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Beeneaue 

B10KnHHI' H KaSIHTH/ 1,2/ npeano:»mnH cn6co6 poabii'pbiiiia cnyqafi:HbiX 

aaeaa anSI MynhTHnepH¢epH'lecKofi: MoaenH. Ero s¢¢eKTHBHOCTb aocTaTO'lHO 

~opoiiia anSI MoaenHponaHHSI po*aeHHSI 4-6 qacTHU. 

B aaHHofi pa6oTe paccMaTpHBalOTCSI paanH'lHbie nyTH yconepllleHCTBOBa~ 

. HHSJ crroco6a. B · § 1 rroKaaaHa cBSI3h MeToaa BIDKnHHra-KaSIHTH c cy.mecTsylO

IUHMH MeToaaMH. B § 2,3 rrpeano*e.Hbi cnoco6bi ycoeepiiieHcTeonaHHSI MeToaa 

B10Knimra 'li KaSIHTH. B §4 IIPC!BeaeHo cpaBHeHHe s¢¢eKTHBliOCTH MeToaa rrpH . 

pa3llbiX 3Ha•teHHSIX rrapaMeTpOB, 
. , 

§ 1. Casrab crroco6a BIDKnHHra-KasrHTH c 1!3aecTHbiMH 

crroco6aMH p03bii'pbiWa 

DycTh rrpH cTonKHoBeHHH qacTHU a 

·1,2 .... n. 0603H8tiHM KOMIIayHa-tiaCTHUY 

HOMepoM 0: 

.a + b .... 0 .... 1 + • • • + n 

3 

H b 

a + b 

po*aalOTCH '!aCTHUhi 

(HnH 1 + 2 + ... +n) 

(1) 



Macchi "'aCTHU nycTh 6y11.yT m a , m h , m 1 , • • • , 
BBelleM eme 

cnellY!OutHe o6o3Ha"'eHHSI: 

m 1 + • •. -+ mk p. k 
(2) 

.... 
I P , E 

k k 
M 

k 

(3) 

(4) 

1. MeTOll p03btrpbtWa 4-HMnynbCOB P1 , ••• • Pn 1 YflOBneTBOpSIIOutHX 

. /3,4/ 
3aKoHaM coxpaHeHHSI

1 
ohm snepBb1e npellnoJKeH OllHHM H3 aac • 11Mnynh-

Cbl 3all810T nocnellOBaTenhHO B CHCTeMaX OTC"'~Ta 0 n , 0 n-1 
, ... , I B 

KOTOpbiX COOTB9TCTB9HHO 1:, =0, 
~.=;0, ••• , P

2 
·= 0 ; 3TH HMllYJibCbl Mbl 6ylleM 

06 03Ha"'aTb p (n) , p (n-O, •••• . p (2 ) 1 OTM9"18SI BepXHHM HH1l9KCOM CHCTeMy 
· · n n-1 2 

OTC"'~Tao J1MnyJibC · p (k)( k = n , •• , 2 
k 

OllH03Ha"'liO onpelleJISI9TCSI 3all8J.IIl9M .. 
KHH9TH"19CKOA aaeprHH .Tk_ 1 

"'aCTHU rpynnhl Ok-1 · B CHCTeMe 0 k-1 

H aanpanneHHSI 
ee Bbtn9Ta ( HJIH BbtneTa· "'aCTHUbl k 

0 k ~. llpouellypa H8"1HHaeTCSI C k = n ; 381l8B TaKHM o6pa30M P 
(n) 

n ' 

Mbi npeo6pa3yeM ero no sceo6myro {aanpuMep, na6opaTopayro) . cHcTeMY oT-

C"'~Ta: 

CU(n) + 
.... ....(n} (I) (n) 

E p 
Pn 

(I) + 
n n n .... P->(n) + 

Pn 

n n {5L 
(I) pn • 

n 
n 

Mn 
En + M· n 

nocne "'ero MOlKHO Bbi"'HCnHTh 4-HMnynbc rpynnbi 0 n-1 
OCTaBWHXCSI 'laC-

THII I, 2 , . • , n - I 
. (6). 

p 
n - P n 

4 



· H noBTOpHTb npouenypy c k = n - l · 

Korn~ <PopMyna ( 6) naeT nenocpencTBeHHO p 1 B na6opaTopnoit<cnc;_ . 

TeMe ( npn aTOM nano nono:lKHTb T 1 = 0 ) • 3Ty npouenypy MO:lKHO ycnoBHO 

nao6paaHTb B Bnne cxeMbi · (eM. pnc. 1). 

· B Bbl6paHHbiX nepeMeHHbiX· Tk_ 1 n k 
HHTOT'pan COCTOSIHHfi CHC-

T9Mbl n qacTHU c aMnnnTynofi npencTaBnsreTc~ B nnne 

... ... ... 
Sn d Tk-1dfh ... d T2 d03 d {h X 

(7) 

.. ., ... 
PaccMoTpHM Tenepb nonpo6nefi cnoco6bi aanannsr nennqnn Tk_ 1 n 0 k 

2. 3neprnn Tk-1 ynoBneTBOpHIDT HepaBeHCTBY 

(8) 

B nporpaMMe FOWL /6/ 
nnsr aanaHHSI aneprnfi ncnonbayiOTCSI. 

( ~ - 2.) cnyqafiHbiX qncna, pacnono:lKeHHbiX B nops:~nKe BoapacTaHnSI. Bee 

COCTOSIHHSI ·npn·· aTOM. paBeH. 

n-1 

Kn 
(217) 

2(n-2)! Mn 

n (k) m 2 

IJ pk (9) 

5 



/4/ /5/ 
3ToT ·Me Ton 6bm · npenno>KeH a pa6oTe , a B 6brna oueaeaa aa npHMepe . 

cpaSOBOI'O o6'beMa ero acpcpeKTHBHOCTb. npH n > 10 H M n >> p. n oHa 

aeynoaneTBOpHTenbHa. 
. I f/ 

B nepBoHa'lanhHOM sapHaHTe nporpaMMbl ci>OPC B Ka'leCTBe. T k-1 

I'Jl9 ~ k- 1 - KopeHb ypaBH9HHSI 

k-2 
Oc-1)~ k-1 

k-1 
-(k-2) ~ . 

k-1 
(10) 

a ak-1 - cnyqaaaoe 'IHCnO. npH 9TOM aeca COCTOBHHa B ynbTpapenHTHBHCT- · 

CKOM npenene IlpH 3Jl = 1 IIOCTOBHHbl 

(77 /2) n-1 
T 2n-3 n 

__ n __ n 
( n - 2) I ( n-1) ! Mn 2 

2T k p \!'' 
T~ -T~_ 1 

(11) 

/8/ 
B HbiHewaeM aapHaHTe ci>OPCa T k-1 Bhl'IHCnHeTCH IIO cpopMyne 

- KopeHb ypaBH9HHB 

c k-1 (~ k-1 ) 
,~ - (12) 

a cpyHKUHB 

3 k- 5 

J~k d~k ~k~l...;. ~k)li 
(13) 

I 

J 

Ta6ynHpOBaHa llmi . k = 2, ... • 13 • Bee cnyqafiHOfi _3B931lbl IIOCTOHH9H. B Hepe-

miTHBHCTCKOM npenene: 
3n - 5 

3 
-;r<n- I) 

T n 
p <:> . 

1T q :m2 ' .(14) 
Kn 

2r< ;<n-1)) M n yTk- Tk-t 

6 



a B y.nbTpapemiTHBncTcKoM o6pamaeTcH B Hy.nb ua rpaunuax ¢as~Boro o6~~ 

eMa. 

3<\J<\JeKTIIBHOCTb o60HX B8pll8HTOB tPQPCa IIpii MO)leliiipOB8HHH <jlasOBOI'O 

. OO'beMa ( m = 1 ) )lOCTUTO'IHO Bb!COK8 ( y HOBOI'O 'IYTb Bbiii1e, '!eM y CT8pOI'O), 

'ITO . II03BOlHieT .ycrrem!IO p83b!I'pb!B8Tb Jl8)Ke peaKUHH C pO)K)leJIIIeM JlBYX )leCHT-

KOB qaCTIIUo 0pii n = 10 rrporpaMM8 Q>QPC BTpoe a¢<\JeKTIIBHee IIpOI'p8MMhl 

FOWL. 

3. Harrpaa.neHIIH MO)KHO OTC'IIITbiB8Tb OT mo6oii, Jl8)Ke nepeMeHHOHo 

ocii lk 0 
T8K K8K pk = 0 

/3/ 
B rrepBhiX rrorrhiTKax Monc.niipoaaHIIH II B rrep-

, n ~~ 
rrporpaMMbl !l>OPC ' BhiX B8pll8HT8X B Ka'!eCTBe ocn 6pa.nn 1\ 

n HarrpaB.neHne 38Jl8B8110Cb KOCIIIIyCOM !/k 

II a3IIMYT81IbHhiM yr.noM rp k ( yr.noM Me)KJlY IlliOCKOCTHMH ( f k 

... 
n • z ) • !l>opMyllhio orrpene.nmomne P k rro 8THM naJIJihiM, eM., 

/3/ 
uarrpnMep, B 

/7/ ~ 
n.nii B npyroM BapiiauTe rrporpaMMhi och r k Herronan~<-

1!8 H COBI18)l8eT·c OCbiD z a arc cos 7J k II - o6bi'IHhie rro.nHp-
. :!'" "-~ 

Hhiii Ii asn:MyTa.nbHbiii yro.n; 8TO 'lYTb yrrpomaeT <\JopMyllhi. B o6onx c.nyqagx 

Beliii'lliHhl II n 

<\JopMy.naMII 7Jk =2{3 k - 1 0 rpk = 277 y k; HMeHHO B 8TOM IIpeJliiOliO)KeHllll. 

H8IIHC8Hhl Bbillle <\JopMyllhl JlliH BeCOB (9), (11) n (14). CBooonoJ':i B Bhr6ope 

oceii fk MO)I{Ho' BOCIIOllb30B8TbCH JlliH TOI'O, 'IT06bi BB~CTII B IIpOI'p8MMY 

aKc~epnMeliTa.nbHhie yr.noBbie pacrrpene.neHnH (sa l k H8Jl0 TOI'Jl8 IIpHIIHTb 

Te OCH
0 

OTHOCIITellbHO KOTOpb!X · II3MepeHbl YI'liOBbie pacrrpene.neHHH B CHCTeM8X 

OTC'IeTa 0 k ) • 

4. B crroco6e. BIOKllllHI'a-KaHHTll B Ka'!eCTBe oceii e k 

6p8Tb IIMIIyllbC B CIICTeMaX OTC'IeT8 0 k 

7 

• ->(k) 
, T.e. p a 

rrpen.naraeTcH 

3TO 1103BO.;.. 



nseT casaaTb KBanpaT nepenaqu tk- 1 4-uMnynbca OT a 

C KOCHHyCOM. TJ k nuneli:noli: casabro 

(15) 

3necb Hnorna 6bmaeT yno6neli: nonbaoaaTbCH 4-HMnynbcaMH qacTHUbi k: 

pk-1 = _p<k>' cos (p 
k . a 

(16) 

Bbipa)l{aeTCH aMnnHTyAa MH0)1{9CTB9HHOrO 

pO)I{A9HllH B MynbTHnepHtiJepHqeCKOH MOAenH ( pHC, 2) 1 a HM9HHO: 

n-1 

IJ. fk (tk) 
(17) 

rne, nanpHMep, fk (tk) =exp( Kktk) unu (tk,;,-m;.)-
2 

Hnes BroKnHnra 11 KaHHTH cocToHT B npencTaaneHHH aToro npouecca .... • 
B BHAe nocnenoaaTenbHOCTH maroa THna - Hao6pa)l{eliHOii: na p11c. 3. Cpa a-· 

nen11e c puc. 1 neMoHcTpnpyeT 6nnaocTb nx nnen c o6menpll!HITbiM · cnoco6oM 

aanannH T8KOH nocnenoaaTenbHOCTllr B TO apeMH KaK o6biqHo nono)l{eHHe ocu 

-> fk ne oroaapnaaeTcs, HOBbiH cnoco6 yquTbiBaeT nanpaanenne anepruqno!i 

qacTHUbi a • B caMoM nene, o6oanaquM cucTeMy c 4- uMnynbCOM (+ qk) 

H KBanpaTOM "MaCChi" tk 6yKBOH 0 k Torna puc. 3 MO)I{HO TonKoBaTb 

KaK nocnenoaaTenbHOCTb cnusnuli: cucTeM a H Ok B CHCTeMy Ok 

n pacnanoB + k AnSI k = n , n - 1 ' ... , 2 , 3To naeT 

B03MO)I{HOCTb B ( 15) Bbipa3IITb t k-1 qepea t k 

w (k) 
M2 2 

k + m a--t k (18) 
a 

8 



V [ w<k) ]2 _ m 2 
a a 

(19) 

rAe 

.. (20) 

B . nepBbiii paa1 npn k n , 6epeTCSI t n p 2 
b 

m ~ > 0 , ·ao ace cneAyro-

nme - t k < 0 

Ha ( 15) cneAyroT npeAenhi HSMeHeHll:SI t k- 1 

(-) (+} 
0 

t k-1 'S.. tk-1 s.. t k-1 < (21) 

rAe 

t <t? 2 2 -2w (k} E (k) 2p 
(k) (k} 

m + Mk-1 + Jlk 
k-1 a . a k-1 a 

(22) 

~ 

Ha <jJopMynhi ( 15) .cneAyeT 

d "7k 
dtk-1 Mk 

dtk-1 

2 p (k) p (k) A p(k) 
a k k k 

(23) 

TIOACT8HOBK8 B ( 7) npHBOAIIT K cneAyromeii aanll:CH ll:HTerpana COCTOSIHlrii: 

1 2 d t n-1 . . 2 d t 2 d t I 2 
S = - I dM 1 --'::.__;;_.- dcf>n ... I dM 2-- d¢8 I-- d¢ 2 m 

n 4 n-1 n- An A 3 A 2 . 

(24) 

B npeAenax ( 8), ( 21). TipeAenhi AnSI cpk cyTb ( 0, 2 rr ) : BroKnHHI' 11 Ka-

/2/ 
SIHTll: paahii'pbtBaroT, Aanee, T k - 1 no MeTOAY ynopSIAoqeHil:SI 9Heprll:ii 

( KaK B nporpaMMe FOWL ) 
1 

a t k- 1 . - T8K 1 qT06bi 6btnH paBHOMepHO 

pacnpeAeneHbi nepaoo6paaHbte oT f k-1 ( t k.:_ 1 ) , HanpHMep, np11 f k ( t k ) = 

9 



. t k 

(-) 
1 K k t k 
-- fn[e · 

Kk 

(+) (-) 
Kk t k Kk t k 

+f3k(e -e .)] •· 
(25) 

Torna Bee co6biTHSI ecTh 

K 

· n-1 
(211) . 

Kkt(+k) Kk t(k-) 2 

0
_

2 
n n-1 :lJl 

T II 2M II --'-e ___ -_,.;..e ___ --'----· • (26) 
n k=o3 k~k=ol 4>. k+l Kk nlll e Kk tk n (n-2)! · 

1 

Tipn nocTpoeHHH rncTorpaMMbi M piT B peaKUHH P P -+ PP 211 npH p na6 

= 19 fsB/ C no 9TOMY cnoco6y ( 2000 co6biTHft) C :lJl 
2 

= exp ( t 1 + t 2 + t 3 ) 

norpeumocTh cTon6uoB rncTorpaMMbi nocTnrana 15% (a B peaKUHH pp-+pp4rr -· 

- 20%). 

§ 2. YcoBeprueHCTBOBaHne cnoco6a p03brrpbriUa npn I K k t k I«. l 

B noncKax 6onee coBeprueHHoro MeTona poabrrpbrrua MynhTHpen>KeBcKoil: 
. - ., 

Monenn npn6erHeM K cnenyiOruHM rpy6brM oueHKaM nnierpana ( 2a) npn ~~
2 

, 

M~• .. T • 
n =II exp(K t ).TiycTh sneprHSI B3anMoneii:CTBHSI cTonh.BennKa, qTO 
1 k k 

k k 

EyneM ·cqHT8Th
1 

qTO OCHOBHOH BKnan B npouecc BHOCSIT Man~re nepenaql! 1 

2 
TaK qTO ltk I «(Mk-m a> H I.Kk t kl « l • Torna B KaqecTse'npenenoB 

H3M9HeHHSI t k . MO:iKHO npHHSITb 
0 H -·oo , a aennqnHY >. k cqnTaTh 

(27) 

0 

Torna npn k> 2 _L exp(Kk tk) dtk 
-1 k 

K k , a npH 2 

. 10 



}, llpeHeope)l{eM , eHa<Iana B8pll8UHSIMH (M ~ _ m 2 ) -1 
a 

BHyTpH IPa-· 

30Boro npoeTpaHeTBa. TorAa, HanpHMep, eneAyiDUlHfi no nopSIAKY HHTerpan 

AaeT KOHeTaHTY 

(M -m )2 - f.L22 
3 3 . 

2 
.- m a 

211 

K 2 

AHanOI'H'IHO eBeAyTeSI K KOHeTaHTe II noeneAylOIUHe HHTerpanbi, TaK 'ITO 

npH6nH)I{eHHO 

n 
= (rr·/2)n-1 ( K 1 K 2 ,.· • Kn-1 

-1 
> s 

CneAOBaTenbHO, MO)I{HO AYM8Tb, 'ITO BbiOOp B KaqeeTBe nepeMeHHblX IIHTer-

pHpOB8HHSI M2 
k 

H exp (K k t k) ernaAHn Obi BapHaUHH Beea B. MynbTHpeA-· 

)l{eBeKofi MOAenH. BBeAeM enyqafiHbie <IHena a k 

(k= n, •.. ,3), (28) 

a enyqafiHbie <IRena {3 k - e noMOlllblO IPopMynbi ( 25), TOI'Ila .Bee enyqafi-

a:oro eoobiTHSI 6yAeT paBeH: 

K 
n 

KorAa Bbli10nHeHbi yenoBHSI M k »I t k I , I K k · t k I« 1 
. -1 

TO B Bblp8)1{9HHH ( 29) Bee MHO)I{HTenH, KpOMe .\ 2 , onH3KH K 110eTOSIHeTBy, 

2. qTOObl yMeHbWHTb II BapHaUIIH Beea B 3aBHeHMOeTH pT .\ 2 , y<ITeM, 
2 . 2 2 

itTo, .B npeHeope)l{eHHH 38BHeHMOCTbiO .\ 2 OT t 1 ' r dM 2 I.\~ = £n (M2 -m a ) • 

11 



BBeneM noaToMy eny~auHoe ~Reno He cjlopMynou ( 28), ·a e noMOIIlbJO 

eOOTHOIIIeHHH 

2 
fn (M 2 _ 

TO eeTb 

2 
m,. 

o ( 2 2) I Ma_ - ma =a 2 t.n M 2 -m,. 
P.2 

. 2 2 
2 2 2 2 (M3-.m3) -rna 

M 2 = m a + ( f! 2 - m a ) exp [ a 2 fn 

T8K ~TO 

2 
f!2 

p.2 m2 
2 a 

2 
rna 

] . (30) 

OeTanbHbie 3Ha~eHHH M k BBOilHTeH no-npelKHeMy cjlopMynoil: ( 28), B HTore: · 

n-1 n-1 n 

n dM 2 = n ·da n 
2 k 2 . k 4 

--...:.;.. ·~ ' 

Bee eoeTOHHHH, onpenenHeMOrO T8KHM o6pa30M1 6yneT paBeH: 

2 2 
(M 3-m3) -rna 

2 2 fn----~----~ 
(Mk-mk) - llk-1 /l 2

2 - m
2 

----~~~-8~--~ 
n 

-------x 
>.a 

e Kk 
t (+) 

e K k 
(-) m2 n-1 . k t k 

xll n-1 
k=1 Kk q e Kk tk 

(31) 

Tenepb npH H3MeHeHHHX M 2 B8pH8UHH Beea 6ynyT M8nbi1 38TO ITOHBHTCH 

6onee ena6aH 3aBHeHMoeTb Beea oT M 3 ( nopHnKa fn M "3 / M 3 ) •. 

§3. YeoBepiiieHeTBoBaHHe enoeo6a po3bxrpbiiiia npH 1 K k t k 1=- l 

Korna K k. t k - BenH~HHbl nopHJlK8 eilHHHUbl1 . TO BXOJlH!Ilee B B9C ( 29) 

K t (+) K t (-) 
HnH ( 31) npOH3B9Jl9HHe ( ll ( e, k k e k k ) MO>K9T BHyTpH cjla30BOrO 

12 
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npOCTpaHCTBa CHnbHO MeHSITbCSio IlocTaBHM ce6e- 38ll8'1Y H36aBHTbCSI. OT 9TH X 

3aMeHHM 1 KaK H .BbiiUe 1 A k 

Ha M~ m ! H Ha6aBHMCst oT TpHBHanbHbiX HHTerpanoe no rp k. 

1. HH::>KHHii: npenen HHTerpanoe no t k 6yneM C'IHTaTb paBHbiM - oo • 

. nnSI OU9HKH BepXH9I'O IIpenena cf>opMyny ( 22) 3aMeHHM ee BbiCOK09HepreTH-

'19CKHM npH6nH::>K9HH9M 

af3 M~ + (a -{3 ) (a tk-{3 2 

t (+) 
m .. (33) 

k-1 
[p ~) ] 2 

rne 

M2 -m2 m2 - t k p<k)= 
,\k 

a k-1 .. {3 k 

2M k 2Mk 
.. 

. >-2M k 

(34) 

B Tex peaKUHSIX, B KOTOpbiX( rrpH k > 2) M k >> m .. • MO::>KHO B ynbTpapenSITH

. BHCTCKOM npenene C'IHT8Tb a '>> f3 • 

B sToM rrpH6nH::>KeHHH 

t+ =(z -z 2 

k-1 k-1 k-1 

rne 

z 
k-1 

2 
m 

a 

(35) 

13 
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Kor.na :me k, =. ~ , To _B aepxHeM ysne ua puc. 3 ,ocTae.Tcsi o.nHa 'IBCTHua; 

ecnu ee Macca a .naHHoa peaKUHH coana.naeT c Maccoa qacTHUhl a 

M1=m1=ma), TO a =0. 

t (+) 
1 

- ( 
m2 

2 

. 2 
M2 

t 2 

2 
m . ·a 

<f>opMyna . ( 33) npuo6peTaeT. BH!l 

2 2 
) m a • (36) 

H_B npe.nene M2 >> ~ 2 MO:lKHO fiOnO:lKHTb t({) <= 0 • 3TO yKnB.[lbiBaeTCH .. 

B tflopMyny ( 35), ecnu TOnbKO C'IHTaTb M 1 = m a • Tenepb c.nenaeM Dpe.n.;.. 

nono:meHRe, 'ITO OTHOWeHHe atfJtfleKTHBHbiX Mace rpynn 38BHCHT rnaBHbiM o6-

pasoM OT •mcna 'IBCTHU B rpynnax. TaK, Mo::mao 6bmo 6bi nono::mHTb 

/10/ Mk-t/M =(k-1)/k, B MynbTRneputflepuqecKoii Mo.nenu '!Reno qac.THU 

a _::pynne c Maccoa M nponopuHoHanbHO fn M , TaK 'ITO M k-1 I M k 

=exp(ak) I exp a(k+l)=exp(-a) .name He aaBHCHT OT k • 3aMeHHM fi09TOMY 
., 

·( 35) 6onee npocToii tflopMynoa: 

t (+) 

k-1 

2 . 
-m z +V t 

k k-1 ' k-1 k 

C'JHTBH, 'ITO v k- 1 H Z k-1 

(37) 

cna6o saBHCSIT oT M k H Mk-1' 

Mhl HeMe.nneHHO npuo6peTaeM npaao pas6HTb HHTerpan cocTOHHHii (32) Ha 

!lBB HeSaBHCHMbiX HHTerpana: 

s<T> = I 
n 

dM 2 
n-1 

M 2-m2 
n-1 a 

dM 2 
k 

M2 -m2 
k a 

B npe.nenax ~k < M k:S M k+1- m k+1 

dM 2 
2 

M2 - m2 
2 a 

H 

(38) . 

(t) 

sn Kn-1 tn-1 Kk-1tk-1 K.1 t 1 
= I d t n-1 e ••• I d t k- 1 e ••• I dt 1 e (39) 

+ B npe.nenax -oo < tk_ 1 ~ tk_ 1 = vk_ 1 t k < 0 
. n-! -1 

( H Ha MHO:lKHTenb (17 /2) A n ) • 

14 

.;.i' 

r 
t· 

,f 

HuaenupoaaTb aeca MO:lKHC 

CHM01 9TO Kpaii:He o6nerq, 

2. Ha'!HeM c pacnpe~ 

BXO!lSII!lHe B 
(M) 

S HHTerpt 

anSI. posbtrpbtma Tit • Me 

) ' 
BBHHSI HMeeTCSI peKyppeHT~ 

Sk (Tk_ 1 ) . =ak_ 1 S, 

TBK 'ITO 

d M2 
k-1 

M 
2 2 

-m 
k-1 a 

·s 

s 
k 

B nepeMeHHbiX a n- 1 · • . 

paBHOMepHbiM! 

S (T S (T 
n n n 

BMecTo Toro, 'IT06bJ 

peaKUHH ( 1) 1 MO:lKHO 6bll 

K 

a k (K) J 
m a+ ID1f 

qepes KoTopyro S k ( T k 



3 ~CTaeTCH.OAH8 ~aCTHU8j 

. c Maccoa qacTHUbi a 

:o6peTaeT_ BHA 

(36) 

1-> = 0 o 8To yKnaAbiBae-rcn. 

• Tenepb cAenaeM npeA• 

pynn 38BHCHT rnaBHblM o6-

)Kao '· 6bxno. 6bi nonomHTb 

/10/ 
~oAenu qucno qacTHU 

M • T8K ~TO M k-1 I M k 

>T k • 3aMeHHM noaTOMY 

(37) 

aBucnT oT M k 

!Terpan COCTOHHHtl: (32) HS 

dM 2 
2 (38) ' 

12 -·m2· 
2 a 

~ 

H 

t k;:_l K .I t I 
(39) 

• · ooo fdt 1e 

. n-1 -1 
(H aa MHO>KHTenb (rr/2) A n). 

I 

./ 

J 

1 
l 

t 

.l 
r 

HuBenupoBaTb Beca MO>K:HO Tenepb no o6euM rpynnaM nepeMeHHhiX aesaBH-

2. Ha~HeM c pacnpeAeneHHH. Mace. Bbx~ucnHM Ann AaHHoii peaKUHH ( 1) 

BXOAHWHe B S(M) 
HHTerpanhl K8K <jlyHKUHH k H T k ; OHH noaa.Ao6nTCH 

AnH posbxrphxwa T k o Me>K:IlY pesynbTaTa;-m nocnelloBaTenbHoro HHTerpupo-

B8HHH HMeeTCH peKyppeHTH8H CBH3b 

(k = 3, .. o, n (40) 

npu ycnoBHH, ~To S 2 ( T 2 ) = l o IlpoTa6ynupyeM <jlyHKUHH S k ( T k) B HH-

TepBane 0 :s Tk < T n 
C ITOMOWbiD ypaBHeHHH 

T8K ~TO 

S (T ) 
k-1. k-1 

(k 

da k-1 

n , n -1, o o o, 3 ) , (41) 

B nepeMeHHhlX an-I • ·a ·n-2. ' • • • ' a 2 
pacnpelleneaue (38) cTaHeT 

paBHOMepHbiM: 

S (T 
n n 

S (T 
n n 

I 

f dan- I .. o d a 2 
0 

(42) 

BMeCTO Toro, ~To6hx Ta6ynupoBaTb S k ( T k ) OTAenbHO. AnH Ka>K:JlOit 

peaKUHH ( 1) 
1 

MO:lKHO 6binO 6bi BBeCTH yHHBepcanbHYID <jlyHKUHID 

K· 2K .d K 

a k ( K) f ak-1 (K) (a 2 (K)_ l 
K2 2 ' 

m a+ m77 - ma 

qepes KoTopyro sk (Tk ) BbipamaeTCH aHanHTH'teCKH: 

15 



S k (T k = a k ( M k - m k ) - ak ( IL k-1 

H onpenenSITb M k~ 1 li3 ypaBHeHHSI 

ak (Mk-1) -ak ( IL k-1) ak-t[ak (Mk -mk) -ak (p.k-l) ] 

Torna 

t Sn_,(Tn-t) 
S (T ) = S (T ) f da -t ... da2 . (T ) 

. n n n n '6 n an-1 n-1 

Sa (T a ) 

a a (T a ) 

(44) 

(45) 

(46) 

lipH BbiCOKHX aaeprHSIX pacnpeneneHHe no an- 1 ••• , a 2 anecb Mano oTnH-

. •taeTCSI OT paBHOMepHoro, 

.. '3. PacnpeneneaHe no nepenaqaM -TaK)Ke MO)KHO csecTH K paBHoMepHoMy. 

BseneM KOHCTSHTbl p k ,raKHM o6pa3oM: 

PI =Kt 'P2 =K2 +PI vi' Pa =Ka ·+p2 v2 (47) 

II T.n. annoTb no p n • BMecTo aaMeHbi. ( 25) npH6erae:M K 3aMeHaM 

tk 
I p t <-> p t <+> p t <-> . -- en [ e k k + {3 ( e k k - e k k ) ] 

. k 

'l'OI'Jla 

.Pk 

pktkdtk e I 
Pk 

-e 
P t<+> 

e k · k 
(-) 

pk t. k 
] d f3 k 

B nepeMeHHbiX ( 48) HHTerpan ( 39) npHo6peTaeT BHJl 

p t(+) (-) 
e n-1 n-~epn-1 tn-1 

<+> (-) 
1 n-2 pk· t k Pk t k 

(48) 

s (t)-
n -

Pn-1 ... - Pt 

e · _ e 
f d{3

0
_

1 
... d{3 1 IJ (49) 

0 . k-1 p v t . 
- e k k k+l 

16 

... 

... 
! 

Ha (37) cnenyeT, qTo qHcnH1 
. ' 

IlepBblli MHO)KHTenb COK 

cnenosano 6bt · BB~CTH . B "Mal 

MOJi He3aBHCHMOCTH zk 'I 

noqTH nOCTOSIHHbie MHO)KHTe; 

9TOM . OCTanHCb 6bt· npe)KHH~ 

4. Tenepb nponenaeM 

aaMeHbi ( 41), ( 48). Bee co 

an-I •••••. an • f3'_. 
.~ n-; 

.THBHCTCKOM npenene CHnbHO 

K .. (.!!......)"- 1 I 
n 2 .--~ 

n. 

P t <+> p 
. n-l · n- 1 n-1 e -e · 

X 

p ... p ,.· . 
n-1 I 

OueHHTb cTeneHb crna)KeHHo 

nHpOBSHHSI, 

§4. Cp. 

KaKoli H3 paccMoTpe 

M bl saecnH H3MeaeaHsr 

qTo6bt oaa MonenHpoBana ·ne 

nHara H KasrHTH ( BK )n c rrm 



1) 5a(Ta) 

~ .•• ua (Ta) 

(44) 

(45) 

(46) 

,a 2 s~ecb Mano oTnM-

0 CB9CTM K paBHOM9pHOMy. 

(47) 

npH6eraeM: K saMeaaM 

. ) 
l'df3k 

. eT BMll 

l 

I 

Tioll sHaKOM MHTerpana ace ·MHO~MTenH 6nMsKM K nocTORHCTBY • TaK, 

M3 (37) cne~yeT, 'ITO 'IMCnMTenb ePkt\7">_ePkt<k"> .. epkt<t·epkvktk+1"';,m:+1zkpk 

2 
~ ( e-pk mk+1z k) 

TiepBblfi MHO~MTenb COKpaTMTCR CO 3HaMeHaTeneM1 a BTOpOH 1 1 

cne~oBano 6bt BB9CTM·. B "MaCCOBbifi" MHTerpan S (M) , HO BBM~Y npe~nonarae-

MOfi HeSaBMCHMOCTM Zk S
(M) . 

oT M k , M k+1 aTo aaecno 6bt a nMWb 

llO'ITM llOCTORHHbie MHO~TenM. TipaBMna p03btrpb!W8 a<jl<fleKTMBHbiX M8CC npH 

aTOM OCTanMCb 6bi · npe~HMMM. 

4. Tenepb npo~enaeM a nepaoaaqanbHOM MHTerpane cocToRimfi ( 24) 

saMeHbl (41), (48). Bee COCTORHMR, xapaKTepHsyeMoro (3n -4) 'IMCnaMM_ 

an-1 '• • •' a ~ {3n-1 ••••• {32 o Y n ••• Y 2 , 6y~eT B ynbTpapenR-

.TMBMCTCKOM npe~ene CMnbHO HMBenMpOBaH: 

n-1 

K II X 

n k=2 

., 
(50) 

P t 
(+) p (-) 

. n-l · n- 1 n-1 t n-1 · n-2 
e · -e ll 

p /t-> pk 
e k k e 

n-1 -+K t . 
. II e k k 

. k=1· 

X 

p ••• p 
n-1 1 

OueHMTb cTeneHb crna~eaaocTM BecoB MO~Ho TOnbKO nyTeM. npRMoro Mo~e-

nMpOBaHMR. 

§4. Cpaaaeane pasHhlX cnoco6oa 

KaKoil: H3 paccMoTpeHHbiX cnoco6oa nyqwe? 

Mbi BHecnn nsMeHeHm£ B ~eiicTByromyro riporpaMMY ct>A~ct>OPC 1111 c TeM~ 
~T06bt oaa Mo~ennpoBana uepucpepn'leCKHe BSaHMOLteiicTBHSI 110, cnoco6y EJOK

nMara M KaRHTM(BK)n c noMOIUb!O M9TO~OB l31) (YBK-1) M (50) (YBK-2) 

17 
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. I 
( ?Mo flpHl!OX{8HHe) • · 3if>if>eKTHBHOCTb cnoco6a Mbl ouenHBllliH B8l!H'IHnoii E -.UO-

, •. . " .. 1 . ' . /3,6/ . 
nen sBes.u Beca , . nonyqaeMbiX no cnoco6y 6paKoBKH ns pa3bii'pbiBaeMbiX 

nporpaMMoii 3Bes.u. Onpe.uemrnacb saBHCHMOCTb · ( OT 'IHCllll 'lllCTHU n , 

Kosif>if>HUH~HTa K H sneprHH BSaHMo.ueiicTBIIH Mn • PesynbTllTbi noKasaHbi 

na pHc •. 4. 3if>if>eKTHBnocTH cnoco6oB ·BK H YBK-1 npaKTH'IeCKH coBna.uaiDT, 

cnoco6 X{e YBK-2 yny'IIIIaeT sif>if>eKTHBnocTb posbii'pbiiiia, oco6enno B cnyqae. 

K > I • 3if>if>eKTHBnOCTb ITa.QaeT C pOCTOM n H npaKTH'I8CKH ne 38BHCHT 

oT Mn· • Mbi HCITbiTlll!H TaKX{e MO.UHif>HUHpoBannhiii BapHanT cnoco6a YBK-1, 
··: . . . . . ' . ' 

. . I dt I Kt B KOTOpOM paBnoMepno p83b!I'pb!B88TCSI BM8CTO e d t 
, • . . . . . ( t- m2 ) 2 

' " 
. no ero sif>if>eKTHBHOCTb OK838li8Cb na ypoBne 0,05 ( pHC. 5). 3if>if>eKTHBnOCTb 

cnoco6a YBK-2 aaancHT OT npaBHllbHoro Bbi6opa Kos<P<PnuneHToB v 

(pnc. 46). 

Mbi npnxo.UHM K BbiBo.uy, 'ITO MeTo.u, HSl!O)KenHbiii B§3, s<IJ<PeKTHBnee 

Meio.ua BK. O.unaKo Mbi ·~me ne yMeeM .uocTaTo'lno ycneiiino BocnpoHSBO.UIITb 

MynbTHIT8pHif>epH'I8CKYIO MO.Q8llb npn 60l!biiiHX MnOX{8CTBennoCTSIX (pnc. 5). 

B saKnroqenHe llBTOpbi C'IHTaroT CBOHM npHSITnhiM .uonroM no6naro.uapHTb 

sa ITOCTOHnliblH HnTepec K pa6oTe' H o6cyX{.uenHH T.T. Hryena nun Tbi, B.r. rpu

IIIHna, M.H. Conoaheaa, E.H. Kna.unHuKyro, K.Il. BHIIIneBcKyiD, IO.A. TpoSina; 

3a noMO!Ub - A.Y. A6.uypaxnMoBa, X.H. CynH'IaKoBa. Mbi MnorHM o6H38ltbi coTpy.u

HHKaM n.H. :>KyKOBOii, A. rnanKofi, H.B. lllapHKOBofi,T .H. KynarHnofi H n.l1. Aaepb-

HnOBOH 38 ITOMO!Ub B ITOlli'OTOBKe nporpaMM. 
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ueHHBann BennqnHofi e -nti-

/3,6/ . . 
3KH . H3 p8Sb!I'pb!B89Mb!X 

e oT qncna qacTHU n , 

• PesynbTaTbi rroKasaHbi 

-1 rrp8KTHq9CKH COBIT8A810T1 

:rpbiiiia, oco6eHHO B cnyqae 

.H rrp8KTHqecKH He 38BHCHT 

fi BapnaHT cnoco6a YBK-1, 

BMeCTO f e K t d t 

(puc, 5), 3cpcpeKTHBHOCTb 

opa Koa<fJ<fJHUHeHTOB V 

'>K~HHbifi B§3, acp<fJeKTHBHee, 

~0 ycrreiiiHO BOCilpOH3BOAHTb 

ecTB9HHOCTRX {puc, 5), 

'HbiM nonroM no6naronapuTb 

r~ Hryeaa ilnH Tbr, B.r. fpn-

Bniii,HeBcKyJO, IO.A. Tpomra; 

Mb! MHOI'IIM 06R38Hbl COTPYA-
. ' 

.H., Kyn~rnfloil II n~H •. ABepb-

][>}.1 
nn 

I 

npunolKeHHe 

/11/ 
PeJKHM pa60Tbi nporpaMMbl <I>AP<I>OPC . saaaeTCSI c noMorubro 

nepeKniO'laTeneil Maccusa IQM .( 15) . (eM, Ta6nuuy) 

HoMep nepeKJimareJUI 
MaccHBa IQI'vt G5) 

6 2 

!.lo,neJIL 

Mo,neJIL EDKJI~Hra u 
I{asnrTH [I, 2J (BI\) 

-----------------------------------
2 2 

,6 

IO 

I 
Uo.n;eJIL ~t) 191 

----------------------------------
6 I 

YcoBepmeHCTBOBaHHaH 
MO,neJIL (YBI\-I) 

-----------------~----------------
4 6 

2 

------------------
5 6 

II 
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'· 

A. B enyttae MonennpoBaHJHI no MeTOilY BroKnnara n KasrHTH ( BK) 

B nonnporpaMMe AKATA nporpaMMbi <PAP<t>OPC pasbrrpbiBaroTesr no MeTony · 

ynopsl/lo'!eliHSI KHlleTH'IeCKHe aueprnu T k, a nnsr. BbPmcneuusr uenottKH BenHttHll 

(18-22) 

n AOSI 

n Beea eoobrTnst ( 26) Bhi3hiBaiOTest noanporpaMMbi MULTI 

B. B Moaenn YBK-1, TaK )Ke KaK n: .s Moaenn: N·5 (eM. Taomiuy), KH-

HeTnqeeKHe aaeprHn pacettHTbiBaiOTest B noanporpaMMe AKATA. I1cnonh3YIOT-

esr <jlopMynhi, nonytteHabre aa ocaoBaaun: ( 28): 

2 

npn k > 3 . 2 . . ~ 
Tk-1 = P.k-1 + [ P.k-1 +a 1 ( 2P.k-1 Tk + Tk ) ] 

2 2 .. 

= [ m 2 
2 2' (Ma-ma) -.rna. I> npH k = 3 T2 + ( fl2 - m a ) exp ( a2 en ) ] -Jl a 

Jl2 2 - m 2 a 

.. 
npn: k 2 T 1 = 0 . 

... 
noanporpaMMa MULTI oeymeeTBJISieT PtletteT oeTanbHbiX BeJIH'IHH 

( 18-22)·~ .. a TaK)Ke Bbl'inensteT Bee ( 31). 

··C. B enyttae Moaenn: YBK-2 KIIHeTntteeKn:e aaeprHII aaxoastTesr B ·rroa-

rrporpaMMe · TKMULT e Henonb30B8liHeM Ta6nHUbi n:aTerpanoB, BbittHensreMbiX 

B rronnporpaMMe SNURE . 3TH HHTerpallbl SIBJISIIOTeSI <jlyHKUHSIMH KHHeTH'IeC-

KHX. 9Heprnii H 'IHena ttaeTHU II BXOllSIT B Bbipa)KeHne ( 39) llllSI S (M) • nnst 

Ka:m:aoro eeauea· pae'leToB, a TaK)Ke anst Ka)Kaoii HoBoii peaKUHH TaonHua 

HHTer.panoB paeettHTbiBaeTesr. s.~noBo. Bee eoobiTHSI (50) BhittHensreTesr noa

nporpaMMoii AKATA e nerronb30BaHneM noanporpaMMbi MULTI 

nnsr paoOTbl nporpaMMbl B T8KOM pe)KHMe HY)KHO 38ll8Tb Haoop KOH-

eTaliT Vk II Kk (eM. §3, n. 3). 

B pe)KHMax n.n. A H B ueo6xoanM TOilbKO Ha6op Kk • 
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IOKJmHra H KastHTH { BK) 

83b!I'pb!B810TCSI IIO MeTOJlY . 

:st rronrrporpaMMhi MUL Tl 

u . N~·5 (eM. Ta6mmy), KH

tMe AKATA. l1crronb3YIOT-

. 2 

:.::..rna)- rna .1-2 
-----)] -p. 
' 2 2 
IL2 - rn a 

meprrrrr H8XOJlSITCH B IIOJl-

.HHTerpanoB, Bbl'lllCnHeMbiX 

'CH cPYHKUllHMll KllH9TllJI9C

HIH~. ( 39) }lnSI S(M) , nn~ 

' HOBOH peaKUHH Ta6nHU8 
' . 

I (50) Bbl'lllCnHeTCH IIO}l-

IMMbl MULTI 

Y*HO 38Jl8Tb Ha6op KOH-

t~a6op 

J 
f 

I 
! 
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PHc. 4a. 3aaHCHMOCTb .S<!><I> 
YBK-1 (KpHBaH B ), YBl 
UHH rr P ... Nrrp npH 40 f 

~t .. /£. 
~ 

I 
20 

mj \:S 
PHc. 415. 3aBHCHMOCTb S<!><l>e 
(KpHBaH B ) H YBK-2 (Kp 
nnH peaKUHH JT. p .. 3 1T .p .·,. 

OT BblOOpa Koa<!><!>HUHeHTOJ3 V 

Hhi, A - vk .. nono6paHh 
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~ 

( 

l. 

J{J 

J{J~& 
trp- Jff:p 
il•{ 

20 

. 3 6 

P 11e, 4a, 3aaHeHMoeTb S<jJijleKTIIBHOeTII enoeo6oB BK ( KpHBall C ) , · 
YBK-1 (Kpllaa>~ B ), YBK-2 (KpiiBaSI A OT •mena rr -Me30HOB B peaK-·· 
Ullll rr p -+Nrrp npll 40 raa/e II K1 = K2 = ... Kn= 1 • 

40 

30 

20 

10 

3 5 6 7 8 Zc 

P11e, 46, 3aalleiiMOeTb a.P~eKTIIBHoeTII enoeo6oa· BK (KpHBait C ), YBK-1 
( KpHaast B ) 11 YBK-2 ( KpiiBbie A ) OT HaKnoHOB K ( K = K 1 = K2 =·... K n ) 
AnSI peaKUIIII 1T p -+ 3 1T p Upll 40 raa/e, noKa3aHa · T8KlK9 38BIIeUMOeTb € 

oT Bht6opa Koaljllj>HUHeHTOB vk· 11nst enoeo6a YBK-2. A' - vk - He noAo6pa-
Hhi, A - v.k .. noAo6paHbi (eM. TeKeT); A" - v1 = v 2 = ; .. vk-l = 0 • 
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E 
I 

40 ra8. 
~p-4$p 

. rot A 

(}f 

~ 
"------- c -

n 3 4. 

' 6 7 .. ~K 

· P11e; 4a. 3aalleHMOeTb aljlcj>eKTIIBHOeTII enoeo6oa BK ( C . ) , YBK-1 ( B ) , 
.YBK-2 (A) OT HaKnoHa K ( K = Kt = K2 =··· K n) .amr. peaKilllll IT·P .... 41T p 
npll 40 raa/e, . 

E. 

20 

'• 

LtO ra6 
:n:p-ff~p 
YBK2 

·2 3 4 5 6 N<ii 
P11e, 5. '3~BIIeii~!OeTb a<jJ<jleKTIIBHoeTH Mo.aenHpoBaHHSI ( YBK-2) B peaKIIHSIX 
IT p ... N IT,p, npll 40 raa/e OT •mena IT -Me30HOB N npl! pa3Hb!X 
K ( K = K I = K2 =. •. K n ) • 3.aeeb :me HaHeeena Kpi!BSSI .!InS! MO,!ll!<jJIIKSilllll 
enoeo6a YBK.:.l e o6MeHoM nomoeoM 1 I ( t - m! )2 •· 
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