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CaollCTBa CIIMMeTp1111 <jJH3H'leCKHX CHCTeM HMeIOT npHHUIIIlll

am,Hoe 3Ha'leHHe KaK nnst nOCTpoeHHSI Teop1111 sneMeHTaPHbIX 'laCTH~ 

TaK II nnst on11caHHSI npyr11x <jJ113H'leCKIIX smneHHll. MaTeMaTH'leC-

KH HM COOTBeTCTByeT TO'IHaSI 11n11 np116n11lKeHHaS1 IIHBap11aHTHOCTb 

OCHOBHb!X <jJ113H'leCKHX xapaKTepHCTIIK OTHOCHTenbHO rpynn Henpe

pbIBHblX 11n11 nitcKpeTHhlX npeo6pa30BaHHll II Knacc11<jJ11KaUHSI BO3MOlK

Hb!X COCTOSIHHll CIICTeM c IlOMOlllb!O co6CTBeHHb!X 3Ha'leHHll IIHBa

paaHTOB STHX rpynn. TaK, IIHBap11aHTHOCTb Teop1111 nonst OTHOCH

TenbHO rpynnhl flyaHKape npHBOllHT K IlOHSITHSIM MaCCbl II cn11Ha 

/12/ 
aneMeHTapHb!X 'laCTHU ' • AnanorH'IHO, B penSITHBIICTCKoll Teo-

p1111 paccestHHSI <jiynnaMeHTanhHy10 ponb nonlKHa 11rpaT& rpynna no
peHua, KOTopaSI SIBnsteTCSI KaK rpynnol! npeo6pa3oBaHHll CHCTeM 

OTC'leTa B npOCTpaHCTBe CKOpocTell, TaK II rpynnol! llBHlKeH11ll B 

npOCTpaHCTBe 'cymeCTBeHHbIX' nepeMeHHbIX, OT KOTOpb!X aaBHCSIT 

penSITHBHCTCKHe aMnn11Tyllhl •. 

HacTOSilllaSI n11ccepTau11st nocastmeua paapa6oTKe annap~Ta 

npenc:TaaneH11ll rpynnhr RopeHua II np11MeHeH1110 ero B aanaqax 

penSITHBHCTCKOll KBaHTOBOll MexaHHKH. pace Ma Tp11BaeTCSI 2 Knac

ca aana'l,.H B CBSI3H c STHM - rapMOHH'lecK11ll aHan11a no npen

CTaBneHHSIM rpynnbr RopeHua nayx THilOB <jiyHKUHH, aanaHHb!X Ha 

r11nep6ono11ne u20 - u2 - u2 - u 2 = 1 
X y Z BOnHOBb!X <jiyHKUHll 

OllHO'laCTH'IHb!X COCTOSIHHll II aMnn11Tyn llBYX'laCTH'IHb!X peaKUHll 

1+2 ➔ 3+4. 

Baa11c npencTaaneHHll pean11ayeTCSI Ha co6CTBeHHblX ~YHKUH.IIX 

onepaTopa nannaca Ha r11nep6ono11ne. 3ana'la caon11TcS1 K nony

'leH1110 npSIMhrx.11 o6paTHbIX <jiopMyn paanolKeHHSI no nonHoll c11cTe

Me <jiyaKu11ll, T.e. aHanora· HHTerpana <l>ypbe. BoaH11ica10m11e B pe-
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3ynbT8Te pa3noJKeHl!SI nopeHueBbl KB8HTOBbJe •mcna MOlKHO 11cnonb-

3OBaTb J:tnSI on11caHIISI OllHO'laCTll'IHblX COCTOHHl!ll BO BHeWHIIX nonSIX, 

BOnHOBblX <pyHKUl!ll co cneKTPOM Mace II CITIIHOB, n1160 llnH Knac

c11qi11Kau1111 COCTOS!Hllll Cl!CTeMbl llBYX B3al!MOllellCTBYIOWIIX penSITII

BIICTCKllX '!aCTIIU II penSITHBIICTCKoro <pa30Boro aaan113a aMnn11Tyn. 

rnaaal n11ccepTau1111 nocaSimeHa npo6neMe nocTpoea11S1 6a-

311ca YHIITapHblX HenpllBOAIIMblX npencTaaneHHll rpynnbl nopeHua 

B npocTpaHCTBe co6CTBeHHhlX qiyHKU11ll onepaTopa nannaca Ha r11-

nep6ono11ne. 

B !l l :KpaTKO paCC!l,10TpeBbl Ha116onee BbipOlKlleHHble npencTaane

HIISI rpynn1,1 nopeHua Ha r11nep6ono11ne,(AaTop cnenyeT a. ocHoa
/3/ 

HOM pa6oTe H,.R,B11neHK11Ha 11 .R.A. CMopon11HcKoro ). 3T11 

npencTaaneHHSI xapaKTepH3YIOTCSI elll!HCTBeHHblM H811C'le3a!OWIIM 
2 2 

onepaTOpOM Ka31!Mllpa /!,. = L I - K I , KOTOpbill coananaeT C 

n11qiqiepeHu11anbHhIM onepaTopoM nannaca-BenbTpaM11 Ha r11nep60-

no11ne: Pa3n11'!Hb1M penyKUl!stM rpynnh1 nope Hua L ( 3, 1) K CBOIIM 

nonrpynnaM L(3,0) 11n11 L(2,1) 11n11 P(2,0) COOTBeTCTBylOT 

pa3nl!'IHble nonHble Ha6opbl KOMMYTIIPYIOWIIX onepaTopoB, COCTOSlll.jlle 

113 IIHBap11aHTOB rpynn1,1 II COOTBeTCTBYIOWell uenO'IKII .nonrpynn. 

ITp11 8TOM Ha r11nep6ono11ne B03HIIK8IOT pa3nll'!Hble Cl!CT8Mbl KOopn11-

H8T· c pa3neneH11eM nepeMeHHbIX a onepaTope nannaca. Ba311c He

np11aon11MbIX npencTaaneHl!ll pean113yeTCSI Ha co6CTB8HHblX <pyHKUII

SIX 3TOro onepaTopa. B COOTBeTCTByromell Cl!CTeMe KOOplll!HaT. 

<PopMynbI pa3nOlK8HIISI ¢yHKUIIII f( u) Ha r11nep6ono11ne u 
2 = 1 

no Henpl!BOAl!Mb!M npencTaaneHl!SIM nony'!a!OTCSI c ITOMOIUblO npeo6-
/4/ 

pa3oaaH11S1 lllan11po c r11nep6ono11na Ha KOHyc. 

nopeHU8BO KBaHTOBOe 'll!Cno a CBSl3aHO C IIHBap11aHTOM /!,. 

l!,.f=a(a+2)f 

II llnS! YHIITapHblX npencTaaneHl!ll l!MeeT MeCTO U=- 1 + i p ( p 
141 

BeWeCTB8HHO ) • IT ony'leHHbie_ <pOpMynhI pean113y!OT pa3nOlK9Hl!e 

TonbKO no cep1111 Ha116onee BbfpolKneHHbIX npencTaaneHHll T11na 

(p, m=O) "( m CBSl3aHO C co6CTB8HHblM 3_Ha'leH11eM BToporo IIHBa

p11aHTa L (3, 1)) ' II OHi!. np11Melll!Mbl nHWb K BOnHOBblM <pyHKUIISIM 
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,\ 
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i 
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i· 

1 

Hnl! aMnn11TynaM pacceSIHIISI 6ecCITHHOBblX '!aCTHU. 

CnenyromaSI 3ana'la - ITOCTPOIITb 6aa11c llnSI BCell OCHOBHOll 

cep1111 YHHTapHblX npencTaaneHHll L ( 3' 1) a npocTpaHcTae co6-

CTBeHHblX <pyHKUHll onepaTopa nannaca. PeweHHIO 3TOll 3ana'IH 

IlOCBS!WeHa OCTanbHaSI 'laCTb rnaBbl 1. 

B §2 IlOCTpoeHbl penHTHBHCTCKHe wapOBbJe <pyHKUHH co cn11-

HOM, S1BnS110W11e-:,g o6o6meHHeM wapOBblX <pyHKUHll co CITHHOM Be
/5/ 

pecTeuKoro 11 pean113yrom11e.Henp11aonHMhie yH11TapHb1e npencTaa-

neHHSI ( m, p ) rpynnbl nopeHua 113 OCHOBHOll cep11H 

M=[ (...!!!...)2_p 2 -1] f 
2 

I!,. 'f = imp f, 

rne I!,. 11 I!,.' - onepaTopb1 Ka3HMHpa 

I!,.= L~ - K ~ , I!,.' = 2 i L I K 1 , 

(2) 

(3) 

(4) 

m - uenoe H p - aemeCTBeHHO, L I II K 1- reHepaTOpbl Tpex-

MepHbIX H rHnep6onH'!eCKHX BpameHHll COOTBeTCTB8HHO, 11cnonb-

3yeTCSI cqiepH'19CKaSI CHCT8Ma KOopnHHaT. Ba3HCHbJe <pyHKUIIH on

peneneHbl Ha npSIMOM npoH3aeneHHH nayx npocTpaHCTB - rHnep-

6onoHna H C<pepbl, H nony'la!OTCSI BbineneHHeM YHHTapHblX npencTaB-

neHHll OCHOBHOll cepHH H3 npstMoro 

Horo HeyHHTapHoro npencTaaneHHSI 

npOH3BeneHHSI 
f I 

6eCKOHe'IHOMep-

fmf (a,O,cf,) 
Ha rHnep6onoHne 11 KOH8'1HOMepHoro npencTaaneH11st 

Ha cqiepe C ITOMOWb!O penstTHBHCTCKoro 

KOa<p<pHUl!eHTOB Kne6wa: 

THna ( s, 0 ) 
s 

B 1 (j,m,p 

THna (O,p 0 ) 

cf,; (a) 

aHanora 

2s+l s 
8 

f 
8 <a,0,cf,jp..!!!..jl\l>=~ ~ B 1(j,m,p)(l\sjl\ll f

1
sm

0
µ)f \;,O,cf,) ¢m 

2 i=l·p,,,-s L mf 

rne 
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Po= p + 

KoacpcjJ~uHeHTbl B: (j, m , p ) 

m 
2 

rrocne)loBaTenhHO orrpeJlenmoTCSI 

(5) 

H3 rronyqeHHoro peKyppeHTHoro COOTHOW8HHSI. Ea3HCHble cpyHKUHH 

eCTb co6cTBeHHb1e cjJyHKUHH orrepaTopa narrnaca Ha rHrrep6onoHJle 

8_=8-8' 

8_<a,0,<f,Jp; jl\l>= [(--}-ip)
2

-l]<a,0,<f,Jp~jM> (6) 

j ( p ) 

Ea3HC 'PM(.!!!...) ( a, 0, <p ) YHHTapHblX rrpeJlCTaBneHHli rronHoli 
2 

rpylIITbl nopeHua (c OTpalKeHHSIMH) CTpOHTCSI KaK OHCIIHHOp 

J(p) 1> 
'P m (a,0,<f,)=( ) 

M(-) X 
2 

( 

<a,0,<f,JprJM> ) 

jtl!IH-m 
-1) <a,"-0,"+<i'>lp(-;>iM>. (7) 

j( p) 

B §3 ycTaHOBneHo, qTo 6a3HCHble cjJyHKUHH 'I' m ( a, 0' <p) 
M(7r) 

SIBnmoTCSI peweHHSIMH BonHOBblX ypaBHeHHli JlnSI CBOOOJlHblX rronell: 

c orrpeneneHHOli Maccoll: K H CIIHHOM s B . 2 ( 2 s + 1 ) - KOM-

IIOHeHTHOM cpopManH3Me BafiH5epra 
/6 / 

28 PtP2••· P2s 2 l<P> 
[ i )' Pµ Pµ ••• Pµ + K 

8 l 'I'M ( m ) ( a ' 0 ' <p ) :: 0 ' 

rile 

I 2 2s 2 

P1P2···P2s 
y - o6o6meHHble y -MaTpHUbl .UHpaKa. 

(8) 

3TOT peaynhTaT CBSI3aH C TeM, qTO Bbl5paHHaSI peanH38UHSI HerrpH

B0/llfMblX rrpencTasneHHli L ( 3, 1) II03BOnSieT pacwHpHTb lfX /10 

uenpHBO/lHMblX npencTaaneHHll rpynnbl nyaHKape P( 3, 1) s npo

CTpaHCTBe MHHKOBCKOro C penyKUReil 

P ( 3, 1) JL( 3, 1 ) :) L ( 3, 0 ) :) L ( 2, 0 ) . 

6 

1 · 

I 

rnaBbl II H III IIOCBSimeHbl B03MOlKHblM penSITHBHCTCKHM 

o5o5meHHSIM auanH3a aMnnHTYJl JlByxqaCTlfqHbIX peaKUHli no nap

UHallbHblM BOnHaM B CBSl31f C noHCKaMH rrapaMeTpuaauHli, YJlOOHblX 

B paanuqHblX o6naCTSIX H3M8H8HHSI 3Heprull: If yrnoB pacceSIH.HSI. 

MaTeMaT!fqecKOli OCHOBOli MeT011a S!BllSl8TCSI rapMOHHqecKHli aHa

llH3 aMnllHTYJl, rrpeJlCTaBneHHblX KaK cjJyHKUHH Ha rpyrrrrax, KOTO

pble ecTeCTBeHHO B03HHKaIOT npH onHCaHHH KHHeMaTHKH paccMaT

PHBaeMblX rrpoueccoB. 
/7 8/ 

PSIJlOM aBTOpOB • paccMaTpHBanHCb CHMMeTpHH aMnnHTy-

/lbl pacceSIHlfSI npu cjJHKCHposaHHOM nepe)laHHOM lfMnynhce Q • 

KOTOpblM OTBeqaeT HHBapHaHTHOCTb OTHOCHT8nbHO npeo6pa30BaHlffi 
2 

H3 Manoll: qiynnhl 4-BeKTOpa Q • npHqeM Q > 0 COOTB8TCTByeT 

rpynna apameHHli L(3,0) , Q2 < 0 - TpexMepHaSI rpynna nopeu.;. 
2 . 

ua L ( 2, 1) Q = 0 ( Q ii (0, 0, 0, 0 ) ) - nsyMepHaSI rpynna EBKnH-

x/ 
Jla P(2,0) H Q=(0,0,0, 0) - rpynna nopeHua L(3,1) • 

PaanoJKeHHe aMnllHTY/lbl no HenpHBOJlHMblM npe)lCTasneHHSIM 3TlfX 

rpynn npHBOJlHT npH Q
2 > 0 K pSI/lY no ni:tpUHallbHblM BOllHaM, 

npH Q 
2 

<0 - K HHTerpanbHOMY npencTaBneHHIO 30MMepcpenbna-· 
/9/ 2 

BaTCOHa s TeOpHH Pe)lJKe , nplf Q = 0 - K npenc:raBneHlflO 
. /10/ 

fnay5epa no npHUenhHOMY rrapaMeTpy B npH5llHlK8HHH 3HKOHana 

u npH Q = ( 0, 0, 0, 0) - . K paanolKeHHIO Tonnepa nnSI aMnnHTYJlbl 

ynpyroro pacceSIHHSI snepen no rrpeJlcTasneHHSIM rpynnhI nopeHua, 

BechMa HHTepeCHO nonyqHTb BO BCell: cjJH3HqecKOli o6nacTH 

8/lHHOe npencTaBneHHe aMnnHTY/lbl C yHHBepcanbHOli napaMeTpH3a

UHeli, 06ecnequaa10mee rrpocTy10 CBSI3b c paanoJKeHHSIMH Ha paa

nHqHbIX rpynnax CHMMeTpHH, )KenaTenbHO TaKJKe HMeTb npOCTble. 

cjJopMynbI npeo6pa30B8HHSI MelKJlY TaKHMH paanoJKeHHS!Mlf If npocTyIO 

CBSl3b paannqHblX napaMeTpH38UHli C yHHBepcanbHOH, 

3THM Tpe6oBaHHSIM ynosneTBOpSieT npennoJKeHHOe B JlHC

cepTaUHH paanoJKeHHe aMnnHTYJlbl pacceSIHH_SI no HenpHBO/lHMblM 

npeJlCTasneHHSIM rpynrrbl nopeHua L(3,1) , CBSI3aHHOe C B03-

x) .UnSI 8/lHHCTBa o6oauaqeHHli Mbl OTOWllH OT 6onee pacnpOCTpa

HeHHblX CHMBonoB 0(3), 0(2,1), E(2) H 0(3,1) COOTBeTCTBeHHO, 

7 
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MOJKHOCTblO OT06pa3HTb qJH3HqecKHe o6naCTH B MaH.ctenbCTaMOBCKOli 

nnOCKOCTH Ha rnnep6onoH.ct H npe.ctCTaBHTb aMnnHTy.cty KaK ¢yHKUHIO 

Ha STOM rnnep6onoH.cte. B Ka'leCTBe YH~Bepcanb
0

HblX napaMeTpOB 

BbJCTynaJOT nopeHueBbl KBaHTOBbJe 'IHCna p H m • CBSI3b C P,aa

nH'IHblMH rpynnaMH CHMMeTpHH aMnnHTY.ctbl L(3,0) ,l,(2,1) H P(2,0) 

ycTaHaannaaeTClI BbI60pOM 6a3HCa c pe.ctyKUHeli L(3,1):)L(3,0),L(3,l))L(2,1) 

HnH L(3, 1 ) :) P ( 2, 0 ) COOTBeTCTBeHHO. Pa3nH'IHbie 6a3HCbl CBlI-

3aHbl MeJK.cty co6oli npeo6pa30BaHHlIMH KOMnneKCHOli rpynnbl nopeH-

ua. 

TaKHM o6pa3oM, Mbl nony11aeM B03MOJKHOCTb napaMeTpH30BaTb 

pe30HaHCbl B S -KaHane 11epe3 TpaeKTOpHH Pe.ctJKe H pe.ctJKeBCKHe 

BbI'leTbl B TOM JKe KaHane H, Hao6opoT, .cteilaTb saxn1011eHHlI O Tpa

eKTOpHlIX Pe.ctJKe, H BbI'leTaX H3 .ctaHHblX npH HH3KHX SHeprHSIX 
/11/ 

( ",UyanbHOCTb XopHa-lllMH.cta ) , Moll<HO TaKJKe CBSI3b!BaTb caoli-

CTBa aMnnHTY.cthl a npe.ctcTaaneHHH npnuenhHoro napaMeTpa c aHa

nHTH'leCKHMH caoitcTBaMH napunanbHblX aMnnHTYJ:l B KOMnneKCHOli 

f -nnocKOCTH, nccne.ctoBaTb CBOHCTBa J:IO'lepHHX non10COB Pe.ctJKe 

H T .• n. PesynhTaTbl, nony'leHHble B rnaaax II H III AHCCepTaUHH, 

npe.ctcTaBnSIIOT TOnbKO nepBblit war B STOit nporpaMMe. 

B rnaae II no.ctpo6HO paCCMOTpeHbl penSITHBHCTCKHe pasno-

JKeHHlI aMnnHTYA ABYX'laCTH'IHblX peaKUHii 1 +2 ➔ 3+4 6eccnHHOBblX 

'laCTHU C HepaBHblMH .MaccaMH, 

B §1 paccMaTpHBalOTClI AByMepHbJe pasnoJKeHHlI aMnm!TyA 

no HenpHBOAHMblM npe.ctcTaBneHHlIM rpynnhl nopeHua AnlI npoH3BOnb-

HblX ¢H3H'leCKHX 3Ha'leHHii KHHeMaTH'leCKHX nepeMeHHblX S ' t 

0 H o6cyJK.ctaeTClI HX CBSI3b C penSITHBHCTCKHM ¢a30Bb!M aHanH-

30M Ha pasnH'IHhIX Manh1x rpynnax rpynnh1 n yaHKape.B xa11ecTBe napa

MeTpoa BbJ6paHbl KOMnOHeHTbl 4-cxopOCTH O µ = ~ OJ:IHOii H3 

'laCTHU B HeKOTopoii CHCTeMe OTC'leTa, H aMnnnTy.cta paCCMaTpH-

aaeTClI KaK ¢yHKUHlI, onpe.cteneHHalI Ha aepxHeii nonoCTH rnnep6o-

nonAa o 2 = 1 x/ • 06cy:iimaeTClI ¢H3H'leCKHii CMbJCn npeo6pasoaa-

HHli rpynnbl J:IBHJKeHHii L(3,1) rnnep6onon.cta o
2 

= 1. 

x) 
nnocKOCTb peaKUHH COOTBeTCTByeT ce'leHHIO STOro rnnep6o-

non.cta a3HMyTanbHOli nnoCKOCTblO cf:, =. 0 • 
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B §2 paCCMOTpeHbl pa3nH'IHble CHCTeMbl KOOPAHH8T Ha rHnep-

6onoH.cte - c¢epH'leCKaSI ( s) , rnnep6onn11ecxalI ( H) H opnc¢e

PH'leCKaSI ( 0) •. AMnnHTylla pasnaraeTClI no co6cTaeHHblM qJyHK-

UHlIM onepaTopa nannaca Ha rnnep6onon.cte a sTHX cncTeMax xo

op.ctnHaT, peanH3YIOOIHM 6a3HC HenpHBOJ:IHMblX npe.ctcTaane~Hli rpyn-

nb1 nopeHua ( p, 0 ) c peAyxuneii L( 3, 1)::> L (3,0) ::> L(2 ,0) 

L(3,1):)L(2,1) ::> L(2 ,0) H L(3,1):)P(2,0) ::>L(2,0) cooTaeT-

CTBeHHO, 

Kos~HUHeHTbl STHX pasnoJKeHHli nony'IHnH Ha3BaHHe nopeHu

aMJinHTYA, CBSI3b KOMnoHeHT napaMeTpH3YIOJUeii 4-cxopOCTH O µ 

c HHBapnaHTHblMH nepeMeHHblMH ¢HKCHpyeTClI BbI6opoM nopeHueaoli 

CHCTeMbl OTC'leTa, B KOTopoii 0/:lllH H3 4-BeKTOpOB 

0 = . pl+ P2 

vs 
ot 

P 4 - P2 

Ft 

-A(t) .. 

K=m 2 [o 4 e -o2 ] 

HMeeT CT8HAapTHblli BHA: o s = (1,0,0,0 ) - CHCTeMa ueHTpa 

Mace, ot= (0,0,0, 1) - CHCTeMa EpeliTa, K=(w,0,0,w)-

HOBalI CTaH.ctapTHalI CHCTeMa OTC'leTa.·Bcne.ctCTBHe STOro, 6a3HC 

npe/lCTaaneHHit CTpOHTClI peAYKUHeli rpynnhl nopeHua K ManbIM 

rpynnaM BeKTOpOB O s 0 t HnH K , SIBnlIIOIUHMClI rpynna-

MH CHMMeTpHH aMnnHTYAbl npH s>. 0 t < 0 HnH t = 0 

COOTBeTCTBeHHO, nony'leHHbie pasnoJKeHHlI AaIOT HHTerpanbHble 

npe.ctcTaaneHHlI .ctnlI xos¢¢11uneHTOB pasnoJKeHHlI no rpynnaM CHM

MeTpHH, onpe.ctenSIIOIUllX llX CBlI3b C nopeHU-aMnnHTyAaMH, Pac

CMOTpeHbl CBOliCTBa pasnolKeH!lli OTHOCHTem,Ho KpOCCHHra, KOTO

pblit SKBllBanettTeH npeo6pa30BaHHIO H3 KOMnneKCHOli rpynnbl no

peaua. 

B §3 H3y'laIOTClI CBOiiCTBa penSITHB!lCTCKHX pasnolKeHHli B 

rnnep6onn11ecxoli CHCTeMe xoop.ct11HaT c pe.ctyxuneii L(3, 1)::>L(2,1 ))L(2,0), 

r.cte c npe.ctcTaaneHHlIMH TpexMepgoii rpynnh1 nopeaua L(2, 1) 

CBlI3aH pe.ctJKeBCKHli KOMnneKCHblli MOMeHT ) = y + i q • ·.UnSI pe.ct-

lKesoaaaaoii napunanhaoli aMnnHTYAhI nony'laeM cneAy10mee HHTer

panhHOe npellCTaaneH11e 
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a{f,t) =-
iros11;g· 8+100 

f (u+ 1) du r(u-,f4-l)r(u+f+2) 

811,,/2 ll-100 r (u + 1) 

+ +u -· -u 
x[A (u,f)<f>f (a)+A (u,Jf)</>f (a), 

rne 

+u -U-1 
</> f (a)= pf ( -th a ) + 

-u-1 
Pf (Iha) 

_1_ X 

cha 

(9) 

( 10) 

H U= lJ + ip - nopeHues MOM8HT, CBSl3aHHblil C HeyHHTSPHb!MH npen

CTSBneHHSIMH. 

Ilpu 6om.wux nepena'lax uMnynbca t ➔ - oo nony'leHa cneny!O-

masi OU8HKa: 
I+ I Re u+ I I 

I a(f,t) < (-t) 
2 

(11) 
t ➔- 00 

IloKa3aHo, 'ITO nonOlK8HH8 CHHrynsipHOCTeli a {"f , t) B KOMnneKCHOH 

f - nnOCKOCTH, reuepupyeMblX CHHrynsipHOCTSIMH ' hopeHil'· - aMnnu-
± ' 

TYil A ·c U , f ) • npu KOH8'1Hb!X U He 38BHCHT OT t , B 'ISCTHOC-

TH, nopeuu-nomoca npu KOH8'1HblX U npHBOilSIT K ~HKCHposaHHblM 

nomocaM B f -nnOCKOCTH, 

BbISICHeH MeXSHH3M B03HHKH0B8HHSI ilBHlKYWHXCSI oco6eHHOCTeli 
+ ' 

a(f ,t) 3a C'leT oco6eHHOCTeii A-(u,f)s u -nnOCKOCTH npu ilul ➔ +oo 

B 'ISCTHOCTH, K npOCTbIM nomocaM PenJKe npHBOilHT !JIOpeHu-acuMn

TOTHKa BHilS 

A+(u, f) + A-(u,f) ➔ 
elpf ± ( f) 

p ( 12) 

H ypasHeHHe TpaeKTOPHH PenJKe HMeeT BHil 

f+(f) +a 0. ( 13) 

10 

l' 
f 
l 
i1 

t 

l 
t 
f' ' 

t I 

11 

I
( 

( ,, 
J 

t· 
1 
.I 

i 

' ·.r 

I 
1 
( 
I 
( 

f 
( 

(~ 

1 

B ~4 B Ka'leCTBe pewaeMOfi Monenu paCCMOTp8HO HepenSITH

BHCTCKOe pacceSIHHe 3apS!lK8HHOH 'laCTHUbl B KynOHOBC.KOM none, 
+ . 

Bbt'IHCneH B8ilYWHH 'lneH B nopeHu-acHMilTOTHKe A- ( U; f) npu 

llmul=IPl ➔ 00 • IloKa3aHo, 'ITO 3Hauue senymero qneua 

B nopeHu-aCHMilTOTHKe npHBOilHT K npaBHJU,HblM ypaBH8HHSIM ce

M8HCTBa TpaeKTOpuil PenJKe nnsi KynoHoscKoro noTeHuuana s ~op

Me a =:!:"·a n '9 H K npaBHnbHblM 3HS'l8HHSIM penJKeBCKHX Bbl'l8TOB, 

B §5 pa3BHTbl8 _3il8Cb MeTOilbl np.HMeHSIIOTCSI K uccnenosaHHIO 

npo6neMbl ilO'lepHHX nomocos PenJKe, o6cyJKllS8MbIX PSlilOM SBT0-
/12 13/ . 

poM ' B CBSl3H C L (3, 1)- CHMM8Tpueli aMnnHTYil ynpyroro 

paccesiuusi snepeil, Korna m 1 = m3 , m 2= m 4 u 4-MepHbtil nepena

saeMhili HMnynbc - eynesoli seKTOp 

Q P ,-Pa = P4-P2 "= ,o, 0, 0, 0) (15) 

KpaTKO npuseneHa TeopeTnKo-rpynnosasi apryMeHTauusi, npHBOilSI

masi K ilO'lepHHM nomocaM B KOMnne~CHOil . f -nnocKOCTH, .a paM

KaX on·uoMepHhIX pa3noJKeHuli no ManhIM rpynnaM ueT cnoco6a. 

onpenenHTb, SIBnSIIOTCSI na 3TH ilO'lepHue nonroca ~HKCHpOBaHHblMH 

unu TO'IKaMH nepeCe'leHHSI TpaeKTOpuli PenJKe c OCblO t = 0 • 

IlposeneHo auanorn'IHoe uccnenosaHue B paMKaX nsyMepHbIX L(3,1) 

pa3noJKeHuil, KOTOpoe noKa3ano, 'ITO ceMelicTsa ilO'lepuax nonrocos 

f "k,n' B KOMnneKCHOlt £ '-nnoCKOCTH 

fk,n=-Uk -2n - 2 
( 16) 

reHepupyroTCSI ·nopeuu-nonrocaMH u k HOpMHpOBO'IHbIX r -~YHKUHH 

H SIBnSIIOTCSI CeMeilCTBaMH ~HKCHpOBSHHbIX nonrocos. 

B rnase III ilSH nonpo6Hblli auana3 KHH8MSTHKH '4-XBOCTKH' 

B npOCTpaHCTBe CKOpOCTeil nnsi HepaBHbIX Mace, paCCMOTpeHa npo6-

neMa KHH8MSTH'18CKHX CHHrynsipHOCTeli H KHHeMaTH'leCKHX ycnosuii, 

Llanee npennoJKeHa napaMeTpH3SUHSI SMllnHTYilhl 083 KHHeMaTH'leC

KHX nonIOCOB B ~H3H'l8CKOH o6naCTH, 
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i 

i :1 

. B §1 nocTpoeH B npocTpaHCTBe penHTHBHCTCKHX CKOpOCTeii 

opTOl'OHanbHbIH penep, C ~OTOpblM CBH3aHa CHCTeMa OTC'leTa, 

Penep COCTOHT H3 'leTblpex B3aHMH0-OpTOl'OHanbHbIX H HOpMIIpO-
2 2 2 2 

BaHHbIX 4-BeKTopoB I, II, III , IV: I = 1; II =III =IV =-1 . BeKTop 

IVa = v'~ laf3'y1J_ ( u 1)/3 ( u 3)Y ( u4 ) 
0 

opToroHaneH mo6oii 

CKOpOCTH II HOpManeH K nnoCKOCTH peaKUHII, 3necb <I> -o6beM . 

napannenen1Inena, nocTpoeHHoro Ha cKopocTHX u 1 

B npocTpaHcTBe no6a'leBCKoro: 

<I>= 

1 . 

( u 3 u1) 

(u 4 u 1 ) 

( u 1u 3) (u 1u4 ) 

1 (u 3 u4 ) 

(u 4 u3 ) 1 

U 3 , U4 

(17) 

YcnoBne BemeCTB0HHOCTH B0KTOpOB penepa onpenenHeT ~II3H'10C

KII0 o6naCTII B MaHnenbCTaMOBCKOii nnocKOCTH HHBapnaHTHblX ne-

peMeHHbIX s,t,·u •• fpaHnua. <I>(s,t,u)=0 npencTaBnHeT co6oii 

KpHBYIO 3 nopMKa, orpaHH'IHBa10my10 ~II31I'l0CKH0 o6naCTII KaHanoB 
/14/ 

pacceHHIIH II KaHana pacnana· 

TToKaaaHo, ·'ITO nnH Konn1IHeapHbIX npoueccoB, T.e. npn <I> =0 

B n1060M KaHane, BO3HIIKaeT 0CT0CTB0HHoe o6o6meHH0 TonnepOBCKOii 

4-MepHOii CHMMeTpHH- nnH HepaBHbIX Mace, ecnn paCCMaTplIBaTb 

aMnnnTyny iipn ~IIKCHPOBaHHOM B0KTOpe R 

R= [(U3•Ui)-(U3•U4)(U4•u,)] U3+[(u4 • UJ )-(U4•U3)(u3•u,)]u4 + 

( 18) 

+l(u 3,u 4) 2 -1]u 1 • 

8To CBH3aHo C T0M, 'ITO npn <I> = 0 acerna R = ( 0 ,0 ,0 ,O)II Ma -

naH rpynna R ecTb rpynna nopeHua. LloKaaaHo, 'ITO Bb1pa)KeHHH 

nnH B0KTOPOB penepa -Hecn.Hry.rigpHbl B ~H31I'l0CKOH o6naCTH. 

B §2 paccMaTpnsaeTCH npo6neMa KIIHeMaTII'l0CKHX CIIHryngp

HOCTeii II KHH0MaTH'l0CKHX ycnOBHH nnH aMnnnTyn pacceHHIIH 6ec

CilHHOBbIX 'laCTIIU, C HepaBHblMH MaccaMII, 

12 

; 
. '1 

n oxaaaHo, 'ITO c napaMeTpnaauuen aMnnnTynbl B cncTeMe 

ll0HTpa Mace CBH3aHO CHHrynHpHoe B ~H31I'10CKOfi o6naCTH OT06pa

)K0HH0 MaHnenbcTaMOBCKOfi nnocKocTn Ha rnnep6ono1In. CIIHryngp

HOCTb OT06pa)K0HHH nplIBOAIIT K oco6eHHOCTHM 6aa1Ica paanO)K0HHH 

H K IlOHBn0HHIO 3aBHCIIMOCTeii Me)Kny K09q>ql1IlllI0HTaMH, T,e. KHHe

MaTH'l0CKIIX ycnoB1Ifi. C nOMOmbIO paanO)K0HIIH no npencTaBneHHHM 

rpynllbl nopeH11a B ff -CIICTeMe nponeMOHCTPIIPOBaHo, KaK CHHry

nHpHOCTb napaMe'FpnaaUHII - nplI S =0 1IHny11npyeT KHHeMaTH'10CKIIe 

oco6eHHOCTII pen)K03OBaHHbIX nap111IanbHbIX aMnn1ITyn a (f , S) : 

a (£,s) 
s ➔ O 

2 2 2 
(m3-m4) 

m2 Is I 
3 

I .2 neu 
1 

In Is I 
( 19) 

rne u - nopeH11eao KBa_HTOBoe 'IIIcno, 'ITO cornacyeTcH c peaynb
/15/ 

TaT8MH <l>pnnMaHa H BoHra • 

B §3 npenno)KeHa napaMeTpnaau1rn aMnnnTynh1 6ea KHHeMaTn

'leCKIIX nonIOCOB BO BCeii ~II3H'leCKOfi o6naCTII, LlnH nepeMeHHblX 

Xo • XI x 2 , onpenenH10mux nono)KeHHe TO'IKH Ha runep-
• xi 

6ononne 

2 
XO 

2 2 
XI - X2 1 ' 

npenno)KeHbI cneny10mne Bbipa)KeHHH 

2 

2 

[(ua + U4)• u1l 
XO = ---------

2[(u3 u 4 )+1l 

2 x1 = __ <I> ___ _ 

[ (uau• )2 -1] 

2 

2 
[(u

2
-u4), u 1] 

X2=------

2[(u3u4)-1] (20) 

TToKa3aHo, 'ITO 'apeMeHHaH· II •npocTpaHCTB8HHaH' nepeMeHHble 

XO H X2 npn KpOCCIIHre MeHHIOTCH ponHMII, LloKa3aHo, 'ITO 

nynn 3HaMeHaTeneii acerna coanana10T c HynHMH 'IHCnHTenen B 

~H3H'leCKOfi _o6naCTH, H ~OpMynbl oro6pa)K0HHR (20) anecb H0CHH

ryngpHbl. nonpo6Ho 1IccnenoBaH xon nHHHfi B nnocKOCTH MaHnenb

CTaMa, COOTB0TCTByIOmHX KOOPAHHaTHOfi CeTKe Ha rHnep6onounax. 

Bbi6opy ( 20) OTo6pa)K0HHH COOTB0TCTBY0T napaMeTpH3aUIIH aMnnn-

TynbI 4-CKOpOCTbIO u I B "cncTeMe paBHblX CKOpOCTefi". TT pH 

ma =m4 CHCTeMa paBHblX CKOpOCTeii { c.p.c.) H CIICTeMa ueHTpa 

x/8To ce'leHHe rnnep6ononna x~ -x~ -x\-x;=1 aanMyTanbHoii 
nnocKO_CTblO cf,= 0. 
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Mace (c,u,M,) (11 COOTBeTCTBYIOIUlle napaMeTpll38UIIII aMnn11Tynbi) 

coarrana10T, 11 c,p,c, ecTb aec11arynS1pHoe 0606mea11e c,u,M, nnSI 

aepaaHbIX Mace, nony"leHa MBTp11ua rrpeo6paaoaaH11S1 Jlopeaua 
(0 Z) 

A ( a) OT c.p,c. K C,U,M,, rne 

sha=(m -m )·' <Pa•P4)-m-3m 
3 4 V 4 

2m3m4(Pa + p4)2 

BblSICHeH BIILI · aec11HrynS1pHOI"O paanoJKeHIISI B c,p,c. B· 

Me rrocne rrpeo6paaoaaa11S1 K c.u,M, 

(21) 

H -c11cTe-

Bee KIIHeMSTll'IeCKlle non10ca B nnocKOCTII MaanenbCTBMa 

II KOMnneKCHOI"O MOMeHTa coneplKSTCSI B D -<!>YHKUIIII npeo6paao-

B8HIISI, 

B rnaae IV paccMaTp11aa10TCS1 Herrp11aot:11IMb1e npencTaane

HIISI ,, MHOI"OMepHblX nopeau- II nyaHKape-rpynn· L(m,n) II P(m,n) 

B paanl!'IHblX 6aa11cax, peanl!3OB8HHblX Ha co6CTBeHHblX <l>YHKUIIHX 

MHOI"OMepHblX onepaTOpOB Jlannaca, 

B §1 KpaTKO 11an_olKeHa noCTSHOBKa 38/:lS'III. HenpllBOLIIIMbie 

npencTaaneH11S1 rpynn L(m,n) • 11 P( m, n ) nnonoTaopHo 11cnonbay-

IOTCSI B AIIHSMll'IeCKIIX MonenHX sneMeHTapHblX 'ISCTIIU nnH Knacc11-
/l6 17/ 

<pllKBUIIII O/:lHO'ISCTll'IHblX COCTOSIHIIH ' , nong paCCMSTPIIBSIOT-

CSI KBK MHOI"oypoBHeBble CIICTeMbl C onpeneneHHblMII 3HS'IeHIISIMII 

MSCCbl II cn11Ha nnSI KSJKLIOI"O YPOBH.1I, CoCTOSIHIISIM CIICTeMbl conoc

TSBnSIIOT 6a311CHble -BeKTOpbl aenpllBOAIIMblX npencTaBnea11ii unu IIX 

cynepnoa11uuu. B CBSl311 C 3TIIM BO3HHKaeT npo6neMa paanoJKeHIISI 

aonaoab1X <!>YHKUHii no paanu'!HbIM 6aaucaM L(m,n)-11 P(m,n) -

rpynn, 

B §2 paccMoTpeaa pean11aau11S1 rpynn L(m,n) 11 P(ni,n) KBK 

rpynn LIBIIJKeH11ii B MHOI"OMepHblX aemeCTBeHHb!X 'npocTpaHCTBaX 

R noCTOSIHHOii KpllB113HbI, B KOTOpbiX onpeneneao CKanSipHOe npo

H3Benea11e 

ab . 
g XaYb"'[x,y] x_n+I Y-n+I+ ....... +XoYo-X1 Y1-·•· - (23) 

- X mYm 
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nepeq11cneHbI 11x aenpepbIBHb1e nonrpynnbI, 06nana10m11e 11aaap11aa

TSMH, noKa38HO, 'ITO rronHblii aa6op KOMMyT11py10mux onepaTopoa, 

orrpenenS!IOillllX 6aauc npencTaaneH11S1, COCTOIIT 113 IIHB8pll8HTOB 

rpynnbl II ee rronr:pynn, 06paay10m11x uenO'IKY, aa cneu11anhaoii n11ar

paMMe, a TSKJKe ccpopMyn11poaaHbI npaa11na nocTpoea11S1 c11cTeM 

KOOPAIIHST B npocTp8HCTB0 R no 3TOii n11arpaMMe, 

B §3 CTpOS!TCSI cep1111 H81I6onee BblpOlKA0HHbIX YHIITSpHblX 

aenp11aon11MbIX ~pencTaanen11ii rpynn L( m, n) 11 P(m, n) a npocTpaa

cTae COOCTB0HHblX <l>YHKUIIH n114>4>epeau11anbHOI"O onepaTopa Jianna

ca-EenbTpSMII, KOTOpbIH coananaeT C eAIIHCTBeHHblM ne11cqeaa10-

IllllM IIHBap118HTHblM onepaTOpOM rpynrrbl B npoCTpaHCTBe R: 

Ll = 
,Jg 

- a a gaf3 v g ~~ -- , 
. --- aut-> 

aua 

rne ga f3 -MeTp11qeCKIIH TeH3Op B Kp11aon11neiiHblX KOOpAIIHBTSX 

ua ,11 g=detgaf3• 

(24) 

npennoJKeH rpa4>11qecK11ii MeTon nocTpoeHIISI 6aa11CHblX cpyHKUllii, 

KOTOpbiH KSlK/:lOMY TIIIIY sneMeHTOB n11arpaMMbl acerna conoCT8B

mIeT OLIHY II TY JK0 <l>YHKUIIIO, CocTaaneHa Ta6n1111a, B KOTOpyro 

caeneHbl cpyHKllllll nm1 acex TIIIIOB sneMeHTOB, 

11TaK, KSlK/:lOH uenoqKe nonrpyrrn HS n11arpaMMe OAH03H8'IHO 

COOT_BeTCTayeT Cl!CTeMa KOOPAIIHBT II co6CTBeHH8SI <l>YHKUIISI orrepa

TOpa Jlannaca B 3TIIX KOOPLIIIHaTaX, S!Bnl!IOillSS!CSI 6a3HCOM Henp11-

BOAIIMOI"O npencTaaneHIISI, 

ci>opMynbI paanoJKeHIISI BOnHOBblX <l>YHKUIIH B rrpocTpaHCTBe R 

no 6aa11cy aenp11aon11MblX npencTaanea11l'! L(m,n) ·11 P(m,n}-rpynn 

nony'IeHbl 06061UeHll8M MeTona IIHTerpanbHblX npeo6pa30B8HIIH B11-
/3/ 

neHKHHa-CMOPOAIIHCKOI"O • 

Ll!IccepTauuSI BKn10qaeT Tp11 npunoJKeHHll, 

B npunoJKeHHII r rrpuaeneHbl cpyHKUIIII co cnllHOM nnll CIIIIHa 

l /2 II 1 II IIOK838HO, 'ITO OHII S!BnSIIOTCSI peweHIISIMII COOTBeTCTBYIO

IUIIX ypasHeHuii DnpaKa II BaiiH6epra, 
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B npunO}K8HHH ll no.Qp06Ho paCCM0TpeHbl reoMeTpH'18CKH8 

CBOilCTBa CHCT8M K00p.QHHaT B rrpoCTpaHCTBe penRTHBHCTCKHX CKO

p0CTen no6a'l8BCKOI'O. 

B npunO}K8HHH Ill 

rnaBb1 Ill • 

.Q0K838Hbl HeK0T0pble YTBep}K.QeHHR 

OCHOBHhl8 peaynbTSTbl .QHCCepTSUHH ony6nHKOB8Hbl B pa6o
/18-23/ Tax 
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