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HaH6onee nocne;ztOB8TenLHLTU llO)tXO;ztOU K aa;ztaqe Tpex Ten B 

KB8HTOBOtt uexaHHKe HBHHeTCH paaBHTNtt B nocne;ztHee·BpeMH MeTO;zt 

rHnepcgiepH'lleCKll 4?YHKUHi1' i ~- 12 / • MeTO;zt 8TOT ;ztOCT8TO'IIHO xo

pomo paapa60T8H ;ztHH CBH88HHbTX COCTOHHHtt, H c;ztenaHLT llOIWTKH 

npDeHHTL ero K npo6neue pacceaHHH. Cne;ztyH o6~e« cxeue TeopHH 

BOSMy~eHHtt, CH8'118H8 CTpOHTCH 6aaHCHNe <11YHKUHH - BOnHOBLTe giyHK

UHH CHCT6MH Tpex HeBaamao;ztettcTBYE~HX '118CTHU. Ilocne 8TOro giyHK

UHH B88HMO;zt8MCTBYE~HX qaCTHU pasnaramTCH no 8TOMY 6aaHcy. 

Cxo;ztHYOCTL PH'A8 TeopHH BO8MY~8HHM O'118HL CHHLHO 88BHCHT OT 

ROHKp8THOro Bli60p8 688HCHIDC <J1YHKI.Udi. fiOSTOMY MeTO;ztLT llOCTpO8HHH 

nonuott CHCTe.141,J opTOHOPMHpOB8HHliX giyHKUWi sacnylltHB8IO'f T~8T8HLHO

ro HCCX8;ztOB8HHH. 

HCXO;ztHLTMH 6aSHCHLTMH WYHKI{HHMH B H8CTOH~e« ;ztHCC8PT8UHH BH-

6Hp8ETCH rHnepc<J1epH'lleCKHe WYHKl\HH - <l/YHKl\HH, onpe;zteneuuue ua 

llHTHMepHott c<J1epe, HBHHD~HeCH co6CTB8HHWH WYHKI{HHMH yrnoBott 

'118CTH meCTHUepuoro nannaCH8H8. BLT6op STOT OTp8llt8eT HHB8pH8HT

HOCTL CB06O;ztHOrO raMHHLTOHH8H8 OTHOCHT8HLHO rpyruw 0(6) • rH-

. nepc<J1epH'll8CKH8 <PYHKUHH ;ztOHlltHH OllHCLTB8TL TpexqacTH'IIHLTe COCTOH

HHH c onpe;zteneHHLTM yrnOBLTM,MOMeHTOM, T.e •. Ol!H 'AO~ 6HTL co6-

CTBeHHliUH 4?YHKUHHlffl Tpexuepuoro onepaTopa MOMeHT8 KOnHqecTB8 

;ztBHllteHHH J H ero npoeKUHH J3 • 

EcnH He Tpe6OB8TL CHMMeTpHH OTHOCHTemHO nepeCT8HOBOK, TO 

C8MHM npoCTHM cnoco6oM llOCTpO8HHH r11nepc<J1epH'll6CKHX WYHKUHtt HB

nHeTCH T8K H88LTB88M M8TO;zt 11;ztepeBL8B11
/

13 '· Hau H8O6XO;ztHMO 

MO;ztHg)Hl{HPOB8TL 8TH <PYHKUHH T8K, 'IITO6LT B HHX llOHBHH8CL nepecTa

HOBO'IIHBH CHMMeTpHH, T.e. HYlltHO pemHTL aa;zta'lly o nepexo;zte K WYHK

UHHM, KOTOPLT8 O;ztHOBpeM8HHO HBHHIDTCH co6CTB8HHWIH <11YHKUHHMH 
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rpynns nepecTaHoBOK S~ • r1mepcqiep1r11ecKHe q>YHKD;HH c onpe)teJieH

·Hwm CBOACTBSKH CHUU6TPHH OTHOCHT6JII,HO nepeCT8HOBOK qacTHD; 

npHHHTO HS3W3STD l( - rapUOHHKSWI, OHH BB6)t6HH Bnepnue B/r,21. 

rpynnonoa no,ltXO)t K 3S)t8116 Tpex T8JI, OCHOB8HHHtt Ha HHBS

·PHBHTHOCTH JI8IlJI8CH8HS·OTHOCHT6JibHO 0(6), npOB8)t8H Bnepnse 

l(panoul q /, KOTOpHtt )t8JI KJISCCHq>.llK8UHBl Tp6Xll8CTHIIHWC COCTOHHml· 

COPJI8CHO n;eno11Ke BJIOlK6HHWC no]trpynn 

0(6) ::> SV(3) ::> 0(3). 

STa n;enoqxa )t86T 11eTHpe KB8HTOBWC qffCJIS, B TO BpeMH K8K )tBHZ6-

HH6 CHCT8W:il n 118CTHU C 3S)t8HHOU aueprHett - HWiym.cou onpe)te

JIH8TCH 3n - 4 napaueTp8MH, H Tpe6yeT )tJIH CBoero KB8HTOBo-uexa

HHll6CKOro onHCSHHH 3n - 4 IIHC6JI (T.e. 5 KB8HTOBUX IIHC6JI npH 

.n = 3). Il08TOMY KJI8CCHq>HD;HpOB8HHH8 no npHB8)t8HHOi BHme n;enOIIK8 

COCTOHHHH OK83HB8IDTCH BHPOllUt6HHIDm. l(JIH OllHCSHHH COCTOIIHH'1,.BXO

)tH~HX B COCT8B BHPOllUt6HHOro Tepua,H CJIYlKHT IlilTOe KB8HTOB06 IIHC

JIO; ero 118CTO HS3!,JBSIDT 11H6)tOCT8£J~U11 KB8HTOBHU IIHC1IOM. BHpoz

)t6HHH6 COCTOHHHH o6paayBJT H8KOTOP08 IlO)tnpOCTp8HCTBO, B KOTOPOH 

H8)t0 nocTpOHTb 683HC. STO MOlK6T 6HT:6 C)t8JI8HO 'ABYMH cnoco6a1m:; 

H1IH npsuoa OpTOrOH8Jlll3SD;Hel q>YHKD;Htt (uanpoep, no lll.MH)tTy), H1lll 
. A. 

C IlO.MO~DID )tOnOJIHHT8JIDHOrO Sp.MHTOBOrO Oil8p8TOp8 f2 , KOLUIYTH-

pyD~ero C reHepaTopalffl 0(3) • {Ero co6CTB8HH06 3H8118HH8_H 80TD 

H8)tOCT81l!q88 KB8HTOB08 tmCJIO). IlepBHi cnoco6 npocT, HO HM86T TOT 

H6)tOCT8TOK, IITO H8H3B8CT8H IlHTbitt onepaTop, H TPYMO IlOJIYIIHTD 

pemeHHe C HYXHHMH CBOttCTBaMM CHMM6TpHH. ECJIH xe HCilOJio30BaTb 
I\ 

.fl , TO, T8K K8K OB HBJIHBTCH apUHTOBHM onepaTopou, ero 006-

CTBeHHHe q>yHKD;HH no onpe)teJieHHID opTorOH81IbHH. 0)tH8KO, llOCKOJII,Ky 
I\ 

J1 - onepaTop BHCOKoro (Tp6Tbero) nopH)tKa, MH npHXO)tHM K 8JI-. 

re6p8Hll8CKOUY ypaBHBHHD BHCOKOtt CT8ll6HH~ 
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BonpOCH, CBH38HHH6 cfl, C03)t8DT nO-BH)tHUOMY, C8MH6 .cy~e

CTB8HHH8 TPY'AHOCTH B pa6oTax, OCHOB8HHliX HS M8TO)t6 rHnepcqiepH-

116CKHX qiyHKD;HU. ·uoaTOMY B H8CTOH~ea )tHCCepT8D;HH nocJie IlOllHTKH 

pemHTb ypaBH8HH8 )tJIH .f2 B o6~eM BH)t8 MH BH6Hp88M ]tpyroa, 

06XO)tHOA nyTb: UH CT8BHM CBoea D;81IDD HSITH M~TPHD;H nepeXO)t8 OT 

o6~HX rHnepcqiepHIIBCKHX q>YHKD;ldi K K- rapMOHHKSM. l(HCC8pT8D;Wl 

COCTOHT H3 BB8)t8HHH, IlHTH rJiaB, 38KJIDll6HHH H Tpex npHJIOlK6HHtt. 

B rJI8B6 I paccuaTpHBSIDTCH rpynnoBH6 CBOICTB8 38)tSIIH Tpex 

TeJI. IlOK83SHO, IITO HS B8KTOPSX 

~ = - '/½(x1 + ><1.) 

:; I (- . ➔) 
l "'U ~ -Xz. 

{I) 

(r)te p8)tHyC-B6KTOpli X; Tpex 118CTHD; C p8BHHMH 118CCSMH CBH38HH 

YCJIOBH8M x, + Xz. + X3 = 0 ), H Ha KOMilJI6KCHHX B8KTOpax 

i = ~ + i1i 
... . ... 

~¥, = ~ - ''>l 
(2) 

MO:IHO n~CTPOHTD rpynns O(b) , .SlJ(3) H B H6KOTOPLIX CJIYll8HX -

0(4) .• ~JIH STOR D;8JIH BBO)tflTCH p88HH8 CHCT61W KOOp)tHHBT, )t8H8 

napaMeTpHasn;HH. IlonyTao aaff)teHH cooTHomeHHH M8:E.ltY D - ~yHKn;H

HMH BHrHepa B fiO)tBHllCHliX H H6IlO)tBHEHHX CHCT8M8X KOOp)tHHST. 

Bo BTOpoR rJISB6 )tHCC8pT8~HH CTPOHTCH CHCT8MS qiyHK~HR, xs

p8KT8PH3Y6M8H nHTbID KBSHTOBlilMH 11Hc11aue I( , J , M , v , .f2, 
B yrJIOBHX nepeMeHHHX HS fiHTHM8pHOA cqiepe. qeTupe HS STHX KB8H

TOBHX IIHC6JI B03HHK8IDT H3 pa3JIOllC8HHH 0(6)::, SU(3)"' 0('3) X Q(2.), 

s HM8H~O: K( K + 4) - co6CTB6HH08 auaqeHH8 JI8IlJI8CH8H8 H8 5-Mep-
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HOit cqiepe; .J(J+ 1) - co6C!l'B8HHO8 3H8'118HH8 KB8){P8T8 onepaTO-
z. /, z. 

pa MOM8HT8 KO1IH'll8CTB8 ){BHllt8HH.B J "' , L.. J"ilc 
i>k 

J I(· 'J · d · 11 d · ~ a ) "k "' 2- l~i 'h - Ilk- + lz!- -. - ·~k. =--~ 
I "1:1r.. o,ai , Ul,c o2 i 

M - CO6CTB8HHO8 3H8'l8HH8 

B8HHO8 3H8'l8HH8 onepaTopa 

t '( d "'a ) N : -2. L. %.lc.'Z° - ~led~ • 
k oi!.k ,._ 

J,3 = 2J12. 

(3) 

H V - COC>CT-

(4) 

IlHTO8 KB8HTOBO8 q1,1cno J2. yxe H8 co~epimTCH B llO){rpynnax; OHO 

6epeTCH H3 rpynnH O(b) H onpe){eneHO KBK COC>CTB8HHO8 3H8'l8-

HH8 onePaTopa 

/\ n ., I:. J.k B 1 . = sb JBJ 
i,k,{ I I(_( {1 I I 

(5) 

r){e 

B 4(· -a· °d -"d •";)) . =-:;- I~- - + 12,,- -12--:it -l~k.-
1k. ~ I d~k "' 02j I d'I<. ~i . (6) 

,B.3TOit rnaBe nony'll8H HBHHLt BH~ IlHTH KOMMYTHPY~lqHX onepaTOpOB, 

Ha OCHOB8HHH BHPBX8HHH 

..J 2. I I IZ- ; le. 
~s "' a~ = 'X iK C\, '1, "' 

z.[1 _1_1. f I z.. j__1nz. z. ,-nl. ,. ~ 'IOI&! + "ij" ex) -t- 2 ca. .. H-1 + ½ d...Q;_ t- oU '-;s - (7) 

-sinad.il1cH'2.2 - <-O&aot.f2&c~O J + J.~z 

nocTpoea onepaTop Hannaca 
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) 

i 
I' 

I, 

'\_i ,\, 

',, 

' 

\ 

6 • 1 .i. ik ra ..L "' 
(tf a~ '1 t Jct 

.. ·4 I ?/ o 1u .. ~baaz. + zcl-1~~GI + sinZ-q L;>,2 + c.osa o)°Jfl/'1:l12Jz.. \a) 
z. ~2 ) 

1 [7/- - /'oz. 7l ) c:1'- jl 
+ 2c .. oi·ct -;}.Q~ + SlhC\ l~J2,c.>S2z + ;).Q,to.f2, + ?.Q! f. 

Paapa6OT8H M8TO){ BH'IIHC1I8HHH reHepaTOpOB rpynillil TpeXMepma: Bpa-. 

lq8HHit jil( 

i [ co o Ct> d <t) °d ] 
Jik = - 2E.ik( l1 '1!2

1 
+ ti. dl2z. + ,f_ 012., (9) 

A 

H rpynnH ){8q>OpJl81Vl:it Bik • BHB8){8H HBHHLt BH){ onepaTopa fl. : 

" , l ( c/· 01.. ) oz. a 
..Q = - Li fl" o..Qz. H+ + tJn.z. H_ + "r>-D.2. a) + 

-t- - 3 

I\ a i ( /\ <>
2 

f ) ';} 
-1- w.e a ">t -"c:osci ua -c>..a~ + 2 af23 + 

(IO) 

[ 
• ( z -a1 

) a ! l -az. 0
2 ).1H 

+ ½GI 
1 
~-j}J2~ d..Q

3 
- 2\:?Q~ + °4..Q~ ~ ~ 

H 1 [...e. · 1 ~ i t ';;I ] 
:t = ii 'la± 1 sinq 71- ± 2 c <jGI ';}Jl.3 • 

fiOK888HO, 'IITO ){O K<. 4 Kp8THOCTI, BC8X COCTOHHHa p8BH8 8){H-

• HHI~8' a B HHT8pBane ~ ' K < 8 fiOHBnHIOTCH COCTOHHHH 

C KPBTHOCTI,IO 2. He BHPOX){8Hli BC8 COCTOHHHH C J = 0 H J = k • 
IloaToMy, aecMoTpH Ha npHHUHDHBI!I>HHe rpy){aocrH, CBH38HHHe c n. , 
){1IH npaKTH'll8CKHX P8C'118TOB MOlltHO orp8HH'IIHTI>CH qeTHpI,WI KB8HTOBH

MH qHcnaMH. HaKOHeu, B 3TOtt r11aBe npHB8){8H o6~Htt BH){ pemeHHH 

38){8llH 

K_,c. J 

<t>J" .. LL Cly(a.,ti)D 2 
M (i,a.o)D"' ~ (1,e1..) 

M, 'V x.. /' Y, 'z I I , 

(II) 
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K08qxl)HUH6HTN B KOTOPOM AOJDKHN 6NTb onpeA6JI6Hli TaK, qT06N nony

qeHHli6 6aaHCHlie @YHKUHH YAOBJI6TBOPHJIH ypaBH6HHD ]annaca Ha IlH

THMepHoi cwepe, H ypaBH6HHD AJIH co6CTB6HHIDC 8H8qeHHll onepaTopa 
h ·n . 

Ha-aa CJIOlltHOCTH COBM8CTHOro pemeHHH CHCTeMN AByx ypaBH6HHi 

AJIH k H .f2. B rnaBe 3 HCilOJib8yeTCH APYrOi nyTb: M8TOAOM 

"AepeneB"' 13 / CTpOHTCH llOJIH8H CHCT6M8 WYHKUHll C KB8HTOBNMH 

qncna1m k , j, , M, , J2. , M2.. OT BTOli cncTeMN coBepmaeTCH 

nepexoA K K - rapMoHHKaM (K cHcTeMe ~yHKnnn: cooTBBTCTBYD~en 

KB8HTOBNM tiHcJiaY K , J , M , Y , ( f 1 [2. ) nyTeM npeo6paaoBa-

HHH ~ypbe. ~YHKUHH nonyqeHH B BHA8 

(t\j,jz. (- ;f) - A ","" LL ( . ~ . ,!!-JI )2 

'+'rnv ~' I - JM~ 0 3(.. J,,~2. if2.,z:- J;f' . 
/", 

(K.-c) IY•~/!.. k+J -\X/+t!!.\K-~-~) '1 ,vvTLjt l..f t '1 2 '2 

·n ,1uJ. h -tn t'.1'-J
1
15... ~) \z_ + m, -lj- 1 2 +l'l I 't 2' 2. 

(-1)~-% +1t. 

i~'f 

(1) (.li-x.) [ lz. 
• ti0/1( !S.o/z., l) (frt 2 VII)! ( J2. + Ll'I -2 wiY. j • 

d'f) ( K-tX..-t- {)! X. ! 
~ ,11; 

(I2) 

(ri+i, .. iVl'l+fz.+-½) -D~-x.(11(;\ o)Dr ('f,{i'fL) 
• rY\ A h-tn Y,,,1r. I I ftl-t . 

8 

PemeHHH ypaBH6HHI AJIH k H .Q. neyTCH B BHAe mtHeiHwc KOM6H

HanHI 

rhj _ L c rf'IA°1fi ( ◄ ◄ ) 
't' M,v - Nz. Cj,jJ 't'rM v ~ 11 . (I3) 

lanee HCCJI6AOB8H qacTHlili CJiyqaff llOCTp06HHH C06CTB6HHOi WYHKUHH 
. . 

npH J = 0. 

~ii c- ~-)=_I. L(.K.±1..)1z r(2f,•z)r(l,(+~) 
'\-'oo ~• ~ Y zZJ-\ ZJ·+ t f(a'-t t)r~'.t-¾)r(Ki) (I4) 

( ' ) Iv'< ·\,!- i~•-fli,O D11z,-Y/z.('X,Za,- l) 
B KaqeCTBe HJIJIDCTP8UHH paaBHTOi H8MH T8XHHKH B rJiaBe 4 

paccM8TPHB88TCH KJI8CCHqecKBH 88Aaqa Tpex TeJI. IlonyqeHH ypaBHe

HHH ABH~6HHH B 11HCTHHHNX11 KOOPAHH8T8X H B KB88HKOOPAHH8T8X 

EOJibUM8Hal 1~ I. IlpHB8A8Hli npHM6Pli noT8HUH8JIOB AJIH CHCTeMH Tpex 

qaCTHn. 

B nHTOn rnaBe ABMOHCTpHpyeTCH Apyroe B08MOJm06 npHM8H8HH6 

K - rapuoHmc. Ilpn HayqeHHH AHarpaw nannTna AJIH pacnaAHHX 
A...,,,,-• 

nponecCOB OK88liB86TCH YA06HHM p88JIOlltHTb nJIOTHOCTb ToqeK BHYTPH 

@H8HqecKoli o6JI8CTH no CHCT6M6 opTOHOp!.!HpOB8HHliX nOJIHHOMOB, B 

qaCTHOCTH, no nocTp06HHOli H8MH CHCTeue @YHKUHtt. nnH 8Toro H8AO 

:HaliTH CBH8b M8llt,l{y KOOpAHH8T8MH naJIHTU8 ei = tx~ H H8-

WHMH nepeMeHHHMH: 

c1 =·Hi( t-+ sin
2 e;i/ + c.ot ~1>.)-k(sih(&\-)) + sin (C\+A))] 

Ez:·¼L~(I + sin a2). +coi ";>-) 1-Af Sil'\ ( a-).)+ sin(~-1-;x))J 

t3•~[c.ostg2.). + sintC\+).1 
2. J • 

9 
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TaKHU o6paaoM,;ztH8rpawa naIDITU8 napaMeTpHayeTCH C llOMO~bD Q H 

A • Me paccuaTpHBaeM npocTeitwze ClIJ'QBH: pacna]U:l ueaoHOB co 

CIIHH8MH OH I H8 TPH 6eccnHHOBli8 Q8CTHJ'.ll,I. IloaTOMy, paanaraa 

nnOTHOCTb ToqeK HS AH8rpaW4e nanHTUa, W MOX8M orpaHzqHTbCH 

cnyqafiMH j = O,I, AnH KOTOpIDC ~YHKUHH AOCT8Toqao npoCTH. 

B npHnOZ6HH8 I BHH8C8Hli pacqeTe H T86nzw,i, CBH88HHlie C 

qzcnou cocTOHHHtt npz aaAaHHmc K_. B npznoxeHHH Il noKaaaHo,-qTo 

YP8BH8HHH AnH .(2 MOXHO cy~eCTB8HHO ynpoCTHTbi OCT88TCH IDlWb 

8KKypaTHO COC1UIT8Tb K08~HUH8HTH B HHX H nonyQHTb qzcneHHli8 

peayllbT8TH. H8KOH8U, B npzno~eHHH fil H8£t/{8Hli npeAenH H8M8H8HHH 

nepeueHHIDC Q H '). , CBH88HHWC C A8~0pM8UHHIIH TpeyronbHHKa, co

CT8Bll8HH_oro HS Tpex Q8CTHU. 

0CHOBHH8 peaynbT8Tli H8CTOH~eit AHCcepTSUHH H8llOX8HH B pa6o

Tax/7-I2/ H ~OKJia~eBaJIHCb Ha XY Mex~yHapo~HOit KOH¢epeHUHH no 
¢H3HK8 BHCO!CHX 3Heprzn (KHeB,_ 1970). 
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