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KaK 6o30HHhle, TaK II ¢epMIIOHHbie IIOJUI, KOTOpbie -B03HIIKaIOT B Ka11eCTBe KOMIIO­

HeHT B pa3JIO)f(eHmI cynepnomr IIO rpaCCMaHOBbIM KOOp)];IIHaTaM. B o6rn;eM CJIY­

qae, cynepnomr pea.JIII3JIOT rrpuBO)];IIMhie npe;:i;cTaBJiemrn a.i!re6pb1 · cynepcuMMeT­

puu. HenpIIBO)],lIMbie npe;:i;cTaBJieHHH Bbl)],eJIHIOTCH HaJIO)f(eHueM )],OIIOJIHIITeJihHb!X 

ycJIOBIIii Ha cynepnone. 

B npocTeiirneM cny11ae N = l cynepcIIMMeTpuu HenpuBO)];IIMOe npe;:i;cTaBJieHue, 

OTBe11a10rn;ee IIOJIHM MaTepuu, OIIIICbIBa!OTCH KlipaJibHbIM cynepnoJieM, KOTOpcie eCTb 

KOMIIJieKcHoe cynepnone <I>(x, 0, 0), y;:i;oBJieTBopH10rn;ee CBH3II D0 <I>(x, 0, 0) = 0. cha 

CBH3h, 3anucaHHaH B KOMIIJieKCHOM KIIpaJibHOM cynepnpoCTpaHCTBe: 

c412 - (xm 0 ) - L' o ' 

B KOTOpOM ;:i;u¢¢epeH~liaJibHblii onepaTOp Da IIMeeT BIi)], 11aCTHOii npOII3B0)],HOii IIO 

rpaccMaHOBOii KOOp)],IIHaTe 0a' uMeeT IlpOCTOii CMbICJI: oHa npOCTO 03Ha11aeT, 'ITO 

cynepnoJie <I>(x, 0, 0) He 3aBIIClIT OT 0a II HBJIHeTCH npOII3B0JlbHOii <PYHK~IIeii Ha C
4
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: 

D0 <I>(x, 0, 0) = 0 ::::} <I> = <I>(xT, 0a). 

8TOT IIpOCTOii npuMep IIOKa3bIBaeT, 'ITO BbI6op IIO)];XO)],Hlll;ero cynepnpOCTpaHCTBa 

HBJIHeTCH cyrn;ecTBeHHblM npu OIIIICamm uenpIIBO)],IIMblX npe,D.CTaBJieHIIii anre6pbl 

cynepcuMMeTpuu B TepM1rnax HeorpaHu11eHHhIX cynepnoneii. 

Haxo)f(,D.eHIIe a,D.eKBaTHoro cynepnpocTpaHCTBa B TeopuHx c pacrnupeHHOii cy­

nepcnMMeTpueii npe,D.cTaBJIHeT co6oii CJIO*HYIO 3a,D.a'1y. 0Ka3bIBaeTcH, 'ITO ·onuca­

HIIe pacnrnpeHHOii N = 2 cynepcIIMMeTplIII'IHOii TeOplIII B paMKax Bern;ecTBeHHOrO 

N = 2 cynepnpocTpaHCTBa lIJilI KaKoro-JIII6o ero llO,D.IIpOcTpaHCTBa ue MO)f(eT 6b!Tb 

)],OCTIIrHyTo ua H3bIKe HeorpaHII'JeHHblX cynepIIOJieii. PerneHIIe BOIIpoca O cyrn;ecT­

BOBaHIIlI IIO)];XO)J,Hlll;ero cynepnpocTpaHCTBa )J,JIH ¢opMJJIHpOBKll TeOpIIii c N = 2 cy­

nepCIIMMeTpIIeii npnBeJIO K OTKpb!TlIIO rapMOHH'leCKOro cynepnpOCTpaHCTBa. fJiaB­

HOii oco6eHHOCTb!O rapMOHH'leCKOrO cynepnpocTpaHCTBa HBJIHeTCH BBe,D.eHIIe HOBb!X 

6o30HHbIX KOOp,D.IIHaT B Ka11eCTBe He3aBHClIMblX nepeMeHHhlX B )],OIIOJIHeHIIe K CTaH­

,D.apTHOMY Koop,D.IIHaTHOMY Ha6opy N = 2 cynepnpocTpaHCTBa: 

HR4+2l8 _ ( m 0 0-k ±) - X , oi , 0 , Ui · 
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., 
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lfay11eHue CTpyKTJpbI rapMOHH'leCKOrO cynepnpocTpaHCTBa Bb!HBHJIO B HeM aHaJIH­

TII'leCKOe IIO,D.IIpOCTpaHCTBO, KOTOpoe IIMeeT B)],BOe MeHbllIIIii Ha6op rpaCCMaHOBblX 

KOOp,D.IIHaT II 3aMKHJTO OTHOCIITeJibHO npeo6pa30BaHIIii N = 2 cynepCIIMMeTpnn: 

AR4+2l4 = (xm 0+ 0T u±) _ A, a, o:, i · 

8TO II03B0JIIIJIO onpe;:i;eJIHTb HOBhlii TIIII rpaCCMaHOBOii aHaJIIITII'IHOCTll - rapMO­

HII'!eCKJIO rpaccMaHOBY aHaJIIITH'IHOCTh, KOTopaH o6o6rn;aeT IIOHHTIIe KOMIIJieKcnoii 

auaJIIITII'IHOCTH B o6bl'1HOM CMbICJie HJIII KHpaJibHOCTH B CJiyqae N = l cynepcIIM­

MeTpllII. MMeHHO B aHaJIHTH'JeCKOM cynepnpOCTpaHCTBe y;:i;aeTCH IlOJIJ'lllTb OlllI­

caHne cynepMJJibTIITIJieTa MaTepnn Ha H3b!Ke ueorpaHH'leHHbIX aHaJIHTH'leCKHX cy­

nepnoJieii. KpoMe Toro, B IlO)];XO,D.e rapMOHII'leCKOro cynepnpocTpaHCTBa OKa3aJIOCb 

B03MO)f(HhIM ;:i;aTh a,D.eKBaTnoe onncaune KaK N = 2 cynepcnMMeTpn11uoii Teopnn 

5lHra-Mnnnca, TaK II N = 2 TeopnII cyneprpaBIITa~nn B 11eTb1pex II3MepenIIHX. Mc­

cne,D.oBaHIIe 3TIIX Teopnii B paMKax rapMOHu11ecKoro cynepnpocTpaucrBa no3BOJIHJIO 

ycTaHOBIITb TeCHJIO CBH3b nx BHJTpenHeii CTPYKTJpbl C reOMeTpneii KOMTIJieKCHbIX 

MHoroo6pa3nii rIInep-KanepoBa n KBaTepm10u-KanepoBa Tnna. MHoroo6pa3nH Ta­

Koro Tnna OTBe'la!OT HeJinHeiiHbIM CIIrMa-MO)],eJIHM 6e3 Kpy11eHnH. 

J,I3y11eHne ,D.ByMepHOii Teopnn IlOJIH np1rneJIO K OTKpb!Tll!O 6onee llIIIpOKOro KJiacca 

HeJIHHeiiHhlX cnrMa-MO)],eJieii, a nMeuuo, )];ByMepHbIX HeJinHeiiHblX CIIrMa-MO)],eJieii, 

KOTOphie BKJI1011a10T 0606rn;eHHh1ii 11neu Becca-3yMuno-HoBIIKoBa-BnTTeua (B3HB) 

unn Kpy11enIIe. B nocne;:i;cTBHe 6bIJIO noKa3aHo, 'ITO cynepo6o6rn;enIIH B3HB cnrMa­

Mo;:i;eneii OlllICbIBa!OT HeTpllBllaJibHbie cpoHOBbie MHOroo6pa3IIH B TeopnII cynepcTpyH, 

Tpe6yJOlll;IIX KOH<POPMHOii llHBapnaHTHOCTII. 

PacrnIIpeHHbie N = (4, 4) cynepcIIMMeTpII11Hhie TeOpIIn, npnBO)l;Hlll;IIe K CIIrMa­

Mo;:i;eJIHM C Kpy11eHneM, paccMaTpllBaJIIICb paHee B pa3Hb!X cynepnpocTpancTBeHHblX 

no;:i;xo;:i;ax, B '1aCTHOCTH, B N = (2, 2) cynepnpOCTpaHCTBe B TepMnHax KIIpaJibHOrO 

cynepnoJIH II KllpaJibHOro cynepnOJIH C TBHCTOM, B CTan;:i;apTHOM ll npoeKTllBHOM 

N = ( 4, 4) cynepnpocTpaHCTBax ua H3bIKe o6hI'1HhIX cynepnoneii. C ;:i;pyroii CTO­

pOHhl, J'llITbIBaH 3Ha'1eHne rapMOHH'leCKOro cynepnpOCTpaHCTBa B pacnrnpeHHblX 

cynepCllMMeTpll'IllblX TeopnHX B '1eTblpex ll3MepeHHHX, 6bIJIO 6bl Ba)f(HO HMeTh onn-
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camie ):J;ByMepHblX cynepCIIMMeTpIPIHblX TeOpIIii, BKmoqag TeopIIII C KpyqeHIIeM, Ha 

H3bIKe· rapM0HIIqeCKIIX cynepnoJieii. KaK 0Ka3aJI0Cb, CTaH)lapTH0e rapM0HH'-IeCK0e 

cynepnpoCTpaHCTB0 He HBJIHeTCH Il0)lX0)lHl.lJ;IIM )IJIH 3TIIX 11,eJieii. HaII6oJiee np0CT0 

3TO MQ)KHQ Il0HHTb, ecJIII paCCM0TpeTb pa3MepHyIO pe)IYKll,IIIO K )IBYM II3MepeHIIHM 

o6m;eii N = 2 cynepCIIMMeTpllqHoii HeJIIIHeiiH0ii CIIrMa-M0)leJIII, )leiiCTBIIe K0T0poii 

IIMeeT np0II3B0JlbHYIO 3aBIICIIM0CTb OT HeorpaHIIqeHH0ro K0MilJieKCH0ro aHaJIIITII­

qecKoro cynepnOJIH q+ . TaKoe )leiiCTBIIe npIIB0)llIT Ha 6030HHOM ypoBHe K o6m;eii 

rIInep--K,mepOBOll CIIrMa-M0)leJIII. QqeBII)lHO, qTQ II B CJiyqae )IBYX II3MepeHIIll 3T0 

)leiiCTBIIe 6y)leT 0illICbIBaTb HeJIIIHeiiHyIO rIInep-KaJiepoBy CIIrMa-M0)leJib, T.e. Te-

0pIIIO 6e3 KpyqeHIIH. 9TH paccy)K)leHIIH npIIB0)IHT K T0MY, qTo Heo6XO)IIIMO HaiiTII 

HeKOTOpblii HOBblll TIIIl rapM0HIIqecKoro cynepnpocTpaHCTBa, K0T0poe 0Ka3aJI0Cb 

6bI a)leKBaTHblM ofrheKTOM )IJIH 0ilIICaHIIH )lByMepHblX pacnrnpeHHblX N = ( 4, 4) 

cynepCIIMMeTpllqHblX TeOpIIii, BKJIIOqaIOm;IIx KJiacc HeJIIIHeiiHblX CIIrMa-M0)leJieii C 

KpyqeHIIeM. 

:UeJiblO pa60Tbl HBJIHeTCH pa3BIITIIe MeT0)l0B rapM0HIIqecKIIX cynepnp0CTpaHCTB 

II IIX npIIMeHeHIIe )IJIH cynepn0JieBoro 0ilIICaHIIH )lByMepHblX N = (4, 4) cynepCIIM­

MeTpllqHblX CIIrMa-MO)leJieii c KpyqeHIIeM II N = 8 cynepCIIMMeTpIIqHoii KBaHT0B0ii 

MexaHIIKII. 

Hay'IHaR HOBll3Ha II npaKTH'leCKaR u;eHHOCTb. Tipe)IJIO)KeH H0Bblll TIIIl rap­

M0HIIqecKoro cynepnpocTpaHCTBa - 6IIrapMOHIIqecKoe cyrreprrpocTpaHcTB0, co)lep­

)Kam;ee )lBa He3aBIICIIMblX Ha6opa rapM0HIIqeCKIIX rrepeMeHHbIX. TIOKa3aHo, qTQ 6II­

rapM0HIIqecK0e cyrreprrp0CTpaHCTB0 IIMeeT 3aMKHYT0e OTHOCIITeJibHO rrpeo6pa30Ba­

Hllll N = ( 4, 4) cyrrepcIIMMeTp1m aHaJIIITIIqecKoe rro)lrrpocTpaHCTB0, co)lep)Kai_rr;ee 

B)lB0e MeHblliIIll Ha6op rpaccMaH0BblX rrepeMeHHbIX. Haii)leHa peaJIII3all,IIH )lByMep­

H0ii cyrrepKOHq>OpMHOii rpyrrrrbI B aHaJIIITIIqecK0M cyrreprrp0CTpaHCTBe. 

,Il,aHO 0ilIICaHIIe Pa3JIIIqHbIX N = ( 4, 4) cyrrepMyJibTIIIlJieT0B MaTepIIII n TepMII­

Hax aHaJIIITIIqecKIIX cyrreprroJieii C Il0)lX0)lHl.lJ;IIM Ha6opOM rapM0HifqecKIIX CBH3eii. 

TiocTpOeHbl o6m;IIe cyrrepCIIMMeTpnqHbie II cyrrepKOHq>OpMHbie )leiiCTBIIH BHe Macco­

B0ii o6oJioqKII )IJIH 3TIIX MYJibTIIIlJieT0B. TIOKa3aHO, qTQ 3TH )lellCTBIIH rrpIIB0)lHT Ha 

K0Mil0HeHTH0M yp0BHe K )lByMepHbIM HeJIIIHeiiHblM CIIrMa-Mo)leJIII C KpyqeHIIeM. 
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Haii)leHa HeII3BeCTHaH paHee )IYaJibHaH q>opMa )IJIH. o6m;IIx It cyrrepKOq>OpMiibIX 

)leiiCTBIIll B TepMIIHax napbl HeorpaHIIqeHHblX RHaJIIITIIqecKIIX cyrreprroJieii. TioKa-

3aHo, qTo )IYaJibHbie )leiiCTBIIH o6Jia)laIOT HeTpIIBIIaJibH0ii KaJIII6pOBOqHoii IIHBapII­

aHTH0CTbIO. 

lfayqeH Borrpoc o B3aIIM0)leiicTBIIII Pa3HbIX N = ( 4, 4) MYJibTHITJieT0B c TBIICT0M. 

TIOKa3aHo, qTo o6m;IIe CIIrMa-Mo)leJibHbie )leiiCTBIIH, KOT0pbie BKJIIOqaIOT 3aBIICII­

MOCTb OT MYJibTIIIlJieTOB C TBIICT0M pa3Horo TIIrra II IIHBapIIaHTHbie 0TH0CIITeJibH0 

N = (4, 4) cyrrepCIIMMeTpIIII, pacrra)laIOTCH B CJMMY CIIrMa-M0)leJibHbIX )leiiCTBIIii 

)IJIH Ka)K)lOro MJJlbTIIIlJieTa. TaK)Ke Il0Ka3aHo, qTo cym;eCTBYIOT CMemaHHbie Macco­

Bble qJieHbI, rrocpe)ICTB0M K0T0pbIX B03MQ)KH0 B3aIIMO)leiiCTBIIe )IJIH MJJibTIIIlJieT0B 

II3 caM0)IYaJibHblX nap. 

,Il,aHO OilIICaHIIe ( 4, 8, 4) MJJibTIIIlJieTa N = 8 cyrrepCIIMMeTpIIqHofi KBaHT0B0ii 

MexaHIIKII B rapMOHIIqecKoM cyrreprrpocTpaHCTBe co cKpbITOfi N = 4 cyrrepCIIM­

MeTpIIefi II B 6IIrapMOHIIqecKOM cyrreprrpOCTpaHCTBe. TIOCTPOeHo o6m;ee CIIrMa­

MO)leJibHOe )leiiCTBIIe )IJIH 3TOro MJJibTIIIlJieTa II IlOTeHll,IIaJibHbie qJieHbl TIIIla <I>aiie--

11JIIIOilyJioca. 

Haii)leHo cyrrepCIIMMeTpIIqHoe pacmIIpeHIIe )lByMepHoii anre6pb1 fefi3eH6epra h(2), 

II IlOCTpOeHbl cyrrepnoJieBbie )leiiCTBIIH, IIHBapIIaHTHbie 0THOCIITeJibHO qacTHbIX npe­

o6pa30BaHIIii rroJiyqeHHofi cyrrepanre6pbl. Cq>apMyJIIIpoBaHa O)lHOMepHaH N = 8 

cyrreprpaBIITall,IIH B TepMIIHax aHaJIIITIIqecKIIX cynepTeTpa)l, II )IJIH ee yceqeHHofi 

BepCIIII IlOCTpOeHo N = 8 Jl0KaJibHO--CyrrepcIIMMeTpIIqHoe )lefiCTBIIe )IJIH ( 4, 8, 4) 

MYJibTIIIlJieTa. 

Anpo6au;m1 pa60Tbl. Pe3yJibTaTbl, rrpe)lCTaBJieHHbie B )lIICCepTall,IIII, )l0KJia)lbI­

BaJIIICh II o6cy)K)laJIIICh Ha HayqHhIX ceMIIHapax Jia6opaTOPIIII TeOpeTIIqecKOii q>II-

3IIKII IIM. H.H. BoroJI1060Ba O6'be)lIIHeHHoro 11HCTIITyTa .H,llepHbIX 11cCJie)lOBa­

HIIfi, rrpe)lCTaBJIHJIIICb II )lOKJia)lblBaJIIICb Ha Me)K,llYHap0)lHOM ceMIIHape ,, KBapKII 

'94" (BJia)IIIMllp 1994), Me)K,llYHapO)lHhlX pa6oqIIx COBem;aHIIHX "CyrrepCIIMMeTpIIH 

II KBaHTOBbie CIIMMeTpIIII" (,I],y6Ha, 1994, 1998), Ha 3IIMHeit lliK0Jie no cyrrepCIIM­

MeTpIIqHofi MexaHIIKe (INFN, <l>pacKaTII, 11TaJIIIH, 2005), Ha HayqHhIX ceMIIHapax 

(<I>11PAH), (SISSA, TpIIecT, 11TaJIIIH), (INFN, Tia)IYH, 11TaJIIIH). 
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IIy6JUIKa.I.J;HH. Ilo MaTepna.JiaM ,l].HCCepTau;nn orry6JIHKOBaHO 7 pa6oT. 

OfrbeM II CTPYKTypa ,ll;HCCCpTaU,HH. ,UIIccepTau;m1 COCTOIIT II3 BBe)].eHHH, qe­

Tblpex rJiaB II 3aKmoqeHIIH o6ru;HM o6'beMOM 166 CTpaHIIll;bl, BKJIIoqa51 Cill!COK ll;lITH­

pOBaHHOH JIHTepaTypbl II3 179 11anMe1IOBaH11ii:. 

Coaepaica1me pa6ombt 

Bo BBC,ll;CHHH 06cy:lK,I1.a10TCH OCHOBHble II)].eII II rrpIIHll;IIIlbI IIOCTp0eHIIH cyrrep­

CIIMMeTpIIqHbIX Teopiifi, II3JiaraIOTCH MOTIIBIIpOBKII 'rrpoBe)].eHHbIX B, ,l].IICCepTau;1m 

HCCJie)].OBaHIIfi, a TaK:lKe )].aeTCH KpaTKOe CO,l].ep:lKaHIIe )].IICCepTau;IIII no rJiaBaM. 

B rrepBOii r JiaBe OCHOBHbIM MOMeHTOM .srnm:ieTCH. BBe)].eHIIe HOBoro TIIIIa rapMO­

HIIqecKoro cyrreprrpocTpaHCTBa - 6HrapMOHIIqecKoe cyneprrpocTpaHCTBO. Ero OTJIII­

qJITeJibHOfi oco6eHHOCTblO HBJIHeTCH Ha.JIJiqne ,ll.BYX He3aBIICIIMhIX na6opOB rapMOHII­

qecKnX rrepeMeHHbIX, KOTOpb!e OIIIICbIBalOT rrpHM0e npoII3Be)].eHIIe ,ll.BYX ,ll.ByMepHbIX 

c<pep Si X si. 
Bnaqa.Jie paCCMaTpIIBaeTCH ,ll.ByMepHaH N = (4, 4) cyrtepa.Jire6pa IIyaHKape, KO­

TOpaH rronyqaeTCH rrpn pa3MepHofi pe)].YKU:Hn 4D , N = 2 cyrrepa.Jire6pbI IlyattKape: 

TI pH rrepeXO)].e K KOOp,l].nHaTaM CBeTOBOrO KOHyca CTaHOBIITCH. HBHOH ee CTPYKTypa: 

OHa rrpe,l].CTaBJIHeT co6oii: rrpHMYlO cyMMY ,ll.BYX O,l].HOMepHbIX cyrrepa.Jire6p. fpyrrrra 

BHyTpettttnx aBTOMop<pn3MOB SU(2), KOTopofi 06na,I1.aeT 4D, N = 2 cyrrepa.Jire6pa, 

CTaHOBUTCH IlOCJie pe)].YKll;Hll o6ru;efi rpyrrrrofi CUMMeTpIIn )].JIH 0,l].HOMepHbIX cynepa.JI­

re6p. C ,l].pyrofi CTOpOHbI, IIOJIHOH rpyrrnofi aBTOMOpq>II3MOB )].ByMepHOH N = ( 4, 4) 

cyrrepa.Jire6pb1 IlyattKape HBJIHeTcH rpyrrna S0(4)L x S0(4)R- TeM caMbIM, 06-

ru;a.11 rpyrrrra SU(2), coxpaHHIOru;aHCH npn pa3MepHofi pe)].YKU:IIII, OTBeqaeT cny­

qa10, KOr)].a BXO,ll.Hiu;IIe B KaqecTBe rro,I1.rpyrrrr B S0(4)L n S0(4)R rpyrrrrhI SU(2)L II 

SU(2)R OTO:lK)].eCTBJIHIOTCH. B ,ll.IICcepTaU:IIII rpynrrhr SU(2)L II SU(2)R paccMaTpII­

Ba10TCH KaK ne3aBIICUMbie, II IIMeHHO 3TO rrpIIBO,l].lIT K KOHu;erru;nII 61IrapMOHiiqecKoro 

cyrreprrpOCTpaHCTBa. 

,Ua.Jiee, Ha OCHOBe IIpIIMeHeHIIH o6ru;nx MeTO,l].OB pea.JIII3all;IIH (cyrrep)rpyrrrr B (cy­

rrep )cpaKTOp-rrpocTpaHCTBaX, BBO)].IITCH 6HrapMOHJiqecKoe cyrreprrpocTpa:iicTBO. OHO 

rrpe,l].CTaBJIHeT C060fi pacrrmpenne CTaH,l].apTHOrD cyrreprrpOCTpaHCTBa R(l,Il4,4) II CO-
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)].ep:lKIIT )].Ba ,ll.OIIOJIHIITeJibHbIX Ha6opa He3aBHCIIMbIX 6030HHbIX KOOp,l].IIHaT Uf II 

v:=, KOTOpbre rrapaMeTpII3YIOT ,ll.ByMepHhle ccpepbr Si ~ SU(2)L/U(l)L II si ~ 
SU(2)R/U(l)R, cooTBeTCTBenHo: 

HR(1+2,1+2f4,4) = (Z u v) = R{l,lf4,4) '°' (u±1 v±I) 
) J '<Y I J a J 

uliu;1 = 1 , v10v;1 = 1 . 

B 6HrapMOHJiqecKOl',f cyneprrpocTpaHCTBe orrpe,l].eJI.IIlOTC.II u;euTpa.JibHblit H aHa.JIIITH­

qecKIIfi 6a3IICbI H HaXO)].HTC.II C HCilOJib30BaHHeM MeTO)].OB q>OpM KapTaua HBHbie Bbl­

pa:lKeHIIH )].JIH CilHHOpHbIX H rapMOHnqecKHX KOBapnaHTHbIX npOH3B0)].HbIX. B aHa­

JIHTnqecKOM 6a3nce 6nrapMOHnqecKoro cyneprrpocrpaHCTBa HR<1+2,1+2f4,4) BbI)].e­

JIHeTC.11 aHa.JIHTnqecKoe no,z:,;npoCTpaHCTBO AR(I+2,I+2
f2,2>, KOTOpoe co,z:,;ep:lKHT B)].BOe 

MeHblllHH ua6op rpaccMaHOBbIX KOOp)].HHaT H HBJIHeTCH 3aMKHJTbIM OTHOCHTeJibHO 

rrpeo6pa3oBaunfi N = ( 4, 4) cyrrepCHMMerpm1: • 

AR(1+2,1+2f2,2) = {( u v) = (x++ x-- 91,01 90,Ig_ u:1=1 v±l) 
> > 7 J > > I 7 Q • 

B aHaJIHTnqecKOM cyneprrpocrpaucTBe AR<1+2,I+2f2,2> onpe,z:,;enHeTCH nOHHTne 6nrap­

MOHnqecKoro aHaJIHTnqecKoro cyrrepnOJIH, H YCTaHaBJIHBaeTCH ero CBH3b co CTaH­

,z:,;apTHbIMH N = ( 4, 4) cynepnoJIHMH. Ilpnae,z:,;eubl TaK:lKe ocuoBHble <popMJJibI rap­

MounqecKoro ncqHcneHHH, ueo6xo,z:,;HMbie )].JIH onHcaHHH rapMoHnqecKHX cynepnoneit 

H IlOCTpOeHHH COOTBeTCTBJIOiu;HX HHBapHaHTHbIX cynepCHMMeTpH''IHblX ,z:,;eitCTBHit. 

IlOKa3aHo, qTo B o6onx KOOp)].HHaTHblX ceKTOpax aHaJIHTnqecKoro cynepnpOCT­

paHCTBa AR(I+
2
,1+

2
f
2
,
2
> peann3yIOTcH ,z:,;ae pa3Hhle N = 4 SU(2) cyrrepKoucpopMHble 

rpynnhl, KOTOpbie HBJIHIOTC.II no,z:,;rpynrraMn B TaK Ha3bIBaeMoit "6oJiblllOii:" N = 4 cy­

nepKOHq>OpMHofi rpyrrrre, co,z:,;ep)fcaru;efi acpq>HHHyro no,z:,;rpynrry Kau;a-My,z:,;H S0(4) x 

U(l) B 6o30HHOM ceKTope. Peann3au;HH o,z:,;Hoii H3 N = 4 SU(2) cynepKOHq>OpMHbIX 

rpyrrrr B auannTHqecKOM cyneprrpoCTpaHCTBe HMeeT HBHOe CXO)].CTBO C peaJin3au;Heit 

COOTBeTCTBy10ru;efi 4D ' N = 2 cynepKOHq>OpMHOil rpyrrnbl B CTaH)].apTHOM rapMOHII­

qecKOM rro,z:,;xo,z:,;e n onpe,z:,;eJIHeTCH Tpe6oBaHneM coxpaHeHnH nouHTHH rapMounqecKoit 

rpaccMaHOBoit aHaJIHTnquocTH. )XpyraH N = 4 SU(2) cynepKOHq>OpMHaH rpyrrrra 

He HMeeT rrpHMoro aHanora B qerbipexMepHOM cnyqae. 
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Bo BTOpoii rmm~ ,rr,aHo orrncamxe qeTblpex pa3JIHqHhIX TIIIIOB N = ( 4, 4) cyrrep-

MYJibTIIIIJieTOB C TBIICTOM: 

r/a, f/!!, qi.a, q!.!!, 

TeH30pHoro II HeJIIIHeHHOro MYJibTIIIIJieTOB B aHMIITIIqecKOM cyrreprrpocTpaHCTBe 

AR (1+2,1+212,2> . OHII rrpe,rr,cTaBJI.HIOTC.H Bern;ecTBeHHbIMII aHaJIIIT1IqeCKIIMII cyrreprro­

JI.HMII, orpaH1IqeHHbIMII Ha6opoM rapMOH1IqecK1IX CB.H3efi:. B 06b1qHOM N = ( 4, 4) , 

2D cyneprrpoCTpaHCTBe 9TH MYJibTHIIJieTbl orrncbrnaIOTC.H N = ( 4, 4) cyrreprroJI.HMII 

co CB.H3.HMII, KOTOpbie orrpe.n.eJI.HIOT HerrplIBO,ll.HMbIH COCTaB Birn MaCCOBOfi:, o6oJioqKH 

COOTBeTCTBYIOIIl;IIX MYJibTIIIIJieTOB. rapMOHIIqeCKHe CB.H3H HMeIOT TaKoe )Ke rrpe.n.Ha-

3HaqeHIIe - OHH Bbl,ll.M.HIOT HeIIplIBO,ll.HMblH KOHeqHblH Ha6op KOMIIOHeHTHbIX IIOJieH 

B o6rn;eM aHaJIIITnqecKoM cyrreprroJie: 

{TM) 

(TENS) 

(NONL) 

D2,0ql,1 = 0' D0,2ql,1 = 0' 

D2,0 q2,0 = 0 I D0,2 q0,2 = 0 D2,_0 q°,2 - D0,2 q2,0 = 0 ' 

D2,o N2,o + N2,o N2,o = o , 

D2,o No,2 _ Do,2 N2,o = o . 

Do,2 No,2 + No,2 No,2 = O 
'. 

TiocTpoeHbl 06rn;1Ie cyrrepCHMMeTpliqHbie ,D.eHCTBII.H ,ll.JI.H Bcex paccMOTpeHHbIX cyrrep­

MYJibTIIIIJleTOB B aHaJIIITIIqecKOM cyrreprrpocTpaHCTBe H IIOKa3aHO, qTo OHH OTBe­

qaIOT N = (4, 4) cyrrepCHMMeTpnqHbIM HMIIHeHHbIM: c1IrM:i-Mo,D.M.HM c KpyqeHneM 

BHe MaCCOBOH o6oJIOqKII. Bo30HHbie MHOroo6pa31I.H 9TIIX CIIrMa-MO,D.Mefi: orrpe.n.e­

JI.HIOTC.H MaTpliqHOH q>yHKD;Hefi: OT q>H31IqecKHX 6030HHbIX IIOJieii:, KOTOpa.H 'y.n.oBJieT­

BOp.HeT MHOrOMepHOMy ypaBHeHIIIO JlarrJiaca. TaK1Ie MHOroo6pa31I.H Ha3bIBaIOTC.H . 

r1Irrep-K9JiepOBblM MHOroo6pa3H.HM C KpyqeHIIeM. B 61IrapMOHnqecKOM cyrreprr­

pocTpaHCTBe YCJIOBIIe Ha MeTplIKY THIIa ypaBHeHII.H JiarrJiaca B03HIIKaeT ecTeCTBeH-· 

HbIM o6pa30M B CHJIY ee KOHCTpyKTHBHOrO orrpe,D.eJieHH.H. Cyni_ecTBeHHbIM OTJIHqne~ 

6nrapMOH1IqecKoro cyrreprrpocTpaHCTBa OT rapMOimqecKoro cyrreprrpocTpaHCTBa c 

O,D.HIIM Ha6opoM rapMoHnqecKnx rrepeMeHHbIX .HBJI.HeTC.H HeB03MO:lKHOCTb ri:ocTpoe­

HH.H B TepMHHax O,ll,HOro e,D.HHCTBeHHOro HeorpaHIIqeHHOro aHaJIIITHqecKoro tyrrep­

IIOJI.H .n.ettCTBII.H, H3 KOToporo CJie,D.OBMII 6b1 ypaBHeHH.H ,D.BH:lKeHII.H ,D.JI.H HerrpttBO,D.II-
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Moro cyrrepMyJihTHIIJieTa. 

,Il.JI.H paCCMOTpeHHb!X MYJibTIIIIJieTOB Hafi:.n.eHhl cyrrepKOHq>Opr.rno-mrnapliaIITHbie 

.n.efi:CTBII.H, OTBeqa10rn;ne CHrMa-MO,D.eJI.HM TIIIla Becca-3yMHHO-HOBIIKOBa-BnTTeHa 

Ha rpyrrrrOBbIX MHOroo6pa31I.HX SU(2) x U{l), II IIX MaCCHBHbie .n.eq>OpMau;nu, 0111I­

Chrna10rn;ne MO,D.eJIII T1Irra B3HB-Jl1IyBHJIJI.H. . MeTO,D. rroCTpoenlI.H 'IIHBapnaHTHhIX 

.n.efi:CTBHU: B ,D.ByMepHOM CJiyqae OKa3bIBaeTC.H aHaJIOrliqHbIM rrpou;e.n.ype IIOCTpoe­

HH.H cyrrepKOHq>OpMHO-HHBapliaHTHOrO ,D.eHCTBII.H ,ll.JI.H TeH30pHoro MYJibTHilJieTa B 

rapMOHnqeCKOM cyneprrpOCTpancTBe B qeTblpex H3MepeHII.HX. 

IIocpe.n.cTBOM rrpeo6pa3oBaHH.H ,D.yaJihHOCTH, Hafi:.n.eHo HOBoe onucaHne N = (4, 4) 

cyrrepc1IMMeTp1IqHbIX c1IrMa-MO,L1.eJiett c KpyqenneM B TepMHHax napbI HeorpaHII­

qeHHhIX aHaJIIITH,qeCKHX cyrreprroJiefi: w1,-1 'w-1,1 . XapaKTepnofi: oco6eHHOCTblO .n.y­

aJibHOro .n.ettcTBII.H .HBJI.HeTC.H HaJIIIq1Ie KaJIII6poBoquofi: IIHBapnaHTHOCTII ow1,-1 = 

D 2,0a-sl,-l, c5w-.1•.1•= D 0,2a-1,-1 , KOTOpa.H BOCCT;HaBJIHBaeT rrpaBIIJibHOe qncJIO q>II0 

3nqeCKIIX CTerreHeH CB060,D.bl. IIoKa3ano, qTO Bee cyrrepMyJibTUIIJieTbl C KOHeqHbIM 

Ha6opoM KOMIIOHeHTHbIX IIOJiefi: ,ll.OIIyCKaIOT ,D.yaJibHOe Oil1ICamie qepe3 HeorpaHuqeH­

Hbie aHaJIHT1IqecK1Ie cyrrepnoJI.H. II Hafi:,D.eHbl ,ll.JI.H HHX ,D.yaJibHbie ,D.eHCTBH.H B TepMII­

nax 11eorpau1IqeHHbIX cyrreprroJiefi:. IIoJiyqeHa TaK:lKe HeH3BeCTHa.H panee ,D.yaJibHa.H 

q>OpMa cyrrepKOHq>OpMHOro ,rr,efi:CTBU.H. 

B TpeTLeii rmme paccMaTpuBaeTC.H BOIIpOC O B03MO)KH0CTU B3aHMO,D.efi:CTBII.H 

Me:lK,D.y pa3JIIIqHbIMII THIIaMII N = (4, 4) cyrrepMyJibTIIIIJieTOB c TBHCTOM qia, qi!!, 

qi.a , q!!!. IfayqeHHe 06rn;1Ix CIIrMa-Mo,rr,eJibHblX ,rr,efi:CTBIIU:, IIHBap1IaHTHbIX OTHOCII­

TeJibHO N = ( 4, 4) cyrrepCIIMMeTpHH H BKJIIOqarorn;nx 3aBIICIIMOCTb KaK OT JII06oii: 

rrapbl, TaK II OT JII06oro qncJia Hff:lKBHBaJieHTHbIX MYJibTHIIJieT0B, rrplIBeJIO K 3a­

KJIIOqeHHIO O TOM, qTo B3alIMO,D.efi:CTBHe Me)K,D.y MYJibTIIIIJieTaMH pa3HOro TIIIIa 110-

cpe,D.CTBOM ,rr,efi:cTBU.H cnrMa-MO,D.MhHoro Tnna HeB03MO:lKHO. Tpe6oBaHne N = ( 4, 4) 

cyrrepCHMMeTplIII B rrpnMeHeHIIII K TaKIIM CIIrMa-MO,ll.MbHbIM .n.efi:CTBII.HM rrpHBO,ll,HT 

K TOMY, qTo· OHH pacrra.n.aroTC.H B cyMMY CIIrMa-MO,D.eJibHbIX .n.efi:CTBIIU: ,ll.JI.H Ka:lK,D.Oro 

MYJibTIIIIJieTa: 

3sigma (q'ia q'i!!) ⇒ 3sigma (q'ia) + 3sigma ( q'i!!) 
gen. , gen gen · 
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TeM He Mettee ycTaHOBJieHO, qTo B cnyqae, KOr.n;a MJJibTHIIJleTbl C TBHCTOM rrpnHa.n;­

Jie:amT caMO,D;yaJibHhIM- rrapaM, cym;eCTBJIOT llHBapnaHTHhie CMelllaHHbie MaCCOBhie 

BbJpa:lKeHHH, nocpe.n;CTBOM KOTOphlX MJJibTHIIJieThl ll3 TaKHX rrap MOryT HeTpHBll­

aJibHO B3aHMO,D;eiiCTBOBaTh. BKJIIOqeHHe JiarpaH:lKHaHa ,ll;JIH CMelllaHHhIX MaCCOBblX 

BbJpa:lKeHHll B o6m;ee CHrMa-MO,D;eJibHOe .n;eiiCTBHe IIpllBO,ll;llT K IIOHBJieHHIO Han6onee 

o6m;eii cpopMbl ,ll;JIH CKaJIHpHoro IIOTeHI~HaJia Ha MaCCOBOii o6oJIOqKe. 

9TOT aHaJIH3 npoBe.n;eH KaK B 6nrapMOHHqecKOM cyneprrpOCTpaHCTBe, TaK ll B 

o6biqHOM N = (2, 2) cyrreprrpocTpaHCTBe, B KOTOpOM TOJlbKO IIOJIOBHHa cyrrepCHM­

MeTpllii peaJIH30BaHa HBHO. 

B 'IeTBepToii rmwe paccMaTpnBaeTcH O.n;HH H3 cynepMJJihTHIIJieToB N = 8 cy­

rrepCHMMeTpnqHoii KBaHTOBOii MexaHHKH, co.n;ep:lKam;nii KOHeqHhlii Ha6op KOMIIO­

HeHTHhIX IIOJieii - (4, 8, 4) cynepMJJlhTHIIJieT. TaKOH MJJibTHIIJieT MO)KeT 6b!Th IIOJiy­

qeH pa3MepHoii pe.n;yKII,Heii H3 N = ( 4, 4) cyrrepMJJihTHIIJieTOB c TBHCTOM. OrrncaHne 

3Toro MJJibTHIIJieTa .n;aHO CHaqana B N = 4 rapMOHnqecKOM cyrreprrpocTpaHCTBe: 

HR(I+214} = (t,oiA,utI) 

c O)l;HHM Ha6opoM rapMOHHqecKHX rrepeMeHHhIX B TepMHHax N = 4 aHMHTHqec­

KllX cyrreprroJieii (q+a, ~+<>), KOTOpbie y.n;oBJieTBOPHIOT rapMOHnqeCKHM CBH3HM ll Ha 

KOTOpbIX peaJIH3JeTCH ,ll;OIIOJIHHTeJihHaH N = 4 cyrrepCHMMeTpHH: 

n++q+a = 0, n++~+a = 0, &q+a = -,S"aa~:' &~+a= 2icaaatq;t .· 

B aHMHTnqecKOM cyrreprrpocTpaHCTBe N = 4 rapMoHnqecKoro cyrreprrpocTpaHCTBa 

IIOCTpOeHo o6m;ee cyrreprroJieBOe .n;eiiCTBHe ,ll;JIH (4, 8, 4) MJJihTHIIJieTa, KOTOpoe Ha­

pH.n;y c HBHOii N = 4 cyrrepcnMMeTpneii o6na.n;aeT cKpbITOii N = 4 cyrrepcnMMeT­

pneii. IIonyqeHO KOMIIOHeHTHOe .n;eiiCTBHe n Han6onee o6m;aH cpopMa IIOTeHII,HaJia B 

BH,D;e qJieHa <I>aiie-I1JIHOIIJJIOCa. J13yqeH BOIIpOC O B03MO:lKHOCTll OIIHCaHHH B TepMH­

Hax N = 4 aHMHTnqecKnx cyrreprroneii MJJihTHIIJieTa N = 9 cyrrepCHMMeTpHqHoii 

KBaHTOBOii MeXaHHKII II IIOCTpOeHHH ,ll;JIH Hero lIHBapHaHTHOro .n;eiiCTBHH. I1oKa3aHo, 

qTo Tpe6oBaHHe lIHBapHaHTHOCTll .n;eiiCTBHH OTHOCHTeJibHO N = 9 cyrrepcHMMeTpHH, 

rrpHBO,ll;llT K TOMY, ·qTo cyrreprroJieBOe .n;eiiCTBHe OIIIIChIBaeT CB06o.n;ttyro TeOplllO. 
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3aTeM orrpe.n;enHeTCH 6nrapMOHHqeCKOrO cyrreprrpocrpaHCTBa B O,ll;HOM H3Mepe­

HHH: 

HR(1+2+21s) = ( Z u v) = R(IIS) '°' ( u=:!=1 v±l) , 1 '<Y i , a • 

,Uanee, .n;aeTCH N = 8 cyrrepcnMMeTpnquoe oimcanne ( 4, 8, 4) MJJihTIIIIJieTa B 6n­

rapMonuqecKoM cyrreprrpocrpaHCTBe B TepMnnax orpauuqeunoro auannTnqecKoro 

cy11eprrom1 q1>1 ' ll CTpOHTCH ,ll;JIH rrpOH3BOJlhHOro Ha6opa 3THX MJJlhTIIIIJieTOB o6m;ee 

cyrreprroJieBoe .n;eiicTBne BHe MaccoBoii o6onoqKn: 

sgen = I µ-2,-2 c,2,2 (ql,IM,u,v), M = 1,2, ... n, 

D2,0ql,1 = 0' no,2ql,1 = 0. 

PaccMoTpettne rrpeo6pa30Bannii Koop.n;HnaT auannTnqecKoro cyrreprrpocTpancTBa, 

COBMeCTHOe c Tpe6oBanneM coxpaneHHH 6nrapMOHHqecKoii rpaccMaHOBOii anMHTllq­

HOCTll II coxpaneuneM IIJIOCKOrO BH,D;a rapMOHHqeCKHX rrpOH3B0,ll;HhIX: 

0n2,o = -A2,on~,o, 0no,2 = -Ao,2n~,o, 

rrpnBeJIO K TOMY, qTO IIOJiyqeHHaH B pe3JJlbTaTe cyrreprpyrrrra rrpeo6pa30BaHHii HB­

JIReTCH cyrrepCHMMeTpH'IHhIM paCillllpeHHeM ,ll;BJMepH0H rpJIIIlhl f~fi3ett6epra h(2) ll 

co.n;ep:lKHT rrpH 3T0M orrepaTOp II,eTpMbHOrO 3apH.n;a. I1oKa3aHo, 'ITO HHBapnaHTHOe 

OTHOCHTeJih.HO Bcex rrpeo6pa3oBannii rronyqennoii cyrreprpym1h1, 3a ncKJIIO'lenneM 

MaCillTa6HhlX rrpeo6pa30BaHHii, cyrreprroJieBOe .n;eiiCTBHe HMeeT e.n;HHCTBeHHhlll Bll,ll;, 

a TaK:lKe IIOJIJ'leHO o.n;norrapaMeTpnqecKoe ceMeiiCTBO MaCll1Ta6HO-llHBap1IaHTHhlX 

cyrreprroJieBhlX .n;eiiCTBHii. ,UJIH o6onx cnyqaeB naii.n;enhl KOMIIOHeHTHb!e .n;eiiCTBllH n 

Bbl'lllCJieHhl Bb!pa:lKeHHH ,D;JIH MeTpH'leCKHX CKMHpHb!X q>JHKII,llll. 

J13yqeHa cyrreprpyrrrra .n;nq>q>eoMopq>H3MOB Koop.n;nuaT ananHTH'!ecKoro cyrrep­

rrpocTpancTBa. Cq>opMynnpoBana o.n;noMepnaH Konq>opMHaH N = 8 cyrreprpaBH­

TaII,HH B TepMHHaX aHMHTH'leCKHX cyrrepTeTpa.n;, KOTOpb!e o6ecrreqnBalOT KOBapn­

aHTHOCTh rapMOHH'leCKHX rrpOH3B0,ll;Hh!X OTHOCHTeJihHO rrpeo6pa30BaHHll 3TOH cy­

rreprpyIIIIhI. I1oKa3ano, 'ITO IIOJIJ'leHHblll cyrrepMJJihTHIIJieT rpaBHTaII,Hll HBJIHeTCH 

qncTO KaJIH6pOBO'lHhlM cyrrepMJJibTHIIJieTOM BeiiJIH. Haii.n;eno o6o6m;eune IIOHHTHH 

(4, 8, 4) MJJlhTHIIJieTa Ha q>OHe KOHq>OpMHOii cyrreprpaBHTaII,Hll. IIocTpOeHO ,ll;JIH ee 

11 



yceqeHHoii: Bepcm1 cyrreprroneBoe CBo6o.n;Hoe .n;eii:cTBHe )];JIH ( 4, 8, 4) MYJihTHIIJieTa, 

o6na.n;aroru;ne JIOKaJibHOii: N = 8 cyrrepCHMMeTpneii:, n Haii:.n;eHa ero KOMIIOHeHTHaH 

q>OpMa. IlOKa3aHo, qTo 3Ta KOHCTPYKU:HH .n.orrycKaeT o6o6ru;eHne Ha CJiyqaii: IIpOH3-

BOJibHOro Ha6opa B3anMo.n;eii:cTByroru;nx aHaJIHTnqecKnx cyrreprroneii:, orrnchrnaroru;nx 

( 4, 8, 4) MYJihTHIIJieT. 

B 3aKJIIO'IeHJIH rrepeqnCJieHhl OCHOBHbre pe3yJihTaThl, BblHOCHMhie Ha 3aru;HTY: 

Ha 3~TY Bbl,lJ;BHraIOTOI CJ1e8YIO~He pe3yJ11>TaT1>1. 

1. IlocTpoeHo 6nrapMOHnqecKoe cyrreprrpocrpaHCTBo ,D;JIH Teopnii: c pacnmpeHHoii 

N = (4, 4) cyrrepCHMMeTpneii: B .n;Byx H3MepeHnHx n )];JIH N = 8 cyrrepcnMMeT­

pnqHofi KBaHTOBOfi MexaHHKH. 

2. ,ll;aHo OIIHCaHne qeThlpex pa3HhlX THIIOB N = ( 4, 4) cynepMyJihTHIIJleTOB c TBHC­

TOM, TeH30pHoro H HeJIHHefiHoro cyrrepMyJihTHIIJieTOB B 6nrapMOHnqecKOM cy­

neprrpocTpaHCTBe. IlOKa3aHO, qTo 3TH cynepMyJihTHIIJieTbl OIIHCbIBaIOTCH aHa­

JIHTHqecKHMH cynepnOJIHMH, orpaHnqeHHbIMH Ha6opOM rapMOHnqecKHX CBH-

3eii:, H co,n.ep:ll<:aT KOHeqHhlfi Ha6op KOMIIOHeTHblX IIOJieii. ,lJ;JIH paccMOTpeHHhIX 

MYJihTHIIJieTOB IIOCTpOeHhl o6ru;ne cyrrepnoJieBbre .n;efiCTBHH BHe MaCCOBOii: 060-

JIOqKH, KOTOpbre OTBeqaroT HeJIHHefiHhlM CHrMa-MO)];eJIHM C KpyqeHHeM. IIony­

qeHhl HHBapnaHTHbie Bhlpa:lKeHHH )];JIH MaCCOBbIX qJieHOB. 

3. IIonyqeHa peann3an;nH .n;ByMepHofi cynepKocpopMHoti rpynrrhl B 6nrapMOHH­

qecKoM cyrrepnpoCTpaHCTBe. IlocrpoeHbl )];JIH Bcex n3yqeHHblX MYJibTHIIJie­

TOB cynepKOHq>OpMHO-HHBapnaHTHbre .n;efiCTBHH, OTBeqaroru;ne CHrMa-MO)];eJIHM 

Becca-3yMnHo-HoBHKOBa-BnTTeHa Ha rpynrroBhlX MHoroo6pa3HHX -SU(2) x 

U(l), H Hati.n;eHbl HX MaccHBHhle .n.ecpopMan;nn, OIIHChlBaroru;ne MO)];eJIH THIIa 

B3HB-JinyBHJIJIH. 

4. Haii:.n;eHo HOBoe onHCaHne N = ( 4, 4) cynepcnMMeTpHqHhIX cnrMa-Mo.n;enett c 

KpyqeHneM B TepMnHax naphl HeorpaHnqeHHhIX aHaJIHTnqecKnx cyneprroneii:, 

KOTOpbre co.n;ep:lKaT 6eCKOHeqHhlfi Ha6op KOMIIOHeHTHhlX IIOJieti. XapaKTepHofi 
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oco6eHHOCTbIO 3TOro om1ca1mH HBJIHeTCH HaJinqrrn KaJin6poBOqHoii: IIHBapnaHT­

HOCTH, KOTOpaH BOCCTaHaBJIHBaeT rrpaBHJlbHOe qnCJIO q>H3IlqecKHX CTerreHeii: 

CB060,D;hl. 

5. ,ll;eTaJibHO H3yqeHa B03MO:lKHOCTb B3am,rn.n;eiiCTBIIH pa3JIIlqHhlX N = ( 4, 4) MYJib­

TIIIIJieTOB C TBHCTOM. IloKa3ano, qTO 06ru;I1e CIIrMa-MO,D;eJibHble .n;eii:CTBIIH, KO­

TOphle 3aBIICHT OT rrpOI13BOJibHOro qIICJia He3KBIIBaJieHTHhIX MYJihTHIIJieTOB, II 

IIHBapnaHTHbie OTHOCIITeJibHO N = ( 4, 4) cyrrepCHMMeTpnn, pacrra.n;aroTCH B 

cyMMY CilrMa-MO,D;eJihHbIX .n;eii:CTBIIH )];JIH Ka:lK.n;oro MYJihTIIIIJieTa. IloKa3aHo, 

qTO pa3JIIlqHbie MYJihTIIIIJieTbl MoryT B3aIIMO,D;eii:CTBOBaTb TOJibKO qepe3 CMe­

rnaHHhie MaCCOBhie qJieHhlj KOTOpbie B03MO:lKHbl JIHIIlb )];JIH MYJihTIIIIJieTOB, rrpn­

Ha.n;Jie:lKaru;nx caMo,D;yaJihHhIM rrapaM, II Hafi.n;eHa Han6onee o6ru;aH cpopMa cKa­

JIHpHoro IIOTeHU:IlaJia na MaCCOBOii: o6onoqK~ )];JIH MYJibTHIIJieTOB, BXO,il;Hru;Hx B 

caMo.n.yanhHyro rrapy. 9TOT Borrpoc TaK:lK_e paccMoTpeH B cTaH.n;apTHOM N = 

(2, 2) cyrreprrpocTpancTBe B TepMrrnax N = (2, 2) cyrreprronefi, Ha KOTOphIX 

peann3oBaHa CKphITaH N = (2, 2) cyrrepcnMMeTpHH. 

6. ,ll;aHo orrncaHne (4, 8, 4) MYJihTHIIJieTa N = 8 cyrrepcHMMeTpnqHoii: KBaHTO­

Boti MexaHHKH B rapMOHnqecKOM cyrreprrpOCTpancTBe B TepMHHaX orpaHnqeH­

HhlX N = 4 aHaJIHTnqeCKIIX cyrreprroneii:, Ha KOTOpbIX peann30Bana )];OIIOJIHH­

TeJibHaH N = 4 cyrrepcnMMeTpnH. IIocTpoeHo o6ru;ee N = 8 cyrreprroneBoe 

.n;efiCTBHe )];JIH 3TOro MYJihTHIIJieTa, KOTOpoe o6na.n;aeT HBHOil II CKphlTOfi N = 4 

cyrrepcnMMeTpileii:, n rronyqeHo o6ru;ee Bhipa:lKeHne )];JIH rroTenn;IlaJihHOro qJieHa 

<I>aii:e-11JIHOIIYJIOCa. IlOKa3aHo, qTO Tpe6oBaHne HHBapnaHTHOCTH .n;efiCTBHH OT­

HOCHTeJibHO N = 9 cyrrepCHMMeTpHH rrpnBO)];HT K CBo6o.n;noii: Teopnn. 

7. ,ll;aHO orrncaHne (4, 8, 4) MYJibTnrrneTa B 6nrapMOHnqecKOM cyrreprrpocTpancTBe 

B TepMnHax orpannqeHnoro N = 8 aHaJIHTilqecKoro cyrreprroJIH. Ilonyqeno 

Han6onee o6ru;ee cyrreprroJieBoe .n;eii:CTBHe BHe MaccoBoii: o6onoqKn ,D;JIH rrpon3-

BOJibHOro Ha6opa B3aHMO,D;eii:CTByroru;nx ( 4, 8, 4) MYJihTHIIJieTOB. Haii:.n;eHO cy­

rrepCHMMeTpnqnoe pacrnnpenne .n;ByMepnoii: anre6pbI fefi3eH6epra h(2), KO­

Topoe co.n;ep:lKHT orrepaTop n;eTpaJibHoro 3apH.n;a. IIonyqeHa e.n;HHCTBeHHaH 
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cpopMa cynepnoJieBoro ,n:eiicTmrn, mrnapuanTnoro OTHOCHTeJihno Bcex npeo6-

pa3oBanuii noJiyqennoii cynepaJire6ph1, 3a HCKJIJOqenueM Macn1Ta6nh1x npeo6-

pa3oBannii, a TaK)Ke ITOCTpoeno ceMeHCTBO MaCIIJTa6no-HHBapnaHTHblX ,n:eiicT­

BllH. B 6urapMOI!HqecKOM cynepnpocTpancTBe C<pOpMyJIHpOBaHa O,JJ;HOMep11a51 

N = 8 cyneprpaBnTall,H51 B TepMunax a11aJinTnqecKHX cynepTeTpa,n:. ,Il;JIH ee 

yceqeHHOH BepcnH ITOCTpoeHO N = 8 JIOKaJibHO-cynepcHMMeTpH'IHOe cynepno­

JieBoe ,n:eiiCTBHe ,}J;JI51 ( 4, 8, 4) MYJibTllITJieTa. 
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