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YqeHbiM ceKpeTapb rid / )J,liCCepTallliOHHOrO COBeTa C. M. ~E,IJ;OTOB 

06w,aR Xapa?Cmepucmu?Ca auccepmal!UU 

AKTya.n:LH:ocTh, TeMhi. CyrrepciiMMeTpii'IH<tH KBaHToBaH MexaHIIKa Haxo.n:IIT IIIII

poKIIil:, CIIeKTp IIpiiMeHeHIIH IIpii II3J'IeHIIII cpii3II'IeCKIIX HBJieHIIH; KOTOpb!e TaK IIJIII 

IIHaqe CBH3aHbl C HerrepTypfiaTIIBHbiMII 3cpcpeKTaMII II K~>TOpbll'•~ IIOKa.' ,'ITO He )J,aHO 

IIOJIHOrO II ncqepiib!BaiOIII;ero OIIIICaHtm B paMKaX KBaHTOBOH TeOpiiii IIOJIH.' TaK, 

HaiipiiMep, cyrrepCIIMMeTpii'IHaH KBaHTOBaH MeXaHIIKa IIpiiMeHHeTCH IIpii OIIIICaHIIII 

o,n;HOMepHoro BapiiaHTa II3BeCTHOro AdS/CFT cooTBeTCTBIIH, rrpii paccMoTpeHIIII 

MO,ll;eJieiJ: CO CIIOHTaHHO HapyiiieHHOH cyrrepCIIMMeTpiieif, IIpii OIIIICaHIIII )J,IIHaMIIKII 

,ll;BII:lKeHIIH 'laCTIIII, BfiJII13II rOpii30HTa C~fibiTIIH qepHbiX ,ll;blp B cyrrepCIIMMeTpii'IHbiX 

TeOpiiHX, IIpli OIIIICaHIIII IIpOCTpaHCTBa MO,ll;yJieiJ: cyrrepCIIMMeTpH'IHbiX MOHOIIOJieiJ: II 

qepHbiX ,ll;b!p II B ,n;pyriiX 06JiaCTHX cpi13IIKII. 

KoHe'IHO :lKe, o,n;HoMepHbie cyrrepCIIMMeTpifqHbie Mo,n;eJIII aHaJIII3IIpOBaTb npom;e, 

qeM IIX MHOrOMepHbie aHaJIOrii. If, Ka3aJIOCb 6bi, MO:lKHO 6b!Jl0 6bi IIpOBeCTII pa3Mep

HJIO pe.n;yKII,IIIO HeKoTopoil: Teopiiii, 'IT06 IIOJIY'IIITb ee O,lJ;HOMepHbiH aHanor. O,n;Ha

KO pa3MepHaa pe.n;yKII,IIH cyrrepCIIMMeTpii'IHbiX ,n;eil:CTBIIH, orrpe,n;eJieHHbiX B d > 1, 
f . ' • 

He BOCIIpOI13BO,ll;IIT BCe B03MO:lKIIbie ,n;eil:CTBIIH B d = 1, IIOCKOJlbKJ B MIIOrOMepHOM 

cnyqae rrpaBIIJia oT6opa, CBa3aHHhie, c rpyrrrroil: Jiopenn.a, HaKna,n;hiBaiOT .n;orroJIHII

TeJibllhie orpaHII'IeHIIH, KOTOpbiX, ecTeCTBeHHO, HeT B d = 1. 0TCJTCTBIIe rpyiiiihi 

JlopeHII,a CKa3bJBaeTCH II Ha TaKOM cpyn,n;aMeHTaJibHOM CBOHCTBe cyrrepCIIMMeTpiiii, 

KaK paBeHCTBO 'IIICJia 6030llllh!X II cpepMIIOIIIIbiX CTeiieHeiJ: CB060,ll;hl. Ha MaCCOBOH 

IIOBepXIIOCTII, KOTOpoe He 06H3aHO BbiiiOJIIIHTbCH B d = 1. 9TII cpaKTbi rOBOpHT 0 

TOM, 'ITO rrpe,n;IIO'ITIITeJibHee paCCMaTpiiBaTb O,ll;IIOMepHbie cyrrepCIIMMeTpii'IIIbie. MO

,n;eJIII, OCHOBbiBaacb na anre6pe cyrrepCIIMMeTpiiii B d = 1, ne rrpii6eraa K pa3MepHoil: 

pe.n;yKII,IIII. 

Anre6pa d = 1 cyrrepciiMMeTpiiii c N Bem;ecrBennbiMII cyrrep3apH,n;aMII IIMeeT 

BII,ll; 

{Qi,Qi} = Jiip, [Qi,P] = 0, i,j=1, ... ,N. 

Jinneil:iihie rrpe.n:craBJieHIIH BTOil: aJire6phi MoryT 6hiTb peaJIII30BaHbi ·Ha cyrrepMJJib-

1 



TIIIIJieTax, co,n;ep*alll,IIX 6o30HHhie II <l>epMIIOHHhie.noJISI. Tpe6osaHnSI, 'IT06hi, so

rrepBhiX, rrpeo6pa30BaHIISI 3TIIX IIOJieii peaJIII30Bh!BaJIII aJire6py cyrrepCIIMMeTpiiii, 
' ' '; / ' ' . 

II, BQ-BTOpbiX, OCTaBJISIJIII IH!BapnaHTHbiM CB060)l;HOe ,n;eiiCTBIIe, IIpiiBO)l;SIT K orpaHII

qeHIISIM Ha 'IIICJIO 6030HHbiX II <PepMIIOHHhiX IIOJieii B 3aBIICIIMOCTII OT KOJIII'ieCTBa 

cynepciiMMeTpiiii. B d = 1, paccMaTpiiBaSI aJire6phi cynepCIIMMeTpHII c N cynep3a

pSI,n;aMII, y,n;o6HO BBeCTII 0603Ha'IeHIIe 

(n, N, N- n) 

,n;J.ISI npe,n;cTaBJieHIISI, co,n;ep*alll,ero n <l>II3II'IeCKIIX 6o30HOB, N -n BCIIOMoraTeJihHhiX 

6o30HOB II N <l>II3II'IeCKIIX <l>epMIIOHOB, 'IIICJIO KOTOpbiX paBHO 'IIICJIY reHepaTopos 

cynepCIIMMeTpiiii. 

HeCMOTpSI Ha 60Jiblli0ll IIHTepeC K MO)l;eJISIM C 'IeTblpbMSI·II BOCeMbiO reHepaTO-

paMII ·cynepciiMMeTpiieii, cncTeMaTII'IeCKoe cyneprronesoe IICCJie,n;osaHIIe CTPYKTYPhi 

COOTBeTCTBYIOIIJ,IIX cynepMyJihTIIITJieTOB OTCYTCTBOBaJIO; JIIIITib He,n;aBHO 6biJIH npO

KJiaCCII<i>IIU.IIPOBaHhl BCe B03M0)KHbie npe)l;CTaBJieHIISI Haii60Jiee 06IIl,eii B O)l;HOMe

piiii N = 4 Kon<l>opMHOii cynepaJire6phi D(2, 1; a) c 'IeThipbMSI He'IeTHhiMII reHepa-

1:opaMII, cooTBeTCTBYIOIIl,IIMII IIyanKape cynepCIIMMeTpiiii. HcnOJih3YSI M.eTo,n; HeJIII~ 

HeiiHOll peaJIII3aii,IIII B npiiMeHeHIIII K cynepaJire6pe D(2, 1; a), ITOMIIMO II3BeCTHbiX 

npe)l,CTaBJieHIIll 6biJIII naii,n;eHbl )l;Ba HOBbiX - HeJIIIHeiiHblll KIIpaJibHhlll (2, 4, 2) II 

HeJIIIHeiinhiii Ten3opHhiii (3,4, 1) cynepMyJihTIIIIJieTbi. KoMnoHeHTHhiii cocTaB 3TIIX 

npe)l;CTaBJieHIIll He OTJIII'IaeTCSI OT IIX JIIIHeiiHhiX aHaJIOrOB, O)l;HaKO C reoMeTpii'Ie

CKOll TO'IKII 3peHIISI 3TII npe)l;CTaBJieHIISI SIBJISIIOTCSI COBepmeHHO pa3JIII'IHbiMII, llQ

CKOJihKY <l>1I31I'IeCKIIe 6030HHbie IIOJISI COOTBeTCTBYIOIIJ,IIX cynepMyJibTIIITJieTOB SIBJISI

-ioTCSI, B HeJIIIHeiiHOM CJiyqae, KOOp,ll;IIHaTaMII Ha c<l>epax 82 
II 83 

)l;JISI KIIpaJibHOrO 

II TeH30pHOrO MYJibTIIIIJieTOB COOTBeTCTBeHHO, TOr,n;a KaK B JIIIHeiiHOM CJiy'Iae - Ha 

ITJIOCKOCTII R2 II R3 . 

'. ,;·n 
'';u,JISI o,n;noMepnhiX Mo,n;eneii pacnmpenHaSI cynepciiMMeTpiiSI HaKna,n;hmaeT 6onee 

CJia6bie yCJIOBIISI Ha reOMeTpiiiO IIX CIIrMa-MO)l;eJibHOrO MHOroo6pa3IISI, 'IeM B CJiyqae 

MHOrOMepHbiX MO)l;eJieii C TeM )Ke 'illCJIOM cynepCIIMMeTpiiii, II03TOMY MO)KHO 0)KII-
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,n;aTb HaJIII'IIIe 6onee nmpoKoro KJiacca ,n;onycTIIMhiX CIIrMa-Mo,n;eJibHhiX reoMeTpiiii. 

B CJiyqae d = 4 OTBeT Ha BOIIpOC _ 0 B3aiiMOCBSI31I reOMeTpllii cynepCIIMMeTpii'IHbiX 

MO)l;eJieii II 'IIICJia cynepCIIMMeTpllii 6biJI 113BeCTeH II 3aKJIIO'iaJICSI B TOM, 'ITO reOMeT

piiii MoryT 6hiTh 'X:3JtepOB'bt.Mu, ;mnep-'X:3Jtepo6'bt.MU nnn 'X:6amepHuoH.-'X:3JtepoB'bt.MU. 

AHaJiorn'IHhiii sonpoc 113Y'IaJICSI II )l;JISI d = 1 cynepcnMMeTpli'IHhiX Mo,n;eneii. 

BhiJIO noKa3aHo, 'ITO )l;JISI N = 4 cnrMa-Mo,n;enhHOe MHoroo6pa3IIe SIBJISieTCSI riinep

K3JiepOBhiM c Kpy'IeHneM (hyper-Kahler with torsion, HKT), a )l;JISI N = 8- OKTOHII

OH-K3Jieposoii c Kpy'IeHneM (octonion-Kiihler with torsion, OKT). 

IIpo6neMa 3aKJIIO'IaeTCSI B TOM, 'ITO uaii6onee o6IIl,ee cynepciiMMeTpli'IHoe ,n;eii

CTBIIe, nocTpoeHHoe ,n;nH d = 1 N = 4 cyrrepMyJihTIIIIJieTa, CKa:)l<:eM, c 'IeThipbMSI 

6030HHhiMII IIOJISIMII, KOTOpbie Mhl 0603Ha'IIIM qi, IIMeeT BII)l; 

S = J dt [c(q) qi(t)1/(t) + <l>epMiiOHbl], i = 1, ... ,4. 

C TO'IKll 3peHIISI CIIrMa-MO)l;eJibHOro liO)l;XO)l;a <l>YHKII,IIII qi(t) 3a)l;aiOT OT06pa)KeHUe 

O)l;HOMepHOrO rrpOCTpaHCTBa Ha HeKOTOpoe 'IeTbipexMepnoe CIIrMa-MO)l;eJibHOe MHO

roo6pa31Ie M. ITo3TOMY OHII MoryT imTepnpeTIIposaTbCSI KaK Koop,n;IInaTbi HaM c 

MeTpiiKOll 

ds2 = G(q) dqidqi, 

KOTOpaSI, O'IeBII)l;HO, SIBJISieTCSI KOH<l>OpMHO ITJIOCKOll. I1 3TO CBOllCTBO SIBJISieTCSI 06-

IIl,IIM )l;JISI scex N = 4 cynepCIIMMeTpii'IHhiX ,n;eiicTBIIii He3asucnMo oT Toro, MYJih

TIIIIJieT C KaKIIM 'IIICJIOM <l>II3II'IeCKIIX no.ireii paCCMaTpiiBaeTCSI. 3aMeTIIM, ~TO 3TO 

IIOCTpoeniie COBepmeHHO He IICIIOJih30BaJIO pa3MepHyiO pe)l;yKII,IIIO II, Ka3aJIOCb 6bi, 

,n;OJI)KHO 6biTh MaKCIIMaJihHO o6IIl,IIM, nocKOJihKY c caMoro H:a'IaJia 6biJIO npiiMeHeHo 

)l;JISI O)l;HOMepHOrO CJiy'IaSI, KOTOpbill, KaK y)Ke rOBOpiiJIOCb, )l;OTIYCKaeT 6onee lliiipO

KIIll KJiacc curMa-Mo,n;eJibHhiX reoMeTpnii. TeM He MeHee, see, 'ITO MO)KHO rrony'IIITh

TOJibKO JIIIllib KOH<l>OpMH<; IIJIOCKIIe MHOroo6pa3IISI. 

IIpo6neMa "KoH<l>opMnoii nnocKOCTHocrn" He SIBJISieTcSI crreu.II<l>IIKOii N = 4 a.ir

re6pbi cynepCIIMMeTpllll II IIM~eT MeCTO II B CJiyqae N = 8. )J,eiiCTBIISI, ITOCTpOeHHbie 
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,ll,JIHKaKoro-JIH6o npe,n;cTaBJieHHH H3 3TIIX cyneprpynn, nanpHMep, (8, 8, 0), 6y,n;yT 

HMeTh TaKOll )Ke Bll,IJ;, 'ITO ll BbiiiHCaHHbie Bbiiiie ,IJ;JIH (4,4,0), T.e. ll B 3TOM CJiyqae 

CHrMa-MO,IJ;eJibHOe MHOroo6pa3He 6y,n;eT KOHcpOpMHO IIJIOCKHM. 

TaKHM o6pa30M, B03HHKaeT Bonpoc: MO)KHO Jill ,IJ;JIH npe,n;cTaBJieHHii aJire6pbi 

cynepCHMMeTpHH B d = 1· IIOJIY'IHTb CllrMa-MO,IJ;eJibHbie MHOroo6pa3HH C OTJill'IHOll 

OT KOHcpOpMHO IIJIOCKOll reOMeTpHeii? 

Kmo'IeBhiM ,IJ;JIH OTBeTa na 3TOT Bonpoc HBJIHeTCH cyii~,eCTBOBanHe HeJIHHeiiHhiX 

npe,n;cTaBJieHHii aJini6pbi cynepCHMMeTpHH. KaK OKa3aJIOCh, HeJIHHeiiHhie cynepMyJih

THIIJieTbi HrpaiOT Ba)KHYIO pOJib B IIOCTpOeHHll CllrMa-MO,IJ;eJieii C HeTpllBllaJibHOll 

reoMeTpHeii. 

3aMe'IaTeJibHbiM cpaKTOM HBJIHeTCH Cyiii,eCTBOBaHHe HeJIHHeUHbiX cynepMyJibTll-

IIJieTOB H B npocTpaHCTBax c d > 1. TaKHe MYJihTHIIJieTbi H .. CIIOJih30BaJIHCb ,IJ;JIH no

CTpoeHHH N = 2 cynepcHMMeTpH'IHOii TeopHII rpaBHTa~HH H CHrMa-Mo,n;eneii:. Ilpe,n;

JIO)KeHHhiii B ,n;HccepTa~HH N = 4 d = 3 neJIIIHeiiHhiii BeKTOpHbiii cynepMyJihTIImreT 

CO,IJ;ep)KIIT Cpe,IJ;II CBOHX KOMIIOHeHT TeH30p HaiipH)KeHHOCTII 3JieKTpOMarHIITHOrO IIO

JIH II .o6na,n;aeT TeM )Ke COCTaBOM, 'ITO II JIHHeiiHbiH BeKTOpHblll cynepMyJihTHIIJieT. 

Il03TOMY ,n;eii:CTBIIe, IIOCTpOeHHOe Ha ero OCHOBe, OIIHCb!BaeT HeJIIIHeiiHyiO cynepCHM

MeTpll'IHYIO 3JieKTpo,n;HHaMHKy. CooTBeTCTBYIOIII,ee eMy cHrMa-Mo,n;eJihHOe MHoro

o6pa3He HBJIHeTCH llCKpHBJieHHbiM TpeXMepHb!M IIpOCTpaHCTBOM. 9TO 3Ha'IIIT, 'ITO 

IIpe,IJ;JIO)KeHHblll BapHaHT HeJIHHeUHOll 3JieKTpO,IJ;HHaMIIKll MO)KeT CJIY)KllTb aJibTepHa

TIIBOll TeopiiH Bopna-HHcpenh,n;a, neKOMMyTaTIIBHbiM TeopHHM B pH,n;y_ neJIHHeiiHhiX 

o6o6II~,eHHii: TeopHH 3JieKTpoMarHHTHoro IIC)JIH. 

Ba)KHOCTh HeJIIIHeiiHhiX cynepMyJihTHIIJieTOB HpKO npOHBJIHeTCH H npH II3y'Ie

HHII Teopiiii co cnonTaHHbiM napyiiieHHeM cynepcHMMeTpiiH. TaK, 6y,n;y'IH H3Ha'IaJih

Ho JIHHeUHbiMII, 3aKOHbl IIpeo6pa30BaHHH KOMIIOHeHT cynepMyJihTHIIJieTa CTaHOBHT

CH HeJIIIHellHbiMll IIpH HaJIO)KeHHll IIO,IJ;XO,IJ;HIII,HX yCJIOBIIH, OIIHCb!BaiOIII,IIX 'IaCTll'IHOe 

cnonTanHoe napylllenne cynepcHMMeTpnn. 

IloHBJienne neo,n;nopo,n;noro qnena, nponop~noHaJibHoro MaCIIITa6y cnoHTaHHoro 
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HapyllleHHH, B 3aKOHax IIpeo6pa30BaHIIH HBJIHeTCH llpllH~llllllaJibHbiM ,IJ;JIH B03HllKHQ

BeHHH HeJIHHeiiHoro cynepMyJihTHIIJiei'a. B 3TOM CJiyqae, B OTJIH'IHe OT ynoMHHYTbiX 

Bbiiiie, KOMIIOHeHTbl cynepMyJihTHIIJieTa IIpHo6peTaiDT HeJIHHeUHOCTll TOJibKO IIpH 

npeo6pa30BaHHHX OTHOCHTeJibHO 'IaCTII cynepCHMMeTpllll - OTHOCHTeJibHO CIIOHTaH-. 

HO HapyllleHHbiX. 

0TJill'IHTeJibHOll OC06eHHOCTbiO MO,IJ;eJieii C 'IaCTll'IHO HapyllleHHOll cynepCHMMeT

piiell HBJIHeTCH TO, 'ITO JiarpaH)KIIaH CTaHOBIITCH O,IJ;HOll ll3 KOMIIOHeHT cynepMyJih~ 

THIIJieTa. Ero 3aBIICHMOCTh OT ,n;pyriix KOMIIOHeHT "yMeHbiiiaeT 'IIICJIO ne3aBHCHMbiX 

KOMIIOHeHT cynepMyJihTIIIIJieTa, 'ITO II ,IJ;eJiaeT ero HeJIIIHellHbiM •. 

KaK y)Ke roBopiiJIOCh Bbiiiie, o,n;HoMepnhre Mo,n;eJIH o6na,n;aiOT 6onee "IIIHpOKHMII 

CBOllCTBaMH. Il03TOMy IIOMHMO TOrO, 'ITO JiarpaH)KllaH CIICTeMbl CO CIIOHTaHHO Ha

pyllleHHOll cynepCHMMeTpi_Ieii HBJIHeTCH O,IJ;HOll ll3 KOMIIOHeHT cynepMyJihTIIIIJieTa, B 

O,IJ;HOMepiiH 06Hapy)KeH IIHTepeCHblll cpaKT, CBH3aHHblll C TeM, 'ITO IIMeeTCH HeKOe 

YHIIBepCaJibHOe cynepCIIMMeTpll'IHOe ,n;eiiCTBIIei KOTOpOe He IIMeeT 6030HHOrO npe

,n;eJia, O,IJ;HaKO H3 Hero MO)KHO IIOJIY'IHTb ,n;eiiCTBIIH, 6030HHbie npe,IJ;eJibi KOTOpbiX 

OIIHCbiBaiOT CB060,IJ;Hbie cynepCIIMMeTpll'IHbie peJIHTHBHCTCKHe 'IaCTll~bi; . 

IJ;eJibiO pafiOTbl HBJIHeTCH IIOCTpOeHIIe HeJIHHellHbiX IIpe,IJ;CTaBJieHIIll cynepCIIM-

MeTpHII ,IJ;JIH HCCJie,IJ;OBaHIIH cynepCIIMMeTpii'IHbiX MO,IJ;eJiell C CIIrMa-MO,IJ;eJibHbiMII 

MHOr006pa3IIHMH, OTJIII'IHbiMll OT KOHcpOpMHO IIJIOCKIIX, II TeOpllll CO CIIOHTaHHO Ha

pyllleHHOll cynepCHMMeTpiiell. 

Hay'IHCUI HOBH3Ha 11 npaKTH'IeCKCUI u;eHHOCTh. IlocTpoeH HOBhiii HeJIIIHeii

Hhiii N = 4 d = 1- cynepMyJihTHIIJieT ( 4, 4, 0) c 3aKoHaMH npeo6pa3oBaHIIH, onpe,n;e

JieHHbiMH BHe MaCCOBOll 060JIO'IKH. IlocTpOeHO COOTBeTCTBYIOIII,ee eMy CHrMa-MO,IJ;eJib

HOe MHOroo6pa3ne, KOTOpOe He HBJI.HeTCH KOHcpOpMHO IIJIOCKIIM, a IIpii OIIpe:U,enen-

HbiX YCJIOBIIHX CTaHOBIITCH. rnrrep-K3JiepOBbiM. 

,ll.aHo orrncanne nennneiinoro rrpe,n;craBJienn.H N = 4 d = 1 cynepcnMMeTpnn 

B rapMOHH'IeCKOM cyrreprrpOCTpaHCTBe H IIOCTpOeHO cynepCIIMMeTpn<moe ,n;eiiCTBIIe 

Ha OCHOBe 3TOro npe,IJ;CTaBJieHH.H. IlOKa3ano; 'ITO CIIrMa-MO,IJ;eJibHOe MHOroo6pa3n·e 
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.!IBJUHITCH riinep-K:o~JiepoBhiM Mnoroo6pa3IIeM Eryqii-,-Xaucoua. 

TiocTpoeu .JiarpamKeB II raMIIJihTOHOB ¢opMaJIII3M cynepciiMMeTpiiqnoil: Mexa

HIIKII C BOCeMbiO cynep3apH)J.aMII, OCHOBaHHOH Ha JIIIHeil:HOM II HeJIIIHeil:HOM KII

paJibHOM cynepMJJibTIIIIJieTe C )J.BJMH ¢II3IIqeCKIIMII 6030HaMII. lf3yqeHhl reOMeTpiiii 

IIX ciirMa-MO)J.eJihHhiX Mnoroo6pa3IIil:. TiocTpoenhi cynep3apH)J.hi II uail:.n.eua anre6pa 

cynep3ap51)J.OB. floKa3aHO, qTO nO)J.XO)J.HID;aH )J.YaJIII3aiJ;IIH BCnOMOraTeJibHhiX KOMnO

HeHT npiiBO)J.IIT K riinep-K3JiepOBhiM MHOroo6pa3IIHM. 

Tiocrpoeu IIOBhiii uemmeiinhiii N = 4 d = 3 BeKTOpHhiii cynepMJJihTIInJieT. Tio

Ka3ano, qTO Cpe)J.II ero KOMnOHeHT CO)J.ep:amTCH Teii30p uanpH)KeHHOCTII 3JieKTpOMar

HIITHOrO. nOJIH. flOCTpOeHO IIHBapiiaHTIIOe cynepCIIMMeTpiiqnoe )J,eil:CTBIIe, OniiChiBa

IOID;ee ueJIIIHeil:nyiO d = 3 ::IJieKTpO)J.IIHaMIIKY c BoceMhiO cynep3apH)J.aMII. Haii:.n.euo, 

qTo )J.YaJIII3aiJ;IIH TO)K)J.eCTB BhHHKII npiiBO)J.IIT K riinep-K:o~JiepoBoMy Mnoroo6pa3IIIO 

C· O)J.HOH II30MeTpiieil:. 

TiocTpoeuo 6ecKoneqnoMepuoe MaTpiiquoe npe.n.cTaBJieniie pacmiipeunoil: N = 

2 d.= 4 cynepCIIMMeTpiiii, cnonTanuo uapymenuoit .n.o N = 1 d = 4. TioKa3ano, qTo 

JiarpaH)KIIaH cynepCIIMMeTpiiqnoil: 3-6paHbl HBJIHeTCH O)J.HOH II3 KOMnOIIeHT 3TOrO. 

npe.n.cTaBJieHIIH. Hail:.n.enhi.HBHhie Bhipa*eHIIH )J.JIH Bcex KOMnouenT :o~Toro npe.n.cTaB

JieHII.li B TepMIIHaX MJia)J.meil: KOMnOHeHTbl. 

TiocTpoeuo yHIIBepcanhnoe .n.eil:cTBIIe c N = 8 d = 1 cynepciiMMeTpiiei1, cnonTan

uo uapymeuuoil: .n.o N = 4. TioKa:Jauo, qTo pa3JIIIqnhiii Bbl6op CB.ll3II Me*.n.y roJI)J.CTo

ynoBCKIIMII 6030HaMII II ¢epMIIOIIaMII llpiiBO)J.IIT K cynepCIIMMeTpiiqHbiM )J.eil:CTBIIHM 

CB060)J,HOil: pM.liTIIBIICTCKOil: qaCTIIIJ;hl B npOCTpaHCTBaX, pa3MepHOCTII OT e)J.IIIIIIIJ;hl 

.n.o. qeTbipex. 

Anpo6an;nH pa6oTbi. Pe3yJihTaThi, KOTOphie npe.n.cTaBJieHhi B )J.IICcepTan;IIII, .n.o

KJia)J.hiBaJIIICb II o6cy)K)J.aJIIICh ua uayqnhix ceMIIuapax Jia6opaTopiiii TeopeTIIqe

CKoil: ¢II3IIKII liM •. H.H.BoroJII060Ba 06'be)J.IIIIeHIIOrD IIIICTIITyTa 51)J.epHbiX IICCJie)J.O
(l 

BaHIIil: (0115!11), OT)J.eJieHIIH TeOpeTIIqeCKOH ¢II3IIKII ¢II3IIqeCKOrO llliCTIITyTa liM. 

TI.H.Jie6e.n.eBa (<DI1AH), OT)J.eJia TeopeTIIqecKoil: ¢H3IIKII MaTeMaTIIqecKoro IIHCTII-
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TyTa IIM. B.A.CTeKJioBa (MI1AH), )J.OKJia)J.hiBaJIIICb ua Me)K,zzyuapO)J.HhiX ce~muapax 

"11HTerpiipyeMbie CIICTeMbl II KBaHTOBhie CIICTeMbi" (flpara, 2005, 2006), Ha 3IIMIIei1 

HIKOJie no cynepCIIMMeTpiiquoil: MeXaiiiiKe (INFN, <l>pacKaTII, lhaJIIIH, 2005); Ha 

Me)K)J,yHapO)J.HOH KOH¢epeHIJ;IIII "KBaHTOBaH 3JieKTpO)J.IIHaMIIKa II. CTaTIICTIIqecKaH 

¢II3IIKa" (XapbKOB, YKpaiina, 2001). 

fiy6JIHK~HH. flo MaTepiiaJiaM )J.IICCepTaiJ;IIII ony6JIIIKOBaHO 12 pa60T •. 

06'beM H CTpyKTypa )J;HCCepTaD;HH. ,lJ;IICCepTaiJ;IIH COCTOIIT IJ3 BBe)J.eiiiJH, Tpex 

rJiaB II 3aKJIIOqeHIIH 06ID;IIM 06'beMOM 112 CTpaHIIIJ;, BKJIIOqag CITIICOK IJ;IITIIpOBaHUOil: 

JIIITepaTyphl II3 104 HaiiMeHOBaHIIil:. 

Coaep~aH.ue pa6om'bl. 

Bo BBe,u;eHnn o6cy*~aeTCH CTPYKTypa anre6pbi pacmiipeuuoil: cynepciiMMeT

piiii B O)J.HOM II3MepeHIIII II ee'npe)J.CTaBJieiiiiH, II3JiaraiOTC51 MOTIIBIIpOBKH npoBe)J.eH

HhiX B )J.IICCepTaiJ;IIII IICCJie)J.OBaHIIil:, a TaK)Ke )J.aeTC.li KpaTKOe CO)J.ep)KaHIIe )J.IICCep-

TaiJ;IIII no rJiaBaM. 

' 
B nep:Boii rJiaBe paccMaTpiiBaiOTCH crroco6bi IIOCTpoeniiH CIIrMa-MO)J.eJiblihiX 

MHOroo6pa3IIil: C reoMeTpiiHMII, OTJIIIqHhiMII 0 Kou¢opMHO nJIOCKIIX, )J.JIH cynepCHM

MeTpiiqHhiX MO)J.eJieil: c qeThiphMH cynepciiMMeTpii.liMII. B nepBOM riaparpa¢e pac~ 

CMaTpiiBaeTC.li TeH30pHbiH cynepMyJihTIIITJieT, . CO)J.ep)Karn;IIil: Tpll 6030IIHhiX ¢II3IIqe

CKIIX nOJIH, qeTbipe ¢epMIIOIIHhiX II O)J.IIO BCITOMOraTeJibHOe none. ,lJ;aHHOe npe)J.CTaB-· 

Jieniie HBJIHeTcH· JIIIneil:HhiM. CooTBeTCTByiDrn;ee eMy CIIrMa-Mo)J.eJihHOe Mnoroo6pa-

3IIe HBJIHeTC.li TpexMepHbiM II KOH¢opMHO nJIOCKIIM. 11CXO)J.51 II3 3aKOIIOB npeo6pa30-

BaHIIH KOMnOHeHT TeH30pHOrO cynepMyJihTIIIIJieTa, OniiChiBaeTC51 npon;e.n.ypa npeBpa

rn;eHIIH BCII!JMOraTeJihHOrD nOJI51 B ¢II3HqecKOe, KOTOpa51 Ha3hiBaeTC51 )J.YaJIII3aiJ;IIei1. 

TioKa:Jano, qTo npii ::ITOM MYJihTIIITJieT npeBparn;aeTc.li J3 JIHueiinhiii MYJihTIInJieT c 

COCTaBOM (4, 4, 0), qTo OTBeqaeT riinepMyJihTIInJieTy. flOKa3aHO TaK)Ke; qTO npon;e

.n.ypa .n.ya.iiii3aiJ;IIII npeBparn;aeT cnrMa-MO)J.eJihHoe MHoroo6pa3ue II3 TpexMepuoro B 

qeTbipexMepuoe C O)J.IIOil: .II30MeTpiiei1, HO, no-npe)KIIeMy, KOH¢opMHO nJIOCKOe. 
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AHaJIH3HPYH 3aKOHhi rrpeo6pa30BaHHH u rrpou.e;zypy ;zyaJiu3au.uu, cTaBHTCH so-

rrpOC 0 TOM, f!Bnf!eTCfl nil BCIIOMOraTeRbHaf! KOMIIOHeHTa TeH30pHOrO cyrreprrOnfl 

yHHKa.JihHOll II He Cylll,eCTByeT nil ,IJ;pyroe none B, IIOCTpOeHHOe Il3 KOMIIOHeHT TeH-

3opHOrO cyrrepMynhTIIIIJieTa, KOTOpOe HMeeT TaKyiO :lKe pa3MepHOCTh, 'ITO II BCIIO

MOraTeJibHOe IIOJie TeH30pHOrO CyrrepMyJihTIIIIJieTa, II KOTOpOe 06Jia,IJ;aeT aHaJIOrH'l

HhiMII TpaHC<):>OpMali,HOHHhiMII CBOHCTBaMH IIpH rrpeo6pa30BaHHf!X cyrrepCHMMeTpllll. 

M3. pa3MepHhiX coo6pa:lKeHuii: )J;JIH 3Toro IIOJIH Bhi6upaeTCH Hau6oJiee o6Ili,Hii aH-

3all,, · KOTOpbiH JIHHeeH ITO BCIIOMOraTeJibHOMy IIOJIIO TeH30pHOrO cyrrepMyJihTIIIIJieTa 

u HecnHrynHpeH no rrpon3BO)J;HhiM OT rroJieii:. Haii:.n;eHo Han6oJiee o6Ill,ee perneHue 

Ha K03<):><):>Hli,HeHThi, orrpe.n;enf!IOIIl,He IIOJie B. IJOKa3aHO, 'ITO BCIIOMOraTeJibHOe no

ne TeH30pHoro cyrrepMyJihTHIIJieTa HBJIHeTcH 'laCTHhiM cJiy'laeM rroJIH B. Haii:.n;eH-. 
Hafl BeRII'IHHa )J;OIIYCKaeT )zya.JIH3ali,HIO, 'ITO IIpHBO)J;IIT K cyrrepMyJihTIIIIJieTy C CO-

CTaBOM ( 4, 4, 0), O)J;HaKO ero 3aKOHhl rrpeo6pa30BaHHfl f!BJif!IOTCfl HeJIHHeHHhiMII II 

co.n;ep:lKaT <):>yHKil,IIOHa.JihHhiH rrpOH3BOn. 

IIocKOJihKY rroJie B nuHeiiHo no scrroMoraTeJihHOMY rronro TeH3opHoro cyrrep

MYJihTHrrJieTa, 3TO II03BOJifleT neperrucaTh HCXO)J;HOe cyrrepCHMMeTpllqHOe .n;eiicTBHe 

B TepMHHa~ IIOJifl B .. ,Ilja.JIH3ali,Hfl rrocne.n;Hero B .n;eii:CTBIIII IIpiiBO)J;IIT K CHrMa

MO)J;eJibHOMY MHOroo6pa3HIO, KOTOpOe He f!BnHeTCfl K~H<):>OpMHO IIJIOCKIIM. CoOTBeT

CTBYIOIIl,IIH TeH30p Beii:JIH OTJIH'leH OT HYJIH. BoJiee Toro, HaKJia)J;biBaf! orrpe.n;eneHHhie 

YCROBIIfl H?- <):>yHKil,HH, OIIpe,IJ;eJif!IOIIl,IIe MeTpHKY CHrMa-MO)J;enhHOro MHOroo6pa3Hfl, 

MO:lKHO y6e,IJ;IIThCfl, 'ITO OHa CTaHOBHTCfl pii'l'III-IIJIOCKOH. BII,IJ; MeTpHKII COBIIa,IJ;aeT 

C MeTpiiKOM fu660HCa-XOKHHra )J;Jlfl rurrep-K3JiepOBhiX MHOroo6pa3HH C O)J;HOH TpH

roJIOMOp<):>HOH II30MeTpueii:. 

Bo BTopoM rraparpa<):>e paccMaTpiiBaeTcH N = 4 TeH30pHhiH cyrrepMyJihTHIIJieT 

B <):>opMaJIH3Me N = 2 cyrreprroJieii:. PaccMoTpeHo rrpe.n;cTasneHne TeH30pHoro cy

rrep?dynhTIIIIJieTa B BII)J;e .n;syx N = 2 cyrreprroJieii:: Belll,eCTBeHHoron KnpaJihHoro. ,, . . 

IIocrpoeHO o6Ill,ee cyrreprronesoe curMa-Mo.n;enhHoe .n;eii:CTBI!e )J;JIH TeH30pHoro cy-

rreprronH, IIpe,IJ;CTaBneHHOrO B 3TOM BH,IJ;e. IJOKa3aHO, 'ITO K HeMy MO:lKeT 6biTh )J;Q-
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6asJieHo rroTellli,HaJihHOe cJiaraeMoe B sn.n;e cyrreprroJieBoro HHTerpaJia no: N = 2 

cyrreprrpocTpaHCTBy. Haii:.n;eHhl ycnoBIIfl, 'IT06hi c.n;enaTh 3TO cnaraeMoe N = 4 HHBa

p1IaHTHhiM. IIocKOJihKY IIHTerpaJihi no N = 4 II N. = 2 cyrreprrpocTpaHcTBaM nMeiOT 

pa3JIII'IHYIO pa3MepHOCTh, BBe,IJ;eHa pa3MepHaf! KOHCTaHTa, KOTOpaf! HMeeT CMhiCJI 

KOHCTaHThl CBfi3H. · IlOCTpOeHHOe ,n.eii:C~Blle TaK:lKe 06Jia)J;aeT KOH<):>OpMHO IInOCKIIM 

CHrMa-MO)J;eRhHhiM MHOr006pa3HeM. 

IJOKa3aHO, 'ITO IIHTeprrpeTali,IIfl IIOCTOf!HCTBa KOHCTaHThl CBfi3H, .KaK )J;HHaMH'le

CKOrO yCJIOBHfl, T.e. KaK ypaBHeHHfl ,li.BII:lKeHHfl, CJie)JYIOIIl,erO Il3 )J;eHCTBIIfl, IIpHBO)J;IIT. 

K TOMy, 'ITO "KOHCTaHTa CBfi3II" CTaHOBIITCfl BCIIOMOraTeJibHhiM IIOneM II MO:lKeT 6biTh 

IICKniO'leHa. JlarpaH:lKeB MHO:lKHTeJib. CTaHOBIITCfl HOBOM - 'leTBepTOH - KOOp,IJ;HHa

TOH CHrMa-MO)J;eJihHOrO MHOroo6pa3Hfl, KOTOpOe, KaK H B rrpe,IJ;bl)zylll,eM Cny'lae, He 

f!Bnf!eTCfl KOH<):>OpMHO IInOCKIIM II rrpH OIIpe.n;eJieHHhiX yCJIOBIIf!X CTaHOBIITCfl rurrep-

K3JiepOBhiM. 

B TpeTheM rraparpa<):>e rrocTpoeHo Henmieii:Hoe rrpe.n;cTaBJieHue cyrrepciiMMeTpuu 

)J;Jlfl riiiiepMynhTIIIIJieTa .B _rapMOHH'leCKOM ·cyrreprrpoq·paHCTBe II COOTBeTCTBYIOIIl,ee 
;., ~ . ~ ~ . . ' 

eMy .n;eii:cTBne. MccJie.n;oBaHhl I<aJ:m6poBO'IHhie CHMMeTpuu, KOTOphiMH o6Jia.n;aeT .n;aH-

Hoe .n;eii:CTBHe. «l>JIKCali,Heii: KaJIH6pOBKII IIOKa3aHa ero 3KBHBaJieHTHOCTh .n;eii:CTBIIIO 

Ery'ln-XaHcoHa B w-<):>opMyJiupoBKe.· Bhr6op KaJiu6poBKII Becca-3yMnHo rro3BOJifl

eT pernHTh cyrreprroJieBble yCJIOBJIH B rapMOHH'leCKOM cyrreprrpocTpaHCTBe. I1oKa3a-

HO, 'ITO IIOCJie IIHTerpHpoBaHHfl ITO rpaCCMaHOBhiM rrepeMeHHhiM II no rapMOHHKaM, 

B03HHKaeT 'leThlpexMepHoe curMa-Mo.n;eJihHoe MHoroo6pa3ue runep-K3Jieposoro TU

na. TaK:lKe uccne.n;osaH sonpoc o CBH31I KaJIII6poBO'IHhiX noJieii: c 'IJieHaMH «l>aii:e

MJiuonyJioca. 

B ' u o BTOpoH rmme .n;nccepTali,IIII paccMaTpHBaiOTCfl Mo.n;eJiu c BoceMhiO cynep3a-

pH.n;aMu. IJepBbie Tpll naparpa<):>a nOCBfllll,eHbl nOCTpOeHHIO CHrMa-MO)J;eJihHhiX MHQ

roo6pa3HH )J;Jlfl O)J;HOMepHbiX TeOpHH, 'leTBepTbiH - nOCTpOeHHIO cynepCHMMeTpH'l

HOH MO)J;eJIH Ha OCHOBe HeRJIHeHHOrO BeKTOpHOrO cynepMyJihTHnJieTa B TpexMepHOM 

npocTpaHCTBe; . 
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B rrepBOM rraparpa¢e CTponTc.H JinHeiiHoe rrpe,ll,CTaBJieHne cyrrepcnMMeTpnn, Ko

Topoe orrncbmaeTc.H O,ll,HHM KOMIIJieKCHbiM KnpaJibHbiM N = 8 cyrreprroJieM, y,ll,o

BJieTBOp.HIO~HM cyrreprroJieBoMy TO)K,ll,eCTBY Bh.HHKH. lloKa3aHo, qTo rrpe,ll,CTaBJie

Hne CO,ll,ep)KHT ,ll,Ba. cPH3llqecKHX 6030Ha, liieCTb BCIIOMOraTeJibHbiX 6030HHbiX H BQ

CeMb ¢n3nqecKnx ¢epMHOHHbiX rroJieii. Cpe,ll,n KOMIIOHeHT cyneprroJieBoro TO)K,ll,e

CTBa Bb.HHKH CO,ll,ep)KaTC.H, B qaCTHOCTH, ,ll,llcPcPepeHIJ;HaJibHbie ypaBHeHH.H Ha BCIIQ

MOraTeJibHbie KOMIIOHeHTbi KHpaJibHOrO N = 8 cyrrepiiOJI.H, KOTOpbie MOryT 6biTb JIH-

6o pa3perneHhi, Jin6o BBe,ll,eHbi B ,ll,eiicTBne c MHO)Kl!TeJI.HMH JlarpaH)Ka. llocTpoeno 

nan6oJiee o6~ee cyrrepcnMMeTpnqnoe ,ll,eiicTBI!e, CO,ll,ep)Ka~ee KaK cnrMa-MO,ll,eJihHbie 

CJiaraeMhie, TaK n qJieHbi <I>aiie-llJinonyJioca. llcKJIJOqenne BcnoMoraTeJibHhiX noJieii 

IIpllBO,ll,IIT K TeOpHII C ,ll,ByMepHbiM 6030HHbiM MHOr006pa3IIeM, reOMeTpii.H KOTOporo 

.HBJI.HeTC.H CIIeiJ;l!aJibHOll K3JiepOBOll. 06Hapy)KeHO, qTO TeOpii'H HHBapnaHTHa OTHQ

CIITeJibHO ,ll,IICKpeTHbiX rrpeo6pa30BaHIIll, KOTOpbie .HBJI.HIOTC.H aHaJIOroM npeo6pa3o

BaHHll S-aya.ll'b'Hocmu. Haii,ll,eHbi 3aKOHbi npeo6pa3oBaHnH KOMIIOHeHT cyrrepMyJih

Tl!IIJieTa OTHocnTeJibHO cynepcnMMeTpiin n coxpaH.HIO~nec.H BeJIIIqnHbi. Hannqne 

CB.H3eii BTOpOrO pO,ll,a IIpl!BO,ll,l!T K He06XO,ll,l!MOCTII nepeXO,ll,a OT CK060K llyaCCOHa K 

CK06KaM ,Ll.IIpaKa B raMI!JibTOHOBOM cPOPMaJIII3Me. floJiyqeHHbie CK06KII ,Ll.npaKa ,ll,JI.H 

KaHoHnqecKnx rrepeMeHHhiX no3BOJI.HIOT HaiiTn anre6py coxpaH.HIO~nxc.H BeJinqnH -

cyrrep3ap.H,ll,OB. ::ha anre6pa co,ll,ep)KI!T n;eHTpaJibHbie 3ap.H,ll,hi, KOTOpbie rrpe,ll,CTaB

JIHIOT C060ii 6l!JII!HellHbie KOM6l!HaiJ;l!ll KOHCTaHT <IJaiie-llJIIIOIIYJIOCa II KOHCTaHT, 

OIIpe,ll,eJI.HIO~l!X BaKyyMHbie cpe,ll,Hlle BCIIOMOraTeJibHbiX KOMIIOHeHT cyrrepMyJibTII

IIJieTa. llccJie,ll,OBaHbi pa3JIIIqHbie CIIOC06bi ,ll,yaJII!3aiJ;IIII BCIIOMOraTeJibHbiX KOMIIO-

HeHT cynepMyJibTI!IIJieTa, KOTOpbie IIpl!BO,ll,HT K qeTbipexMepHbiM Cl!rMa-MO,ll,eJibHbiM 

MHoroo6pa3n.HM. Haii,ll,eHo, qTo e,ll,l!HCTBennhiM BapnaHTOM, npnBO,ll,H~IIM K cnrMa

MO,ll,eJibHOMy MHOroo6pa3I!IO C He KOHcPOPMHO IIJIOCKOll MeTpllKOll, .HBJI.HeTC.H TOT, KO

r,ll,a O,ll,HO ll3 ,ll,Byx ,ll,HcPcPepeHIJ;IIaJibHbiX YCJIOBIIll Ha BCIIOMOraTeJibHhie KOMIIOHeHTbi 
[;' 

,ll,yaJIII3YeTC.H, a OCTamneec.H ,ll,06aBJI.HeTC.H B ,ll,eiiCTBIIe C JiarpaH)KeBbiM MHO)KIITe-

Jiel\1. ilOCJie IICKJI!OqeHIIH BCIIOMOraTeJibHbiX IIOJieii B03HIIKaeT ,ll,ellCTBUe C qeTbipeX-
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MepHbiM Cl!rMa-MO,ll,eJibHbiM MHOroo6pa3IIeM, KOTOpOe .HBJIHeTC.H riirrep-K3JiepOBbiM C 

,ll,BYMH II30MeTpiiHMH. · · 

Bo BTopoM rraparpa¢e rrpe,ll,CTaBJieHo HeJinHeiiHoe o6o6~e11ne cyrrepMyJihTIIrrJie

Ta, paccMoTpeHHoro paHee. Haii,ll,eHo, qTo ero cocTaB TaKoii )Ke, KaK u. B JIUHeiiHOM. 

cJiyqae. IIocrpoeHo Haii6oJiee o6~ee cyrrepciiMMeTpnqHoe ,ll,eiiCTBIIe ,ll,JIH HeJinHeii

Horo cyrrepMyJibTIIIIJieTa. ilOKa3aHO, qTO reOMeTpH.H ,ll,ByMepHOrO CIIrMa-MO,ll,eJibHOrO 

MHOroo6pa3HH rro-rrpe)KHeMy HBJI.HeTC.H K3JiepoBoii, O,ll,HaKo y)Ke He crren;naJihHOro 

BII,ll,a. Bo-BTOpbiX, IIOKa3aHO, qTO HeJIIIHellHOCTb 3aKOHOB rrpeo6pa30BaHH.H KOMIIO

HeHT OTHOCIITeJibHO cyrrepCI!MMeTpUII · yMeHbliiaeT qnCJIO BapiiaHTOB ,ll,OIIYCTIIMbiX 

qJieHOB <IJaiie-llJIHOIIYJIOCa, B CB.H3II· C qeM B aJire6pe cyrrep3ap.H,ll,OB He B03HIIKaeT 

n;eHTpaJibHhiX 3apH,ll,OB. B-TpeThnx, HeJinHeiiHOCTh He rro3BOJIHeT rrpoBO,ll,HTb HeKo

TOpbie ,ll,yaJIII3an;nu, B03M?)KHhie B JIHHeiinoM · cJiyqae. TeM He Menee, ,ll,OrrycTIIMbie 

BapuaHTbl IIpUBO,ll,HT K qeTbipeXMepHOMY riirrep-K3JiepoBy MHOroo6pa3HIO C O,ll,HOll 

u3oMeTpneii. 

B TpeTbeM rraparpa¢e paccMaTpiiBaeTc.H ,ll,yaJIII3an;u.H KOHCTaHThi CBH3II. B ,ll,aH

HOM CJiyqae 3TOT CIIOC06 IIpUMeHeH K cyrrepMyJihTIIIIJieTy (3, 8, 5), CO,ll,ep)Ka~eMy 
I 

TpH cPII3JiqeCKHX IIOJI.H, BOCeMb clJepMIIOHOB II II.HTb BCIIOMOraTeJibHbiX KOMIIOHeHT II 

KOTOpoe OIIIICbiBaeTC.H ,.ll,BJMH N = 4 cyrrepiiOJIHMII- O,ll,HIIM Be~eCTBeHHbiM (1, 4, 3) 

H O,ll,HHM KIIpaJibHbiM KOMIIJieKCHbiM cyrrepiiOJieM (2, 4, 2). flocTpOeHO HaU60Jiee o6-

~ee N = 4 cyrrepcnMMeTpnqHoe ,ll,eiicTBUe II Haii,ll,eHhl yCJIOBIIH, rrpu KOTopoM · OHO 

6y,ll,eT IIHBapnaHTHbiM OTHOCHTeJibHO N = 8 cyrrepCllMMeTpiiH. B. pa3JIO)KeHIIH cy

rrepMJJibTIIIIJieTa (1, 4, 3) ITO rpaCCMaHOBbiM rrepeMeHHbiM IIpiiCYTCTByeT "CBO.H" KOH

CTaHTa, TOr,ll,a KaK B CJiyqae c N = 4 cyrrepMyJihTIIIIJieTOM, paccMoTpeHHhiM B rrepBoii 

rJiaBe, KOHCTaHTa B03HllKaJia II3 pa3MepHbiX C006pa)KeHJill IIpii IIOCTpOeHUII Han6o

Jiee o6~ero cyrrepcnMMeTpiiqHoro ,ll,eiiCTBII.H. lloKa3aHo, qTo ucKJIJOqeHne B_crroMo

raTeJihHbiX IIOJieii, COrJiaCHO HX ypaBHeHII.HM ,ll,Bll)KeHII.H, II· ,ll,yaJIH3aiJ;U.H KOHCTaHTbi 

IIpiiBO,ll,IIT K qeTbipexMepHOMJ CIIrMa-MO,ll,eJibHOMJ riirrep-K3JiepOBOMJ MHOroo6pa-

3ll!O C MeTpiiKOll fn660HCa-XOKHHra C O,ll,HOll ll30MeTpneii. ilOKa3aHO, qTO ,ll,yaJIII3a-
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Il;IUI BCIIOMOraTe.TibHhiX KOMIIOHeHT ,!l;OIIYCTHMa, O,!l;HaKO B03HHKaJOru;ee TaKHM o6pa-

30M CHrMa-Mo,n;eJibHOe MHOrOo6pa3He 6y,n;eT KOH<f>OpMHO IIJIOCKHM. 

B qeTBepToM rraparpa¢e rrocTpoeno neJinneii:noe rrpe.n;craBJienne N = 4 d = 3 

aJirefipbl cyrrepCHMMeTpHH. IlOKa3aHO, qTQ B COCTaB ero ¢n3nqecKHX IIOJieii: BXO,!l;HT 

o.n;no CKaJIHpnoe KOMIIJieKcnoe rroJie, o.n;no Beru;ecTBennoe CKaJIHpnoe, o.n;no BeKTop

noe H BOCeMb <f>epMHOHHbiX. IlOKa3ano, qTQ BeKTOpHOe IIOJie IIO,n;qnneno TO)K,!l;eCTBy 

BbHHKH. 9To rro3BOJIHeT HHTeprrpeTnpoBaTb ero KaK Ten3op narrpH*ennocrn 3JieK

TpoMarnnTnoro IIOJIH. Ilocrpoeno .n;eii:cTBHe, OTBeqaJOru;ee ne.Tinneii:noMy BeKTOpnoMy 

cyrrepMYJibTHIIJieTy. )J;OKa3aHa ero HHBapnaHTHOCTb OTHOCHTeJibHO rrpeo6pa30BaHHH 

cyrrepCHMMeTp.HH ll Haii:,n;en ero 6030HHblll rrpe,n;e.TI. IlOKa3aHO, qTO KOMIIOHeHTHOe 

,n;eii:CTB.He OIIHCbiBaeT HeJIHHeii:nyiO TeOpHIO 3JieKTpOMarHHTHOrO IIOJIH, B3aHMO,!l;eii:

CTBYJOin;YIO c TpeMH CKaJIHpHbiMH IIOJIHMH. CoOTBeTCTByJOru;ee eMy cnrMa-Mo,n;eJibHOe 

MHOroo6pa3.He HBJIHeTCH HCKpllBJieHHbiM TpexMepHbiM IIpOCTpaHCTBOM. IlOKa3ano, 

qTo rroCJie .n;yaJIH3an;HH TO)K,!l;eCTB BbHHKn ono cTanoBHTCH qeTbrpexMepnbiM rnrrep

K3JiepOBbiM MHOroo6pa3HeM C MeTpHKOH fn66onca-XOK.HHra C O,!l;HOH Tp.HrOJIOMOp<f>

HOH H30MeTp.Heii:. 

B .TpeTheii rJiaBe paccMaTpnBaJOTCH TeopnH co crronTannhiM napymenneM cy

rrepc.HMMeTpHH, IIp.H KOTOpOM qeTblpe H3 BOCbMH cyrrepCHMMeTpHH peaJI.H30BaHbl 

HBHhiM o6pa30M, OCTaBIII.HeCH - HeSBHbiM. 

B rrepBoM rraparpa¢e paccMaTpHBaeTcH cnonTannoe napymenHe N = 2 D = 4 

cyrrepCHMMeTpHH, pacmnpennoii: ,!l;BYMH n;enTpaJibHbiMH 3apH,n;aMn, qTo 3KBHBaJieHT

HO N = 1 D = 6, .n;o N = 1 D = 4. foJI,n;cToynoBcKnii: ¢epMnon, cooTBeTCTByiO

ru;nii: CIIOHTaHHOMy HapymeH.HIO cyrrepCHMMeTpHH, HBJIHeTCH KOMIIOHeHTOH BeKTOp-

, noro cynepMyJihTHrrJieTa. IlpHBe.n;enhi cyrreprroJieBbre,_.yCJIOBHH, orrHChmaroru;ne N = 

2 D = 4 BeKTOpHblll cynepMyJibTHIIJieT H ero 3aKOHbl rrpeo6pa30BaHHH OTHOCHTeJib

HO npeo6pa3oBannii: crronTanno napyrnennoii: cyrrepcHMMeTpnn. Haii:.n;eno pernenne 
t~ 

TO)K,)J,eCTB BbHHKn, corJiacyroru;eecH c cyrrepcHMMeTpHeii:. )J;JIH 3TOro BBe.n;enhi no-

Bbie. crrnnopnhre cyrreprroJIH, KOTOphle o6ecrreq.HBaiOT 3aMbiKanne rrpeo6pa3oBannii: 
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cynepcnMMeTpnn -Bne MaccoBoii: o6oJioqKn. Haii:.n;en rroJIHbiii: na6op rroJieii:, o6pa3y

JOin;IIX paCIIIIIpeHHblll BeKTOpHblll cyrrepMyJibTHIIJieT. Ilpe~O)KeH na6op cyrrepiiOJie

BbiX yCJIOBHH, CBH3biBaJOin;HH KOMIIOHeHTbl paCIIIHpeHHOrO BeKTOpHOrO cyrrepMyJib

THIIJieTa H IICCJie,!l;OBaH BOIIpOC !IX COBMeCTHOCTII C rrpeo6pa30BaHIIHMll cyrrepCIIMMeT

piiii. O.n;nHM II3 3THX ycJIOBHii: HBJIHeTC~ peKyppenTnoe cooTnornen:He na JiarpamKH

an cyrrepcHM~1eTpnqnoii: TpH-6panhi. Haii:.n;eno pernenHe 3Toro cooTnornennH. Ilo-

CTpOeHO cyrrepCHMMeTpnqnoe ,n;eii:CTBIIe H II0Ka3aHO, qTO OHO OIIHCbiBaeT ,!l;JIHaMII

KY cyrrepCHMMeTpnqnoii: Tpn~6panhi. BbiJIO naii:.n;eno, qTO na6op cooTnorneniiii: na 

KOMIIOHeHTbl pacrunpeHHOrO BeKTOpHOrO cyrrepMyJibTJIIIJieTa. Ilp.HBO,!l;IIT K cyru;eCTBO

BaHIIIO AU'Heihwzo 6ecKoneqno-Mepnoro MaTpHqnoro rrpe.n;cTaBJieHnH cyrrepCIIMMeT

pnn N = 2 D = 4, peaJIH30Bannoro na 6o30HHbiX rroJIHX, 3JieMeHTbi KOToporo neJin

neii:nhrM o6pa30M Bbrpa)KaJOTCH qepe3 ,n;Ba MJia.n;rnnx cyrreprrOJIH 3Toro MaTpnqnoro 

rrpe,n;cTaBJieHJIH' HBJIHIOin;HeCH KOOp,!l;HHaTaMJI cyrrep-Tpll-fipaHbl. 

Bo BTopoM naparpa¢e paccMaTpnBaeTcH crronTannoe napyrnenne cyrrepcnMMeT

pHII ,!l;JIH o.n;noMepnoii: Teop.HH. Haii:.n;eno rrpe.n;CTaBJiemie cyrrepc.HMMeTpnH na ,n;Byx 

cyrrepMyJibTHIIJieTaX C COCTaBOM (0, 4, 4) H (2, 4, 2), Ha KOTOpbiXMO)KeT 6biTb peaJIII-

30BaHO crronTannoe · H:apymenne cym~pcnMMeTpnii. foJI,n;cToynoBcKnii: ¢epMIIOn HB

JIHeTCH MJia,n;rueii: cimnopnoii: KOMIIOHeiiTOH cyrrepiiOJIH (0,4,4). IlOKa3ano, qTQ cy

rrepiiOJie (2, 4, 2) MO)KeT fihiTb HCIIOJib30BaHO ,!l;JIH IIOCTpOeH.HH cyrrepCHMMeTp!IqHOrO 

.n;eii:cTBIIH. Haii:.n;enhr H pernenhr KOBapiianTnbre ycJioBnH, KOTOpbre neo6xo,n;IIMO naJio

)KHTb Ha cyrrepiiOJie (2, 4, 2), qTofihl COOTBeTCTByJOru;ee ,n;eii:CTB!Ie OIIHCbiBaJIO HeTpli

BllaJibHYJO ,!l;.HHaMHKy. IlOKa3ano, qTo MO)KHO rrepeii:TH OT rOJI,!l;CTOYHOBCKOro <f>ep

MIIOHa K rOJI,!l;CTOYHOBCKOMY fi030Hy, IIp.HqeM IIMeeTCH neCKOJibKO B03M0)KHbiX Bapii

anTOB TaKoro rrepexo.n;a. McCJie,n;oBanhr Bee Bap.HaHTbi TaKHX rrepexo.n;oB, naii:.n;enhl 

peaJIII3an;nH rrpeo6pa3oBannii: cyrrepcHMMeTpHit na cyrreprroJie (2, 4, 2) n roJI.n;cro

ynoBCKOM cyrrepiiOJie. IlOKa3aHO, qTQ 6030HHbie rrpe,n;e.Tibl COOTBeTCTBYIOin;IIX ,n;eii:

CTB.Hll OIIIICbiBaJOT CBOfio,n;nyiO pe.TIHTIIBIICTCKYIO qaCTHII;Y B IIJIOCKOM IIpOCTpaHCTBe-

BpeMeHII pa3MepHOCTll OT ,!l;BYX ,!1;0 IIHTll. 
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B 3aKJuoqeHHH nepeqncJieHbi OCHOBHhie pe3yJihTaTbi, BhiHOCHMhJe Ha 3aiiJ,IITy. 

Ha 3a~HTY Bbi,li;BHraiOTCH cJie.n;yro~He pe3yJibTaTbi. 

1. TlocTpoen HMIIHefinhiil: N = 4 d = 1 cynepMyJihTIInJieT, onpe,n_eJiennhiil: sue 

MaCCOBOfi 060JIQqKJI II IIMeiOIIJ,IIfi KOMIIOHeHTHblll COCTaB (4, 4, 0). TIOCTpOe

HO cooTBeTCTBYIOIIJ,ee eMy cyrrepCIIMMeTpiiqnoe ,n_efiCTBIIe. TloKa3ano, qTo ero 

CIIrMa-MO,D_eJibHOe MHOroo6pa3IIe He HBJI5IeTCH KOH¢0pMHO IIJIOCKIIM II Ilpii 

OIIpe,n_eJieHHbiX YCJIOBIIHX CTaHOBIITCH riiiiep-K3JiepOBbiM. 

2. ,.Uano OIIIICaHIIe neJimrefinoro rrpe,n_cTaBJieHIIH N = 4 d 1 cyrrepCIIMMeT-

pHil B rapMOHIIqeCKOM cyrreprrpOCTpaHCTBe II IIOCTpOeHO cynepCIIMMeTpnqHoe . 
,n_eficrsne Ha OCHOBe 3Toro rrpe,IJ;CTasJienna. TloKa3aHo, qTo 6o30Hnoe cnrMa-

MO,IJ;eJibHOe MHOroo6pa3ne HBJIHeTCH rnrrep-K3JiepOBbiM MHOroo6pa3HeM Eryqn

XaHCOHa. 

3. TIOCTpOeH JiarpaH)!(eB II raMIIJibTOHOB ¢opMaJIII3M cyrrepC!IMMeTp!Iqnofi Me-

XaHl!Kli C BOCeMbiO cyrrep3apa,IJ;aMII, OCHOBaHHOfi Ha JIIIHefiHOM II HeJIIIHefi-

noM KIIpaJibHOM cyrrepMyJihTIIIIJieTe c ,n_syMa ¢n3nqecKnMn 6o3oHaMn. I13yqe

Hhi reoMeTpnn Hx cnrMa-Mo,n_eJibHhiX MHoroo6pa3nfi. TlocTpoenhi cyrrep3apa,n_bi 

n Hafi,n_ena anre6pa cyrrep3apa,IJ;OB. TloKa3aHo, qTo rro,n_xo,IJ;aiiJ,aa ,IJ;yaJin3au.ua 

BCIIOMOraTeJibHb!X KOMIIOHeHT npll.BO,D_HT K rnrrep-K3JiepOBbiM MHOroo6pa3HHM. 

4. TlocTpoeH HOBhiil: neJIIIHefinhifi N = 4 d == 3 seKTopnhifi cynepMyJihTIInJieT. Tlo-

'Ka3aHO, qTQ Cpe,n_n ero KOMllOHeHT CO,n_ep)!(UTCH TeH30p Hanpa)KeHHOCTII 3JieK

TpOMarHIITHOrO llOJIH. TIOCTpOeHO IIIIBapnaHTHOe cynepCIIMMeTpnquoe ,n_efi

CTBHe, KOTOpOe OllliCbiBaeT HeJIHHefinyiO d = 3 3JieKTpO,IJ;HHaMIIKY C BOCeMbiO 

~ynep3apa,IJ;aMn. Hafi,n_eno, qTo ,IJ;yaJIII3aii,nR TO)!(,IJ;eCTB BhHHKII npnso,n_IIT K 
l\ 
nmep~K3JiepOBOMY MHOroo6pa3liiO C O,IJ;HOfi li30MeTpiiefi. 
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5. TlocTpOeHo 6ecKoneqnoMepnoe MaTpHqnoe npe,IJ;cTaBJienue- N = 2. d = 4 cy

rrepcnMMeTpiiH, crronTaHHO HapyrneHHOfi ,IJ;O N = · 1 d = 4. TloKa3ano, qTo 

JiarpaH)!(llaH cyrrepCHMMeTpiiqHofi 3-6paHbl HBJIHeTCH O,D_HOfi JI3 KOMllOHeHT 

3Toro rrpe,n_cTasJienna. Hafi,IJ;eHbi aBHbie Bbipa)!(eHna .D-JIH scex KOMnonenT 3TO

ro rrpe,n_CTaBJieHIIH B TepMHHax MJia,IJ;rnefi KOMIIOHeHTbl. 

6. TlocTpoeHo ynusepcaJibHOe ,n_eficTBIJe c N = 8 d = 1 cyrrepcHMMeTpnefi, crron

Tanno napyrneHHOfi ,n_o N = 4. TloKa3ano, qTo pa3JIHqHhiil: Bbi6op CBH3H Me)!(,IJ;y 

rOJI,Il;CTOyHOBCKIIMll 6030HaMH II ¢epMHOHaMII llpliBO,D_HT K cyrrepCHMMeTpnq

HblM ,IJ;eficTBHHM cso6o,IJ;nofi peJiaTHiiiicTCKOfi qacTIIII,hi a-D-MepnoM npocTpaH

CTBe, D = 1, ... , 4. 
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