Ha'IHM 'lepe3 MI H N I reHepaTopb1 npocTpa~cTBeJ.HblX 

noBopoTOB Bo,Kpyr OCH i H. "6ycTOB" BAOnb OCH i ( i ,;1,2,3). 

Xoporno 113B8CTHO, 'ITO ecn11 BB8CTH mrnei!Hyro KOM611HaUHro reHe

paTopoB 

j I 
1 

2 
Ml + i NI ) ; KI 

4 

1 . 
-(M1 - iNi) 

2 

~i 

L 
I, 

I 

.. 
,. 

TO JI; '; Ki ?'.AOBneTBOpRroT anre6p_e n11 AByx H838BIICHMbIX yrnq

Bb!X MOM8HTOB, TaKoe pacnaAeHHe anre6pbl nu OTpa)KaeT HM8HHO 

TOT ~8KT
0 

,'ITO C06CTB8HH851 rpyrrrra flopeHua H30MOpqJHa .rpynne, 

SO: ( ~. C ) , ~cxoriR H3 KoMrrneKcHofi ccpepb1 S; + S ; + S :. :a, S 
2
. , 

MO)KHO, CIICTeMaTnqecKHM o6pa30M np!fi!TII ·K IIapaMeTpII38UIIII ,rpyn-.. . .· .... ', . . . ' . ' 
IIb! nopeHua C IIOMOlllbro KOMnneKCHb!X yrnoB 3iinepa. KoMrr11eK~Hb!tt 

IIoBopoT orrpene11sreTcsr KaK npoH3BeAeHHe AByx onepaunii: !IPOCTpan-
. . -· ·~ 

CTB8HHoro IIOl}OpOTa BpKpyr HeKoTopoii OCI! II 6ycTa BAO/lb Toii )1{8 

ocn, Ec11H ocyiitecTBIIT!> rrapaMeTpll3aunro c IIOMOlllbro KoMn11eicHb1x 

yr110B 3ii11epa, TO IIO!IXOARllllIM 6a3IICOM M0)1{8T 6b!Tb 6a.3HC YHII

TapHbIX cnnnopoa, K0TOpb1ii· saAaeTcsr co6cTBeHHbIMII 3HaqeHIIHMII 

onepaTopoB Ma II Na • 3ToT 6a3nc cooTBeTcTByeT IIpIIBeAenHror 

SO ( 3,Ct) ::> 0 (2) x O (1,1) = 0 ( 2, C ) . B OTIIII'IIIe OT cnIIHopHoii 

noAr~ynnbl'- 0 ( 2) .X O (2) rpyIIIIb! ·o ( 4) , IIOArpyrrrra O (2, C} HB/IH-

8TCH. H8KOMIIaKTHOii, 3To IIpOHBIIH8TC51 B HerrpepbIBHOCTll CII8KTpa 

reHeparopa Na • '.fa_KHM o6pa3oM, KOMnOH8HTb! 

Hopa 'no co6cTB8HHbIM_ 3HaqeHHHM renepaTopa 
YHllTapHoro CIIH-

AlICKpeTiicie 6ecKoHeqHoe __ MH0)1{8CTBo, -a KOMnoHeHTb! no C06CTB8H

Hh!J'1 3H8'18Hl!HM _6ycTa Na ·,- HerrpephIBHb!, Ha R3b!K8 C06CTBeHHb!X 

3Haqe_Hllfi J a II : Ka 3TO 03HaqaeT, 'ITO YHIITapHbiii CIIllHOp xa-

M a 06pa3yroT 

. . .. ': · · 1 1 
P8KTep113yeTCH KOMII/18KCHblMll 'lllC/18MI! m =-(µ+iv) ll m*=-(µ-i V) 

. , .• · 2 2 . 

llnsr KOHe'qHOMepHb!X IIp8ACT8B/leHnfi Be/lll'IHHa m OTBeqaeT HerryHK-

TIIp!IOMy, a Be/lll'lllHa m * - IIyHKTIIpHOMy llHAeKcy 
CIIIIHopoB,' 

MaTpll'IHhie :iineMeHTb! YHIITapHb!X 

RBll~IDT<::H ~o-6cTBe_HHbIMll. ~YHKUllHMll 
➔ 2 

* 
rrpeACTaa11eHnii <mm *f Tl! (g)_) [nn'"> 

orre~aTopoa KaGHMnpa J 2 n . 
K , T,e, 

[ f2 . * 
j ( j + 1 ) ] < m m * f T /.{g) f n n * > = 0 , ( 1) 

5 



i 
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[K. 2 -j* (j*+l)]<mm•*IT
11

(g)lnn*·> =0, ( 2) 

rne j BbipalKaeTCSI C fiOMOII(blO xoporno H3BeCTHblX KBaHTOBb!X 
1 . ➔ 2 ➔2 

•mcen j O .• a B Bnne: j = 2 (j 0 -l +i u.). reaepaTopb1 J H K 

B ypaBHeHHSIX ( 1) ~ ( 2) · HMeJOT BHA nmpcpepemrnanhHhIX orrepaTopoB 

BToporo rrop.Sii:tKa, T,e. MaTpH'IHbie aneMeHThi rrpencTaBneHHfi B nell:

CTBHTenhHOCTH ynoBneTBopSIIOT nn<p<pepeauHanhHOMY ypaBHeHHIO qeT

BepToro rropSii:tKa, YpaBHeHHe TaKoro THrra 3arrHcbiBanoch B 6a3Hce 
/5/ B . 

yrnoBoro MoMeHTa B pa6oTe • cnencTBHe ncrronh3oBaHHSI cnn-

Hopaoro 6a3HCa anre6pbl nn, a TaKlKe KOMllllE!KCHbIX yrnoB 3iinepa 

orrepaTop •. J2 3aBHCHT TOnbKO OT KOMrrneKCHblX yrnoB 31!:nepa, 
➔ 

a K 2 - OT KOMITneKCHO corrpSilKeHHb!X HM BenH'IHH, TaKHM o6paaoM, 

qeTbipe aeaaBHCHMblX pSll!ElHHSI CHCTeMbl ypaBHSHHll: ( 1) t ( 2) CTpo-· 
\ 

SITCSI C IIOMOII(b!O. i:tBYX pelllSHH~ ypaBHeHHSI ( 1), B i:tHCCSpTaUHH IIO-

Ka3aHO, 'ITO ypaBHSHHSI ( 1). ( 2) HMelOT pe~ynSipHoe perneane TOnhKO 

Torna, Korna ynoBneTBOpSISTCSI ycnoBHe KBaHTOBaHHSI: 

e 117( µ.-1<> sin 17 (j-n) sin 17 (j*-m*) =l 

sin 17 (j*-ri*) sin17(j-m) 

( µ. = 2 Rem , K = 2 Re n ) , 

T,e. j It - uenoe ( onaoaHa•rnoe rrpencTaBneane), J0 - nonyuenoe 

'IHCnO (nBY3Ha'IH08 rrpencTaBneHHe). CTpH 9TOM HOpMHpOBaHHbl8 

perneHHSI ypaBHSHHll: (1) (2) 3anHlllyTCSI B BHne 

<mm *:I T 1 l * Inn*>= e-1 (mcf,+m"'rf,*+nt/J+n*-i/f> R l l * ( cos 0, cos 0*), (3) 
Cc) . mm*;nn* 

6 

\1 
l) 

1, 
~ 
& 
I 
'1 

rne 

R11* 
~m~ nn* 

N~n . [ * . . . ~~~~-~= pl fz*)Ql () l 4iy'sin17(m-n)sin-( * *) ~"\.* Jnn z -P (z)Ql* (z*)] • " m -n ' mn m"h* 

( z = cos O ) • 

3necb N!n - HOpMHpOBO'IHbill: MHO~HTenb, a <pyHKUHH P u Q . -

<pyHKUHH nelKaHnpa rrepBoro u BToporo ponoB, 

CTpencTaBneHHSI_(3) TpHBHanhHbIM o6pa30M 0606wa10TCSI Ha 

rpynrry SL ( 2, C ) • 

Bo BTOpoll: 'laCTH rrepBofi rnaBbl nonpo6Ho H_3y'leHbl CBOll:CTBa, 

* a TaKlKS aaanHTH'l8CKOe IIOBeneHHe <pyHKUHll: R~~~ nn * t KOTOpbie 

SIBnSIJOTCSI KOMnneKCHbIMH aaanoraMH xoporno H3BSCTHbIX d l -cpyHK-. mn 

UHll: rpyllllbl TpexMepHbIX BSII(8CTB8HHbIX Bpameanll:. 

B rnaBe II paCCMaTpHBaJOTCSI ccpepH'ISCKHe <pyHKUHH OTHOCH

TenhHO rronrpyrrllbl O (2, C) • BbIBOn 9THX <pyHKUHll: cymecTBSHHO 

oTnHtJaeTcSI nnSI c<pepbI aeayneBoro pannyca ( I ) oT ccpepbI ayneB _oro 

pannyca ( Io ) • 3TH rrpocTpaHCTBa OTHOCSITCSI npyr K npyry TaK lKe, 

KaK TpexMepHb1ll: rnrrep6onoHn K Koaycy, rrpH'leM ccpepa ayneBoro 

panuyca COOTBeTCTByeT KOHycy C k2 = 0 • AaanorHSI CTaHOBHTCH 

otieBHi:tHoll:, ecnH oTOlKi:teCTBHTh 'leTblpexBeKTop ayneBoll: nnHHhI k I' 

C BOnHOBbIM BeKTOpOM aneKTpoMarHHTHoro rronSI,. B 9TOM cnyqae 

KOMITnSKCHblll: BSKTOp HyneBoro panHyCa COOTBe!CTByeT aneKTpOMar- r 

HHTHoll: rrnocKoll: Bonne, TotJKa aa KOHyce k0
~ --,k 2

, = 0 3anaeTcSI, 

nanpHMep, TpeMSI KOMITOIJ:SHTaMH BeKTopa k H 1109TOMY Konye 

SIBnSieTCSI TpexMepHblM rrpocTpancTBOM, B TO lKe BpeMSI ccpepa nyne

Boro pannyca HMeeT '18Tblp8 pa3M8pHOCTH, t.JeTB8pTaSI KOOPLIHHaTa 

rrpocTpaHCTBa Io OIIHCbIBaeT opHeHTaUHIO aneKTpH'ISCKoro H MarHHT-i 

aoro rronSI rrnocKoll: BonHhI BoKpyr aanpaBneHHSI BSKTopa k 
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1 
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( 

• ...... . 

,.,. 

-~: ·;:: .. 
n~KasaHo,. 'ITO HOpMnpoBaHHble c¢epnqec·Klle ¢YHK!Illl1' Ha ! 

l!MeroT Bll.Q 

< 0 (l"; ¢«{>:*I jj*; mm*·> =v _(2j+l)(2j*+l) el(mrf,+.;,*¢*) 

' . 8 rr 2 . 

flil* ·(cos0, cos. 0* ) 
(4) 

,1 mm*; 00 
' i '~ ;L 

' 
B npocTpaHCTBe Lo napaMeTpnsaunsi C IIOMOU{hio KOMIIlleKc:Hb!X 

Yf'l!OB 3lin:pa TepfieT CMb1i::11, Lfr05bI ITOllY'IIITb CqJepn'IeCK~e ~;HKUllll, · . .. . . 

B 5asiice 'Yl;Il!TapH~IX _C~llHOpoB, BBO.QSITCSI rrapaMeTpbI 

S: · ~ - i cos· {ii) cos ¢ - sin¢ I . 
S = -i cos 0 sin¢ +·cos rf, , 2 -

s;' = i sin 0 ( 5) 

TTpn :3TOM· c¢ep11'IeCK1Ie ¢YHKUllll 3aITiillIYTCSI B Bll.Qe 

.. 
. - . ' 1 1 .0 l-m . (3 l+m 
< ~ *; ¢ ¢ ~ I jj*; mm * > = -== -.-

2 
( c,os ~· .> (sin 

2
) 

2y2 (2rr) · 

( · . H*)-l*-l+m* ( , . El*· )-i*-1-m* I (mrp+m"rp*) cos- sin- e 
2 2 . 

(6) 

C¢epnqecKne ¢YHK:tuin Ha c¢epe HyneBoro paanyca BhmeaeHh1 TaK:lKe 

B 5a3HCf •yrnoBori> MOMeHTa,. KpoMe TO;O, IlOKasaao, 'I;ro ecm1 

8 

\. 

,. 
I 

..,:.'\ 

··' 

; 

OTBne'IhCSI OT .QBY3H8'IHOCTll, B03HllK8IOmeli rrpn rrepexone OT BeK

TOpa HyneBoli )llllllibl K CilllHOpaM, TO O)lHOpO.QHbie q>yHKUllll, pac

CMOTpeHHbie renhq>aH.QOM ll HaiiMapKOM, 9KBHBaneHTHbl cqiepnqec

KllM. q>YHKUHSIM H8 KOMIIneKCHOli cq>epe HyneBoro pannyca. 

B rnaBe Ill paccMaTpllB8IOTCSI MaTpll'IHb!e aneMeHTbl 

rrpencTaBne11nli rpyrrrrhl flopeHua B 5a~nce yrnoBoro MoMeHTa, TaK 

. IXN 
KaK MBTpll'IHbili aneMeHT orrepaTo_pa 5ycTa e 3 B 5asnce YHH-

TapHbIX CilllHOpOB CBO)lllTCSI K q>yHKUll~ e IX V ' SICHO, 'ITO Cl!O:lK-

HOCTh Ma~pll'Ilib!X aneMeHTOB 5ycTa d !~ ~/L ( X) = <f µI e IXN3 :1 f '/L •> t 

B 5asnce y~noBoro MoMeHTa CBSI38Ha C K0:3qJqlllUll9HT8Mll rrepe-

xona Me:lKJlY 5asncoM y11nrapHhlX crrnHopoB H 6asncoM yrnoBoro 

MoMeHT8, l1H'ryllTllBHO Bll)lH0 1 'ITO :3_Tll K0:3qlqlllUII9HTbl rrpe.QCT8Bl!SIIOT 

co5oii KOMilll9KCHbl9 K0:3q>qJHUll9HTbl Bnr11epa rpyITIIb! 0 (3) • B )l8H

HOM cnyqae cnaraIOTCSI )lBa . KOMITneKCHb!X yrnOBblX MoMeHTa, KOMil

neKCHO corrpSI:lKeHHblX llPY~ npyry, Bb!SICH9H TO'IHblll CM bl Cl! :3TOll 

orrepaunn. KoMrrneKCHbl9 K0:3qlqJHUII9HTbl Bnr11epa rrpHHllM8IOT p83Hblli 

Bll.Q B 38BllCllMOCTll OT 3H8KOB BenH'IllH io + /L , j O - /L • C rro

MOlllhlO ll3BeCTHbIX COOTHOllleHHli Me)K.Qy q>yHKUHSIMll ToMa-Bnrrrrna 

IlOKasa110, 'IT(? KoaqiqinuneHTbl Bnr11epa B Bbill!eyKa3aHHblX cny'IaSIX 

COBila)laIO_T. TTpn Bb!BO)le :3TllX COOTHOll!ElHHli 3H8'IHTel!hHyIO ponh 

nrpaeT IlO)lXO)lSil!lllli Bb!5op q>a3 5a3llCHb!X q>yHKUnli. C IlOMOlllhlO 

8CllMilTOTH'IeCKOro IlOBe)leHHSI K09qlqlllUHeHTOB rrepexona ,<µ V :1 f /L > 

BbIBene11a cnenyromasi q>opMyna nnsi qiy11Kunn 5ycTa: 

L dlo~ (x) =I (-l)ic(jo+/L+k)l <µv.lf'µ-><µvlfµ>* I e1xvk. 
2rri ff /L k=1l k! r(j+m+l)r{j*+m*+l) V=Vk 

+I 
k=O 

(-l)k (j o-µ+k) ! 

kl 

<µv'.I e 'µ·><µVI fµ ·> •* I e rxv~ 

r(j-m+I)r(j*-m*+l) V=V: 
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I. 

11,. 

rne 

V = i I lo + I -t'µ.+2k I -u k 

V = i I j o + I - µ + 2k I +u. 
k 

B ri:raae IV noKaaanoi 'lTO nayMepnasr KOMnneKCl!a~ 'ccpkpa 

'nonycKaeT ano;>KeHIIe nayx 11eTb1pexnMnynbCOB II noaToMy C noMqlllb!O 
.- ' . 

ccj,epl!'l<~CKIIX cpyHKUllH OTIIOCl!Tenbl!O nonrpynnbI O (2, C ) MO;>KHO 

nocTpOl!Tb' cpaay. nayx11acTn1111h1e cocToHHnSI, npeo6paayromnecsr no 
, , 

nenpnabnnMoMy yHJITapHOMy npencTaaneJilfJO 'rpynnbl nopenua. 

na.yx11aCTll'll!Oe COCTOHl!He i"m.1, m2 ; !l t)' Pc2,>. 'tecc~IIHOBblX 
I . 

'lilCTIIU np11 cp1!KCIIPOB1lllllblX 3ll8'leHl!lIX Mac,c xapaKTepnayeTClI 6 

HC3~BIICl!Mb!Mll napaMeTpaMn. 3TH napaMeTpbl ,,M:0)1{110 BnO)KlfT~, B ' . 1-: .. 
rpyn;y nopenua cnenyromnM o6paaoM, HcxonnM na cTa11napT11oii 

CIICTeMbl OTC'leTa a o rne npoCTpaHCTBe11111,1e 'l8CTH IIMnynbCOB 

11acT11u nanpannem,1 anonh ocn z 11 1111.1e10T·onpenenen~oe OTHO-

menne .:.o 

113 CIICTeMLI 

;fne C 1 

' . 

npo1!3Bbnhllble 3118'l~IIIIH l!MnynbCOB.MO~HO nony'lHTb 

~ C noMOlllb!O npeo6pa30B8HlflI nopeHua 

T < g J = C3 (~ J c 2 < o c3 < i l 

KOMIIneKCIILIII nof\;OPOT BOKpyr OCH Ha aTnx onepa-

uuii nepBhIH npocTpancTaeHHbil"I noaopoT Ha yron Hc>t/1 uecymecTae-.. , 
Hell, TBK '.~BK OCTaBnlieT HMnynbCbl IIe1!3MeHHhlMII. EcnJI COCTBBl!Tb 

KoMnneKCl!blll neKTOP 

s 0 
l\o Pc2> 

➔ 
0 • 

Pc2, PCI> ~ 1 Pei/ Pc2> 

113 l!MnynbCOB, TO B CIICTeMe (To nepBbJH. 6'ycT. Ha yron lmrf, oc-· ,· 

T~BnSieT' BeKTOp s Hel!3MeHHbIM, a OCTBnbHbHi npeo6paaoBal!lflI ' 

nepeBOlllIT ero B nono;>KeHne,. oxapaKTepl!30_B8HHOe KOMnneKCHbIMII 
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