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I. 

BneCTIDUHe ycneXH KBaHTOBOH aneKTpOJ:lHHaMHKH IlOKasanH, 'ITO 

pa3BHTHe KBaHTOBOH TeOpHH nong HaXOJ:lHTCg Ha npaBHRbHOM nyTH. 

0):lHaKo B MaTeMaTH'l0CKOM OTHOIIleH,lfH 9Ta TeOpHg gBngeTcg He­

nonHoii, TaK, HanpHMep, npoue.llypa nepeHopMHPOBKH BKmo'IaeT B 

ce6g o6pameHHe c 6ecKoHe'lHbIMH Bblpa,KeHHgMH H OCTaeTCg OTKpbl­

Tb!M Bonpoc O cymeCTBOBaHHH npeJ:1CTaBneH1rn B3aHMO):leHCTBHg, KO­

Topoe HHTeHCHBHO HCilORbSOBanocb B Bbl'lHCneHHgx. tITO KacaeTcg 

KBaHTOBOH MeSOJ:lHHaMHKH CHRbHOBSaHMOJ:l0HCTBYIOIUHX 'IBCTHU, TO 

annapaT TeopHH BOSMyIUeHHH B npHHUHile He MO)KeT 6bITb npHMe­

HeH S):l0Cb HS-Sa 6onblIIOH BeRH'IHHbl KOHCTaHTbl CBgSlf Me)KJ:lY no­

ngMH. 

Bee 9TO gBHROCb IlOBOJ:lOM B nocne):lHHe I'OJ:lbl K aKCHOMaTH­

'leCKOMY IlOCTpOeHHIO.KBaHTOBOH TeOpHH nong~B· HaCTOHlllee_BpeMg 

pa3BHTHe KBaHTOBOH TeOpHH nong HJ:leT TIO nyTH ee aKCHOMaTH3aUHH. 

B TeOpHIO BBOJ:lHTCg HenpOTHBOpe'lHBag HRH HeTpHBHanbHag nonHag 

H Hesa·BHCHMag CHCTeMa aKCHOM, SaHMCTBOBaHHag HS xopowo HS-. 

BeCTHOH KBaHTOBOH TeOpHH nong ( TaK ·KaK He cymeCTByeT HHKaKO­

I'O KpHTepHSI, IlOSBongJOII(eI'o cqiopMynHpoBaTb 9TH aKCHOMb!) H 06-

Cy)KJ:laIOTCg HX cneACTBHg. TTpH 9TOM' He ):lenaeTcg oco6or-o npe.ll­

nono,KeHHg OTHOCHTeRbHO npH6RH)K0H~g H BHJ:la BSaHMO):leHCTBlfg. 

CymeCTBYIOT pa3RH'lHbie aKCHOMaTH'leCKHe qiopMynHpOBKH KBaH­

TOBOH TeOpHH nong. Cro.lla OTHOCgTCR npe)KJ:10 BCeI'O qiopMynHpOBKH,. 

cBg~aHHbI~- c HMeHaMH BaiiTMaHa, l1ocTa, PyanH, Xenna n J:lp.; an­

r-e6paH'leCKHii IlO):lXOJ:l XaaI'a-ApaKH; S - MaTpH'IHbie IJO.llXOJ:lbl ne­
MaHa, CHMaH3HKa, llHMMepMaHa (nCY) H Bor-on1060Ba, Me.llBe.lle­

Ba, TTonHBaHOBa ( BMTT) •. 
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Bc,e Ha11(5onee CTpOrHe pea)'m,TaTbI, nony'l8HHb18 B KB8HTO­

BOH TeOpHH nong B · HSCTOSlll188 Bp8MSI t npHHa.nne)KaT HM8HHO yKa­

aaHHblM aKCHOMSTH'l8CKHM no.nxo.naM. OTM8THM, 'ITO anre6paH'lec­

KHH no.nxo.n Xaara-ApaKH OKaaanCSI nno.noTBOpHbIM T8K)K8 B CTaT­

q>H3HKe. 

Ba)KH8SI aKCHOMSTH'l8CKSSI cpop'MynHpOBKa KBSHTOBOH TeopmI 

nong npHHa.nne)KHT H.H. BoronroooBy H nono)KeHa B ocaoBy .noKa­

aaTenbCTB .llHCllepCHOHHbIX COOTHOIII8Hllll H. H. Boron1060BbIM, 
0 

B. M. Me.nBe.neBbIM, M. K. IlonHBaHOBbIM. 

B ocHoay BMTI no.nxo.na nono)KeHa 11.neg feil:aeH6epra o TOM, 

'ITO TOnbKO s - MaTp11ua S!BllS18TCSI Ha6nro.naeMOH Ben11'IHHOH B 

:aKcnepli:MeHTax no pacceS1H1110. 3To oaHa'laeT, 'ITO 11a annap.aTa 

Teop1m .llOn)KHbI: 0b!Tb l!CKnID'l8Hbl BCe HeHa6n10.naeMbl8 Benl!'ll!Hbl. 

Bo Bcex HCCneJJ.OBaHllSIX no aKCl!OMaTH'l8CKOMY S -MaTpH'I-

HOMY no.nxo.ny BMTI B KBaHTOBoil: Teop1m nong aa ocHOBHb1e Benn­

'IHHbI, onpeJJ.enSIIDlllHe TeopHro, npHHHMaeTCSI Knacc TaK H83b!B88Mb!X 

xp0Honorl1'18CKHX onepaTopoB, npe.nnO)K8HHbIH Me.llB8.ll8BbIM, T.e. 

Tc 
n 

X t , •.• .•., X ).,T'(J(x ) •• J{x ))+ 
n I · n 

+ I 
(-i)m-n 
-P(x 
·m! · 

n 2:s;m.$n:-l 
LV •n, V >t 

Jal l l -

t • -•~ x " i _:x ' • • 'x f • • • x ) X 
1 

v
1
+t · · v

1
-w

2 
· · · n 

( 1 ) 

xT(Av/x 1 , .. , x )A (x +I , •• ,x ,,,, ) ... A., (.,.x ))+ 
V I V 2 Vt Vt -,., 2 - m n 

n-1 
+ (i) A ( X ' 

n l 
H •1 X 

n ) ' n • 1,2 , ••• J 

r.ne 1\ (x 1 ) .... J ( x 1 ) , Av ( x 1 , ••••xv ) , V a-2,3,,, - npOH3-

BOnhHbl8 TOKOnOJJ.00Hbl8 onepaTOpbI, y.noBn8TBOpS!IDlllH8 onpe.neneH-

HbIM ycnOBHSIM, P{I ; .. 1>: _.• onepaTop CHMM8TpH3aUHH. 

O.nHaKO C MaTeMaTH'l8CKOH TO'IKH. apeHHSI HaH6<;>nee y.llO0HbI­

MH BenH'IHHSMH JJ,nSI nccne.noBaHHSI S1BnS18TCSI 6eCKOHeqHoe MHO)K8CT~ 

BO BBKYYMHbIX cp8.llHllX OT xpoHonorH'l8CKllX onepaTopoB, T.e. B8-

n11'1l!Hbi 

4 

·1 

. I 

B ( x · , •• ; x ) =-<O IT e ( x , •• , x ) I b > , n ""1,2, .. , 
n 1 n n t n 

(2) 

KOT0pbie cny)KaT B Ka'leCTBe K03q>q>HUH8HTHbIX 'PYHKUHH B 'PYHKUHO-

HanbHOM paanO)K8HllH npH'IHHHOH 

KHM nonSIM, T,e. 
s - MaTpl!Ubl no aCHMnTOTH'lec-

oo ( , t n 
5= I ...=.!:,_f,, ,f (IT d 4 x 

ndl n ! j=>I 

)B (x ,.,,x l:ef, (x ) .. ¢ · (x ): 
n 1 n out 1 out n (3) 

Mb! CTpeMHnHCb nonH0CTblO Cq>OpMynnpoBaTb co.nep)KSHl!e aKCl!OM 

BMTI Ha Sl3bIKe CBOHCTB 0606111eHHbIX B-cpyHKUllil:, Bblpa)KaeMbIX npn 

nOMOlllll nHH8HHbIX II ,HennHeHHb!X COOTHOII18HHH: 8TH COOTHOIIl8HHSI 

.nng BaKyyMHbIX cpe.nHHX OT xpoHonorrr'leCKHX onepaTopoB .non)KHbl 

Cny)KHTb OCHOBHb!MH MaTeMaTH'l8CKHMH ycnoBHSIMH, onpeJJ.enSIIDlllHMH 

aK0HOMaTH'leCKHil: S - MaTpH'IHbIH no.nxo.n BMTI, cBo6o.nHbIH OT 

nepBoHa'lanhHoro cpopMannaMa. 

PecpepnpyeMaSI JJ.HCCepTaUHS! noCBS!ll!eHa M8T8M8TH'l8CKOH cpopMy-

nllpOBKe aKCl!OMaTH'l8CKoro S - MaTpll'IHOro rro.nxo.na BMTI B 

KBBHTOBOH TeOpHH nonSI, n03BOnSIIDlll8H II!llpOKO ncnonb30B8Th Me­

TO.llbl Teop1111 0606111eHHbIX 'PYHKUHH 11 Teopl!H npe.ncTaBneHllH rpynrr 

KBK . .llnSI MaTeMaTH'l8CKOro TOnKoBaHHSI CaMHX aKCHOM, TaK 11 .llllSI 

TIUaTenbHOPO MaTeMaTH'l8CKOPO nccne.noBaHllSI cne.nCTBl!H ccpop­

MynnpoBaHHbIX aKCllOM JJ.nSI CBOHCTB OCHOBHb!X BenH'lllH, onpeJJ.engro­

IUHX Teopm6. 

II 

Hl!)K8 Mb! IIpllB8.ll8M co.nep)KaHHe II 0CHOBHb18 peaynbTBTbI, 

nony'leHHbie B lll8CTH rnaBaX .nnccepTaUHll. 

1. CneJJ.yS1 renhcpaHJJ.y n ToJJ.opoBy, MbI nocTpo1mn AB.a Knac­

ca OCHarueHHbIX r11nb6epTOBbIX rrpocTpaHCTB Dout CH out C D out 

H pa3BHnll Teopmo B81U8CTB8HHbIX H 2 ( 2,. + 1) - K0MII0HeHTHbIX .. 
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cmrnopHbIX _noneil:, xapaKTep1I3yeMhIX npH n0Mo11.m onepaTopH03Ha'i­

HhIX o6o6meHHblX qiyHKUHH. 

2. ITocTpOeHHbJe 0CHameHHbJe I'Hnb6epTOBbl npoc,TpaHCTBa 11 

annapaT Te0pHH CB060/lHblX KBaHT0BaHHblX noneii: ncnonb30B8.Hbl 

nnsi qiyHKUH0HanbHOll qiopMynHpOBKH aKCH0M EMIT, a HMeHH0, nnsi 

- onncaHHSI acHMilT0TH'i9CKHX C0CTOSIHH:li:, anSI nccnenoBaHHSI qiyHKUHO­

HanbHblX CTpyKTyp BenH'iHH n o6naCTH HX onpeneneHHSI, nnsi qiop­

MynnpoBKH ycnOBHll cneKTpanbH0CTH, nonH0Thl H npH'iHHH0CTH, a 

T8K:)Ke ansi onpeneneHHSI TpaHcqiopMaUHOHHbJX CBOllCTB pannaUH0H-

1 Hb!X onepaT0p0B 

H ( X 1 
n 

, ••, X ) =· 
n 

0 n S S + 

ocf, (x ) .. ocf, (x ) 
out 1 out n 

, n=l,2, ... 

ITpH 8T0M KalK/l0ll aKCH0Me /l8H CTpOI'Hll MaTeMaTH'ieCKHll CMbJCn • 

Ha 8T0M nyTH ynanocb BblSICHHTb H YT0'iHHTb · 38H0B0 qiyHKUHOHano­

HbJe CTpyKTypbl paanaUH0HHblX onepaT0p0B H penyKUH0HHbJX qiopMyn. 

AKCHOMa, nocTynupy10mag qiyHKUHOHanbHbie CTpyKTypb! paana­

UH0HHbIX onepaTopoB, aonlKHa noTpe6oBaTb, Il0MHM0 cymeCTB0Ba­

HHSI pannaUH0HHblX onepaTopoB B CMbICne onepaTopH03Ha'iHbJX 0606-

IUeHHblX qiyHKUHll np0CTpaHCTBa S, ( R4n eme nponon:JKnMoc-

TH (noonpenenSieMOCTH) 3THX onepaT~p0B Ha M8CC0BYIO noBepx­

H0CTb. 3TH aononHHTenbHbie Tpe6oBaHHSI cymeCTB9HHbl ansi MaTe­

M8TH'i9CK0ll CTP0I'0CTH BCeI'0 nanbHeil:111ero uccnea0B8HHSI H nony­

'i9HHSI pezynhT8T0B. 

8 cny,:rne np0H3B0nbH0I'0 cnuaa B .CHCTeMy 8KCH0M EMTT BKnlO­

'i9Hbl paanaUIIOHHbJe onepaTopH03Ha'iHbJe o6o6meHHbie cpyHKUHH, 

npeo6pasy10mnecg no T9H30pHoMy np0H3B9/l9HHIO HeyHHTapHblX KO­
.. t 

H9'iHblX npencTaBneHHll CilHH0pH0ll rpynnbJ ITyaHKape P + 

KpoMe T0I'0 ,nocTynnp0B8Hbl cymeCTB0B8HHSI K0MMYT8T0pOB 

nnsi pac111npeHHblX acHMilT0TH'ieCKHX nonefi H i:tnSI S -MaTpHU C one­

paTopoM poJKi:teHHSI H YHH'iT0lKeHHSI 'i8CTHU, 

3. a) OCHOBHblMH q>H3H'ie.CKHMH BenH'iHH8MH, onpenenSIIOIUH-

MH S - M8TPH'iHblll noaxon· EMIT, SIBnSIIOTCSI TaK HB.3bIBaeMbJe. 

6 

Xp0H0n0I'H'leCKHe onepaTophI T c (x 
'• ••, X ),n=l,2, •• , B npoc-n 1 n 

TellIIIHX cny'iaSIX HMe10mue BHA 

T 
0

{x , ••t X ) =T ( J (x ) ••• j ( X )) ' n =l,2, •• 
n I n 1 n 

npn 

X 1 -=f... •• • /, X n • • 

ITyTeM TIUaTenbH0I'0 MaTeMaTH'ieCK0I'0 uccneaoBaHHSI cnencTBHll cqiop­

MynHp0B8HHblX aKCHOM ycTaH0BneHhl BCe B8:JKHeii:ume CBOllCTBa 9THX 

onepaTopoB •. B 'iaCTH0CTH, K8K cnenCTBHSI 8KCH0M CTa6unbHOCTH BaKy­

yMa H 0/lH0'i8CTH'iH0I'0 C0CT0SIHHSI, a T8KJKe ycnoBHSI cneKTpanbH0CTH, 

/lOKa3aHo, 'iTO c noM0IUbIO MeTona napaMeTpnsaunu Xenna H nc­

cnenoBaHHSI Xaara-Pyansi, npHHSIT0I'0 B aCHMilT0TH'ieCK0ll KBaHTO­

BOll TeopHH nonSI JICU, Jienb3SI nocTp0HTb Oi:IH0'iaCTH'iHblX C0CT0SI­

HHll H, cneaoBaTenbH0, BeKT0p0B aCHMilT0TH'i9CK0I'0 C0CT0SIHHSI H3 

refiseH6eproBa onepaTopa TOKa J ( x) = ! H 1 ( x). 

CTporb MaTeMaTH'ieCKH-a0Ka3aH0 C00TH0illeHne 

H ( X , • • , X ) = (-i ) n T c ( X , • • , x 
n 1 n n 1 n 

npn 

X -,: .... -/:-x • 
·1 n 

.PacnmpeHHe Xp0H0n0I'H'ieCKHX onepaTopH03H8'iHb!X o6o6meH-

, ( 4n ) 
Hb!X cpyHKUHll H3 Tl,0/lilP0CTpaHCTBa S 

O
. R npocTpaHCTBa 

qlyHKUHH, o6paIUaIOIUHXCSI B Hynb co CB0HMH np0H3B0/lHblMH aocTa-

T0'iHO Bb!C0K0I'0 nopSI/lKa npn X = .. = X ' Ha BCe npoc-r-
1 . n 

paHCTBO S ' ( R 4 
n ) C0BepmaeTCSI nyTeM coxpaHeHHSI BC ex 

CBOHCTB XpOHOnOI'H'ieCKHX onepaTopoB C HeC0BnaaaIOIUHM apryMeH­

TOM, O6IUHM Xp0HOnOI'H'ieCKHM onepaTopaM IlpHl.lHCb!BaIOTCSI BCe 

OCHOBHbie CBOHCTBa. xpoHOnOI'H'ieCKHX onepa,TOPOB C HeC0Bnana10-

lUHMH apryMeHT8MH. TaKHM o6pa30M, KaK cne]lCTBHe. aKCH0M, yc-

TaH0BneHo, 'iT0 Xp0H0n0I'H'ieCKHe onepaT0pbl T c ( x 
1

, •• , x ) ,n ... 1,2, •• 
• n n 

B o6meM cny-qae SIBnSIIOTCSI: onepaT0pH03H8'iHbIMH o6o6meHHbIMH 
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<pyHKUHSIMH npOCTpaHCTBa S '( R 
40 

) , npO/lOmKHMbIMH Ha npOCT:- · 

• 4 n 
paHCTBO s + ( R ) ' nyaHKape-HHBapnaHTHblMH, CHMMeTpH'l-

HblMH, YllOBneTBOpSI!OlllHMH ycnoBHSIM npH'lHHHOCTH H YHHTapHOC_TH. 
. . . 

6) BBe}leHbl aana3/lbIBa!OlllHe onepaTOpHO3Ha'lHbie o6o6meHHble 

cpyHKUHH! 0 n J{ X) 
C 

R (x ;x , •• ,x n ::.1·,2, ••• 
n O 1 n 0 <p ( X ) .,, 0 <p(x ) 

I ··· n 

· H Ha OCHOBe CBOHCTB onepaTopa TOKa J ( X O ) BhIBelle-

Hbl BCe Ba)lrnefinme CBOHCTBa 3THX onepaTOpOB, B qaCTHOCTH, llO­

Ka3aHo, 'ITO 3aIIfl3/lbIBa10mue onepaTOpbl YllOBneTBOpSIIOT ycnOBHIO. 

paapeIUHMOCTH, COBna}laIOIIleMy C ycnoBHeM paapeIUHMOCTH }lnSI one-

paTOpOB TOKa J ( x } npu n =-1, •· KpoMe TOI"O, /lOKa3aHO, 
0 ' 

'ITO aarra3}lbIBa!OlllHe onepaTOpHO3Ha'lHbie o6o6meHHble <pyHKUHH He-

nnHefiHblM o6pa30M CBSI3aHbl qepea pa/lHaUHOHHbie onepaTOpHO3Ha'l­

Hbie o6o6meHHbie <pyHKUHH, ITocne}lHee o6CTOSITenbCTBO IT03Bonuno 

HaM cqiopMynupoBaTb ycnoBue rrpH'IHHHOCTH }lnsr o6mux xpoHonoru­

'leCKHX orrepaTopoB, 

B CIIHHOpHblll 6a3HC aHanorH'IHbIM o6pa30M BBe}leHbl o6mue 

xpoHonoruqecKue onepaTopbI Me1lBe/leBa,npeo6paay10lllHecsr no TeH­

aopHoMy npOH3Be/leHHIO HeyHHTapHblX KOH0'lHblX rrpe}lCTaBneHHll CIIH-

1 .. 't 
HOpHbIX rpynn ITyaHKape p +. 

4, H aCTOSIIIlaSI rnaBa nOCBSllll0Ha H3Y'l0HHIO CBOHCTB BaKyyMHbIX 

cpe/lHHX OT xpoHonoruqecKHX li aana3/lbIBa!OlllHX onepaTOpOB, KOTO­

pb10 cnylliaT B Ka'leCTBe K03qlqlHUH0HTHbIX <pyHKUHfi <pyHKUHOHanbHO-

ro pa3nOlli0HliSI COOTB0TCTB0HHO npH'lliHHOfi s - MaTpHUbl H one-

paTopa TOKa J(x) ITO aCHMnTOTH'l0CKHM rronsrM. 

BBe}leH Knacc BaKyyMHbIX cpe/lHHX OT xpoHonoru'leCKHX one­

paTopoB 

B (x , ... , x 
n 1 

) = < 0 I ·.T c ( x , .. , x ) I O > , 
n, n t . : n 

n =-1,2, ••• 

BaKyyMHbie Cp0/lHHe < 0 I T c ( x ,. .. , x ·) I O>, n = 1,2,:, SIBnSIIOTCSI: 
n ·t n 

o6o6meHHb!Mli <pyHKUHSIMH, npnHa}lnellialllHMH npocTpaHCTBy S'(R 40
}, 

npottonlliHMb!Mli Ha npocTpaHCTBO . S , :r (R 40 
) i . CHMMeTpH'lHbl­

MH i rryaHKape-HHBapnaHTHbIMH; y /lOBneTBOp51101IlHMH ObOblll0HHbIM 

COOTHOIU0HHSIM YHHTapHOCTH li o6o6meHHhlM COOTHO!ll0HHSIM npH'IHH-

8 

!' 
.l 
t,_I 

l 
I 

:_y 
, 'I 
l', ), 
f 

1 

I 
l 

i 
) 

I 
l 
! 
}, 

I 
1: 
:1 
,I 

), 

,,. 

!' I 
•I. 

'1 

HOCTH. KpoMe Toro, /lOKa3aHo, 'ITO BaKYYMHbie cpe/lHHe B (x t' ..,x ), 
, n n 

n =-1, 2 , •• YllOBneTBOpll!OT npocTpaHCTBeHHbIM CBOHCTBaM aCl!Mll-

TOTH'l0CKOH <paKTOpuayeMOCTH. 

MolliHO IlOKa3aTb, 'ITO 3TO nocne/lH00 CBOHCTBO BbITeKaeT KaK 

cne}lCTBH0 H3 o6o6meHHblX COOTHOill0HHfi yHHTapHOC~H li npH'IHH-

HOCTH, C IlOMOIIlblO BaKyyMHbIX cpe/lHHX B n (xt , .. ,xll) ,n=l,2 ... 

H HX CBOHCTB, XapaKT0pH3Y0MbIX nnHefiHbIMli li H0nHH0llHbIMH COOT­

HO!ll0HHSIMH, uenHKOM H nonHOCTblO cqiopMynupoBaHO BCe CO/l0pllia­

HH0 aKCHOM EMIT. TaKHM o6paaoM, 3TH CBOitCTBa Mory'I' 6bITb 

rrpHHSITbl BilP0/lb B Ka'leCTBe OCHOBHbIX MaT0M8Tli'l0CKHX ycnoBHfi, . 

onpe/lenSIIOIIlliX npH'IIIHHblll s - MaTpH'IHblll IlO/lXO/l BMIT B KBaH­

TOBOfi TeOpHH rronsr, CB060/lHblll OT nepBOHa'lanbHOI"O qiopManH3Ma 

BMIT, l1MeHHO B 3TOM 3aKnIO'laeTCSI MaTeMaTH'l0CKall qJOpMynHpOB­

Ka aKCHOMaTH'leCKoro ITO/lXO/la BMIT. 

noKa3aHa cne/lyIOIIlaSI TeopeMa BOCCTaHOBneHH51 B paMKaX 

S - MaTpH'IHoro ITO/lXO/la EMIT. 

. ITycTb 3a}laHO 6ecKOH0'1HOe MHOlli0CTBO C-'IHCnOBblX o6o6meH-

HbIX <pyHKUllll I B 
0

( x 1, ., , x · n ) I , n = 1 , 2, .,, , 

lllliX cne/ly!OlllliM ycnOBHIIM: <pyHKlllili B n _< x t , .. , x 

YllOBneTBOpll!O-

), n:a-1,2,., 
n 

SIBnlIIOTCSI o6o6meHHb!MH qiyHKUHSIMH yMepeHHOI"O pocTa, npo/lOnlliH­

Mb!Mli Ha MaCCOBYIO nosepXHOCTb i nyaHKape-HHBapuaHTHbIMH; CHM­

MeTpli'IHblMH i YllOBneTBOpSIIOIIIHMH o6o6meHHbIM COOTHO!ll0HHSIM YHH-

TapHOCTH li Ilpli'IHHHOCTH. Tor}la S - MaTpirna, npe/lCTasneHHa51 

B BH/l0 6eCKOH0'1HOI"O nonHHOMa BHKa no aCHMilTOTH'l0CKHM -~ out " ..... 

nonHM C K03qlqJHUHeHTHhlMH <pyHKUHIIMH B (x, • .,x ln =1,2.,, 
n 1 n 

6y}leT YllOBneTBOplITb BC0M Tpe6oBaHHIIM aKCHOM BMIT, HanaraeMblM 

Ha s -MaTpHuy, T,e. s -MaTpHua 6y/leT 1) YHHTapHofi, 2) KOMMy-

THIJOBaTb c yHHTapHbIM npe/lCTaBneHHeM V ( a , A ) co6cTBeHHOfi 

rpynnbI ITyaHKape P: • 3) Y/lOBneTBOpll.Tb ycnoBHIIM npH'lIIHHOCTH a 

qiopMe poronI06osa,u 4) BaKyyMHbie Cp0/lHHe OT COOTB0TCTBYIOII!HX pa­

/lHaUHOHHbIX onepaTopOB 6y/lyT cosna}laTb C 3a/laHHblMH o6o6meH­

HbIMH B-<pyHKUHSIMH, 
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OnpeAeneHbl o6o6meHHb!e B-cpyHKUHH B CnHHOPHOM 6a3HCe 

Ii ycTaHOBneHbl HX TpaHC<pOpMaUHOHHbie CB0HCTBa 0TH0CHTenhHO cnu­

HOPHOH rpynnh1 TTyaii:Kape. 

BBeAeH B paccMOTpeHue Knacc BaKyyMHb!X cp~AHHX OT 3ana3:-

AbIBaIOIUHX onepaTopOB R 0
( X ; X 

n 0 '•• 'X n 
), n ~1,2, •• , T.e. 

r 
O 

( x ; x , ••, x ) =< 0 I R 
O 

( x ; x 
n O 1 n· n O 1 ,• •' X > I o >, 

n 

n ~ 1,2, ••• 

n YpTaHOBneHO, 'ITO OHH srnmIIOTCSI o6o6meHHb!Mll <pyHKUHSIMH, npn-. 
1 

, 4n 
HaAneJKaIUHMH npocTpaHCTBY .s ( R ) ; npOA0nJKHMb!MH Ha 

npOCTpaHCTBO 5 Kr ( R 4n 

+ 
: CHM~eTpll'IHb!MH no HeBbIAeneH-

Hb!M apryMeHTaM; . nyaHKape-H_HBapHaHTHbIMHi o6naAaIOIUHMH CBOH­

CTBaMH a) 3ana3AblB8HHSI H 6) BemecTBeHHOCTH; YAOBneT.BOpSIIO­

mHMH ycnoBHIO pa3p9IIlHMOCTH. YcTaHOBneHO T8KJKe, 'ITO o6o6meH­

Hbie ~ 0 
- <pyHKUHH CBSl38Hbl C o6o6meHHbIMH 13-<pyHKUHSIMH HenHHefi-

Hb!MH COOTHOJil9HHSIMH, 

5. MaTpH'lHbie aneMeHTbl S - M8TPHllbl Ha MBCCOBOH noBepx-

HOCTH SIBnSIIOTCSI OCHOBHbIMH onpeJlenSIIOIUHMH. BenH'lHHaMH BO BCeX 

Ha6nroAaeMbIX qJH3H'leCKHX npoueccax. 

HaH6onee BaJKHhIM H KpaCHBhIM acneKTOM aKCHOMaTH'lecKoro 

S - MaTpH'lHOro nOAXOAa EMIT B KB8HTOBOH TeopHH nonSI SIBnSI-

eTCSI TO, 'ITO. MaTpH'lHbie aneMeHTbl S - MaTpHUbl H HX. CBOHCT-

Ba, TaKHe KaK .qiyHKUHOHanbHbie CTpyKTypbI, CBOHCTBa, pa3nOJKeHHSI 

no ny11KaM, TpaHC!pOpMaUHOHHbie CBOHCTBa, aaanHTH1IeCKHe CBOH­

CTBa Ii T.A., MOryT 6b!Tb onpeJleneHbl HenocpeACTBeHHO qepe3 CO'":', 

OTBeTCTByromae CBOHCTBa B-qiyHKUHH, ycTaHOBneHJ-!b!X B rnaBe 4 • 

.llaHO npe.o.cTaBneHHe aneMeHTOB npH1IHHHOH S .._ M8TpHUbl 

11ep~3·BaKyyMHhle;cpeJlHHe OT xpoaonora11ecKax onepaTopoa unH 

1Iepe3 o6o6meHHbie B-q>YHKUHH. 

Ha OCH0B8HHH q>yHKUHOH8nbHbIX CTPYKTYP, CBOHCTBa aCHMilTO­

TH'leCKOH q>aKTOpH38UHH H TpaHCq>OpMaUHOHHhlX' CBOHCTB B cnHH0p-

HOM 6a3HCe BaKyyMHbIX cpeAHHX .xpoHonorH'leCKHX onepaT0P0B on-

10 

peAeneHbl cn_eAYIO!llHe CBOHCTBa aneMeHT0B npH'lHHHOH s_ -MaTpH-

Ubl: a) :?neMeHTbl npH'lHHHOH S - MaTpHUbl SIBnSIIOTCSI o6o6meH-

Hb!MH q>yHKUHSIMH yMepeHHOro p0CTa Ha MaCC0BOH noaepXH0CTH, 

6) yJloBneTaopSIIOT CB0fiCTBaM pa3noJKeHHSI no nyqKaM, a) n~eo6:­

pa3yIOTCSI no TeH30pHOMY npOH3BeAeHHIO YHHTapHb!X npeACTaBne-

"' 't 
HHH cnHHOpHOH rpynnhI TTyaHKape P -'- • B paMKaX 8KCHOMa-

THKH BMTT ABHO HOBOe AOKa3aTenbCTB·o TpaHcqiopMaUHOHHblX CBOHCTB 

o6o6meHHhIX M - ipyHKUHll AnSI npOH3BOnbHoro cnHHa. 

,~aTpH'lHbie aneMeHTbl s - MaTpHUbl B K8HOHH'l9CKOM 6a3HCe 

( T.e. o6o6meHHbJe S - qiyHKUHH) n MaTpH'lHbJe aneMeHTbl S - MBT­

pHUbl B cnuHOpHOM 6a3HCe ( T.e. o6o6meHHbJe M - q:>yHKUHH) CBSl38Hbl 

M9)KJlY co6oi1 npeo6pa3oBaHHeM rpynnhI nopeHua a cncTeMe no­

KOSI, 

O6o6meHHhie s - <pyHKUHII npeo6pa3yIOTCSI cornacHO T9H30p-

HOMy npOH3B9A9HHIO YHHTapHbIX npeAcTaBneHHH cnHHOpHOH rpynnbl 

TiyaHKape, 38BHCSIIUHX OT HMnynbCOB ~aCTHUbI. B TO )K9 BIJ9MSI 

o6o6meHHbie M - ¢YHKUHII npeo6pa3yIOTCSI cornaCHO TeH30pHOMY 

' u ""p 't 
npOH3BeAeHHIO HeyHHTapHbIX npeACTaBneHHH rpynnbI . + 
B nocneAHeM npeACTaaneHHH OCTamtcb TOnbKO cnuHOp~bie npeo6-

pa30B8HIISI cnHHOpHblX IIHA9KCOB II HCKnl0'19Hbl op6nTanbHbie npeo6-

pa30B8HHSI HMnynbCOB, TToaTOMY KOBapHBHTHbie CBOHCTBa cnuHop­

HOH o6o6meHHOH 'M - ipyHKUHH AOnJKHbl neJKaTb B OC_HOBe nocTpoe-

' HHSI s -MaTpll'IHOH Teop1111,HHBapH8HTHOH OTHOCHTenbH0 6onee 

IIIHpOKOH, rpynni.1, 'leM rpynnbI TTyaHKape, a HMeHH0 rpynnb1, CBSl-

3b!B8lOIUei1 cnuH C ·rpynnofi BHYTP9HHei1 CHMMeTpHH. KpoMe Toro, 

TaK KaK o6o6meHHble M- 'PYHKUHH CB060JlHbl OT KHHeMaTH1IeCKHX 

oco6eHHOCTeil, TO 0HH )lOnJKHbl arpaTb BaJKHYIO ponb B aonpocax 

aaanHTH1IeCKOH TeOpHH s - MaTpHUhl, 

3TH B8)KH9HJIIHe TpaHCq>OpM8UHOHHhie CBOHCTBa o6o6meHHhlX 

s- Ii M - ¢YHKUHH nony'leHbl K8K cneJlCTBHSI Tpaac¢opM8UHOH-

H 

Hh!X CBOHCTB panHaUHOHHhlX onepaTOp0B 

(sm;lµ>n,f 8n+£S --+~ 

(x;y) =----------------s 
(a; b) n e ne 

(8tpsm (x)) 
a n 

(8•'• l/l ( )) 
'I' b y f 
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' I 

[ I 

I 

!, 

I'.Qe 

I 
a =-s. ,s.; s.~O,-,I, •• ;j~I,2,",n 

j J J J 2 

_, I 

b =-j ,j j =0, -.,r, ••• r=l,2, •• ,e 
r r r 2 

B cmrnopHOM 6aarrce. TpaHccpopMaUHOHHbie CBOI!CTB8 9THX pamra­

UHOHHhlX onepaTopoB,B CBCIO oqepe.Qb,onpe.QenHIOTCH qepea TpaHC­

cpopMaUHOHHhie CBOHCTBa CnlfHOpHbIX aCHMnTOTHqecKHX noneii: 

1/f :m ( x), ¢':m ( x) • B CBH3H C ,9THM B nepaoii: rnaBe pa3BHTa 

Teopns:c 2 ( 2" + I ) - KOMf!OHeHTHb!X cnnHopHbIX noneii: 1/f :m ( x) , 

paCCMaTpHBaeMhlX KaK onepaTopH03HaqHhie o6o6meHHbie cpyHKUHH. 

YcTaHOBneHbl HX TpaHccpopMaUHOHHhie CBOHCTBa OTHOCHTenbHO cnn-

HO~HOH rpynnbI TiyaHKape pt 
+ 

BhmncaHhl KOMMyTaTOpb! B cnyqae · nponaaonbHoro 

cnnHa, noaaon.s:c10mne npeo6paaoaaTb MaTpnqHhie aneMeHThI s 

MaTpHUhl K BaKyyMHhIM cpe.QHHM OT pa.Q_HaUHOHHb!X onepaTopoB. 

6. llaHa HOBaH cpopMynnpoBKa EMTI rro.QXO.Qa B KBaHToaoii: 

'TeOpHI! nons:c. Hoaas:c cpOpMynnpOBKa OCHOBhIBaeTCH Ha _TaK Ha3bIBae­

Mb!X aKCHOMaX TeopHH TOKa, KOTOpbie COCTOHT H3 aKCHOM THIIa 

Baii:TMaHa .Qns:c TOKOB, aKCHOM acuMIITOTHqecKoii nonHOThI n cymecT-

'. BaHHH aanaa.Qb!B8101IlHX orrepaTOpOB B ; CMhICne orrepaTOpHoaHaqHI,IX 

o6o6meHHbIX cpyHKUHH, aKCHOM 6oron1060BCKOfi npnquHJ{OCTH,' ycno­

BHH paapeIIIHMOCTH H cymeCTBOBaHHH KOMMyTaTopoB .Qng paCIIIH-:­

peHHb!X aCHMnTOTHqeCKHX noneii: H TOKOB C onepaTopaMH p0)1{.Q0HHR 

H,YHHqTQ)K0HHH qacTHU. 

Co.Qep)KaHHe aKCHOM Teop1rn TOKa cpOpMynnpyeTCH Ha 5!3b!K0 

CBOHCTB o6o6meHHhIX cpyHKUHll Tuna BaiiTMaHa -

0 

W ( XI , • •, X ) = < 0 n . , n J(x ) ... J(x )jO>, 
I n - n =1,2 ,'•••· 

n aarraa.QhIBaromnx o6o6meiiHbIX cpyHKUn11 

f C ( X ; X 

n O I '••' X 
n 

C 

=< 0 j R ( x 
n 

; X , , •, X 
0 I n 

I o > n = 1 ,2, ••• 

.Qn5I TOKOB J (xo ). 
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0 

06o6meHHhie, cpyHKUHH l'HIIa Baii:TMaHa- W n ( x I'.-· x n) , n= I , 2, ... 

npHHanne)KaT Knaccy o6o6meHHhIX cpyHKUHH yMepeHHOI'O pOCTa, npo­

.QOn)KHMhIX Ha MaCCOBYIO· IIOBepXHOCTb, rryaHKape-HHBapnaHTHbIX, 

06nana10mnx CBOllCTBaMH 9pMHTOBOCTH, noKanbHOll KOMMyTaTHBHOC­

TH, acnMnToTnqecKoii cpaKTOpnayeMOCTH, a TaK)K0 YAOBn0TBOPHIO­

lllHX ycnoBHHM cneKTpanbHOCTH H n?nO)KHTenbHOll onpe.QeneHHOCTH. 

CneKTpanbHOe rrpe.QCTaane1rne ABYXToqeqHoii: cpyHKUHH Tnrra· BaiiT-

MaHa W
2
°(x-l'x 2 )=< 0 jJ (x 1 )J(x 2 )j O > He co.Qep-

)KHT 0.QHoqacTHqHOll oco6eHHOCTH BH.Qa p ( P 
2 

- /1 2
) -I H3-3a 

o6pameHHH a Hynb MaTpH'lHhIX sneMeHTOB onepaTopa TOKa J (x) 

Me)KAY BaKyyMOM H O.QHoqacTHqHb!M COCTOHHHeM. 

llaHO xpoHonoruqecxoe npe.QcTaaneHne .Qns:c KoscpcpnuneHTHhIX 

cpyHKUHll S - MaTpHUhI, T.e. nns:c o6o6meHHhIX B-cpyHKUnii, tiepea 

o6o6meHHhle cpyHKUHH Tlma BaiiTMaHa ll uenoqKH npOH3B01IbHbIX KBa-

annoKanbHhIX cjlyHKUHii U v ( x 1 , • , , x. v ) --. v = 2, 3 , npHHa.Qne)Ka-

'mnx npocTpaHCTBY o6o6meHHhlX cpyHKUHii 'yMepeHHOI'O pocTa c TOtJeq­

HbIMH HOCHTenSIMH, 06pama101UHMHCH B Hynb Ha MaCCOBOll noaepx-

HOCTH, CHMMeTpH'lHhIMH H noKanbHO-KOMMyTaTHBHhlMH. 

YKaaaHbl OCHOBHbie CBOllCTBa nporraaonbHh!X o6o6meHHh!X cpyHK-

UHll THna 

U (x 
-v

1 
,v

2
- ,.v m t 

, .. ,x >I~ ,.,,x 1-~ .. 
VI 11 +I V1+v2 

X ), n=2,3,•• 
n 

, 4n 
HS npocTpaHCTBa S ( R ) , I'.Qe 2 $. m :5 n - I 

v 
1 

+ ••• + v m =n , VJ 2), j =- 1,2 •••• m , 

Paapa6oTaHa npoueAypa .Qns:c onpeAeneHns:c caoiiCTB nponaaonb-

HhIX o6o6IUeHHh!X U v ( x 1 ,. •, x v >. v =-2, 3 , .. qiyHKUHll 'lepea 

u we O 1 0 u 

CBOHCTBa o6o6meHHbIX , r· n r - cpyHKUHH, 

TaKHM o6paaoM, nony'leH cne.Qyromilii Ba)l{Hhiii peay1IbTaT: .Qns:c non-
. -

HOI'O onpeneneHHH s -MaTpHUhl He.QOCTaToqHO aa.QaHHH 6eCKOHeqHQI'O , 

MH0)1{0CTB8 c-•mcnOBblX oqo6meHHhIX cpyHKUHll THITa BaiiTMaHa H 

Heo6XOAHMO eme aanaHne 6eCKOH0'lHOI'O MH0)1{0CTBa C-'lHCnOBbIX • 

o6o6meHHhIX cpyHKUHll 
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! 

'i 

i 
I 

I 

.i 
,I 

I 
J 

U 2 · ( x l 'x 2 ). ' U 3 ( '\ l' ". 2 'x 3 ) ' • •' Un ( x l '• •' X n ) _,.,., 

o6na)laKIIUix, BbIUJeyKa3aHHb!MH CBOHCTBaMH._ 

OTMeT11M, ''ITO npo6neMa onpeJlenemur npo11aBonbHb1x -o6o6rueH­

HbIX qiyHKU IIH 'Iepe3 3a)laHHbie o6o6rueHHbie <pyHKUIIII Tllna Bafi.TMa­

Ha Ha OCHOBaHIIH nony'IeHHoro npeJlCTaBneHHR )lnR o6o6meHHbiX B­

<pyHKUHH npH co6nro)leHHH BCeX Tpe6oBaHHH, HanaraeMb!X Ha 8TH 

o6o6meHHbie <pyHKU1111, RBnReTCR akTyanbHOfi npo6neMofi B BafiTMa­

HOBCKofi <pOpMynHpOBKe aKCIIOMaT11'IeCKoro ,s - MaTpH'IHOro IlOJl­

XO)la EMn B KBaHTOBofi Teopu11 nonR .• 

"TaKIIM o6pa30M, npo6neMa llOCTpoeHIIR K08<p<pllUHeHTHbIX <pyHK­

UHH Ilpll'IHHHOH · S - MaTpHUbl CBE!JleHa K npo6neMe IlOCTpOeHHR 

KBaa11noKanbHb!X o6o6meHHb!X <pyHKUIIH "lepea 3a)laHHbie o6o6meHHb!e 

«PYHKUIIII T!lna BafiTMaHa. 

Pell!eH11e 8TOH nocne)lHefi npo6neMbl I B CBOID O'lepeJlb, MO)KeT 

ObITb ocymecTBneHa TOnbKO nyTeM paapa6oTKH yH11BepcanbHoro Bbl-_ 

tJ11cnHTenbHoro annapaTa Eoronro6oBa-ITapacroKa-Xenna JlnR uenefi 

aKCHOMaTIIKII. 

TaKIIM o6pa30M ,Mb! BIIJlHM, 'ITO BbIBe)leHbl BC~ ~_e_o6~0JlHMb!e 

ycnOBIIR )lnR_ pa3pa60TKII npaKTll'I0CKII np11MeHIIMOro JlllHaMH'IeCKOro 

annapaTa aKCIIOMaTIIKII, OCHOBaHHoro Ha HJleRX H M0TO)laX TeopHH 

nyaHKape-HHBap11aHTHb!X o6o'6rueHHb!X qiyHKUIIH. 

0TMeTIIM, 'ITO a'Hanor11'IHbIM MeTOJlOM npOBOJlllTCR JlOKa3aTenb­

CTBO TeopeMbi' BOCCTaHOBnemrR -B paMKaX aKCHOMaTH'IeCKOH Teop1111 

TOKa, a TaK_)Ke )laeTCR aana3)lh!Baroruee npeJlCTaBneHHe K08lp<plll!ll0HT­

HblX cpyHKUIIH onepaTopa TOKa J ( X) tJepe3 o6o6rueHHble cpyHKUHII 

Tuna BailTMaHa. 

III 

' OCHOBHbie peaynbT8Tbl l!HCCepTaUHH rrpel!CT8BlleHbl B CTaTbJIX: 
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reopHIO. IIperrpHHT OHHH, P5-3179, /ly6Ha, 1967; 

J!AH CCCP, 182, M5 (1968). -- / 
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J!y6na, 1967; J!AH CCCP, 182, MB (1968): 

PyKOilHCb nocTynuna B H3AaTenbCKHfi OTAen 
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