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3aru;JITa ,n;HccepTaIJllll C0CT0HTCH << 21- >> ~'iiprll . 2006 ro,n;a B /s::,!?. qacoB 

Ha 3ace,n;aHHll CII8IJHaJill3Hp0BaHH0r0 C0BeTa ,n; 720.001.01 B J1a6opaTOpHH TeO

peTJiqeCK0ll <pJI3HKH JIM. H.H. Boromo6oBa O6'be,ll;HHeHH0ro HHCTJITyTa H,n;ep

HhIX HCCJie,n;oBaHHii, no a,n;pecy: r. ,IJ;y6tta. MocKOBCK0H o6JiaCTH, 011.5111, J1T<I>. 

C ,ll;llCCepTaIJHeii M0)KH0 03HaK0MHTbCH B 6H6JIHOTeKe O6'he)];JIH8HHOrO llHCTH

TyTa H.n;epHblX HCCJie,n;oBaHHll. 

ABTopecpepaT pa3ocnaH << W » /-lOMM 2006 r . . 

Yseahdl ceKpeTapb ~•ccepT"'<H0HH0ro coBe~ ~ 
,ll;0KT0P <pll3JIK0-MaTeMaTHqecKHX HayK C.B. foJIOCKOKOB 

06m;a.H xapaKTepHCTHKa pa60Thl 

,[(11ccepTau;1rn IIOCBllll.\€Ha IICCJ!€,D;OBaHlfl0 KBaHTOBbIX CIICTeM, o6Jia,n;aIOil.\llX CKpb!TOll CJJM

MeTpIIei1 Bb!COKOH CTerreHJJ. T11111f'1Hb!MII rrpIIMepaMII TaKl!X CllCTeM llBJlllIOTCll llHTerp11-

pyeMbie KBaHTOBbie 0,Ll;HOMepHbie MarHeTIIKll 11 ,D;ByMepHbie llHTerpnpyeMbie T€0pllll IIOJlll. 

Ocl!OBHall u;eJib ,n;nccepTau;n11 - JJCCJie,n;oBan11e rrpOCTpaHCTBa co6cTB€HHblX B€KT0p0B 

KOMMYTIIPYIOil.\IIX llHTerpaJIOB ,D;BJJ)K€Hllll ( COCTOllHHi1). HHTerpnpyeMOll MO,D;eJIH. KaK rrpa

BHJIO, 3TO rrpOCTpaHCTBO COCTOllHilll peaJin3yeTCll KaK rrpocTpaucTBO rrpe,n;cTaBJI€Hllll H€KO

Topoi1 6eCKOJ1eq110MepHOi1 anre6pbl, KOTOpasr' OTQ)K,Ll;€CTBJilleTCll C anre6po"i1 CllMMeTptti1 

llCCJie,n;yeMoi1 MO,D;eJill. B MO,D;eJillX, KOTOpbie IlCCJI€,D;ylOTCll B ,Ll;llCCepTaIJHH, 3TH anre6pbl 

CIIMM€Tplli1 peaJIH30BaHbl KaK anre6phl TOKOB. Ilo,n; anre6poi1 TOKOB IIOHHMaeTCll TaKall 

anre6pa Cl!MMeTpui1, qTo ee 6ecKOHeqHblll Ha6op o6pa3YIOI1\IIX MO,KIIO co6paTb B KOHeq

Hblll na6op rrpOH3B0,Ll;llll.\llX <PYIIKIJIIH, 3a11yMepoBaHHblX KOpHllMll rrpOCTOll anre6pbl Jlu. 

BecKOHeqHoMepHbie anre6phl, II03B0Jllll0Il.\ll€ OIIIICbIBaTb rrpocTpaHCTBa COCTOllHllll KBaJI

TOBhlX HHTerpnpyeMblX MO,D;eJiei1, lla3bIBaIOTCll anre6paMH ,lJ;HHaMHqecKHX CIIMMeTpni1. 

B rrepaoi1 qaCTil ,n;nccepTaIJl!ll llCCJl€,D;OBa!I KJiacc ,n;nyMepHblX IIHTerpIIpyeMblX MaCCIIB-

HbIX Teopni1 IIOJill, o6Jia,n;aIOil.\IIX. CJ!€,Ll;yl0Il.\IIMII CBOHCTBaMII: 

• HaJIIIqIIe 6ecK0HeqHoro Ha6opa He3aBIICilMbIX IIHTerpaJIOB ,Ll;BII)K€HHll; 

• OTCYTCTBIIe MH0)K€CTB€HHOro p0)K,Ll;€Hllll qacTIIIJ; 

• paccellHIIe rrpIIBO,Ll;IIT TOJibKO K rrepepacrrpe,n;eJieHIIIO IIMIIYJibCOB M€)K,D;y 0IaCTIIIJaMn; 

• cpaKTOpII3aIJIIll MHOroqacTnqHoi1 S -MaTpllIJbl. 

OcHOBOIIOJiaraIOil.\IIM B 3TOM CIIIICKe llBJill€TCll rrepBoe CBOHCTBO, ll3 KOTOporo, B rrpn11u;n

rre, MO,KHQ rroJiyqIITb OCTaJibHbie CBOllCTBa. B TaKIIX MO,Ll;€JlllX MO,KHQ peaJIII30BaTb cpopM

cpaKTOPHYIO rrporpaMMY BbJqIICJiel!llll KOppeJillIJIIOHHbIX cpyHKIJIIll JIOKaJibllblX orrepaTO

poB, B KOTopoi1 ,n;ayxToqeqHhlll KOMMyTaTop rrpe,n;cTaBJill€TCll B BII,D;e psr,n;a 
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TIIqJlbIM COCTOllHIIeM, Ha3bIBaIOTCll q>OpM-cpaKTOpaMII orrepaT?pa O; II co,n;ep,KaT HH

cpopMaIJIIIO, KaK O JIOKaJibHOM orrepaTope, TaK II O COCTOllHHII Ha KOTOpOM BblqIICJilleTCll 

3TOT MaTpnqHblll 3JieMeHT. AcHMIITOTIIqecKoe N -qacTnqHoe COCTOllHIIe rrapaMeTpII3yeTCll 

6bICTPOTaMII 0j II 'IJB€TaMn' f.j KBa3HqaCTIIIJ. Tpe6oBaHIIe 3aHyJieHIIll KOppeJillIJIIOHHOll 

<PYHKIJIIII Ha rrpocTpaHCTB€HHO-IIO,D;06HOM IIHT€pBaJie rrpIIBO,Ll;IIT K CllCTeMe corJiaCOBaH

HblX aKCIIOM Ha cpopM-q>aKTOpbl JIOKaJibHb!X orrepaTopoB, perneHIIe KOTOpb!X MQ)K€T 6bITb 

rroJiyqeHO a BII,D;e MHOI'OMepHb!X IIHTerpaJIOB rIIrrepreOMeTpIIqecKoro TIIITa. 3aTpaBoqnbI

MII ,n;aHHbIMII ,Ll;Jlll CIICT€Mbl cpopM-q>aKTOpllbIX aKCIIOM llBJillIOTCll TQqJlbie q>OPMYJibl ,Ll;Jlll 

YHHTapnoi1 II KpoccuHr-CIIMM€TpIIquoi1 S-MaTpIIIJbl paccell!Illll aCIIMIITOTllqecKHX COCTO

llHllll. 

B ,Ll;IICCepTaIJIIII s -MaTpIIIJa ,Ll;Jlll COJIIITOH-aJITIICOJIIITOHHOrO paccellHllll B MO,D;eJIII Sine

Gordon 6bIJia IICIIOJib30BaHa ,Ll;Jlll cpopMyJIIIpOBKII anre6pbl TOKOB, TaKoii, qTO ee TeOpllll 
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npe,n;cTaBJiemlil: ,n;aBaJia perneH11e cpopM-<paKTOpHblX aKCIIOM B clT0il: M0,!l;eJIII. 9Ta aJire6pa 

T0K0B 0Ka3aJiaCb cyrn;ecTBeHH0 0TJill'IH0il: OT TaK0BbIX, B03HIIKaIOIII;IIX 113 Teop1111 rpynn 

II aJire6p Jln. B 'IaCTH0CTII, B paMKax 6ecKOHe'IHOMepHOil: Teop1111 npe,n;cTaBJieHl!il: 3T0il: 

aJire6pbl T0K0B 6b!JIO o6'bHCHe'Ho TI0HBJieH11e ,!l;Byx ,!J;yaJibHblX KBaHT0BbIX CIIMMeTpnil: B MO

,n;eJIII Sine-Gordon. <I>opM-cpaKTOpbI JI0KaJihHhIX onepaTopoB noJiy'IaIOTCH B B11,n;e MH0ro

MepHbIX IIHTerpaJI0B, B CTPYKType K0T0pbIX co,n;ep)l(HTCH HHcpopMaD;HH KaK 0 JI0KaJibH0M 

ortepaTope, TaK H 0 C0CT0HHIIHX, Ha K0T0pb!X Bbl'IHCJIHIOTCH MaTpH'IHbJe 3JieMeHTbJ. EbIJIO 

3aMe'Ietto, "ITO BeKT0pH03Ha'IHaa 'IaCTb TI0,!l;bIHTerpaJibH0r0 Bblpa)l(eHIIH B npe,n;cTaBJieHIIII 

MaTpll'IH0r0 3JieMeHTa neceT HHcpopMan;HIO 0 C0CT0HHIIH, Ha KOT0p0M 3T0T MaTpll'IHblil: 

3JieMeHT Bhl'IHCJIHeTCH. 9Ta BeKTOpH03Ha'IHaH <PYHKD;HH M0)l(eT 6b!Tb 0T0)l(,!l;eCTBJieHa C 

0606rn;eHJ1blM BeKT0p0M EeTe H TaK)l(e M0)l(eT 6b!Tb TI0Jiy'IeHa H3 aHaJIH3a C00TBeTCTBy

JOIII;eil: aJire6pbl T0K0B. 

Bo BT0poil:, 'IaCTH ,n;11ccepTau;1111 3T0 Ha6JIIO,n;eHHe 6b!JIO pa3BHT0 ,n;o JHHBepcaJibH0il: 

K0HCTPYKD;llll Il0CTp0eHHH o6o6rn;eHHblX BeKT0p0B EeTe B HHTerpHpyeMoil: M0,D;eJI11, o6Jia

,n;aJOrn;eil: aJire6poil: ,!J;HHaMH'IeCKHX CllMMeTpllil: np0H3B0J!bH0ro pattra. B CJiy'Iae M0,n;eJieil: C 

CllMMeTpllHMll CTapIIIHX paHr0B MeT0,!l; HaX0)l(,D;eHHH BeKT0p0B EeTe Ha3bIBaeTCH Hepapxn

'IeCKIIM aH3an;eM EeTe. Co,n;ep)l(aHHeM 3T0ro MeT0,n;a, C03,D;aHH0ro ycHJIHHMll JieHHHrpa,n;

CK0il: IIIK0J!bl aKa,n;eMHKa JI.,D:.<I>aMeeBa II B03HIIKIIIero KaK_CllHTe3 KJiaCCll'IeCK0ro MeTo,n;a 

o6paTHoil: 3a,n;a'IH (B.E.3axapon, C.II.HoBHKOB II ,n;p.) c MeTO,n;aMn P.Ea~cTepa pac'IeTa 

KBaHT0BbJX CllCTeM Ha perneTKax, HBJIHeTCH HeHBHaH npou;e,n;ypa, Il03B0JIHIOIII;aH CBeCTII 

3a,n;aqy 06 0TIHCaHl!II BeKT0pa C0CT0HJIHH K aHaJI0rll'IH0il: 3a,n;a'Ie ,!l;JIH aJire6pbl MeHbIIIero 

paHra: · B npe,n;noJio)l(eH11H, 'ITO ,n;JIH MHHHMai:Ibttoro paHra 3a,n;a"Ia perne11a, 11epapxi1'Ie

cK11il: aH3au; EeTe HeHBH0 pernaeT 3a,n;aqy 06 0TIHCaHHll o6o6rn;eHHblX BeKT0p0B EeT~. B 

,n;11ccepTaD;Hll 6b!JI ccpopMJJIHpoBaH JI0BbJil: MeT0,!l;, Il03B0JIIIBIIIl!il: 3cpcpeKTllBHO peIIIIITb 

HepapXH'IeCKHe C00TH0IIIeHHH aH3au;a EeTe, II Il0JIJ'IllTb' HBHbie cpopMyJibl ,!l;JIH 0TIHCa

HllH o6o6rn;eHHblX BeKT0p0B EeTe n KBaHTOBhIX llHTerpHpyeMhlX Mo,n;eJIHX c CIIMMeTpllHMII 

CTapIIIIIX paHr0B. 

CJie,n;yeT 0TMeTHTb, 'ITO TI0CTp0eHHe BeKT0p0B EeTe HBJ!HeTCH aKTJaJibH0il: 3a,n;a'Ieil: 

B Teop1111 KBaHT0BblX llJ!ll pa3H0CTJ!b!X ypaBHeHHil: KHH)l(HIIKa-3aMOJIO,!l;'IllKOBa, K0T0phle 

0ill!ChIBaIOT 3aBIICIIM0CTb o6o6rn;eHHblX cpopM-cpaKT0pOB OT 6bICTpOT 'IaCTIIIl;. O6o6rn;eH

HbJe BeKT0pa EeTe B 3T0il:: Te0pllll Ha3h!BaIOTCH BeC0Bb!Mll <PYHKD;IIHMH. Hail:,n;eHHaH B ,!l;IIC

cepTan;HH CBH3b Me)l(,n;y aJire6paMII T0K0B II BeC0Bbl~ll <PYHKD;llHMll Il03B0JIHeT Hax0,!l;llTb 

perneHHH KBaHT0BblX ypaBHeHHil: KHH)l(JIHKa-3aMOJIO,!l;'IllKOBa ,!l;JIH CllCTeM C np0H3B0JlbH0il: 

aJire6poil: CKpb!TblX ,!J;HHaMH'IeCKHX CllMMeTpllil:. 

AKTYaJibHOCTb npo6J1eMbI. lfcxo,n;a ll3 BbIIIIeCKa3aHH0ro, MQ)l(HQ c,n;eJiaTb BblB0,!l;, 

'ITO pa3BllTHe aJibTepHaTHBHblX TI0,!l;X0,!l;0B K ll3J'IeHHIO , KBaHT0BbIX HHTerpHpyeMbIX CII

CTeM C 6ecKOHe'IHbIM 'IHCJI0M CTeneneil: CB060,n;bI HBJ!HeTCH Ba)l(H0il: 3a,n;aqeil:, II TI0MIIM0 

caM0CT0HTeJibH0r0 MaTeMaTH'IeCK0ro llHTepeca, 3aHIIMaeT Ba)l(H0e MeCT0 B C0BpeMeHH0il: 

TeopeT11'1eCK0il: <PII3HKe. 

II03TOMY TeMa ,!J;llCCepTan;H11 HBJ!HeTCH aKTJaJibH0il:, a perneHHe Il0CTaBJieHHblX B Heil: 

3a,ll;a'I npe,n;cTaBJIHeT 6e3yCJIOBHbiil: llHTepec KaK ,!l;JIH cnen;HaJillCT0B no Te0pllll llHTerp11-

pyeMhlX CIICTeM, TaK II ,!l;JIH IIIllp0K0ro Kpyra <Pll3llKOB-TeOpeTHKOB, K0T0pbie, TaK !!Jill 

HHa'Ie, HCTI0J!b3YIOT ll3JI0)l(eHHbie pe3JJibTaTbl B npHJI0)l(eHHHX K KBaHT0B0il: Te0pllll no

JIH, <Pll311Kll 3JieMeHTapHbIX 'IaCTIIIl; H Te0p!!H CTpyn. 

UeJib pa6oTbl. 11,MblO ,!l;llCCepTan;Hll HBJ!HeTCH ll3J'IeHHe npocrpaHCTBa C0CT0HHl!il: 
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KBaHTOBblX IIHTerpnpyeMbJX CllCTeM B ,!l;Byx acneKTax. Bo-nepBbIX, KaK np0CTpaHCTBa 

npe,n;CTaBJICHllH HeK0T0poil: u;enTpaJibHO-pacrnnpeHH0il: aJire6pbi T0K0B, J'IIIThJBaIOrn;eil: 11 

06'bHCHH!Orn;eil: HaJIII'Il!e ,!l;Byx KBaHT0BO-rpynn0BblX CllMMeTpnil: B M0,D;eJIII Sine-Gordon C 

,!l;yaJibHhlMll napaMeTpaMII ,n;ecpopMaD;Hll. Bo-BTOpbIX,' KaK npocTpaHCTBa BeKT0pH03Ha'I

Hb!X <PYHKD;llil:, KOT0pbie M0ryT 6b!Tb llCTI0JJb30BaHb! ,!l;JIH Il0CTp0eHIIH o6o6rn;eHHblX cpopM

cpaKTOpOB ~ IIHTerpupyeMoil: ,!l;ByMepnoil: Teopn11 C np0113B0JlbH0il: aJire6poil: ,!l;IIHaMII'IeCKIIX 

CIIMMeTpnil:. B ,n;HccepTau;1111 pernaJOTca cJie,n;yrorn;ne 3a,n;a'I11. 

1. IIpoaHaJill311pOBaHO YrJI0B0e KBaHT0BaHHe CB06o,n;Hh!X MaCCllBHbIX ,!l;ByMepHb!X cpep

MllOHOB, II Il0CTpoeHa 6o30JIII3au;na nea6eJieBoil: aJire6pbl 3Kpam1pyrorn;nx T0K0B, 

CBH3bJBaJOrn;eil: pa3Jill'IHbJe K0MTI0HeHTbl cpepMIIOHHbiX Il0Jieil: n'pn yrJI0B0M KBaH
T0BaHIIll. 

2. AJire6pa 3Kpannpyrorn;nx T0K0B o6o6u~ena ,!l;JIH np0ll3B0JibH0ro ,!l;0IIJCTIIM0ro 3Ha'Ie

JlllH KOHCTaHTbI B3a11Mo,n;eil:cTnna B Mo,n;eJin Sine-Gordon. C11MMeTp1m npocTpancTBa 

COCTOHHUil: B 3T0il: M0,!l;eJIII peaJIII30BaHbl KaK np11coe,n;1111eHH0e ,n;eil:CTBlle aJire6pb! 

3KpaHnpyrorn;nx T0K0B. · 

3. <I>opM-cpaKTOpb! JI0KaJibHb!X onepaT0p0B n Teopuu Sine-Gordon Il0CTpoeHbl KaK CJie

,!l;bl OT npon_3Be,n;e11Hil: cnJieTarorn;ux onepaTopon npe,n;cTaBJie1111il: yp0B11a 1 aJire6pb1 

3KpaHnpyrorn;ux T0K0B 11 npone,n;eHa np0BepKa Toro, "ITO 3TII CJie,D;bl y,n;oBJieTB0pHIOT 

BCeM aKCU0MaM cpopM-cpaKTOpOB B 3Toil: M0,!J;eJIU. 

4. B SU(2)-n11napnaHTHoil: Mo,n;eJIH T11pp1111ra npoBe,n;eHo BhI'IHCJieHne cJie,n;OB OT npo

II3Be,n;enuil: .cnJieTaIOrn;ux onepaTopoB ,n;JIH cooTBeTCTByrorn;eil: aJire6pb1 3Kpa1111py10-

rn;nx TOKOB, H TIOJIJ'Iellbl cpopM-cpaKTOpbl T0Ka ll TCH30pa 311eprun-UMTIJJlhCa. 113 

aHaJIH3a 3TUX cpopM-cpaKTOPOB ,!1;0Ka3aH0 C0Bna,n;e1111e o6o6rn;eHHb!X BeKTOpOB,EeTe 

ll npoeKn;uil: OT np0H3Be,n;ennil: 3KpaHHpyrorn;ux T0K0B. 

5. IIocTpoeHa o6rn;aa Teopua npoeKu;nil:: Ha nepeceqenua T0K0BhIX no,n;aJire6p c noJiapu-

3au;11aM11 pa3Hb!X THTI0B. KJiaccn'IeCKaa ( L-onepaTop11aa) H T0K0BaH K0HCTPYKD;llll 

0606rn;eHHbIX BeKT0p0B EeTe 0T0)l(,!J;eCTBJieHbl Ha npnMepe aJire6pbl T0KQB Uq(gl N). 
,ll:OK83!1HO, 'ITO Bbl'IllCJieHne npoeKu;11il:: OT npo113Be,n;eH11il:: T0K0B 3KBl!BaJieHTH0 3cp

cpeKTUBJIOMY perneHUIO C00TH0IIIeH11il:: peKypcnu B uepapxn'IeCK0M aH3au;e EeTe. 

OcnOBHbie pe3yJibTaTbI, BblH0CHMbie Ha 3a~HTY 

1. Hail:,n;eHO HOB0e ceMeil::CTB0 aJire6p T0K0B, Teopua npe,n;cTaBJICHHil: K0T0pb!X ,n;aeT 

TeopeTl!K0-rpynnonoe onuca11ne np0CTpaHCTBa C0CT0HHUil:: B T0'IJI0-pernaeMbIX,,!J;By

MepHbJX MaCCUBllbIX KBaHT0BbIX TC0pllHX TI0JIH Tnna Sine-Gordon H M0,D;eJib Tnp

punra. 9TO CeMeil:cTBO 0T0)l(,D;eCTBJieH0 C H0B0il:: ,n;ecpopMau;neil:: aJire6pbi T0K0B H3 

KJiacca ,!l;HHaMH'IeCKHX KBaHT0BbIX rpynn. 

2. BeKTopa C0CT0HHUil:: B 3THX Teopnax peaJIU30BaHbl KaK onepaT0pbl B np0CTpaHCTBe 

<I>oKa. BbI'IllCJieHhl MaTpll'IHh!e 3JieMeHTbl ( cpopM-cpaKTOpb!) lleK0T0pb!X JI0KaJibHbIX 

onepaTOpOB Ha 3THX C0CT0HHHHX, ll npoBe,n;eHa np0BepKa Toro, 'ITO 0HH y,n;oBJie

TBOpHIOT BCeM aKCU0MaM Ha cpopM-<paKTOpbI, CJie,n;yrorn;nM ll3 683oBoro TI0CTyJiaTa 

npH'IHHH0CTll B Teopun TI0JIH. 
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3. IfayqeHbl CBOiiCTBa pa3HOCTHblX ypaBHeHIIii, KOTOpbIM y,n;OBJleTBOpBIOT cpopM-<paK

TOpbl, II OTO)K,!l;eCTBJleHbl TPII He3aBIICIIMbie KOHCTPYKIJ;IIII nocTpoemrn perneHilii 

3TIIX ypaBHeHIIii. 

4. Pa3BIITa o6m;aB TeOpIIB TIOCTpOeHIIB o6o6m;eHHhlX BeKTOpOB BeTe ,!!;JIB npOII3BOJlbHOH 

KBaHTOBO:li IIHTerplipyeMoii MO,!J;eJIII c JII06on TOKOBOii anre6poii CIIMMeTpllll. 

5. IIoKa3aHO, qTO npe,!l;JIO:lKeHHblii B ,!1;1ICcepTan;1rn MeTO,!l; npoeKIJ;llfi Il03BOJIBeT 3cpcpeK

TIIBHO pernaTh COOTHOIIleHIIB peKypCIIII B I1epapx1IqeCKOM aH3au;e BeTe .II CTp011Tb 

o6o6m;eHHble BeKTOpa BeTe, IICTIOJ1b3YB TOKOBYIO peaJIII3aIJ;IIIO anre6pbl CIIMMeTpllfi 

npocTpaHCTBa COCTOBHIIH. 

Hay'IHrul HOBH3Ha H npaKTH'leCKruI 3Ha'IHMOCTb pe3YJibTaTOB. Bee npe,n;-

CTaBJieHHbie Ha 3aID;IITY pe3YJlbTaTbl BBJIBIOTCB opIIrlIHaJibHbIMII pa3pa60TKaMII aBTOpa 

,!J;IICCepTan;IIII II HOBhlMil Ha MOMeHT IIX ny6m1Kan;n1I. Pe3yJlbTaTbl ony6J11IKOBaHhl B Be,n;y

IIl;IIX pOCCII:liCKIIX II 3apy6e:lKHbIX :lKypHaJiax, ,!J;OKJla,D;b!BaJIIICb Ha Me:lK,n;yHapO,!l;HblX KOH

cpepeHIJ;IlBX II npe,n;cTaBJleHhl B IlX ny6J1IlKau;1rnx, OHil rnnpOKO II3BeCTHbl B HayqHOM coo6-

m;ecTBe Il IJ;IITIIpyIOTCB B pa6oTaX ,n;pyrnx aBTOpOB B 6JIIl3KIIX 06J1aCTBX TeopeTIIqeCKOfi II 

MaTeMaTIIqecKOfi <pil31IKil. Pe3yJlbTaTbl, Jle:lKaID;lle B OCHOBe ,n;nccepTaIJ;IIII,. 6blJIII ony6J11I

KOBaHhl B 1993-2006 ro,n;ax n pa6oTax [l)-:[15). 
Bnepnble 6bwa npe,!l;JIO:lKeHa TeopeTnK0:rpynnoBaB nHTepnpeTan;nB ,n;nyx KBaHTOBO-

rpynnonux cnMMeTpllii B Mo,n;eJ11I Sine-Gordon n MO,n;eJ1n TnppIIHra n paMKax Honon an

re6pb1 TOKOB II3 KJlacca ,!J;IIHaMIJqecKIIX KBaHTOBblX anre6p (7, 11). 
BnepBbie 6hIJIII conocTaBJleHhl TpII pa3JIIIqHbie KOHCTpyKIJ;IIII IlOCTpoeHilB o6o6m;eHHblX 

cpopM-cpaKTOpOB B IlHTerpIIpyeMhlX ,n;nyMepHblX MO,D;eJIBX Teopnn IlOJIB, 06J1a,n;a10m;1IX BH

rnaHHOfi CIIMMeTp1Ieii, II ,!J;OKa3aHO IlX conna,n;enlle Ha nplIMepe cpOpM-cpaKTOpOB TOKa II 

TeH3opa 3nepr1III-IlMilYJ1bCa (9]. 
BnepBbie o6o6m;eHHblii 6eTeBCKIIii BeKTOp 6hlJI Bblpa:lKeH B TOKOBbIX o6pa3yIOID;IIX aJIC 

re6pb1 ,!J;IIHaMIIqecKIIX CIIMMeTpIIfi II OTO:lK,D;eCTBJleH C npoeKn;IIeii OT npOil3Be,n;eHIIB TOKO~ 

Ha nepeceqeHIIB 6opeJ1eBCKIIX no,n;anre6p pa3HOro TIIITa [14, 15). 
9TII :lKe npoeKIJ;IIIl 6b!JIII nnepnble npIIMeHeHhl ,!!;JIB IlOJlyqeHIIB yHnnepCaJibHbIX R

MaTplil\ ,!l;JIB KBaHTOBblX acpcplIHHblX anre6p B IIHTerpaJibHOii cpopMe, Bbipa:lKeHHbIX qepe3 

TOKOBhie o6pa3yIOm;IIe (12, 13). 
ABTOPY npnHa,!l;Jle:lKIIT nocTaHOBKa TeOpeTIIqecKIIX 3a,n;aq, onpe,n;eJ1eH1Ie MeTO,!J;OB pe-

IIIeHIIH II IlOJlyqeHIIe KOHKpeTHblX pe3yJlbTaTOB. B ,!J;IICCepTaIJ;IIII npe,n;cTaBJleHa JIIIlllh npn

Ha)J.Jle:lKam;aa anTopy qaCTh pe3YJlbTaTOB pa6oT, BbIIlOJIHeHHblX B coaBTOpCTBe. 

HayqHaa II upaKTnqeCKaB n;eHHOCTb ,!J;IICCepTaIJ;IIII 06ycJ10BJ1eHa B03MO:lKIIOCTh!O nplI~ 

MeHeHirn IlOJlyqeHIIblX B Heil pe3YJlbTaTOB B ,!J;aJibHeiiIIIIIX IlCCJie,D;OBaIIHBX. 

Anpo6a.u;HH ~ccepTa.IJ;HH. Pe3yJlhTaTbl, IIOJlyqeHHble n ,!J;IICCepTaIJ;IIIl, HeO,D;HOKpaT

HO ,!l;OKJ18.,!J;b!BaJIIICh II o6cy)K)];aJIIICb na ceMIIHapax n Jia6opaTOPIIII TeOpeTIIqecKofi cp1I-

31IKII IIMeIIII H.H. BoroJ1106ona, OII.HII II na TeopeTnqecKIIX ceMn11apax IIT9<I> n IIT<I> 

HM. JI.,ll;. JlaH,n;ay. Pe3yJlbTaTbl ,!J;IICCepTan;nII 6hlJIII TaK:lKe rrpe,n;CTaBJieHbl aBTOpOM Ha 

nayqnhIX ceMIIHapax B YHnBepcnTeTaX Bon11a (fepManIIB), Ma,n;pII,n;a, CaparocbI (licna

HHB), KnoTo, ToKIIO, <I>yKyOKII (.Hrr01mB), PIIMa, Ila,n;yn (lITaJIIIB), IloJ11ITeXHIIqecKofi 

IIIKOJ1e B IIap1I:lKe, lincrnTYTe nucrnIIx HayqHblX ncCJie,n;oBanIIii (B10p-c10p-lineTT, <I>pa11-

l\lIB), MaTeMaTIIqeCKIIX HIICTIITYTax IIM. M.IIJ1aHKa (BoHH) II KnoTCKOro YHnBepcnTeTa, 
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KopneJihCKOM Y nnBepcnTeTe ( CIIIA), IJ;eHTpe MaTeMaTnqecKnx IICCJie,n;onaHnfi Y nnaep

cnTeTa MoHpeanB (KaHa,n;a), Jia6opaTOp1111 TeopeTnqecKoii cpH3HKH (AHcn, <I>paHn;1rn). 

Pe3yJlhTaTbl 6blmI rrpe,n;cmBJieHhl Ha Me)K,D;yHapO,!!;HblX KOHcpepeHIJ;IIBX no pa3JIIIqHblM 06-

JlaCTaM TeopeTll'leCKO:li II MaTeMaTIIqecKofi q>II31IKII B MoHpeane (2000), BoHHe (2004), 
AHCII (2005), IlpOTBilHO (2003, 2006). 

HeKOTOpbie pe3YJlbTaTbl ,!l;IICCepTall;IIII BIIOCJie,D;CTBIIII 6b!JIII IIO,!l;TBep:lK,D;eHhl Il pa3Bl!Tbl 

n pa6oTax BrroncKon IIIKOJlhI. TaK, M.,ll;:lKnM6o, T.MIIBa II X.KoH110 0606m;11J111 pe3yJ1hTa

Thl, IIOJ1yqe11Hble B rrepBoii qacrn ,n;nccepTaIJ;HII, Ha MO,!J;eJIII C 3JIJIHilTl!qecKIIMil TOKOBbIMII 

anre6paMII CIIMMeTpIIii. 

IIy6JIHKa.IJ;IIH. IIo MaTepnaJiaM IICCJie,D;OBaH11fi, npe,n;cTaBJleHHblX B ,n;nccepTat11m, 

ony6J11IKOBaHO 15 pa6oT B ne,n;ym;nx :lKYPHaJiax. 

CTpyKTypa n o6'beM ,a;nccepTa.IJ;HH. O6'beM pa60Tbl COCTaBJI.HeT 218 CTpaHl!l\ TeK

CTa C 4 pncyHKaMn, BKJIJOqa.11 6116J111orpacpnqecK1Iii CililCOK JIHTepaTyphI II3 98 Ha11MeHO

BaH11ii. 

Co,zi;ep)KaHHe ,rt;HccepTaIJ;HH 

Bo BBe,a;eHHH ,n;aH o63op COBpeMeHHOro COCTOBHIIB TeOpIIII KBaHTOBblX IIHTerpnpyeMbIX 

,D;ByMepHbIX MO,D;eJieii TeOPIIII IlOJI.H, oqepqeHhl OCHOBHbie IlOHBTIIB II MeTO,!J;bl, IICIIOJlb3Y

eMbie B ,n;nccepTau;nn, npnBe,n;eHa 06m;aB xapaKTepncTnKa pa60Tb1, a TaK:lKe 0111IcaHa ee 

CTPYKTypa no rJlaBaM. 

Bo BTOpOii rJiaBe paccMaTpnnaeTca KaHOHIIqecKoe KBaHTOBaHne CB060,D;Hb!X ~By

MepnbIX MaCCilBHbIX cpepMilOHOB IlJIIl MaCCilBHOii MO,!l;eJIIl TnppHHra B OTCyTCTBlle qeTbl

pex-cpepMIIOHHOro B3a11Mo,n;eii:CTBHH, onpe,n;eJ1BeTca n n3yqaeTcH anre6pa 3Kpa11npy10m;11x 

TOKOB, ,n;aeTca TeOpeTHKO-rpynrroBaB IIIITepnpeTan;11H rrpocrpaHCTBa COCTOBHilfi B MO,D;eJ111 

Sine-Gordon B paMKax Teop11I1 rrpe,n;craBJien11ii aJire6pb1 3Kpa11npy10m;11x TOKOB, II rrpo

nepBeTca YTBep:lK,n;eH11e O TOM, qTQ TeOPIIB npe,n;CTaBJleHllii 3TOH aJire6pb1 ,!J;OCTaBJIBeT 

perneH11e cpopM-cpaKTOpHoii rrporpaMMbl )J.JIB 3TO:li MO,D;eJIII. 

Xoporno 113BeCTHO, qTQ MaCCIIBHaH MO~eJlh Tnpp11Hra, 38.,!l;aBaeMaH JlarpaH:lKilaHOM 

STh = j dx0dx1 [½ (W(x)i-yl'8µ'11(x) 8µ\T!(x)i-yµ\Jl(x)) - m\T!(x)\Jl(x) -

; (\Ti(x)')'µ\Jl(x)/], 

3KBHBaJieHTHa Ha KBaHTOBOM ypoBHe MO,!l;eJIH Sine-Gordon 

Gsa = j dx0dx1 [½ 8µ<I>(x)~<I>(x) + 4;;2 (cos(2✓fj<I>(x)) - 1)], 

eCJIH KOHCTaHTbl B3a11MO,D;eiiCTBIIii B ,D;Byx MO,!J;eJIBX CBH3aHhl <;OOTHOIIIeHHeM 

1-(]2 
g=1r-r. 
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B § 2.1 M0,D;eJih Tnpp1mra paccMaTpnBaeTCH B T0'IKe CB060,D;HblX q>epMHOHOB g = 
0, K0r,l];a 'leTblpex-q>epMllOHH0e B3aHMO,D;eiiCTBlle B M0,n;em1 OTCYTCTByeT, ll KaHOHll'le

CK0e KBaHT0BaHne 3TOii M0,n;em1 B rrpaB0M K0Hyce (x0
)
2 

- (x
1 

)
2 < 0, x

1 
> 0 : x

0 
= 

r sh a, x1 = r ch a, r 2: 0, a E JR ,n;ByMepttoro rrpocTpaHCTBa MnttKOBCKoro 

{ 'IP+(r, a), ,it,_(r', a)} = -e-"o(r - r'), {~+(r, a), ~-(r', a)} = -e"o(r - r') , (3) 

r,n;e 

( ) ( 
'if;±(r, a) ) loo ( ( ) (4) 

W± r, a = 'IP±(r, a) = -oo dv b± v)Wv r, a 

II - rm ( e(2ivH/2)a Kiv+l/2 ( mr) ) 
Wv(r,a) - Jjrf(iv+ 1/2) e<2iv-l/2l°K;v-1/2(mr) ' v E JR 

(5) 

rro3B0Jrn:eT rrocTponTh ,n;aHHhie 'pacce~mm1'· X±(B, a) 

w(r, a)-> X±(B, a)= ~ 100 

dr e-mrchB (ijj'±(r, a)e<9-a)/2 + 'IP±(r, a)e<a-B)l
2

) , (6) 

3B0JI10D;llH K0T0pblX 110 yrJI0B0MY BpeMeHll a CB0)];IITCH K. C,!l;Bllry crreKTpaJibHOrO- rrapa-· 

MeTpa X±(B, a)= X±(B +a). O6paTHaH 3a,11;a'la 'pacceHHnH' ,!l;JIH qiepMIIOHHhIX rroJieii 

rm 1· 00 ( e<B+o)/2 ) 
W±(r, a)·= r,;; dB Z±(B + a)e-mrch 

9 
-(B+a)/_2 

2vn _00 . e 
(7) 

pernaeTCH B TepMnHax orrepaTopoB Z±(B) = X±(B + ni) + X±(B - ni), CBH3aHHhIX c 

,n;aHHbIMll 'pacceHHIIH' IIHTerpaJibHblM rrpeo6pa30BaHneM. 

l loo Z±(B') 
X±(B) = - dB' ch((B - 0')/2) 4n -oo 

(8) 

OnepaTOJ)hI X±(B) 11 ·z±(B) MoryT 6bITh Bbrpa)KeHhI 'lepe3 HerrpephIBHbie qiepMnOHHbie 

M0,!l;hI b±(v) qiopMyJiaMn • · 

1 100 (1 ) . X±(B) = - dv b±(v)I' 2 - iv eiv
9 

, 
2n _00 

. loo b±(v) eiv9 , 
Z±(B) = _

00 
~v r (½+iv) 

K0T0pbre 1103B0JIH10T l!CCJie,n;oBaTh K0MMyTau;noHHbie C00TH0IIIeHIIH ll aHaJIIITl!'leCKlle CBOii

CTBa MaTpll'IHblX 3JieM_eHT0B npon3Be,n;ettnii orrepaT0pOB 'pacceHHIIH'. 

CJie,l];ylOiu;IIM rnaroM HBJIHeTCH II0CTpoeHne 6o30Hl!3au;nn onepaTOpOB 'pacceHHn'H'. ,l],JIH 

3T0r0 paccMaTpnBalOTCH Hei!:TpaJibHbre 3apH,!l;hl, K0T0pbre rroJiy'lalOTCH_ 113 HeiiTpaJibHblX 

coxpaHHlOiu;IIXCH T0K0B II HMeroru;ne CJie,l];ylOiu;llfi Bil)]; 

a,x = 1-: dB ei,\9:Z_(B)A+(B): , a,x = 1-: dB i,\9:A_(B)Z+(B): , 

r,11;e HOpMaJihHcie yrropH,!l;0'leHne orrpe,11;eJieHo 0TH0CHTeJihH0 qiepMnOHHoro BaKyyMa. Hc

noJih3YH KaH0Hl!'leCKlle aHTllKOMMyTau;noHHbie C00TH0IIIeHml )];JIH q>epMHOHHblX MO)]; 

{b±(v),b±(v')} = 0, {b+(v), b_(v')} = o(v + v') 
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M0)KH0 Il0Ka3aTb, 'ITO Hei!:TpaJibHhle 3apH,D;bl o6pa3y10T ,D;Be aJire6pbl fei!:3eH6epra 

[a,x, aµ) = [a,x, aµ) = .M(>. + µ) 

11, CJie,D;0BaTeJibH0, B cnny KOMMyTaD;l!OHHblX C00TH0IIIeHnii, 

[a,x, z_(B)) 

(a,x,X_(B)) 

e-i,\Bz_(B), 

e-i,\9 X_(B) , 

[a,x, X+(B)) = -e-i.\9 X+(B) , 

[a,x, Z+(B)) = -e-i,\B Z+(B) 

(9) 

{10) 

MoryT 6h1Tb IICil0Jlb30BaHbl ,!l;JIH 6030Hll3au;nn orrepaT0p0B 'pacceHHIIH'. 8TH q>OpMyJihl 

no3B0JIHIOT 6o3oHn3oBaTb orrepaTopbl X+(B) n Z_(B) B TepMnHax cBo6o,n;Horo 6o30HHO

ro rroJIH, nocTpoeHHoro 113 HerrpepbIBHhrx 6o3oHoB a,x, a onepaTOphl X_(B) 11 Z+(B) B 

TepMnHax aHanorn'IHoro cB060,n;Horo rroJIH, nocrpoeHH0ro 113 6o3oHOB a,x . O,n;HaKo B cnJiy 

COOTII0IIIeHnii (8) BCe onepaT0pbI pacceHHIIH )];0JI)KHbl Bbipa)KaTbCH Jill60 'lepe3 6o30llbl 

a,x, mr6o '1epe3 a,x. JierKo rrpoBepnTh, 'ITO 3TII orrepaTopbI 11e 06pa3y10T Me)K,ll;Y co6oii 

3aMKIIYT0ii aJire6pb1. II03TOMY, 'IT06bl o6ecrre'll!Tb C00TH0IIIel!l!H (8) Ha ypoBHe 6030Hll-

3au;nn, BB0,!l;HTCH 3Kpa1111py10ru;ue T0Kll t:(u) ll i"(u) TaKne, 'ITO 

Z+(B) = 2n2i { du e0-uz_(0)£(u) - 2n2i { du e9-u&(u)Z_(0) 
le, le. 

X+(B + ni) + X+(B - ni) , (11) 

Z_(B) = 2n2i { du e0-uz+(B)F(u) - 2n2i { du e0-u.t(u)Z+(B) 
le, le. 

X_(B + ni) + X_(B - ni) . (12) 

,l],anee paccMaTpnBaeTCH KBaHT0BaH MaTpnu;a M0II0,D;p0Mllll B M0)];eJIII Sine-Gordon npn 

yrJI0B0M KBaHT0BaHl!II, accou;nnpoBaHHaH C JIY'I0M a = const. C.JlyKhHHOB ,!1;0Ka3aJI, 'ITO 

MaTpll'IHb!e 3JieMeHTbl 3T0H MaTpllll;bl M0HO,!l;p0MIIII HBJlHlOTCH KBaHT0BbIMII aHaJI0raMn 

KJiaCCll'leCKIIX q>yHKD;llH fl:ocTa, CBH3aHHbIX C llHTerpaJiaMn ,!l;Bll)KeHl!H B paccMaTpnBa

eM0ii MO,!l;MI!. HHTeprrpeTau;nH onepaTOp0B Z±(B) KaK orrepaTopoB 0lll!CbIBaroru;nx co

CT0HHIIH, npnB0,!l;llT K ecTeCTBeHH0MY q>ll31!'1eCKOMY Tpe6oBaHl!10 K0MMyTaTllBH0CTI! 3TllX 

orrepaTopOB II MaTpll'IHbIX 3JleMeHTOB Z~(a) yrnoBoii MaTpl!D;bl M0H0,D;p0MIIII C T0'IH0-

CTblO ,n;o HeK0T0poii CKaJIHpH0ii q>a30B0ii q>yHKD;IIII. 8TO Tpe6oBanne Il03B0JIHeT Il0CTp0l!Tb 

603onn3au;1110 onepaTOpa Z'._(a) '1epe3 a,x, a Z~(a) 'lepe3 a,x. Tpe60Banne 603011113a

u;nn onepaT0p0B Z~(a) B O,!l;H0M II TOM )Ke q>OKOBCKOM rrpocTpaHCTBe Il03B0JIHeT BBeCTll 

BTopyro napy 3Kpannpyroru;nx T0KOB &(u) n F(u) TaKyro, 'ITO nn6o napa &(u) 11 F(u), 
JI1160 napa &(u) 11 i"(u) o6pa3yroT 3aMKHYTY10 aJire6py Ha ypoBHe 6o3ottn3au;nn. KaK 

6y,n;eT · noKa3aHo B cne,11;Y10ru;eM rraparpaqie, 3Ta aJire6pa coBrra,n;aeT c aJire6poii ,n;nnaMn

'lecKnx cnMMeTpnii )];JIH Mo,n;enn Sine-Gordon B TO'IKe cB060,n;HhIX qiepMnoHOB ( /32 = 1 ) 
11 npn 3Ha'leHnn u;eHTpaJibHoro 3apH,n;a paBnoro 1. 

B § 2.2 3Ta aJire6pa T0K0B q>OpMyJinpyeTCH npn np0113B0JlbH0M ,n;orrycTl!M0M 3Ha'le

HIIII nepenopMnpoBaHH0ii K0HCTaHTbl B3al!M0,D;eiiCTBIIH B M0)];eJII! Sine-Gordon € = 6, 
11 o603Ha'laeTCH Ait{(d2). O6pa3y10ru;ne aJire6pb1 3KpaHnpyroru;nx T0K0B co6panhr B npo-

113B0,!l;Hiu;l!e q>yHKD;IIII, 113 KOTOpbIX M0)KH0 C0CTaBIITb L-onepaTop 

L(u €) _ ( L++(u,E) L+_(u,E)) 
' - L_+(u,E) L__(u,E) 
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TaK, 'ITO KOMMyTall,llOHHbie COOTHOllleHnH B anre6pe 3MaIOTCH COOTHOllieHllHMll 

[c,L(u,€)] = 0, 

R+(u1 - u2, € + c)L1(u1, €)~(u2, €) 

qdetL(u, €) = L++(u - i7r, €)£ __ (u, €) 

eaK L(u, €) = L(u + a, €)eaK , 

~(u2,€)L1(u1,€)R+(u1 - U2,€r;· (13) 

L+-(u - i7r, €)L-+(u, €) = 1 , (14) 

r)];e C eCTb IJ,eHTpaJibHblii 3JieMeHT B 3TOii anre6pe, orrepaTop K llMeeT 4Jll3H'IeCKllii 

CMbICJI orrepaTopa 6ycra, a R-MaTpllIJ,a rrpaKTll'IeCKll COBTia)];aeT c S-MaTpllIJ,eii COJIIITOH

aHTllCOJillTOHHOrO pacceHHllH B MO)];eJill Sine-Gordon 

n+(u,€) = 

n(u,€) 

b(u, €) 

r+(u)n(u,€), n(u,€) = r(u,€)1?.(u,€), 

(

1 0 0 0) 0 b(u,€) c(u,€) 0 
O c(u,€) b(u,€) O ' 
0 0 0 1 

sh!! 
-~{ 

sh u-1ri , 
( 

sh iZ£ u 
c(u,€) = - sh.,!"; , r+(u) = icth (-2) 

{ 

( ) _ ( ·100

d>.sh)../2 sh(€'.....1))../2 . (>.u)) 
r u, € - exp . 2i 

O 
).. sh ).. sh €>./2 sm 7r 

(15) 

(16) 

Y'IIITb!BaH yCJIOBlle KBaHTOBoro ,Ll;eTepMllHaHTa (14) L-onepaTop MO,KHO npe)];cTaBllTb B 

Bll)];e pa3JIO)KeHnH faycca 

L(u €) = ( 1 f(u) ) ( k(u + i7r)-
1 

O )· ( 1 o ) 
' 0 1 0 k(u) e(u) 1 ' 

a 3KpaHnpyIOill,lle TOKH E(u) ll F(u) CBH3aTb C rayccOBb!Mll KOOp,Ll;llHaTaMn q>opMyJiaMn 

3a)];a'In PnMaHa 

( iC'lr) ( . iC'lr) e u- 4 +e u-m€- 4 =€sin(7r/€)E(u), (17) 

( iC'lr) ( . iC'lr) . . f u+ 4 +f u-i7r€'+ 4 =€'sm(7r/€')F(u), (18) 

r)];e €' = € + C. ,Uanee B )];HCcepTall,llll paCCMaTpIIBaeTCH 6o30HH3aIJ,HH anre6pbl A1;{(iz2) 

3KpaHnpyIOill,llX TOKOB na ypOBHe C = 1 nerrpepbIBHb!Mll 6o30HaMII, YAOBJieTBOpHIOill,HM 

KOMMJTall,llOHHbIM COOTHOIIIeHllHM, 

sh "~ sh "~(Hl) 
[a~, aµ] = >. h 2

, ~ o(>. + µ) = c(>.)o(>. + µ) 
s 7rA sh 2 

II ,Ll;OKa3b!BaeTC.H COBIIMeHIIe 3TOii 6030HH3all,Hll rrpn € = 1 C IIOJl_l'IeHHOii ll3 anann3a 

YrJIOBoro KBaHTOBaHHH MaCCIIBHblX q>epMIIOHOB. y anre6pb1 A1;{(sl2) KpOMe 6ecKOHe'I

HOMepnb!X rrpe)];CTaBJieHnii Ha ypoBHe c = 1 eCTb KOHe'IHO-MepHbie npe)];cTaBJieHHH rrpn 

c = 0 • CJie,Ll;yH II)];eonornn yrJIOBoro KBaHTOBaHllH Ha 6ecKOHe'!HblX pellieTKax, BBO)];.HTCH 
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)];Ba Tllna CIIJieTaIOill,llX onepaTOpOB Me)K,Ll;y npe)];CTaBJieHllHMll ypoBHH 1 ll TeH30pHb!MII 

rrpO!l3Be)];eHllHMll npe)];CTaBJieHilii ypoBHeii 1 II 0. Bo30Hll3aIJ,IIH anre6pbl 3KpaHnpyIOill,llX 

TOKOB II HeCTaH)];apTHOe KOYMHO)KeHiie B anre6pe 3KpaHIIPYIOill,llX TOKOB 

t.L;;(u,€) = LLk;(u-i7rc<
2
>/4,€+c<

2
>) ® L;k(u+i7rc<

1
>/4,€) 

k=± 

Il03BOJIHIOT IlOJIY'IllTb 6o30Hil3aIJ,llIO KOMTIOHeHT CIIJieTaIOill,llX onepaTopOB n Bbl'IIICJillTb 

llX KOMMyTaIJ,llOHHbie COOTHOlllemrn. ,UoKa3bIBaeTCH, 'ITO qrrepaTOpbl nepBOl'O nma KOM

MyTHpyIOT Ha R-MaTpney ll3 KCMMyTaIJ,HOHHbIX COOTHOllieHnii 3JieMeHTOB MaTpllIJ,bl MO-

HO,Ll;pOMllII B Mo)];eJin Sine-Grdon c napaMeTpOM )];eq>opMaIJ,Illl q = exp ( 7ri[h) , a onepa

TOpbl BTOporo TIIIIa Ha S -MaTpney pacceHHllH aCIIMilTOTII'IeCKIIX COCTOHHllii B 3TOii MO

)];eJill, KOTOpaH OTpa,KaeT KBaHTOBO-rpynrrOBYIO npilpO)];y npocTpaHCTBa COCTOHHllii 3TOii 

MO)];eJill C ·)];yaJibHb!M rrapaMeTpOM )];eq>opMaIJ,llll q = exp (7ri4"1) . TaKllM o6pa30M, rrpe)];-

CTaBJieHllH ypoBHH 1 anre6pbl A1;{(iz2) )];aIOT ecTecTBeHnoe 06'bHCHenI1e ABYX KBaHTOBO

rpynnOBbIX CIIMMeTpilii B MO,L1;em1 Sine-Gordon c )];yaJihHbIMII rrapaMeTpaMII ,L1;eq>opMaIJ,nn 

q ll <I . B rrpe)];eJie K TO'!Ke CB06o.zi;nhlx qiepMllOHOB € --> 1 KOMIIOHeHTbl CIIJieTaIOill,IIX orre

paTopoB rrepBoro n BToporo Tuna rrepeXO)];HT B KOMIIOHenThI KBaHTOBbIX qiynKIJ,nii MocTa 

z~ (a) II B KOMIIOHeHTbl ,Ll;aHHbIX pacce.HHllH )];JIH CB060,Ll;HbIX MaCCllBHblX q>epMllOHHbIX 

IIOJieii Z±(0) COOTBeTCTBeHHO. . 

B § 2.3 rrpOBOAUTCH IIO)];po6noe llCCJie)];OBanne rrpOCTpaHCTBa aCHMIITOTll'IeCKIIX COCTO

HHllii B MO)];eJin Sine.:_Gordon c HCIIOJib30BanneM CBOiiCTB II CTPYKTYP anre6pbI 3KpaHnpy

IOill,HX TOKOB A1;((sl2). IlOJIHOe rIIJib6epTOBO rrpocTpaHCTBO COCTOHHllii B 3TOii MO)];eJin 

OTO,K)];eCTBJIHeTCH C TeH30pHbIM rrpOH3Be)];enneM HL®HR ABYX B3aHMHO ,Ll;yaJibHbIX 6eCKO

ne'IHOMepHblX MO,Ll;yJieii ypOBHeii 1 n -1 Ha)]; anre6poii A1;((iz2). CocTOHHllHM COIIOCTaB

JIHIOTCH orrepaTOpbl, )];eiiCTBYIOill,He B O,Ll;HOM ll3 MO,Ll;yJieii, B '!aCTHOCTII, acnMIITOTH'IeCKHe 

COCTOHHIIH 101, .•. , 0n},1,···••n OTO)K)];eCTBJIHIOTCH C rrpOH3Be)];eHllHMll orrepaTOpOB 

101, • · •, 0n},1, ... ,<n = z;1 (01) •.. z;J0n)e"K , (19) 

rrpO)];OJI)KeHHbIMll aHaJIHTH'IeCKII . na Belll,eCTBeHnyro och, r)];e Zl ( 0) crrneTaIOill,ne orre

paropb1 BTOporo TllTia, a 4Jll3ll'IeCKilii BaKyyM OTO)K)];eCTBJIHeTCH C orrepaTopoM 6ycTa 

lvac}ph = e"K: -Y:nCJio n B (19) 03Ha'IaeT 'IllCJIO ::ineMenTapHbIX B036y)K)];ennii nnn 'KBa-

3H'IaCTnIJ,', y'IaCTBYIOill,llX B o6pa30BaHHll 3TOro COCTO.HHHH. 

CorrpH)KeHHble COCTOHHllH 3MaIOTCH rrpOH3Be)];eHllHMII )];yaJibHbIX orrepaTOPOB Z±(0) = 
Z~(0 +7ri): 

e1,. .. ,<n (01, •• •, 0nl = e"K Z,1 (01) ..• Z,J0n) . 

<I>opM-q>aKTOpbl orreparopa O MOryT 6b!Tb rrpe)];CTaBJieHbl B BH)];e CJie)];OBOii 4JOPMYJibl 

ph(vaclOl01, .•. , 0n},1,····•n = TrrtR (e
2
"Koz;l (01) .•. z;J0n)), (20) 

r)];e 6 .HBJIHeTCH HeKoTOpb!M orrepaTopoM, )];eiiCTBYIOill,llM B rrpocrpaHCTBe HR n COOT

BeTCTBYIOill,IIM llCXO,Ll;HOMY JIOKaJibHOMY orrepaTopy O • ,UeiiCTBHe MaTpllIJ,bl MOHO)];pOMllll 

B IIOJIHOM rllJib6epTOBOM npocrpaHCTBe MO,Ll;eJIII, KOTOpoe HBJIHeTCH rrp.HMOii cyMMOii IIO,Ll;

rrpocrpanCTB H = H0(J)H1 c 'IeTHbIM Ho II ne'IeTHblM H1 'IIICJIOM KBa3H'IaCTllll, 3a)];aeTcH 

q>OpMyJIOii 

'T,,,(a) · Xk = (g'(€)}-l Ek Z~(a) · Xk · Z'._,,(a), k= 0,1 (21) 

9 



H CTa6HJJbHOCTb qm3H'IeCKoro BaKyyMHOro BeKTOpa .HBJU!eTC.H CJie,!l;CTBHeM CBOlfCTB CIIJie

Taror.u;ux orrepaTOpOB Z±(a) rrepBoro Tima. IlOKa3aHO KaK KBaHTOBble CHMMeTpHH rrpo

CTpaHCTBa COCTO.HHHii B MO,n;emr Sine-Gordon rrpeBpar.u;aIOTCH B KJiaCCH'IeCKHe B TO'IKe 

CBo6o,n;HhIX q>epMHOHOB rrpu ,E -> 1 . ·'· 
B § 2.4 cq>opMynupoBaHhl aKCHOMhI q>opM-q>aKTOpOB B Mo,n;enu SG. Ilo KOHCTPYK~nn, 

q>OpM-q>aKTOpbI, rrpe,n;cTaBJieHHbre CJie,n;aMH (20), aBTOMaTH'IeCKH y,n;OBJieTBOpHIOT BCeM 

aKCHOMaM 3a HCKJIIO'IeHHeM o,n;noii: 

211"£9 eres _ F(01, ... '0n),,, ... ,,n = F(01, ... '0n-2),~,---,<~-2t5•n,-<n-l 
n= n-1-1n 

X 8,1 ·" "(5,n-2 - S,,,r, (01 - 0n_i) ... S<n-2,<n-l (0n-2 - 0n-I) , (

' f~ f~-2 f~,f~-1 f~-2,Tn-3 ) (22) 

KOTopaH OIIHCbIBaeT aHaJIHTH'IeCKHe CBOHCTBa q>OpM-q>aKTOpOB KaK <PYHK~Hii: 6hICTpOT n 

II03BOJIHeT peKOHCTpyHpOBaTb BCe q>opM-q>aKTOpbI ,!l;Jl.H ,n;aHHOrO JlOKaJibHOrO orrepaTopa 

3HaH TO'IHblii: OTBeT ,!l;Jl.H MHHHMaJibHOro q>OpM-q>aKTOpa Toro )Ke orrepaTopa. 8 3TOM rra

parpaq>e Herrocpe,n;CTBeHHbIM BbI'IHCJieHHeM rrpoBep.HeTc.H, 'ITO CJie,n; (20) y,n;oBJieTBOp.HeT 

aKCHOMe (22), H, CJie,n;oBaTeJibHO, TeOpH.H rrpe,n;cTaBJieHHii: anre6pbI 3KpaHHpyror.u;nx TOKOB 

A 1;{(d2) ,n;aeT perneHHe q>opM-q>aKTOpHofi rrporpaMMhI B Mo,n;eJIH Sine-Gordon. 

fJiaBa 3. B TpeTbeii: rnaBe H3y'IaIOTC.H o6o6r.u;eHHble q>opM-q>aKTOpbI B SU(2)-HHBa

puaHTHOii: Mo,n;eJIH TuppHHra. AJire6pa ,!J;HHaMn'IeCKHX CHMMeTpHfi B 3TOii: MO,!J;eJIH IIOJiy'Ia

eTC.H H3 anre6pb1 Ai;{(J2) B rrpe,n;eJie ,E-> +oo H B ,n;aHHOfi rnaBe rrp0Bep.11e-rc.11, 'ITO Teo

pH.H rrpe,n;cTaBJieHIIH 3TOii: anre6pbl, He06XO,!J;HMa.H ,!l;Jl.H anre,6paH'IeCKOro aHaJIH3a ,n;aHHOii: 

Mo,n;enu, HMeeT xoporno orrpe,n;eJieHHhrfi rrpe,n;en rrpu ,E -> +oo . TaK)Ke B 3TOfi rnaBe .HBHO 

Bbl'IHCJI.HIOTC.H CJie,!J;bI OT rrpOH3Be,n;eHHfi CIIJieTaror.u;ux orrepaTOpOB H rrpOBO,!J;HTC.H OTO)K

,n;eCTBJieHHe IIOJiy'IeHHblX HHTerpaJibHbIX q>OpMyJI C q>OpM-q>aKTOpal\rn orrepaTopOB TOKa H 

TeH3opa 3HeprHH-HMIIYJlbCa. BeKTOpH03Ha'IUa.H 'IaCTb HIITerpaJibIIOro rrpe,n;CTaBJieUH.H ,!l;Jl.H 

q>opM-q>aKTOpa OTO)K,!J;eCTBJIHeTC.H c o6o6r.u;euHbIM BeKTOpOM BeTe, IIOCTpoeuubIM B Tep

MHl!ax TOKOBbIX 06pa3yror.u;nx anre6pbl 3KpaHHpyror.u;ux TOKOB B SU(2)-HnBapuauT°iioii: 

Mo,n;enn Tuppuura. 

B § 3.1 q>opMyJiupyeTC.H anre6pa 3Kpaunpyror.u;ux TOKOB A0(J2 ) ,n;JI.H 3Tofi MO,n;eJin KaK 

rrpe,n;eJI rrpu ,E -> +oo anre6phr A 1;{(J2). IIpoBep.HeTC.H, 'ITO KOMMyTa~nOHHble cooTuo

rneuH.H B 3TOfi anre6pe, 3aIIHCaUUb!e B TepMHUax rrpOH3B0,[\.HIIJ;HX L-orrepaTOpOB, COBrra,n;a

IOT c KOMMyTa~HOl!llblMH COOTHOllleUH.HMH B ~euTpaJibIIO-pacrnHpenHOM ,n;y6Jie .HUrHaHa. 

Bb!JIO ,n;aBUO H3BeCTUO, 'ITO 3Ta anre6pa .HBJI.HeTC.H anre6pofi ,!J;HUaMH'IeCKHX CHMMeTpHfi 

B HeKOTOpb!X MaCCHBUbIX HUTerpupyeMbIX MO,!l;eJI.HX TeOpHH IIOJIH, o,n;naKo, ee CTan,n;apT

ua.H peaJIH3a~HH ue II03BOJIHJia rrpHMeIIHTb MeTO,!J;bl anre6pan'IeCKoro aHaJIH3a B 3THX 

Mo,n;eJI.HX. XoT.H KOMMyTa~uouuhle cooTnorneHHH ,!l;Jl.H anre6pbI Ao(d2) H ,n;y6JI.H .HHrHaHa 

COBrra,n;aroT, KaK TOIIOJIOrH'IeCKHe anre6pbl OUH cyr.u;eCTBenuo pa3JIH'IaIOTCH. B OTJIH'IHe OT 

anre6pbl Ao(J2)' ~euTpaJibUO-pacrnupeHHblii: ,n;y6Jib .HHrnaua .HBJI.HeTC.H q>HJibTpOBaHHOfi 

6ecKOHe'IHOMepuofi anre6poii: H ero TeOpH.H rrpe,n;cTaBJieuuii: IIJIOXO corJiacoBaua c rrpnJio

)KeUH.HMH B TeOpHH IIOJI.H. ,n:anee, 6030UH3a~HH anre6pbI Ao(J2) ua ypOBUe 1 H CIIJieTaro

r.u;ux orrepaTopOB ,!l;BYX THIIOB Me)K,n;y 6eCKOUe'IUOMepHbIMH rrpe,n;cTaBJieUH.HMH IIOCTpoeuhl 

KaK rrpe,n;eJihI ananorn'IHhIX KoncrpyK~Hfi B anre6pe A1;{(d2). 

B § 3.2 Bbl'IHCJIHIOTCH CJie,[\bI OT rrpOH3Be,n;eHHfi CIIJieTaror.u;ux orrepaTopoB, HCIIOJib3Y.H 

TeXUHKY, rrpe,!l;JIO)Keunyro JI.KnaBeJIH H ,n:)K.lllarrupo B ,L\yaJihllhIX Mo,n;enHx. Pe3yJihTaTOM 

3Toro Bbl'IHCJieHH.H .HBJI.HeTC.H Hl!TerpaJibHOe rrpe,n;CTaBJieHHe ,!l;Jl.H CJie,[\OB Tnrra HUTerpaJIOB 
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Bapnca. B 3TOM )Ke rraparpaq>e pa3pa6aTbIBaIOTC.H MeTO,[\bl BbI'IHCJieUHH 3THX HHTerpaJIOB 

H HCCJie,n;yeTC.H BOrrpoc, KOr,n;a 3TH Hl!TerpaJibI MOryT 6bITb BbI'IHCJieUbl TO'IIIO. 

B § 3.3 rro,n;po6uo H3y'laeTC.H CJie,[\ OT rrpOH3Be,n;eHH.H ,L\BYX orrepaTOpOB rrepBOro THIIa 

H rrpOH3B0JlbHOro 'leTHOrO 'IHCJia CIIJieTaror.u;nx orrepaTOpOB BTOporo THIIa, H Bbl.HCHHIOTC.H 

yCJIOBH.H, rrpH KOTOpbIX 3TOT CJie,n; coBrra,n;aeT C q>OpM-q>aKTOpOM 11eii:TpaJibl!Oll KOMIIOHeH

Tbl TOKa B SU(2)-HHBapHaHTHOii: MO,[\eJIH TuppHHra, IIOJiy'IeHHOro B paMKaX CTaH,n;apT

HOro S-MaTpH'IHOro IIO,[\XO,[\a: 

2n II C (/3; - /3j) F(/31, . .. , f32n),,,. .. ,<2n w'•,·· ·'2n (/31, ••. , f32n) , (23) 

i<j 

r,n;e KOMIIOHeHTbl q>OpM-q>aKTOpa F(/31, · · · , f32n),1 ,. .. ,,2n B crre~~aJibHOM 6a3nce w'1
,··,<

2
n E 

(C2)02n, 3a,n;aHhl ,n;eTepMHHaHTHbIMH q>OpMyJiaMn: 

(I: /3j - I: /3j - n1ri) 
jEB+ jEB- . . . - det 11100 dvf1i(vlf3B-,f3B+)e(n-2l+I)vll · II ({3; _ /3j _ 7rZ) J,l-1,2,-·· ,n-1 _00 

(24) 

iEB+, jEB-

MHO)KeCTBO 6bICTpOT {/31, ••• 'f32n} rro,n;eJieHO 

rJiaCHO rrpaBHJia B+ = {j : Ej = +} , n
,n;eq>OpMHpOBaHHbie ',!J;Hq>q>epeH~llaJibl' 

Ha ,!J;Ba II(),!J;MHO)KeCTBa 13B+ n fJB- co

{j : Ej = - } . <l>opMyJia · (24) co,n;ep,KHT 

2n 

ni(vl/3B-, f3B+) = II rp(v - f]i)Qi(v), j = 1, ... , n - I , 
j=l 

orrpe,n;en.HeMbie q>a30B0fi q>yHK~Hefi rp( V) 

rp(v) = r (~) r (! -~_) 
21rz 2 21rz 

H IIOJIHHOMaMH 

Qj(vlf3B-,f3B+) = II (v -{Ji) [T,r; (vi-n II (v -/3j))] + 
jEB+ jEB- + 

+ II (v - /3j - 1ri) [T,r; ((v -1rir-j II (v - {Jj))] 
jEB- jEB+ + 

,ll.JI.11 npOH3B0JlbHOii: pa~HOHaJibHOii: <PYHK~HH f ( V) CHMBOJI · Ta 03Ha'IaeT pa3HOCTHYIO npo-

H3B0,!l;HYIO 
Ta (f(v)) = J(v) - J(v - a) , 

a o6o3Ha'IeHne (J(v)J+ 03Ha'IaeT rro.nnHOMHaJihHYIO 'IaCTh pa~HOHaJibHOii: q>yHK~Hn J(v). 
KaK BeKropiio311aq11a.11 q>JHK~H.H 6hlcTpOT {Ji , q>opM-q>aKTOp (23) y,n;oBJieTBopaeT pa3-

HOCTHOMY HJIH ,n;eq>opMnpoBaHHOMY ypaBHennro Kii:n)KHHKa-3aMoJio,!l;'IHKOBa, nHTerpaJib

Hbie perneHH.H KOToporo ncnoJii,3yroTc.H B. S-MaTpH'IHOM rro,n;xo,n;e ,!l;Jl.H BoccTanoBJieHnH 

q>OpM-q>aKTOpOB JIOKaJibHbIX orrepaTOpOB. 
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KpoMe CTaH,n;apTHOrO s -MaTpH'IHOro no,n;xo,n;a, o6m;a.H Teopm1 nocTpOeHUH HHTerpa.Jib

HblX perneHHil pa3HOCTHbJX ypaBHeHnil KHH)KHHKa-3aMOJIO,D;'IHKOBa 6blJJa pa3BUTa B pa-

6orax A.Bap'IeHKO H B.TapacoBa. O,n;HaKo, ,D;JJH o,n;HIIX H TeX )Ke cpopM-<paKTOpoB o6e 

3TH TeOpHII, TaK)Ke KaK II a.Jire6paH'leCKilil no,n;xo,n;, npe,D;JJO)KeHHblil B HaCTOHm;eil ,D;HC

cepTaIJ;Hll, ,n;aBa.JI pa3JJH'IHble HHTerpa.JibHble npe,n;craBJJeHHH, KOTOpble OTJJH'la.JIHCb KaK 

KOJJU'leCTBOM HHTerpa.JIOB, TaK H crpyKTypoil nO,D;blHTerpaJJbHbIX Bblp~eHHH II cpop

MOil KOHTypoB HHTerpHpOBaHHH. TaK, 2n-'laCTH'IHblH q>OpM-<paKTOp (24), Bbl'IHCJJeHHblil 

B s -MaTpH'IHOM no,n;xo,n;e, 33.,!J;aeTCH n - 1-KpaTHblM llHTerpa.JIOM, TeOpHH ypaBHeHl!ll 

KHI!)KHHKa-3aMOJJO,D;'IHKOBa ,n;aeT ,!l;JJH 3TOH BeJlll'IIIHbl n -KpaTHOe UHTerpa.JibHOe npe,n;

CTaBJJeHHe, a a.Jire6paH'lecKHil no,n;xo,n; 

2n 2n 

II ((/3; - /3i') II sh-1 (a -/3;) x 
i<i' j=l 2 

2n /3 ) n 
X IIn r dvk II cp(vk - j . P,(v;/3) II (vk - Vk' + 1ri) X 

Jc 21ri . (vk - /3; + ,n) k<k' k=l J=l 

2n (u _ /3;) IIsh -2~ 

x fr sh(v, - v,,) !] sh (v, - •l L ;; sh(:: o) fr sh (u·- v,) ' 
k<k' k=l 

(25) 

n + 1-KpaTHOe HHTerpa.JibHOe npe,n;CTaBJJCHile. B (25) HHTerpHpOBaHHC no nepeMeHHOil 

u nOHBJJHeTCH H3 6030HH3aIJ;HH onepaTopOB nepBOJ'O THna, a OCTa.JlbHbJe n HHTel'pI1pOBa

HHil no nepeMeHHbJM Vk' k = I, ... ' n - H3 6030HH3aIJ;Hll onepaTopOB BTOpom THUa. B 

q>OpMyJJe {25) nOJJHHOM P,( v; /3) 

n 

P,(v;/3) = II IT (vk - /3;) II (vk - /3; + 7ri), bk En+ (26) 
k=l j>bk j<b• 

onpe,n;e.rrHeT 3aBIICHMOCTb KOMnoHeHTbl q>OpM-cpaKTOpa OT BeKTOpHOJ'O IIH,D;CKCa E = { E1, 

. • . 'E2n} npH pa3JJO)KeHHH noCJJe,n;Hero no 6a3HCY w'1 © ... © w•2n B TeH30pHOM npo

Il3Be,n;eHHH ,D;ByMepHbIX npocrpaHCTB (C2)®2n' r,n;e w± BeKTOpa CTaH,n;apTHOI'O 6a3nca B 

C2 
• KOHTYP C' B HHTerpHpOBaHHH no nepeMeHHOil U H,D;eT napa.JIJJeJ!bHO Bem;eCTBeHHOil 

npHMOH OT -oo ,D;O 00' TaK 'ITO TO'IKH a -i7r{r+ 1)' Vk -i7r(r + 1) HaXO,D;HTCH no,n; KOH

TYPOM C', a TO'IKH a+ i1rr, vk + i7rr Haxo,n;HTCH Ha,n; KOHTypoM C', ,D;JJH r = 0, 1, 2,. :· • 

II k = 1, ••• , n. KoHTYP HHTerpHpoBaHHH C B cpopMyJJe (25) cym;ecTBCHHO OTJJil'laeTCH 

OT KOHzypa HHTerpHpOBaHHH B cpopMyJJe (24) H npOXO,D;IIT OT -oo ,n;o 00 HH)Ke TO'ICK 

/3; + i7r(2r - 1) H BblIIIC TO'leK /3; - 2i7rr ,!l;JJH r = 0, 1, 2, ...• 

B ,D;HCCCpTaIJ;HH 6bJJJO nOKa3aHO, 'ITO CTpyKTypa nO,D;blHTCI'pa.JibHOJ'O Bb!pa)KeHirn, B03-

HHKaIOm;a.H npH Bbl'IHCJJeHHH CJJC,D;OB OT npOH3Be,n;eHHil ,D;Byx H 2n cnJJeTa!Olll;HX onepa

TOpOB nepBoro H BTOporo THna, n03BOJJHeT npoBeCTH HHTerpHpOBaHHe no nepeMeHHOil U 

HBHO. B pe3yJJhTaTe noJJy'laeTCH n-KpaTHblil: HHTel'paJJ TOro )Ke THna, 'ITO H B TeOpHH 

ypaBHeHHil K3. ,Il;aJJee 6blJJO nOKa3aHo, 'ITO crpyKzypa nO,D;bIHTerpaJJbHOro Bblpa)KeHHH 

B aTOM HHTel'pa.ne TaKOBa, 'ITO O,D;HO H3 IIHTel'pHpOBaHHil MO)KHO OnHTb BbIIIOJJHHTb HBHO 
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n noJJy'IUTb B pe3yJJbTaTe nHTerpa.JibHYIO cpopMyJJy ,D;JJH cpopM-cpaKTopa (23). TeM ca

MbIM 6b!JJO OKOH'laTeJibHO ycTaHOBJJeHO COBna,n;eHue BCCX Tpex Teopnil B npuJJO)KeHUU K 

paccMaTpl!BaCMOH. ,n;ByMepHOH KBaHTOBOil HHTCI'pupyeMOH Teo pun nOJJH. 

B noCJJe,D;HCM naparpacpe § 3.4 TpeTbeil l'JlaBbl 113yqaeTCH BCKTOpHaH 'laCTb q>OpMJJJbl 

(25)
1 

Symv (II V;:. ~: n L{,} P,,~---"2n ~~; /3)w'' @ • • •@ w•2n) ' 
•<1 '1 ni=lnj=l(V;-/3;+n) _ 

r,n;e CUMMeTpu3aIJ;HH cpyHKIJ;UU F(vi, ... 'Vn) 03Ha'laeT 

1 
Symv (F(v1, ... , Vn)) = 1 L F(vu(l), ... , Vu(n)). 

. . n. uESn 

TO'IHCC,.,!J;OKa3bIBaeTCH COOTHOIIIeHue ,D;JJH o6o6m;eHHblX BeKTOpOB BeTe 

s (II V; - Vj + h L{,} P,,, ... ,,2J v; /3)w'' © 0 0 0 © w'2n) 
YIDv i<j V; - Vj . n~=l n::1(V; - /3; + n) 

= ~(2n) (B±(v1) · · · B±(vn)D±(v1f1 
• • • D~(vn)-1) 0(/3) , . (27) 

r,n;e onepaTOpbl B±(v) 11 D±(v) ucnoJJb3YIOTCH npn R-M~TpH'IHOil: cpopMyJJupoB~e a.JI

re6pbI Ao(;z2) 

L±(v) _ ( A±(v) B±(v) ) _ ( k±(v + h)-1 + J±(v)k±(v)e±(v) J±(v)k~(v) ) 
- c±(v) D±(v) - . k±(v)e±(v). k±(v) 

H ,n;eil.CTBYIOT B KOHe'IHOMepHOM npe,n;CTaBJICHHH C:2(/3) 3TOH a.Jire6pbl no cpopMyJJaM 

7rp (e±(v)) w- = 0, 

n -
7rp(e±(v))w+= v-/3+h w' 

v-/3 -
1rp(h±(v))w- = v-/3+h w ' 

7rp(J±(u))w+ = o 
' 

11"(3 (J±(u)) w- = n + 
v-/3+h w' 

7rp (h±(v)) w+ = v - /3 + 2/i + 
v-/3+n w ' 

r,n;e h±(v) = k±(v + n)-1k±(v)-1 • ,Il;eilcTBue aTHX onepaTOpOB B TCH30pHOM npon3Be,n;e

HHH C2(/3i) • • • (:2(/32n) 33.,!J;aeTCH 2n-KpaTHOH HTepan;Heil OT06pa)KCHIIH KOYMHO)KeHUH, 

33.,D;aHHOro Ha 3JJCMCHTax L-onepaTOpOB cpopMyJJaMu 

2 

~Lt(u) = LLt(u)©L!(u), (28) 
k=I 

a BeKTOp 0(/3) = W-@ · · •@ W- E (:2(/31)@ • • ·@ C2
(/32n) Y,D;OBJICTBOpHeT COOTHOIIIeHHHM 

2n 

~(2n) (c±(v)) 0(/3) = 0, ~(2n) (D±(v)) 0(/3) = IIP±(v -/3;)0(/3)' 
j=l 

1 Ii= ,ri. 
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,zvrn IIeKOTOpb!X CK3.JU!pHbIX q>yHKIJ;IIH p±(v). 11crroJib3Y.H KOYMHO)Keune (28) MO)KHO ,[\OKa-

3aTb TO)K,[leCTBO (27) rrp.HMblM BbJq11cJieH1IeM, O,[\HaKO B ,z:i;nccepTaIJ;lllI rrpl!BO,[ll!TC.II ,z:i;pyroi1: 

crroco6 ero ,[IOKa3aTeJihCTBa, KOTOpb1i1: rro3BOJI.HeT o6o6iu;eHne Ha cnyqai1: anre6p cTaprnero 

paHra, r,z:i;e Bb1qucnemrn C ITOMOIIJ;blO q>OpMyJibl (28) BeCbMa 3aTpy,z:i;mITeJibHbl. CoOTHOIUe

HHe (27) ,[\0Ka3bIBaeTC.II B TPH 3Tarra. Bo-rrepBbIX, rrpOH3Be,[\eHne MaTpnqHblX 3JieMeHTOB 

L-orrepaTopoB, CTO.IIIIJ;HX ITO,[\ CTerreHblO KOyMHO)KeHH.II B rrpaBOH qacn1 paBeHCTBa (27) 
CBO,[\HTC.II K HeKOTOpO!! KOM6nHau;nn MOHOMOB, co,z:i;ep)Kaiu;nx TOJibKO rayccOBbl KOOp,[ln

naTbl j+(vk). Bo-BTOphlx, ,[\0Ka3bIBaeTC.H, qTO 3Ta KOM6nHau;n.11 rayccOBblX KOOp,[II!HaT 

cOBrra,z:i;aeT c rrpoeKu;nei1: rrpo113Be,z:i;eHn.H rrOJIHhIX TOKOB f(vi) • • • f(vn) Ha rro,z:i;anre6py, o6-

pa3oBanHyIO ITOJIYTOKaMH j+(vk)' k = 1, ... , n. 11, HaKOHeu;, B-TpeTbllX, I10Ka3hIBaeTC.H, 

qTO CTan,z:i;apTHOe rrpaBIIJIO KOYMHO)KeHII.II (28) rrepecTaBJI.HeTC.II C 3TOH rrpoeKu;nei1:, MeH.H.II 

caMO KOYMHO)KeHne Ha 6onee rrpoCTOe rrpaBl!JIO KOyMHO)KeHH.II IlOJIHbIX TOKOB, BBe,[\eHHOe 

paHee B pa6oTe B.,[J:pnHq>eJih,[\a no HOBOH l!JIII TOKOBOH peann3au;n11 .HHrnaHOB If KBaH

TOBblX aq>q>IIHllbIX anre6p. cho rrpOCTOe rrpaBHJIO KOYMHO)KeHH.II ,z:i;enaeT paaeHCTBO (27) 
oqeBH,[\HblM. 

CooTHOIIIeHne (27) OKa3aJIOCb oqenh Ba)KHbIM, TaK KaK I103BOJIIIJIO CB.H3aTb BeKT0p

H03Haqnbie q>yHKU:HII, yqacTBYIOIIJ;l!e B IlOCTpoennn q>OpM-q>aKTOPOB B IIHTerpnpyeMhIX 

MO,z:i;en.11x c anre6paMn TOKOB. 9To na6n10,z:i;enne 6hIJIO pa3BIITO n cne,z:i;ymiu;nx )l;Byx ma

aax ,z:i;nccepTau;nn ,[\JI.II anre6p TOKOB CTaprnero panra, qTo IT03BOJIIIJIO rrepeq>opMynnpo

BaTh nepapx11qecKI1i1: a1rnau; BeTe Ha ynnBepcaJihHOM yponne B TepMnnax anre6p TOKOB 

II IIOCTpOIITb MeTO,[I rrpoeKu;ni1:, KOTOpb!H ,z:i;aeT 3q>q>eKTl!BHOe peruenne HeTpl!BllaJibHblX 

nepapxnqecKHX COOTHOIIIeHHH, B03Hl!KaIOIIJ;HX B 3TOM MeTo,z:i;e. 

rJiaua 4. B qeTBepToi1: rJiaBe 6h1Jia rrocTpoe1m 06iu;a.11 Teopn.11 rrpoeKu;ni1: na rrepeceqe

Hll.H 6opeJieBCKIIX rro,z:i;anre6p B anre6pax TOKOB, OTBe•IaIOiu;IIX pa3Hb!M IIOJI.Hpl!3au;n.11M. B 

,z:i;nccepTau;nn MeTO,[\ rrpoeKu;ni1: 6b!JI pa3BIIT ,[\JI.II KBaHTOBbIX aq>q>HHllbIX anre6p. Pe3yJibTa

TbI, rroJiyqeHHbie B 3TOH II cne,z:i;y10iu;ei1: rJiaBax, MOryT 6hITh rrpnMeHeHbl TaK)Ke ,[\JI.II ,z:i;pyrnx 

6eCKOHeqHOMepHbIX anre6p, OTJI1Iqa10iu;nxc.11 OT KBaHTOBbIX aq>q>l!HHblX anre6p CBOHCTBa

Mll aBTOMOpq>HOCTII TOKOB. B qeTnepTOH mane MeT0,[1 rrpoeKIJ;IIH ,[\JI.II IIOCTpOeHH.II YHIIBep

caJibllblX BeKTOpOB BeTe rrpnMeH.HJIC.II B CJiyqae KBaHTOBOH aq>q>IIHHOH anre6pbl paHra 2 
- Uq(J3). 

B § 4.1 anre6pa Uq(J3 ) cq>opMyJIHpOBaHa B ,ll;Byx peanll3au;n.11x, KaK 06pa3onaIII1a.11 

renepaTopaMn , illenanhe II TOKOBblMH o6pa3yIOIIJ;IIMII ,[J:pnIIq>eJib,[la, KOTOpbie .IIBJI.IIIOTC51 

MO,[\aMH TOKOB e;(z), f;(z), 'lj;;(z), r,z:i;e IIH,[\eKC i = (a,/3) rrpnna,z:i;Jie)Kl!T MHO)KeCTBY 

rrpOCTbIX IIOJIO)Kl!TeJibHbIX KOpHei1: anre6phl Jln sl3 . , C Ka)K,[IOH H3 3Tl!X peann3au;ni1: 6hI

Jia accou;HHpoBaHa ecTeCTBeHHa51 rron.11pI13au;1rn - pa3JIO)Kenne Bcei1: anre6pb1 Ha ,z:i;ne ,z:i;y

aJihHbie XOIIq>OBbl rro,z:i;anre6pbl HJIH pa3JIO)KeIIne Ha 6opeJieBCKHe rro,z:i;anre6pbl pa3Hb!X 

TJIIIOB. ,[J:anee 6hIJIII orrncanhl rrepeceqeHnR Me)K,z:i;y 6openeBCKHMH rro,z:i;anre6paMn pa3HhIX 

THIIOB, If KOppeKTHO orrpe,z:i;eneHbl rrpoeKIJ;HOHHbie orrepaTOpbl na 3TH rrepeceqeHil51. Oc

HOBIIa51 TeXHJiqecKa51 CJIO)KHOCTb B 3TOM pa3,z:i;eJie COCT051Jia B IIOJiyqeHIIII 3q>q>eKTIIBIIblX 

q>OPMYJI ,[\Jl51 rrpoeKIJ;IIH rrpoH3Be,z:i;eHIIH TOKOB, OTBeqa10iu;nx pa3Hb!M rrpOCTblM KOpH.HM. 

9Ta 3a,z:i;aqa 6bIJia perneHa rryTeM BBe,z:i;eHII51 B paCCMOTpeHI!51 CJIO)KHbIX HJIII COCTaBHblX 

TOKOB, 51BJl51IOIIJ;HXC51, B HeKOTOpOM CMbICJie, rrpOH3B0,[151IIJ;HMH q>yHKIJ;II51MH reHepaTOpOB 

KapTana-Bei1:JI51 B KBaHTOBoi1: aq,q,unnoi1: anre6pe Uq(J3) . 
B § 4.2 BBO,[\IITC51 YH11BepcaJibHa51 BeCOBa51 q>yHKIJ;ll51 W(t;,, ... , t;J KaK 3JieMeHT H3 
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U{t;p••-,t;n}, r,z:i;e 

U{t;" ... , t;n} uq(J3)(t;,, t;1, ... , t; r:-1] [ [ti2 t;3 ~ 1 ] ] 1 n' 1.n t , , ... , ,- • 
i1 ti2 tin-] tin 

TeM caMbIM, W ( t;,, ... , t;J 51BJl51eTC51 q>OpMaJibHblM CTerreHHblM p51,[10M rro rrepeMeHHbIM 
~ -1 

t;,/t;
1

, t;
3
/t;21 ••• , t;jtin-I, 1/t;n C K03q>q>HIJ;IIeHTaMII B IIOJIHHOMaX Uq(s[3)(t;,, t;1 , ••• , 

t;n, tZ,1]. O603HaqnM qepe3 IT Ha6op {a,/3}. Ha3oBeM yrrop51,z:i;oqem1hli1: na6op I= a1, ... , 

a111 BMecTe c oTo6pa)KeHneM i : I -+ IT yrrop51,z:i;oqeHHhIM IT -MYJihTHMHO)KeCTBOM. TTycTh 

V - rrpe,z:i;cTaBJieHne anre6pbI Uq(J 3) n v - BeKTOp B V. Ha3oBeM v cnHry.irnpHhlM ae

COBbIM BeKTOpOl',I OTHOCHTeJihHO TOKOBOH 6opeJieBCKOH HO,[\aJire6pbl UE = {e;(z),'lj;-(z)}, 
ecnn 

e;(z)v = 0, 'lj;; (z)v = ,\;(z)v, i = a, /3, (29) 

r,z:i;e A;(z) 51BJl51eTC51 MepOMOpq>HOH q>YHKIJ;Hei1:, pa3JiaraeMOH B p51,[1 no CTerreH.HM z-1 
,[\JI.II 

'lj;t(z) n B p51,z:i; HO cTerreH.HM z ,[IJI51 'lj;1(z). TTpe,z:i;cTaBJieHne V rropO)K,[leHo cnHrynRpIIbIM 

OTHOCl!TeJibHO U E BeCOBbIM BeKTOpOM v E V , ecJIH OHO IIOpO)K,[leHO ,z:i;ei1:CTBHeM anre6pbl 

Uq(d3 ). Ha BeKTop v. YHnBepcanbHa51 Becoaa51 q>YHKU:HR orrpe,z:i;enReTC51 cne,z:i;y10iu;nMH 

CBOHCTBaMII: 

• ,[\JI51 JII06oro rrpe,z:i;CTaBJieHll51 V' rropO)K,[leHHOro CHHryJI51pHblM OTHOCHTeJibHO UE 
BeCOBblM BeKTOpOM V , q>YHKIJ;l!51 

wv(tiw•·, t;J = W(tiw··, t;Jv. 

cxo,z:i;nTC51 B o6nacTH jt;1 I » · · · » jt;n I K MepoMOpq>IIOH V -3naqnoi1: q>yIIKIJ;HII n 

51BJI51eTC51 o6o6iu;enHblM aeKTOpOM BeTe; 

• ecn11 I = 0 , TO W = 1 11 wv = v ; . 

• ecm1 V = Vi 0 Vi - Ten3opnoe rrpon3Be,z:i;eH11e rrpe,z:i;cTaBJieH11i1: CTaprnero aeca co 

CTapIIIIIMII aeKTopaMH V1, V2 II COOTBeTCTByIDiu;IIMH p51,[1aMII p}1
> (z)} II { .\;2) (z)}, 

i = a, /3' TO ,[\JI51 JII06oro yrrop51,ll;OqeHIIOro Il-MYJihTIIMHO)KeCTBa I crrpaBe,[\JIHBbl 

COOTHOIIIeIIll51 

wv({talaE 1}) = E wv,({talaE Ii}) ©wv2({talaE i,})x 
l=Iillh ' 

IT A (2) ( ) TI q-(,(a),,(b))ta -tb 
t(a) ta X t.-q-(,(a),,(b))tb • 

aE/i a<b, aE/i, bEh 

Ecnn B Beconoii: q>YIIKU:1111 B KaqecTBe napaMeTpOB BbI6paTb perneHll51 COOTBeTCTByIOiu;eii: 

CIICTeMhl ypaBHeHllll Bere, TO IIOJiyq11TC51 Ha6op BeKTOpOB Bere. BecoBa.H q>yHKIJ;H.II rrp11 

CBOOO,[lllb!X rrapaMeTpax CIICTeMaT11qeCKH IICIIOJib30BaJiaCh np11 IICCJie,[\OBaHHII perneHIIH 

q-pa3IIOCTIIOrO ypaBIIeHH.II KHll)KHIIKa-3aMOJIO,[\qllKOBa. ,[J:anee q>OpMyJI11pyeTC51 OCHOBHOe 

YTBep)K,[leI111e qeraepTOil: rJiaBbl O TOM, qTO 3JieMeIIT 

W(t;,, ... , t;J = P (f,(ii)(t;,) · · · f,(in)(t;J), 

3a,z:i;aHHblll npoeKu;11eii: OT rrpOH3Be,z:i;eIIll51 TOKOB 51BJI.IIeTC.II YHI!BepcaJibIIOii: aecoaoii: q>yIIK

u;nei1:. Bb1q11CJieH11e YHHBepcanhHOii: aeCOBOii: q>yHKIJ;llll 

W(t1, ... , ta, S1, ... , Sb) = P(Ja(t1) · · · fa(ta)frJ(s1) · · · frJ(sb)) 
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CB0,11,IITCH K Bbl'llICJieHinO rrpoeKIJ;IIII OT rrpOil3Be,11,eHI1il: TOKOB, Ha3bIBaeMhlX CTpyua~m, 

fa(ui) · · ·fa(ua)fa+f3(Ua+1) · · ·fa+f3(Ua+b), fa+f3(ui) · · ·fa+f3(ua)ff3(Ua+I) · · -ffJ(Ua+b) 

KOTOpb!e co,11,ep:li<aT cocTaBHOII IIJIII CJIO)KHh!il: TOK 

f dw f q-1 -z/w dw fa+fJ(z) = fa(z)ffJ(w) -
2

. -
1 1 

/ ffJ(w)fa(z) -
2 

-. • 
7rZW - q- Z W 7fZW 

B § 4.3 II § 4.4 Il3yqaJOTCH aHa.JIIITHqecKne CBOHCTBa CTPYH II pa3pa6aTb!BaIOTCH MeT0-
,11,hl BblqI1CJieH11fi rrpoeKD;IIII OT HHX C HCITOJib30BaHl!eM rrp11coe,11,1rneHHOrO ,11,eil:CTBHH TOKOB 
ffJ(s) Ha J0 (z). 8To rrpucoe,11,1rne1rnoe ,11,efiCTBile 06Jia,11,aeT CBOHCTBOM 

adJ,,,(s 1)/p(s2 ) (Ja(t)) = 0 , 

KOTopoe 3KBIIBaJieHTHO COOTHOIIIeHHHM Ceppa ,11,JIH TOKOBb!X o6pa3yIOIIJ;HX. 

rJiaBa 5 ITOCBHIIJ;eua rrpoBepKe OCHOBHOro YTBep)K,D,eHHH rrpe,D,bl,D,yIIJ;eii rnaBbl O COBrra
,11,eunn YHHBepCaJibllb!X BeCOBb!X <pyHKIJ;IIll IIJIII 0606ru;eHHh!X BeKTOpOB BeTe C rrpoeKIJ;JIHMJI 
OT rrpOJ13Be,D,eHJIH TOKOB, ,ll,JIH CJiyqaa aJire6pb! Uq (gl N) , r,11,e aJibTepttaTIIBHaH KOHCTpyK
IJ;IIH ITOCTpoe1mH 3TIIX o6'heKTOB B TepMJIHax Uq (gl N) L-orrepaTopoB Jl3BeCTHa 113 cepJIJI 
pa6oT A.BapqeHKO JI B.TapacoBa. 

B § 5.1 <popMyJIJ1pyeTCH £-orrepaTOpHaH JI TOKOBaH peaJIII3aIJ;IIII aJire6pb! Uq(glN). 
,IJ,aJiee <popMyJinpyIOTCH OCHOBHhie CBOHCTBa BeCOBb!X <pyHKIJ;IIil:, accou;nnpoBaHHblX C aJI
re6pofi Uq(gl N) . 

B § 5.2 BeCOBhie <pyHKIJ;IIII oupe,11,eJIHIOTCH no anaJiornII C pe3yJihTaTaMII rrpe,D,bl,D,yIIJ;eii 
rnaBbl B TepMIIHax rrpoeKn;nii: OT rrpOII3Be,D,eHJlil: TOKOB ,D,JIH aJire6pb! Uq(JN) JI BeCOBbie 
<pyHKIJ;IIII ,11,JIH aJire6ph! Uq(glN) orrpe,11,eJIHIOTCH c ITOMOIIJ;b!O CTaH,11,apTuoro BJIO)KeHml 
,{): Uq(JN) <--> Uq(glN). 

B § 5.3 ,D,JIH orrpe,11,eJieHHOro MYJihTIIMHO)KeCTBa BII,D,a 

- { 1 1 tn = t1, ... , tn,' ti, ... , t~2' tN-1 tN-1} 
, 1 '" • •' '1tN-I 

Uq(gl N) BeCOBhie <pyHKIJ;IIII orrpe,11,eJIHIOTCH u TepMnnax Uq(gl N) £-orrepaTOpOB. 8Ta KOH
CTPYKIJ;JIH ueconhIX <pyuKn;nfi B3HTa II3 pa6oT A.BapqeuKo II B.Tapacoua. 

B ITOCJie,11,neM uaparpa<pe § 5.4 ITHTOii rJiaBbl rrpOB0,11,IITCH OTO)K,D,eCTBJieune ,11,uyx pa3-
Hb!X KOHCTPYKD;Illl ,11,JIH BeCOBblX <pyHKIJ;Jlll rryTeM cpaBHeHIIH IIepapxnqeCKIIX COOTHOIIIe
HIIit, KOTOpb!M OHJI y,11,ouJieTBOpHIOT. TeM CaMb!M ,ll,0Ka3b!BaeTCH, qTo MeT0,11, BhlqilcJieHII_H 
rrpoeKn;uil:, pa3BIIThlll B qeTnepTOit II ITHTOll rnaBax ,11,nccepTan;IIn, IT03BOJIHIOT 3<p<peKTIIBHO 
peIIIaTb COOTHOIIIeHJIH peKypcun, B03HJIKaIOIIJ;Jle B nepapxnqecKOM aH3an;e BeTe ,11,JIH JIH
TerpnpyeMb!X MO,D,eJieii: C rrpOII3BOJibHOit aJire6pofi CJIMMeTpJli!: rrpOCTpauCTBa COCTOHHJlll. 

B 3aKJIIO"'leHHH c<popMyJinpoBaHbl OCHOBHhie pe3yJihTaTbI, ITOJiyqeHHhie B ,ll,JICCepTa
IJ;IIJI. 
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