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3aiiJ,HTa )l;HCCepTaiJ,HH COCTOIITC.H "--" 2006 r. B 15 OO Ha 3aCe)l;a-

HHH ,ll;HCcepTaD,HOHHoro coBeTa K 720.001.01 npn Jia6opaTopnn TeopeTn'lecKoii: 

¢n3HKH HM. H.H. Boromo6oBa 06'he)l;nHeHHoro HHCTnTyTa .H,ll;epHbiX nccJie,ll;o

BaHII:ii:, r. ..]y6Ha ~lOCKOBCKOH 06JiaCTH. 

· C ,ll;HCCepTaiUieii: :\!O)KHO 03HaKOMHTbC.H B 6n6JIHOTeKe 06'he,!I,HHeHHOrO HHCTH

TJTa .H,ll;epHbiX HCCJie,!I,OBaHHH. 

ABTope¢epaT pa3ocJiaH " __ " 2006 r. 

'Y'IeHbiii: ceKpeTapb 

fld ,ll;HCCepTaiJ,HOHHOrO COBeTa C.M. <l>e)l;OTOB 

06U!a.R xapamnepucmU'I>a auccepmat~UU. 

AKTYaJibHOCTb TeMbi. Mo)l;e.nb Ca.rraMa-Bail:H6epra - 3TO KBaHTOBa.H· Teopna 

llOJI.H, KOTOpa.H ycneWHO 06'b.HCH.HeT )l;Ba H3 'leTbipex H3BeCTHbiX B3aHMO)l;eHCTBHH 

npnpO)l;bi, a HMeHHO 3JieKTpoMarHIITHble II CJia6bxe B3aHMO)l;eiiCTBH.H. CnJibHoe B3a:. 

HMO)l;eHCTBHe B CBOIO oqepe)l;b OllHChiBaeTC.H KBaHTOBOH XpOMO,ll;HHaMHKOH, KOTOpa.H 

ycnewHo corJiacyerca c )l;aHHhiMII no HeynpyroMy pacceaunro JienTOHOB Ha HYK

JIOHax. IloCJie)l;Hee, 'leTBepTOe B3aHMO)l;eHCTBHe - rpaBHTaiJ,H.H - OllHCbiBaeTCH Ha 

KJiaccnqecKOM ypoBHe c noMOIIJ,biO Teopnn OTHOCHTeJibHOCTH 9H:HmTeil:Ha. CTaH

)J,apTuaa MO)l;eJib (MO,ll;eJib Ca.rraMa-BaftH6epra nJiroc KBaHTOBaa xpoMO,!I,HHaMHKa) c 

O,!I,HOH CTOpOHbi, H rpaBHTaiJ,HH 9ii:HWTeil:ua C ,!l,pyroil:, CTaHOBHTCH HeCOBMeCTHMbiMJI: 

Ha M3JibiX paCCTOHHHHX HJIH, 'ITO O)l;HO II: TO :lfm, ,!I,JIH BbiCOKHX 3HeprHH, llOpH)J,Ka 

MaCChi IlJiaHKa Mp1 ~ 10.19
raB. TaKIIe MacwTa6bl 3Heprnn noKa HBJIHIOTca Hencc

Jie)l;OBaHHOH 06JiaCTbiO ¢H31IKH. 

Teopnn cynepcrpyH llhiTaiOTC.H o6'baCHIITh ¢n3H'IeCKHe HBJieuna B 3TOM ,!I,Hana-

3oHe 3HepriiH, H llOCKOJihKY )J,aHHbie TeOpHII ¢opMyJIHpJIOTC.H B llpOCTpaHCTBaX C . 
'IHCJIOM H3MepeHHH > 4, CyiiJ,eCTByeT 60JibWOH HHTepec K BOnpocy pe)l;YKIJ,HH pa3-

MepHOCTH 3a C'leT KOMnaKTH¢1IKaiJ,nil: JIHWHII:X H3MepeHnil:. MHoroo6pa3Ha c yMeHb

meHHoil: rOJIOHOMHeH HrpaiOT CyiiJ,eCTBeHHYIO pOJib KaK KOMllaKTH¢HIJ,HpOBaHHhie 

MHoroo6pa3HH cynepcrpyH II M-TeOpiiii, coxpaHHIOIIJ,IIe onpe,!l,eJieHHOe 'IHCJIO cynep

CHMMeTpHH: llOCJie KOMllaKTH¢HKaiJ,HII, a TaK)Ke B Ka'leCTBe reOMeTpH'IeCKOrO npOCT

paHCTBa MO)l;YJieH cynepCHMMeTpll'IHOH CIIrMa-MO,!I,eJIH, B03HHKaiOIIJ,ero llOCJie KOM

naKTII¢HKaiJ,HH. HacroaiiJ,aa ,!I,HCCePTaiJ,Ha CBH3aHa c npli:JIO)KeHIIHMH rnnepK3Jiepo

BhiX H KBaTepHHOHH0-K3JiepOBbiX MHOroo6pa3HH (KOTOpbie HBJIHIOTCH 4n-MepHbiMH 

npocrpaHCTBaMn c roJIOHOMHHMH pea.rrn30BaHHhiMH rpynnaMn Jln Sp(n) x Sp(l) n 

Sp(n) cooTBeTCTBeHHo) B crpyHHOH Teopnn. KpoMe TOro B ,ll;Hccei>TaiJ,HH paccMaTpH

BaiOTC.H MHoroo6pa3na c G2 n Spin(7) roJioHOMHHMH. )l.aHHaa )l;nccepTaiJ,na TaK)Ke 

li:MeeT ,ll;e.iiO c rnnepKaJiepoBoil: reoMeTpneH: c Kpy'leHneM II SU(3) crpyKTypaMu B 

WeCTII H3MepeHHHX. 

B Te'leHne noCJie)I,HHx .U.Ba.u.IJ,aTn JieT CTaJio acHo, 'ITO KBaTepHHOHHo-KaJiepoBa 

06'1e.qTmeHHI>Ii{ IIHCTHTy:l; 
Sl~epHLIX Ut!CJie~oBaHIUi 

BHBni10TEHA 



II rnrrepK3JICpOBa reOMCTpHH .HBJiiiiOTC.H 3¢¢eKTIIBHbiM IIHCTpyMeHTOM B KBaHTQ

BOll TeOpiiii IIOJIH HC3aBIICIIMO OT HaJIII'lHH cyrrepCIIMMCTpHII. HarrpiiMep, IIpOCT

paHCTBO MO,lJ;YJieii: MarHIITHhlX MOHOIIOJieii IIJlll rrpOCTpaHCTBO MO,L~;YJieii IIHCTaHTOHOB 

~· TCOpiiii 5Jnra-MHJIJICa B IIJIOCKOM rrpOCTpaHCTBe aBJIHIOTCH rnrrepK3JiepOBblMII [3]. 

fnrrepK3JiepoBa reoMeTpna TaK)Ke B03HIIKaeT B cnrMa-Mo,n;eJI.HX c N=4 cyrrepcnM

~~Tpii.HMII. [10]. EcJin B ,n;eiicTBne c~rMa-Mo,n;eJin BKJIIO'leno CJiaraeMoe Tnrra Becca-

3yMnno, TO target- rrpOCTpaHCTBO (rrpOCTpaHCTBO MO,L~;YJieii:) 6y,n;eT riirrepK3JiepOBhiM 

c KpyqennHMII (fKK). Kor,n;a cyrrepcnMMeTpna aBJI_aeTCH JIOKaJihH?ii, rnrrepMyJih

TIIIIJieThi B3aiiMO,ll;eHCTBYIOT C rpaBHTOHaMII H HTOrOBOe rrpOCTpaHCTBO MO,L~;YJieii: -

3TO KBaTepHHOHHO-K3JiepOBO IIpOCTpaHCTBO [4]. 9Ta reoMeTpii.H TaK)Ke CBSI3ana C 

IIOCTpOeHIIeM ¢on a ( KJiaCCII'IeCKIIX pemeHIIll) O,lJ;HHHa,n;II,aTIIMepHOll cyTieprpaBIITa

II,IIH B BII,n;e D-6panhL MeTpnKa 6o3onnoro target- rrpocTpant:TBa ,n;JI.H D = 4 cy

rrepcnMMeTpnqnoii CIIrMa MO,ll;eJIII, IIOJIY'lCHHOll KOMIIaKTII¢HKaii,Heii cyrrepCTpyHHOll 

Teopnn THrra IIA na Mnoroo6pa3ue Kana6n-5Iy, TaK)Ke aBJI.HeTC.H riirrepK3JiepoBoii 

[13] (,n;a)Ke c yqeTOM rrorrpaBOK 3a C'l~T D-uncTaHTOHOB). TaKIIM o6pa30M, B03-

HHKaeT IIHTepeCHa.H 3a,n;aqa IIOCTpOIITh KBaTepHHOHHO-K3JiepOBO II rnrrepK3JiepOBO 

rrpOCTpaHCTBa, B TOM 'lHCJIC H C CHHryJiapHOCTaMII. 

O,n;HHM H3 rrocJie,n;HHX ,n;ocTH:>KenHii B riirrepK3JiepoBoii reoMeTpHII .HBJiaeTca rro

CTpoenHe mrrepK3JiepoBa ¢aKTOpa (quotient) [5], rrpocTeiinmii rrpHMep KOTOporo 

naii,n;en B paMKax ADHM ·KOHCTPYKII.HII (3TO ¢aKTOp mrrepK3JiepoBa MHOroo6pa3IIa 

60JICC Bb!COKOll pa3MCpHOCTH ITO OIIpe,n;eJICHHOll rpyrrm~ Tpii-rOJIOMOp¢HbiX H30MeT

pHii:). Ba:amo narroMHHTh, 'ITO H,n;ea 3Toro rrocTpoeniia IIMCCT ¢H3II'lCCKOC n nnTyii

TIIBnoe OCHOBaHHC, CBa3aHHOe C ,lJ;YaJlhHOCTaMII cyrrepCIIMMCTpii'lHOll CHrMa-MO,ll;eJIH. 

Q6paTnoe TIOCTpoeniie 6hiJIO naii:,n;eno lllBanoM [6]. On TIOKa3aJI KaK KBaTepHIIOHHO

K3JiepoBa MCTpHKa llpii D=4n MO)KCT 6b!Th pacnmpena ,ll;O MCTpHKII KBaTepHIIOHHhiX 

u nmepK::lJiepOBhiX npocTpancTB B D=4(n+ 1). MeTo,n; lllBana HCTIOJih30Ban ,n;Jia TIO

CTpoenna nmepK3JiepoBhiX TipocTpancTB, rrpnMenaeMhiX B Teopnax c rJio6aJihHhiMII 

N=2 cyrrepcnMMeTpH.HMH. 9To TIOCTpoenne TaK)Ke Ba)KHO ,n;Jia n.eJieii nacToaiii,eii 

,n;nccepTan.nn. 

3a,n;aqa KJiaccn¢nKan.nn B03MO)!(HbiX rpyrrrr roJionoMIIii ,n;Jia pnManoBhiX n rrceB-
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,n;opiiManoBbiX npocTpancTB ,n;ocTaTO'lHO crapa. Ona 6biJia nocraBJiena KapTanoM 

II 'laCTII'lHO pemena BeprepoM, KOTOpbill npe,n;CTaBIIJl CIIIICOK B03M0)!(HhiX rpynn 

roJIOHOMHii )lll.H 3THX reoMeTpnii: [1]. MaTeMaTn'leCKaa oco6enHOCTh yMenhmenna 

rpynn roJIOHOMHii n-Mepnoro rrpoCTpancrBa OT SO(n) K no,n;rpynne- 3TO na.rrnqne 

rJI06aJibHO OIIpC,ll;eJICHHhiX TCH30p0B a, KOTOpbiC .HBJI.HIOTC.H HHBapnaHTHhiMH IIpH. 

rrapaJIJieJihHOM nepenoce. 9TO CBOHCTBO 3KBHBaJICHTHO HC'le3HOBCHHIO HX KOBapn

aHTHOfi npon3Bo,n;noii, T.e. Da = 0. TaKoii rJio6a.rrhno onpe,n;eJieHnhlii Ten3op .HBJIH

CTC.H B HCKOTOpOM CMhiCJIC anaJIOroM HHBapnaHTHOrO IIO,ll;IIpOCTpaHCTBa )lll.H rpjiiiihi 

Jln. HaJIII'lne HHBapnanTnoro TIO,l\IIpocTpancrBa rro,n;pa3yMeBaeT pe,n;yKIJ.HIO SO(n) 

K ee IIO,ll;rpynrre Jln C 60Jiee HH3KOH pa3MCpHOCThiO. 06III,a.H OC06CHHOCTh JMCHh

illCHHOfi roJIOHOMHH - HaJIH'lHC KOBapiiaHTHOH IIOCTOHHHOH p-¢opMbi. HarrpiiMep, B 

D = 4 nMeeT MeCTo II30Mop¢n3M S0(4) ~ SU(2)L x SU(2)R n rrpocTpaHCTBO c ro

JIOHOMneii: SU(2) xapaKTepn3yeTcx KOBapnaTno nocroannhiM rrpaBOCToponnnM (nJin 

JICBOCTOpOHHHM) CIIHHOpOM fR, OIIpC,l\eJICHHbiM Ha BCCM MHOroo6pa3HH. llpnCJTCT

BHe fR IIO,ll;pa3JMCBaeT, 'ITO KpHBH3Ha .HBJI.HCTC.H CaMO,lJ;YaJihHOH H 'ITO CJIII,CCTBJCT 

BpaiiJ.CHHC CHCTCMhi OTC'leTa, IIpHBO,ll;.HIII,Ce aHTH-CaMO,lJ;YaJihHJIO 'laCTh CB.H3HOCTH wg 
K nyJiro. TipnMepbi - Mnoroo6pa3n.H Eryqn-Xancona n Tay6a-HyTa. TaK)Ke )lll.H 

MHOroo6pa3H.H C rOJIOHOMHeii: G2 MO)KHO Bbi6paTb OpTOrOHaJlhHJIO CHCTCMJ OTC'lCTa 

ei, B KOTOpOii: .OKTOHHOHHaH 3-¢opMa 

~=~A~A~+~A~A~+~A~A~+~A~A~+~A~A~ 

+ e
3 

A e4 
A e7 
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II er? ,lJ;YaJibHa.H 4-¢0pMa *<I> 3aM.KHJThl. 9TII '¢opMbi .HBJI.HIOTC.H ,n;eii:CTBIITeJihHO 

nnBapnanTHhiMll OTHOCnTeJihHO ,1\CiiCTBII.H rpyrrrrhi G2, n nx 3aMKHJTOCTh 3KBHBa

JieHTna IIpnCyTCTBIIIO KOBapH.HHTHO IIOCTO.HHHOrO CIIHHOpa 'TJ, TaKOrO 'ITO fl;'T] = 0. 

HarroMHIIM, 'ITO G2 - aTo na caMOM ,n;eJie rro,n;rpymm 80(7), KOTopaa Bbi,ll;eJI.H

CTCH c IIOMOIIJ.hiO o,n;noMepnoro nnBapiianTnoro rro,n;rrpoCTpaHCTBa. CyiiJ.eCTBOBanne 

3TOrO IIO,ll;IIpOCTpaHCTBa - CaMrui Ba)!(HaJI OC06CHHOCTh C ¢n3H'lCCKOll TO'lKH 3pCHII.H
1 

rroToMy 'ITO 'liiCJio cyrrepcuMMeTpiiii, coxpauaeMoe o6hi'lHOii 11pon.e,n;ypoii: Kanyll,a

KJieiina CB.H3aHO C 'l!ICJIOM TaKHX CIIHHOpOB na BHYTPCHHCM MHOr006pa3HII. 
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Boo6m;e ronopa:, eCJin ,D;aHHaa: pnManona MeTpnKa pa3MepuocTII n II ,D;OnycKaeT. no 

Kpafinefi Mepe O,ll;llH KOBapnaTHO nOCTOHHHblll CnHHOp fJ, J,ll;OBJieTBOpHIOID;IIll ,D;TJ = 

O, TO rpynna roJIOHOMnii 6y,D;eT SU(~), Sp(~), G2 Jin6o Spin(7). )J.na noCJie,D;-

HliX CJiy'laH COOTBeTCTBJIOT CeMH li BOCbMli II3MepeHHHM. )J.JIH; MeTpHKH C rOJID

HOMHefi G2 (n Spin(7)) cyru;ecTnyeT TOJibKO O,D;HH fJ· TioCJie ny6JiuKaiJ,nn pa6oThi 

Beprepa nonpoc o cym;ecTnonaHun MeTpnKn c roJIOHOMneii G2 n Spin(7) ocTaBaJICH 

oTKpbiThiM. Tpn,D;IJ,aTh JieT cnycTH noCJie noa:nJienna: pa6oThi Beprepa 3Ta 3a,D;a'la 

6hiJia perneua BpnanTOM II CMaMOHOM [7], KOTOpbie ,D;OKa3aJIH ee cym;ecTnonauue, a 

TaK)Ke nocTponJin neKOTOphle HBHbie npuMepbi [8]. OunuaiiiJin nnTepecuyro CBH3b 

Me)K,ll;Y KBaTepHHOHHD-K3JiepOBOll MeTpHKOll li IIpOCTpaHCTBOM C yMeHbiiieHHOll ro

JIOHOMHefi li nOKa3aJili, 'ITO 60JibiiiOll KJiaCC MeTpliK C yMeHbiiieHHOll rOJIOHOMnefi 

MO)KeT 6hiTb IIOCTpOeH KaK paCIIIHpeHne 'leTbipeXMepHblX KBaJepHHOHHO-K3JiepOBbiX 

rrpocTpaucTB. 9To Ha3biBaeTCH pacrnnpenneM BpuaHT-CMm._wna, n nMeeT neKOTO

pyro auaJiornro c rrocTpoeuneM Illnana. 

TipocTpaHCTna c G2 roJioHOMneii HBJIHIOTCH Pn'IH-IIJIOCKHMH. l1x Ten3op Kpu

Bli3Hbi Rabcd y,D;OBJieTBOpHeT o6o6m;eHniO ycJIOBIIH caMO,D;YaJihHOCTII B rrpocTpaHCTBe 

D = 7, a nMenno, 

R -±CabcdR 
ab-

2 
cd· 

CTpyKTJpHbie KOHCTaHTbi OKTOHHOHOB Cabcd B D = 7 urpaiOT pOJib, aHaJIOrll'IHJIO 

cnMBOJiaM KpoueKepa Eabcd B D = 4. CaMO,D;YaJibHOCTh rro,D;pa3yMenaeT G2 roJiouo

MHIO u TO, 'ITO Ten3op KpHBII3Hbi HBJIHeTcH Pn'III-nJiocKnM (To )Ke caMoe yTnep)K,D;e

Hne nMeeT MecTo n noChMHMepHOM CJiy'lae ,D;JIH roJIOHOMHH Spin(7)). XoTH yCJionue 

CaMO,D;YaJibHOCTll B llTOre npHBO,ll;llT K HeJIIIHefiHOll CllCTeMe ypaBHeHHH, OHa, TeM He 

. Menee, MO)KeT 6hiTb perneHa B CJiy'laHx c no,D;Xo,D;Hm;eii CHMMeTpneii. 

TioCJie pa6oTbi BpnaHTa 6biJIH noCTpoeHhi uecKOJihKO HBHhiX npnMepon KOMnaKT

HhiX u HeKOMnaKTHbiX G2 MeTpnK. B JinTepaType eCTh npnMepbi TaK Ha3biBaeMhiX 

"CJia6biX G2 roJIOHOMnii" [12], KOTOpbie CHona HBJIHIOTCH <l>oHaMn 11-Mepuoii cy

neprpamiTaiJ,IIII, n KOTOpbie TaK)Ke coxpaHHIOT N=1 cynepcnMMeTpnro n D = 4. B 

3TOM CJIJ'Iae cyru;eCTBJeT HeKOBapiiaHTHO IIOCTOHHHblll CIIIIHOp fJ J,ll;OBJieTBOpHIOID;IIll 

YCJIOBUIO D;TJ rv A/;fJ. YCJIOBHe R;j = 0 (Pn'IH-IIJIOCKHe MHOroo6pa3l1H) 3aMeHHeTCH 
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B .3TOM CJiy'lae yCJionneM R;j rv A9ij· B rrpe,D;Me >. ,.,.t p IIOJiy'laeM G2. KaK orpaHII

'IeHHYIO, rpyrrrry rOJIOHOMIIii. XIIT'IIIH IIOKa3aJI, 'ITO npu orrpe,D;MeHHhiX yCJionua:x 

3TOT BII,ll; IIpOCTpaHCTBa MO)KHO OTIHCaTb C IIOMOID;biO•KOHH'IeCKOll MeTpllKll C roJio-. 

HOMneii Spin(7) [10]. <I>u3n'leCKaH nHTepnpeTaiJ,nH CJia6oro G2 npoCTpaHCTna- 3TO 

cynepcnMMeTpnqnhie <l>onhi B Teopua:x cynepCTpyH npu HaJIH'Inn cneiJ,HaJihHHbiX 

Ten3opnhiX noJieii (fluxes). 

HecMoTpa: Ha 6oJibiiiOii rrporpecc n ucCJie,D;onauun MHoroo6pa3nii c yMeHhiiien

Hoii rOJIOHOMHefi, BCe em;e OCTaiOTCH OTKpblTbie BOIIpOCbJ, B OC06eHHOCTll CBH3aHitbie 

c Teopna:Mn KMyiJ,a-KJieiiHa. PeaJIHCTH'IHaa: KOMrraKTn<l>nKaiJ,na: ,D;OJI)f(Ha. o6'ba:c-
• 

HllTb HaJill'llle KllpaJibHOll MaTepnll (KnpaJibHblX·<l>epMHOHOB), a TaKaH MaTepnH He 

MO)KeT 6biTh noJiyqeua rrpnMeneHneM npoiJ,e,D;Ypbi KaJiyiJ,a-KJieiiua ua rJia,D;Knx G2 

Mnoroo6pa3na:x. B ma,D;KOM CJiy'lae rapMonn'!ecKoe pa3JIO)Keuue KMyiJ,a-KJieiiua 

O,D;nnna,D;IJ,aTnMepHoii cyneprpannTaiJ,HH 6y,D;eT npnBO,ll;IITh K .N=1 .'leTbipexMepuoii 

cyneprpannTaiJ,nn, BKJIIO'Iarom;eii a6eJieBbi neKTOpHhie MYJihTnnJieThl (6e3 KnpMb

HhiX <l>epMHOHOB). 0TMeTHM, 'ITO KllpaJibHbie <l>epMHOHbl MOryT nOHBliTbCH, KaK 

JKa3aHO B [11], TOJibKO eCJill KOMnaKTH<l>HIJ,llpOBaHHOe MHOroo6pa3IIe HBJIHeTCH CllH

ryJIHpHbJM. T.o., OKa3hiBaeTca:, 'ITO ,ll;JIH nocTpoeHnH peMIICTH'IHOii MO,D;eJin HJ)KHO 

liCCJie,D;OBaTb ,ll;HHaMnKy cynepCTpyH Ha op6n<l>OJI,D;aX. 

Em;e O,ll;HO Tpe6oBaHue COCTOliT B TOM, 'ITO BHJTpeHHee npOCTpaHCTBO ,D;OJI)KHO 

6biTh KOMnaKTHbiM. Cym;ecTnonaHue KOMnaKTHhiX npocTpaHCTB co cneiJ,IIaJibHOii 

rOJIOHOMHefi .li CIIHrJJIHpHHMll (op6n<l>OJI,ll;OB) 6biJIO CTporo ,!1;0Ka3aHO )J.)KOHCOM B 

[9]. Ho HBHaa: MeTpnKa ,ll;JIH TaKux npocTpanCTB ,D;O cnx nop ue H3BecTna. TeM 

He Menee npe,D;noJiaraeTca:, 'ITO npocTpaHCTBa (Tuna op6n<l>oJI,D;a) c G2-roJIOHOMueii 

B03HHKaiOT KaK <l>aKTOphl (quotient) onpe,D;MeHHoro KOHn'lecKoro riinepK3Jiepona 

MHoroo6pa3ua: B npoCTpaHCTBe D = 8 no o,D;Hoii H3 ero n30MeTpnii [11]. 9To ,D;aeT 

em;e O,D;HY CBH3b Me)K,D;y "runepreoMeTpneii" u npoCTpaHCTBaMu c G2 roJIOHOMneii. 

HecMoTpH Ha To, 'ITO a:nuaa: G2 MeTpuKa ,ll;JIH KOMnaKTHhlx MHoroo6pa3uii He 

n3necTHa, B [12] 6biJin noCTpoenhl HeKOTOphle npnMepbi co CJia6oii G2 roJIOHOMneii, 

KOTOpbie HBJIHIOTCH KOMnaKTHbiMH H ,D;OnyCKaiOT HeKOTOpbie BH,ll;bl CHHrJJIHpHOCTH. 

KpoMe Toro BnTTeH nOKa3aJI, 'ITO <l>n3nKa n6Jin3n cuHryJia:pHoCTn HBJIHeTca:. no 
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cyrn;eCTBY JIOKaJibHOH, TO eCTb He 3aBIICIIT OT rJio6aJibHbiX CBOHCTB (Tnna KOMITaKT

HOCTII) ·BHyTpeHHero npocTpaHcTna [11]. IIo 3TOfi npii"mHe nee ern;e cyrn;ecTnyeT 

60JibillOH IIHTepec K ITOCTpOeHIIJO MHOroo6pa3IIH CO cneu;naJibHOH roJIOHOMIIefi II Ko

HnqeCKIIMII CIIHryJIHpHOCTHMII 6e3 Tpe6oBaHIIH KOMIIaKTHOCTII. 

ll,eJihJO pa6oThi: 

HacToarn;aa )J,IICcepTau;na npe,li,CTaBJIHeT co6ofi IICCJie)J,OBaHIIe MHoroo6pa3IIH c 

pe,nyu;npoBaHHOH rOJIOHOMIIefi C ynOpOM Ha ITOCTpOeHIIe HBHbiX npHMepOB, KOTOpbie 

npiiMeHIIMhi )J,JIHKOMITaKTII¢IIKau;Hfi B cynepCTPYHHhiX II M- Teopiiax, a TaK*e B 

cynepCIIMMeTpHqHbiX CIIrMa MO)J,eJIHX. 

Hay'IHrui HOBH3Ha: 

B pa6oTe nrrepBbie rrpe)J,cTaBJieHa rroJIHaH KJiaccii¢IIKaiJ;HH CJia6hiX riirrepK3Jiepo

BbiX IIpOCTpaHCTB C ·KpyqenneM ITOCpe)J,CTBOM IIX II)J,eHTH<f>IIKaiJ;IIII C riiiiepKOMIIJieK

CllbiMII IIpOCTpaHCTBaMIIi a TaK)Ke C IICIIOJib30BaHHeM pe3yJibTaTOB IICCJie)J,OBaHIIH 

CaMO,IIyaJibHbiX IIpOCTpaliCTB B KOIITeKCTe KOMIIJieKCHOH reoMeTpHII. 

IJoJiyqeHbl HOBbie cyrrepCIIMMeTpHqHbie <f>OHbl cyrrepCTpyHHOH TeOpiiii C IICIIOJib-

30BaHHeM HeKOTOpb!X HOBbiX pe3yJibTaTOB B KBaTepHIIOHHO-K3JiepOBOH reoMeTpiiii. 

TaK*e rrocTpoeHHO o6o6rn;eHHe MeTpiiKII target- HpocTpaHCTBa D = 4 cHrMa Mo

)J,emr (MeTpnKH Oorypn-Ba¢a), HOJiyqeHHOH rrpn KOMHaKTH¢nKau;IIH IIA-cTpyH, 

llpll HaJIJiqiiii HeCKOJibKIIX H)J,eHTIIqHblX rnrrepMyJibTIIIIJieTOB (rrpiiHIIMaH BO BHIIMa

HIIe TaK)Ke II D-IIHCTaHTOHHbie HorrpanKH). 

Anpo6au;nB pa6oThi. Pe3yJihTaThi, rrpe)J,cTanJieHHbie B )J,IIccepTau;nii, )J,OKJia)J,hi

BaJinch n o6cy)K)J,aJIIICb na nayqnhiX ceMnnapax Jia6opaTopHII TeopeTn'iecKofi ¢II-

3IIKII iiM.H.H.BorOJII060Ba 06'be)J,IIHeHHOrO IIHCTHTyTa H)J,epHbiX UCCJie)J,OBaHHH, a 

TaK)Ke ripe)J,cTaBJIHJIIICh II )J,OKJia)J,biBaJIHCb Ha: Me)K,uynapo,li,HOM KOJIJIOKBIIyMe "X 

International Colloquium Quantum Groups and Integrable Systems" (2001, IIpara, 
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'Y:emcKaa peciiy6JinKa); Me)K,nyHapo)J,HOM ·KOJIJioimiiyMe "XIII International Collo

quium Quantum Groups and Integrable Systems" (2004, IIpara, 'Y:emcKaa peCIIy6-

JIIIKa) II Me)K,IIynapo)J,nofi Kon¢epenu;IIII "XI-th International Conference Symmetry 

Methods in Physics" (2004, IIpara, 'Y:emcKaa pecny6JIIIKa). 

Ily6JIHK~HH. IIo MaTepiiaJiaM )J,IIccepTaiJ;IIII .ony6JIIIKonaHo 4 pa6oTbi. 

06beM H CTp)'KTypa ,ll;HCCepT~HH. .II,nccepTaiJ;IIH COCTOIIT II3 BBe)J,eHIIH, 5 

rJiaB II 3aKJIIOqeHIIH. 06rn;IIfi 06'beM 104 CTaHHIJ;, BKJIIOqaa CITIICOK JIIITepaTypbi, 

Ha 3am;HTY Bhi,ZJ;BHraJOTOI cJie,ZJ;yrow;ne pe3yJihTaTbi: 

1) IJOKa3aHO, qTO qeTh!pexMepHI>ie CJia6bie rnnepK3JiepOBbl IipOCTpaHCTBa C Kpy

qeHHeM (CPKK) - 3TO TO )Ke CaMoe, qTo riinepKOMITJieKCHbie IipOCTpaHCTBa II TO 

)Ke CaMOe, qTo HeKOTOpbie . npOCTpaHCTBa, paCCMOTpeHHhie IJJie6aHCKH II <l>IIHJIII. 

C noMOill;hiO TaKoro OTO)K)J,eCTBJieHHH nafi)J,ena nan6oJiee o6rn;aa JIOKaJihHaa ¢opMa 

)J,JIH MeTpiiKII riinepK3Jiepona npocTpaHCTBa c KpyqeHHeM B qeTbipex .II3MepeHIIHX . 

.II,Jia CPKK npocTpaHcTn npe)J,JIO)Kena ¢opMyJIIIponKa TIIrra AmTeKapa-51Ko6coHa

CMOJIIIHa, n KOTopofi rrpo6JieMa rrocTpoeniia CPKK MeTpHKII CBO)J,IITCH K pemeHIIIO 

KBa)J,paTHqHOH CIICTeMbl )J,II<f><f>epeHIJ;IIaJibHbiX ypaBHeHIIH. I10Ka3aHO, qTO cyrn;ecT

nyeT 6oJiee o6rn;ee pemeHIIe (He)KeJIII pemeHIIe KaJiaHa-Xapnii-CTpOMIIH)Kepa), ;:via 

KOToporo ne cyrn;ecTBYeT coxpanaiOrn;aaca ¢opMa o6'beMa. IIocTpoeHbi HeCKOJihKO 

HBHbiX IIpiiMepOB TaKH~ MeTpiiK C II30MeTpiiHMii [18]. 

2) Hafi)J,eHa Han6oJiee o6rn;a.sr ¢opMa MeTpiiKII target- rrpocTpaHcrna )J,JI.H D = 4 

CHrMa MO)J,eJIH (c HeCKOJibKIIMIIH)J,eHTHq!Ib!Mll rurrepMyJibTHITJieTaMn), KOTOpall B03-

HIIKaeT B TeopHII cyiiepcrpyH Tnrra IIA, KOMHaKTn¢nu;uponannofi na HeKOTopoe 

MHoroo6pa3ne KaJia6n-51y (nMecre c HenepTyp6aTnBHhiMII BKJia)J,aMn n MeTpnKy oT 

D-nHcranTonon). PaccMaTpunaeMbiH MeTpnqecKnfi TeH30p HBJIHeTCH "TopnqecKII 

rHnepK3JiepoBhiM", eCJIII He rrpnHnMaTb no BHnMaHne rpannTau;uonnhie norrpanKn. 
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9ToT pe3yJihTaT o6o6rn;aeT pememre Oorypn-Ba<Pa. Mbr namJin, 'ITO KBaHTOBhre 

nonpaBKll K KJiaCCH'IeCKllM (JIOrapmpMn'IeCKllM) 'IJieHaM 3KCllOHeHIJ,llaJibHO llO)l.aB

JieHbl <PaKTopaMn, noJiy'IeHHh1Mn OT BKJia,n.oB D-nHCTaHTOHa B KBa3H-KJiaccnqecKOM 

onncannn [17].' 

3) TiocTPoeno ceMeii:crno M~nK )l.JIH npoCTPaHCTB c roJionoMneii: Spin(7), G2 

a TaKlKe )l.Jlfl npocrpaHCTB co CJia6oii: G2 roJioHoMneii:. Pe3JJibTaT 6h1JI TaK:lKe pac

npocrpanen na CJiyqafi <Pononoro pemenn11 )l.JIH cyneprpannTau;nn, coxpan11rorn;ero 

o,n.ny cynepcnMMeTpnro. Hann'Ine TopnqecKnx cnMMeTpnii: ,n.aeT B03MmKHOCTh pe

,n.yKu;nii: K <PonoBbiM pemenn11M Tnrra IIA nyTeM o6hr'Inoii: pe,n.yKu;nn no o,n.noMy n3 

neKTopoB KnJIJinnra [15]. 

4) C noMOrn;hro MaTeMaTn'IeCKoro npneMa, Ha3biBaeMoro pacmnpenneM llinana, 

llOCTpOeHO CeMeHCTBO TOpn'IeCKllX nmepK3JiepOBbiX MeTpllK )l.Jlfl BOCbMHMepnoro 

CJiy'Iafl. Haii:,n.eHa CllCTeMa KOOp,LJ.IIHaT, )l.Jlfl KOTOpOii: MeTpnKa HMeeT Bll)l. Tlllla MeT

pHKll rn66onca-XoKnHra. Pememre 6biJIO pacmnpeno )l.O O)l.llliHa,n.u;aTIIMepHoii: cy

neprpaBnTau;nn, coxpan11rorn;eii: onpe,n.eJiennoe 'IHCJIO cynepcnMMeTpnii:, He3anncnMo 

OT npncyTCTBllfl noTOKOB. HeKOTOpbre Tllllbi IIA n IIB pemennii: 6h1JIH naii:,n.enhr c 

noMorn;nro pe,n.yKu;nii: (n,n.oJib H30MeTpnn ), n npn noMorn;n npaBHJI T-,LJ.yaJihHOCTII [16]. 

Co,ll;ep:>KaHHe )J;HccepT~H. B rJiane "Tipe,n.napnTeJihHhre MaTepllaJihr" npe,n.

cranJieno no,n.po6noe on11can11e OCHOBHbiX oco6eHHOCTeii: rnnepK3Jieponoil:, reoMeT

p11n, rnnepKOMnJieKCHhlX CTPYKTyp, KBaTepHIIOHHD-K3JiepOBbiX npocrpaHCTB 11 MHo

roo6pa311ii: c G2 11 Spin(7) roJIOHOMIIHMII. Pe3JJibTaTbi ,n.annoii: rJiaBbi cKopee MaTe

MaTII'IeCKIIe II He HOBble. Ha,n.eeMCfl, 'ITO )l.aHHbiH 063op MO)!(eT 6biTb 11CllOJib30BaH 

B ne,n.arOrii'IeCKllX IJ;eJifiX, llOCKOJlbKJ B HeM C)l.eJiaHa llOllblTKa no HOBOMJ npe,n.

CTaBIITb <PopMaJibHbre pe3JJibTaTbi c noMOID;biO npocroro H3b1Ka, nOHHTHoro <PII3n

KaM. B pa3,n.eJie 2.1.1 ,n.an o63op o rJiaBHhiX cnoii:crnax KBaTepnnonno-KaJieponoii: 

u runepK3Jieponoii: reoMeTpnll B pa3MepnHOCTHx D > 4. B pa3,n.eJie 2.1.2 Mbi no

Ka3b1BaeM 'ITO B 4-113MepeHll11X JII06oe KBaTepHIIOHHD-K3JiepOBO npocrpaHCTBO fiB-

/ 
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JIHeTCfl caMO,LJ.yaJibHbiM npocTpaHCTBOM 9uHmTeil:na., B ;pa3,n.eJie, 2.2 onncaHhi rii

nepKoMnJieKCHhie, crpyKTJpbr II IIX CB1!3h co CTPYKTypaMII TIJie6ancKn-<l>IInmr, Ko

TOpbre IIrpaiOT cyrn;eCTBeHHJIO pOJib B nameii KJiaCCII<i>IIKaiJ;IIII CrKK npOCTpaHCTB 

B 'IeTbipexMepHOM CJiyqae. 9TOT KOHTeKCT IICll0Jlb30BaH )l.Jlfl OllllCaHllfl <l>opMJJill

pOBKII TIJie6anCKII II AmTeKapa-5IKo6cona-CMOJIIIHa )l.JIH 4-Mepnhrx caMO,LJ.yaJihHhiX 

npoCTpaHCTB B pa3,LJ.eJie 2.3. 9Ta 'IaCTb Ba)!(Ha )l.Jlfl pe3JJibTaTa 1) JllOMfiHJTOro 

Bhrme. B rJia6e 2.4 Mbl paccMaTpiiBaeM pe,n.yKu;nro "ne6ecnoro" ypanneHIIH TIJie-

6ancKII npn HaJIH'IHII o,n.noii: II30MeTpiiii, II Mbi B03nparn;aeMC11 K KJiaccii<l>IIKaiJ;IIII 

Boepa-<l>IIHJIII B03MO)!(HOii: JIOKaJibHOii: <PopMbi MeTpnKn )l.Jlfl caMO,LJ.yaJibHbiX npocT

pancTB c o,n.noii: H30MeTpneii:. Mbr npe,n.cTaBJIHeM reoMeTpn'IecKyro IIHTepnpeTau;IIro 

IIHTerpiipyeMOCTII aKCIIaJibHOro SU(oo) ypanneHIIH To,n.a, nOKa3hiBaH, 'ITO ono onii

CbiBaeT HeKOTOpbie MeTpiiKll rii660HCa-XOKIIHra B cneiJ;IIaJibHOH CIICTeMe KOOp)l.II

HaT. CooTnomeniie ,ll;)!(onca-To,n.a, KOTopoe ycTaHaBJinBaeT CB113h Me)!(,n.y caMo,n.y

aJihHHbiMn CTPYKTypaMII II CTpyKTypaMII 9ii:nmTeii:na-Beii:JIH paccMoTpeno B pa3-

,n.eJie 2.4.3. B pa3,n.eJie 2.4.4 Mbi pacMaTpiinaeM CJiyqaii: c ,n.nyMH KOMMJTIIpyrorn;IIMII 

ll30MeTpii11Mll, KOTOpbiH COOTBeCTByeT IIpOCTpaHCTBaM ,lJ;)!(OllCa. Mbl , paCCMaTpii

BaeM llO)l.KJiaCC rrpOCTpaHCTB ,lJ;)!(OHCa, KOTOpble 11BJI11IOTC11 3HHlliTeHHOBCKIIMll II Ta

KIIM o6pa30M KBaTepHIIOHHO-K3JiepOBblMll. B 3TOM KOHTeKCTe Mbl HaxO)l.llM MeTpiiKII 

KaJI,LJ.ap6anKa-Tie,n.epcena, KOTOphre cooTBeCTBJIOT naii6oJiee o6rn;IIM KnaTepniionno

K3JiepOBbiMII MHoroo6pa3nHMII c U(1) x U(1) II30MeTpii11MII, II IIrpaiOT na)!(Hyro pOJib 

B 3TOH )l.IICCepTaiJ;HII, B OC06eHHOCTII )l.Jlfl IIOJiy'IeHIIfl pe3JJihTaTOB 3) II 4). 

B pa3,LJ.eJie 2.5 Mbl o6cy)!()l.aeM HeKOTOpbie Ba)!(Hble oco6eHHOCTII KBaTepHIIOHHO

K3JiepOBOH II riirrepK3Jieponoii: reoMeTpnii c pa3MepHHOCT11Mll D > 4. B pa3,LJ.eJie 

2.5.1 rrpe,n.cTaBJieHbi CaMbre o6rn;ne 4n-MepHhie riirrepKaJiepoBbie rrpocTpaHCT~a c n 

KOMMJTIIpiOID;UMII Tpii-rOJIOMop<l>HblMII ll30MeTpii11MII, KOTOpbie 11BJI11IOTC11 o6o6rn;e

Hll11MII MeTpllKll rii66onca-XOKIIHra Ha 6oJiee BbiCOKlle pa3MepHOCTII. 9TOT pe3JJib

TaT 6y,n.eT ncrrOJib30BaTbC11 rrpii o6cy)!(,n.ennn pe3yJihTaTOB 2) II 4). Mbr B o6rn;nx qep

Tax ,n.aeM orrncaHIIe pacmiipeHIIH llina11a n 2.5.3. 9Ta qacrb IIcnoJih3JeTCH, rJiaBHbiM 

o6pa30M, rrpii noJiy'IeHIIII pe3yJihTaTa 4). 

B pa3,n.eJie 2.6 o6cy)!()l.aiOTC11 HeKOTOpbre Ba)!(Hbre oco6eunocrn rpynrr G2 n Spin(7) 
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II •IIX CBH3b C aJire6poii OKTOHIIOHOB. floCJie 3TOrO Mbl 06Cy:lK,ll;aeM KJiaCCII'IeCKIIe 

oco6eHHOCTII rrpocTpaHCTB c ronoHOMIIHMII G2 II Spin(7}, a IIMeHHO caMOA)'aJihH

HOCTh TeH30pa Kp1IBII3Hhl 1 HaJIII'IIIe KOBapiiaHTHO IIOCTOHHHbiX TeH30pOB II IIX CBH3h 

c anre6poii OKTOHHOHOB. Mbi ,n:aeM rrpHMoe ,n:oKa3aTeJihCTBO rrocrpoeHIIH BpuaHTa

CanaMOHa H o6'hHCHHeM pOJih npocrpaHCTB co cnen;HaJihHhiMH ronoHOMHHMH. ITpo

cne:lKHBaiOTCH Onpe,n:eJieHHhie aHaJIOrHH Me:lKA)' 3THM TIOCTpOeHHeM H TIOCTpOeHHeM 

IIIBaHa. · · Mhi TaK:lKe noKa3hiBaeM, 'ITO HeKOTOpbie npuMephi MeTpHKH co· CJia6oii 

ronoifoMueii G2 MoryT 6biTh nocTpoeHhi c noMOID;hiO pe,eyKII;HH orrpe,n:eneHHoii MeT

pHKH (KOHH'IeCKoro Tuna) c ronoHOMHHMH Spin(7). TaK :lKe crpoHTCH nonynnoc

KHe 6-MepHbie MeTpHKH, ucxo,n:H H3 onpe,n:eneHHhiX G2 MeTpHK KOHH'IecKoro Tuna. 

Mbi no,n:qepKHBaeM CBH3h Me:lK,ey G2 rrpocTpaHCTBaMH H KOMTiaKTHqmKan;Heii 11-

MepHoii cyneprpaBHTaii;HH ( coxpaHHIOIII;eii onpe,n:eneHHoe KOJUPrecTBO cynepcHMMeT

puii}; cha 'IaCTb Ba:lKHa ,ll;JIH BbiBO,ll;a pe3JJibTaTa 3}. 

)J;pyrue pa3,n:eJihl TIOCBHIII;eHbl no,n:po6HOMJ o6cy:lK,n:eHHIO pe3JJihTaTOB 1}-4} ,n:aH

HOH ,n:uccepTaii;HH. Pe3JJihTaT, c¢opMynupoBaHHhiii B nyHKTe 1}, npe,n:cTaBJieH B 

,n:Byx 3KBHBaJieHTHhix YTBep:lK,n:eHHSix {18]: 

YTnep:aq:~;eHne 1 Ilycm'b Mempu"',ecnuil meuaop g onpeae.l!eu ua Muozoo6pa

auu M BMecme c mpu~noMn.~tencu'btMU cmpynmypaMu Ji, yaoe.!!emeopmoU!UMU a.!!

ze6pe Ji · Ji = -8;i + fijkJk u a.!!.f! nomop'btx Mempuna .f!6.!!Remc.f! neamepuuouuo-

3pMumoeou, mo ecm'b g(X, Y) = g(JiX, JiY). Onpeae.l!uM nowfiopM'H'btil 'K:.!!acc 

Mempun {g], cocmo.RU!Uil ua ecex Mempun g' c6.R3a'H'H'btX c Mempunoil g npouseo.!!'b

'H'btM nowfiopM'H'btM npeo6paaoea'HueM. 

a) Tozaa UMeem Mecmo 3neuea.!!e'Hm'Hocm'b 

dT + o: ,.::t = o <==> N;(X, Y) = 0, (1.1} 

zae T - 'K:3.!!epoea 1-rfiopMa, a Ni(X, Y} - me'H30p Hue'HXOilca, C6J!3a'H'H'btU c Ji; d 

- o6wnum 6'HCW'H.R.R npouaeoaH,a.R u o: - 'Henomopa.R 1-rfiopMa. EC.!!u nanoe-.!!u6o U3 

pa6C'HCffi6 (1.1} B'btnO.!!'HJ!CffiCJ! a.!!J! g, mo {1.1} man:»ee 6Cp'HO a.!!J! .!!106ou Mempunu 
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g' no'HrjiopM'HOZO 'K:.!!acca {g]. 

b) 06a coom'HOULC'HUJ! ( 1.1) 6'btnOJl'HJ!10ffiCJ! aJIJ! Jl106oil "tCm'btpexMep'HOil. CJla6oil. 

zunepn3Jlepoeoil. Mempmcu c npy<te'HueM, u cy'll.lecmeyem .tWna.!!'bHa.R cucmeMa noop

auHam (x, y, p, q) aJIJ! •?;;omopoiJ. .Mempu<tecnuil. meHSOp npUHU.Maem eua 

g = (dx- if>xdP + if>xdq} 0 dp + (dy + 'I!ydp- 'I!:xdq} 0 dq, (1.2} 

C mO"lHOCffi'b10 ao no'HrjiOp.M'H020 npe06pa306aHUJ! g --t w2g. JlomCH'4Ua.l!'bt \I! U if> 

yao6.!!Cffi60p.R10ffi He.I!U'HCUHOU CUCmeMe aurjirjiepe'H'4Ua.l!'bH'btX ypa6'H,C'HUU 

[<>,a,a, + w,a,a,- (<>, + w,)a,a, + a.a, + a,a,J ( :) ~ o. (1.3} 

c) 06pamuoe ymeep:»eaeuue man:»ee u.Meem .Mecmo, mo ecm'b Jl106a.R Mempuna 

{1.2} onpeae.I!.Rem nourfiopMH,Oe ceMeil.cmeo [g], e nomopoM ece 3./!eMe'Hm'bt g' .RBJI.R

wmc.R C.!!a6oil. zunepn3.!!epoeoil. .Mempunoil c npy"le'HUeM. Kpy"le'Hue T, coomeemcm

eyw'll.lee ( 1. 2) U.Meem eua 

T = -'2xdq /\ (dy /\ dx + if>ydp /\ dx- 'I!ydy /\ dp} 

+'2ydp /\ (dy /\ dx + if>xdY /\ dq- 'I!:xdq /\ dx}, (1.4} 

zae '2 = if>x- Wy. Jlpu nourfiopM'HOM npeo6pa306a'H,UU g --t w
2
g npy"le'HUC npeo6pa

ayemc.R nan T --t T + *9 2dlog(w). 

Y TBep:>K,LJ;eHHe 2 Jlycm'b g = 8abea 0 eb oau'H U3 npeacma6Uffie.I!CU nourjiopM'H020 

ceMeilcmea [g] ua ymeep:»eae'HU.R 1; 

a) Tozaa U.Mewm .Mecmo paee'Hcmea 

[ell e2] + [e3, e4] = -A2e1 + A1e2- A4e3 + A3e4 

[ell e3] + [e4, e2] = -A3e1 + A4e2 + A1e3- A2e4 

[e1, e4] + [e2, e3] = - A4e1 - A3e2 + A2e3 + A1 e4 
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zae ea - oer;mop'H.'bte no.ll.n,_ aya.n.'bH.'bte ,. ea' u A; - npOU360.11'b'H.'bte rfiyH.?;'IJ,UU H.a npocm

paH.cmoe M, zae onpeae.~~eH.o Ce.Meil.cmoo [g]. 

b) Cnpaoea.11uoo o6pamH.oe ymoep~aeH.ue. Jbo6oe peweH.ue {1.5} onpeae.~~.nem 

,.;oH.rfiop.M.H.oe ce.Meil.cmoo [g], ,.;omopoe onucaH.o o ymoep~aeH.uu 1. Kpy"leH.ue T, 

coomoemcmoywtl{e~ {1.2} onpeae.~~Remc.n rfiop.M.y.lloil. 

T = *g(Aa- c!b)e4
, (1.6) 

zae ~b - cmpy,.;mypH.'bte ?;O'H.CmaH.m'bt, aaaaoae.M'bte c,.;o6?;a.M.U Jlu [ea, eb] = C~bec. 

IIpeo6paaooaH.ue ,.;py"'.eH.u.n npu g --+ w2g e.~~eayem H.enocpeacmoe'H.H.O U3 Ymoep~

aeH.u.n 1. 

Terreph 6oJiee no,n;po6no npe,n;CTaBHM pe3yJihTaT 2). Oorypil H Ba<f>a namJIH MeT

pnKy target- npoCTpaHCTBa ,n;JHI D = 4 cnrMa Mo,n;eJIH c O)l,HHM rnnepMJJihTHIIJieTOM, 

B03HHKaiOm;eii B Teopnn cynepcTpyn IIA, KOMIIaKTn<f>nu;npoBaHHhlx na MHoroo6pa-

3HH Kana6n-5Iy B6JIH3H cnnryJIHpHOCTII TIIna KOHn<f>oJI,n;a. Pe3JJihTaT y'IHThiBaeT 

nerrepTyp6aTHBHhie · BKJia)l;hi B MeTpHKY OT D-nncTaHTOHOB. :::ha MeTpHKa HBJIHeTCH 

rnrrepK3JiepOBOii C O)l;HIIM CaMO)l;yaJihHhiM BeKTOpOM KHJIHHra II HMeeT BH)l; [14] 

1 
g = V(dt + A)2 + V(dx2 + dy2 + dz2

), (1.7) 

r,n;e <f>yHKIJ;IIH V H 1-<f>opMa A y,n;oBJieTBOpHIOT cooTnomeHHHM 

-2 - ( 82 82 82 ) 
b. V = V' V = 8x2 + 8y2 + 8z2 V = 0 , (1.8) 

vv + '(7 X A = 0. (1.9) 

3,n;ecb KHJIIIHr BeKTOpOM )l;JIH MeTpHKH (1.7) HBJIHeTCH at. IIpe,n;rroJimKeHHH Oorypii

Ba<f>a )l;JIH IIOCTpOeHHHH HBHOrD BH)l,a MeTpHKII (1. 7) CJie,n;yiOm;ee 

e IIepiiO)l;H'IHOCTb MeTpHKH IIO pa)l,HaJIHOH IIepeMeHHOH p = ...;xr+yi C rrepHO)l;OM 

1, KaK CJie)l;CTBHe KBaHTOBaHHHH 3apH,n;a D-6panhi, 

• KJiaCCII'IeCKIIii IIOTeHIJ;HaJI V B6JIII3II CIIHryJIHpHOCTH Kana6n-5Iy (TIIIIa KOHH

<f>oJI,n;) )l;OJI)f(eH 06Jia,n;aTb JIOrapn<f>MH'IeCKIIM IIOBe,n;eHHeM V"' log(p), II He3a

BHCeTb OT KOOp)l;HHaTbi Z II yrJIOBOH KOOp)l;HHaTbi (}. 

12 

• MeTpHKa )l,OJI)f(Ha 6biTh IIOJIHOH 

YpaBiienne (1:8) onnchmaeT rroTenn;IIaJI V aJieKTpH'IecKnx·3apH)l.OB B eBKJIH,n;o

BOil IIOJIJIIJIOCKO(:'TH (p; TJ), p' > 0, ·pacripe,n;eJieHHhiX B)l,OJih OCU z, rrpii·p =· 0, B 

Ka)f()l,Oii TOqKe 7J = n E Z [14]. E.ziiiHCTBennoe pemenne (1.8) y,n;oBJieTBOpHIOm;ee 

3TliM npe)l,IIOJIO)f(eHHHM CJie)l;yiOIU;ee [14] 

1 J.L2 • 00 

Vov(p, 77) = -log( ,;z.) + L exp( -21rmp) cos(27rm7J) 
47r I' . m=l . 

00 r(n + l) 1 
x " · 2 · c-· -·-t+! '(11o) 
~ v0fn!r(-n_+ !) 47rmp · 

KoncTaHTa CBH3H cTpynhi g MO)f(eT 6biTh BOCCTanoBJiena B <f>opMyJiye (1.10) c no

MOIU;hiO MacmTa6noro npeo6pa30BaHHH p--+ pfg. Tor,n;a B03HHKaiOm;aH 3KcrronenTa 

exp ( -27rmpjg) HHTeprrpeTHpyeTCH KaK BKJia)l, B MeTpllKJ OT D-llHCTaHTOHOB [14]. 

06o6m;enue MeTpn~ (1. 7} na cJiy'laii 4n-u3Mepenuii HBJIHeTCH MeTpnKoii IIe,U:epcena

Ilyna II UMeeT Bll)l, 

g = U;idx;. dxi + Uii(dt; + A;)(dti + Ai) (1.11) 

r,n;e Uii = (U;j)-I, U; = (Uil, ... , U;n) nA;- pemennH ~paBneniiii 

Fx; rl = fp.v>. V' x; Uj, 
I' v A 

V' X; Uj = V' x! U;, 
A A 

(1.12) 

U; = (U;11 .. , U;n), 

u F- Ten3op narrpH)f(eHOCTII )l;JIH rroTeHIIHaJia A. C rroMOIU;hiO (1.11) u rrpe,n;rroJIO)f(e

nuii Oorypii u Ba<f>a Mhi rrocTpouJiu MeTpnKu rrpocTpaHCTBa MO,n;yJieii )l,JIH HeCKOJih

KIIX II,n;enTnqnhiX rurrepMyJihTUIIJieTOB )l;JIH cyrrepcTpyn TIIIIa IIA, KOMIIaKTII<f>lliill

poBaHHhiX Ha MHOroo6pa3llll Kana6u-5Iy B6JIU3ll CUHrJJIHpHOCTll TUlia KOHU<f>OJI)l;a, 

BMeCTe c nerrepTyp6aTUBHIIMll BKJia,n;aMu B MeTpuKy OT D-IIHCTaHTOHOB. 

<I>onoBoe pemenue cyrreprpaBnTaiiuu, KOTopoe yrroMunaeTCH B rrynKTe 3), nMeeT 

BU)l, 

~ ~ . 

9u = g~+ h(r) +2'[Uq,tJ>dqi+Ut/n/Jd<f>d'tf;+U,p,pd1/l+Qq,d</>+Qv,d7/J+gpp(d7J
2
+dp

2
)+H]. 

(1.13) 
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r.n;e 9~-nJiocKaH MeTpiiKa MIIHKOBCKOro, a oCTaJihHaH qacrb HBJISHITCH MCTpnKoii: c 

roJIOHOMIIeii G2. TeH30p U;j, 1-<l>opMa Q; II <l>YHKIJ;HH H onpe,n;eJIHJOTCH <l>YHKIJ,IIeii: 

F, KOTopaa HBJIHeTCH pemeHIIeM CJie.n;ymero JIHHeii:Horo ypaBHeHIIH 

3F 
FPP + F'f/11 = 4,?. 

MCTpiiKa MO)KeT 6biTb 3aniiCaHa KaK 

2 4 2 
911 = e-"J'PDGpvdxv dx~' + e3'~'0 (d¢ + dx~'Cp(x)) 

r,n;e ,D;IIJiaTOH <pv II paMOH-paMOHOBCKaH 1-<l>opMa C IIMeJOT BH,D; 

3 r 2U11 
<pv = 4log(-

2
-), 

C= U12d'l/J+Q"'· 
U11 . 

Pe.n;yKIJ,HH {1.15) B,D;OJih H30MCTpnn ¢1 .n;aer CJie.n;yiOIIJ;yJO MCTPIIKY Tnrra IIA 

{1.14) 

{1.15) 

r2U11 1 2 2 dr2 r2 2 2 
9A =(--)I {dsM•+h( ) +-U [detUd'lj; +2(U11Q.p-U12Qq,)d1/J-Qq,+U11 H]}. 2 r 2 11 

{1.16) 

KoMrroHeHThi MeTpHKn TaK)Ke orrpe.n;eneHbi qepe3 pememm F ypaBHemm {1.14). 

l:JTo KacaeTcH pe3yJihTaTa 4), TO Mhi rrocrpoHJin pemeHne 11-MepHoii: cyrreprpa

BIITaiJ,IIH c <l>epMHOHHhiMII IIOJIHMH 11 Fpvafh paBHhiM HYJIJO. PemeHIIe nMeeT o6111I1ii: 

BII,D; 

9 = 9(E2
•
1

) + U;idxi · dxi + Uii(dt; + A;)(dti + Ai), (1.17) 

TO eCTh, rrpe,n;cTaBIIMO B BII,D;e rrpHMoro rrpon3Be,n;eHIIe IIJIOCKoro rrpocTpaHCTBa R3 II 

TOpiiqecKoro riirrepK3JiepoBa BHJTpeHHero MHOroo6pa3IIH. Mhl HaiiiJIH C IIOMOIIIbiO 

T II U ,D;yaJihnocTeii: pemeHIIH B Teopiiii cynepcrpyH Tnrra IIA II liB. 

B 3aKJIIO'IeHHH KpaTKO ccl>opMyJIIIpOBaHhl rroJiyqeHHhie B ,n;IIccepTaiJ,nn pe3yJih-

TaThi, KOTOpbie BbiHOCHTCH Ha 3aiiiiiTJ. 

B llpHJio:>KeHUII OIIIIChiBaeTCH CBH3b Me)K.n;y CfKK rrpocrpaHCTBaMII H cyrrep

CIIMMCTpiiqecKIIMII CIIrMa-MO,D;eJIHMII B ,D;BJX H3MepeHIIHX. 
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