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AKTyam,HoCTh TeMhl 

HcTOKOM .l(Jlll HCCJie.l(OBaHHH cyrrepHHTerpHpyMh!X CHCTeM Ha rrpocTpaHCTBax 11OCTO

JIHHOH KpHBH3Hbl rrocrry:nmrra TeOpHll KBaHTOBb!X CHCTeM co CKpb!TOH CHMMeTpHeii, H.l(eH H 

MeTO.l(bl KOTOpoii po.l(HJIHCh rrpH HJytJeHHH 11OBe.l(eHHJI tJaCTHII B KYJIOHOBOM H OCIIHJIJIJITOp

HOM rrorrllx, a JaTeM rrorrytJHJIH cBoe pa3BHTHe B KBaHTOBoii -reopHH rrorrll (H.H.Eoromo6oB, 

Il.B.lIIHpKOB) H TeOpHH 11O1Ill ~ q>yH.l(aMeHT~hHOH .l(JIHHOH (B.r.Ka.l(blllieBCKHH)'.q>H3HKe 

3rreMeHTapHhIX tJaCTHII (H.T.ToAopoB), -reopH~ rraJepoB (P.ilHKKe), MO.l(eJIH o6orrotJeK 

(Il)K.3JirrHoT), KorrrreK~~BH~ii MO.l(eJIH ll.l(ep (B.EaprMaH, M.MomHHCKHii) H cyrre~cn~

MeTpHtIHoii KBaHTOBOH MeX~HHKe (E.BHTTeH). 

CyrrepHHTerpripyeMble CHCTeMbl rrpe.l(CTaBJIJl!OT co6oii 11O.l(KJiacc HH~rpHpyeMb!X CH

CTeM, KOr.l(a 'IHCJIO D q>yHKIIHOHaJihHO HeJaBHCHMb!X HHTerparroB .l(BH)KeHHJI paBHO D = 
2N -1 (HrrH D = 2N - 2 .l(JIJI MHHHMaJihHO cyrrepHHTerpHpyMhIX CHCTeM), r.l(e N - tJHcrro 

CTerreneii CB060.l(bl CHCTeMbl. B TpexMepHOM eBKJIH.l(OBOM rrpocTpaHCTBe K HaH6orree H3-

BeCTHb!M H xopo~o HJytJeHHb!M CHCTeMaM TaKoro THrra OTHOCJITCJI: .l(BH)KeHHe '!aCTH!Ihl B 

KerrrrepoBCKOM rrorre H rapMOHH'IeCHH OCIIHJIJillTOp. HarrHtJHe MaKCHMaJihHOro 'IHCJia HHTe

rparroB .l(BH)KeHHJI .l(Jlll 3THX .l(BYX CHCTeM rrpHBO.l(HT KO MHOrHM HHTepeCHhIM CBOHCTBaM 

KaK,3aMKHYTOCTh TpaeKTOpHil: .l(Jlll q>HHHTHOro .l(BHieHHJI (-reopeMa EepTpaHa), 11O1IHOe 

pa3.l(eJieHHe rrepeMeHHb!X B HeCKOJihKHX CHCTeMaX KOOp.l(HHaT B ypaBIIeHHll faMH1IhTOHa-

5IKo6H H IIIpe.l(HHrepa, "crryqail:Hoe Bb!pO)K.l(eHHe" 3HepreTH'IeCKOro Cl1CKTpa, H HaKOHeII, 

cymecTBOBaHHe TaK HaJb!BaeMOll rpyrrrrhl .l(HHaMH'IeCKOll CHMMeTpHH. 

IlepBb!ll CHCTeMaTH'IeCKHll 11OHCK cyrrepHHTerpHpyeMb!X CHCTeM B ABYX H TpexMepHOM 

111IOCKOM rrpocTpaHCTBe 6b!JI rrpe.l(rrpHHJIT B pa6oTax CMopO.l(HHCKOro lI BHHTepHHTIIa C 

coaBTOpaMH (1965) H JaTeM rrpo.l(OJI)KCH EBaHCOM (1990). CxeMa KJiaCCHq>HKaIIHH cy

rrepmr-rerpHpyeMb!X CHCTeM OCHOBaHa Ha HJBeCTHOll -reopeMe EepTpana-ilap6y, corrracHO 

KOTOpoil:, B .l(ByMepHOM eBKJIH.l(OBOM rrpocTpaHCTBe .!(01101IHHTe1IhHblll K 3HeprHH KBa.l(pa

TH'IHhlll HHTerparr .l(BH)KeHHll cymecTByeT, TOr.l(a H TOJibKO TOr.l(a, KOr.l(a 11OTeHIIHaJI .l(O

rrycKaeT pa3.l(erreHHe rrepeMeHHb!X B 31IJIHl1TH'ICCKOH CHC~Me KOOp.l(HHaT HJIH B O.l(HOH HJ 

ee Bb!pO)K.l(eHHb!X qiopM. KaK OKaJaJIOCh, MHOrHe cyrrepHHTerpHpyeMble CHCTeMhl (Hc

KJIIO'Ial! 'IHCTO KYJIOHOBCKHH H OCIIHJillTOpHb!ll 11OTeHIIHaJibl B 111IOCKOM rrpocTpaHCTBe), 

06rra.l(aromHe KBa.l(paTH'IHb!MH HHTerparraMH .l(BH)KeHHll, He O11HCb!BaIOTCJI .l(HHaMH'ICCKOll 

rpyrrrroil: CHMMeTpHH, a reHepHpyroT arrre6paHtJeCKYIO CTPYKTypy, KOTOpyro MO)KHO pac

CMaTpHBaTb KaK HeJIHHeil:Hoe pacmHpeHHe arrre6pb! ITH (B KJiaCCH'IeCKOll MexaHHKe arr

re6pb! IlyaccoHa), a HMCHHO KBa.l(paTH'IHYIO arrre6py (BrrepBb!e TaKHe arrre6pb! 6b!JIH 

BBe.l(eHbl B pa6oTax CKJIJIHHHa). B HaCTOJllliee BpeMJI CTaJIO 11OHJITHhIM, 'ITO KOH!Ie11IIHJI 

cyrrepHHTerpHpyeMOCTH JIBJIJ!eTCJI 6orree o6mnM IIOHJIT!lCM 'ICM HaJI!l'IHe MaKCHMaJihHOI1 
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rpynm,1 CHMMeTprm HJIH: pa.3.µeJiemi:e nepeMeHHhIX B · ypaBHeHHH raMHJibTOHa-5lKo6H n 

lllpe.n11Hrepa. OTcIO.na cpa.3y B03HIIKaIOT uecKOJibKO BonpocoB: Bcer.na JIii cynep11HTe

rp11pyeMOCTh accou11pyeTCJI C MYJibT11-pa.3,neneu11eM TO ecTb pa.3.neJieHIIeM nepeMeHHhIX 

BO MHor11x c11cTeMax Koop.zui:H~;?' Bcer~a JIii ,cynep11HTerp11pyeMhle c11cTeMhl reuepn:

PYIOT KBa.npaTH~HYIO ~re6py CHMMeTptt:11? CymecTByeT JIH e,nHHM npoue.nypa IIOHCKa 

cynepHHTerpn:pyeMhIX IIOTeHUHaJIOB B npocTpaHCTBax IIOCTOJIHHOil: KpHB113Hhl, KOTOpal! 

o6ecneqirnaeT HX IlOJIHYIO KJiacci11t>n:KaUHIO? B 3TOM KOHTeKCTe Heo6xo,nHMO HCCJie,noBa~b 

CBJl3b Me)K,ny opTOroHaJibHhIMH CHCTeMaMH Koop.nn:HaT, onpe.neJieHHhIX Ha npocTpaHCTBax 

IIOCTOJIHHOll Kp1IBH3Hhl H B IIJIOCKOM npocTpaHCTBe H CBJl3aHHhIX npH IIOMOIUH KOHTpaKUHil: 

IIX rpynn H30MeTp1IH. 

MccJie,noBamrn cynepHHTerpn:pyeMhIX CHCTeM JIBJIJ!eTCJI aKTYaJibHhIM no CJie.nyIOmHM 

npH'IHHaM. Bo-nepBhIX, IIOJIHM KJiaccmt>n:KanHJI cyneplIHTerpn:pyeMhIX CHCTeM Ha npo

CTpaHCTBax KaK IlOJIO)KHTeJibHOil:, TaK H OTpHUaTeJibHOil: IIOCTOJIHHoil: KpHBH3Hhl, cyme

CTBeHHO pacnrnpl!eT KJiacc HHTerpHp.}'MhIX CHCTeM, KOTOphle o6pa3yIOT 6a.3HC .l{JIJI Il0CTpo

eHIIJI COBpeMeHHhIX q:i~3H~eCKHX TeOpHil: H Mo,neJieil:: KBaHTOBOll Te~pHH TIOJIJI C q:iyH.n~~H

TaJibHOil: Maccoil: H 3JieKTpOMarHHTHOil: .l{JIHHofi, KOCMOJIOrHH H KBaHTOBOll rpaBHTaun:11, 

TeopHH (cynep)cTpyH, ypaBHeHHll 5IHra-MHJica-Xn:rr~~ B (2+1) - MepHOM npocTpaHCBe 

.ne-CHTTepa H aH.TH-.ne-C11TTepa, B TeopHH KBapKOHHeB II KBaHTOBhIX TO'leK II KBaHTOBOll 

OTITHKH. Bo-BTOpbIX, 60JibilIHHCTBO cneUHaJibHhIX q:iyHKUHll MaTeMaTH'leCKOll q:iH3HKH, 

KOTOphle TaK qacTO npn:MeHJ110TcJ1, 'ITO ,na)Ke 3aTa6yJin:poBaHhl, B03HHKaIOT HMeHHo npn: 

H3y'leHHH cynepHHTerp11pyeMhIX CHCTeM. 

Uerrb n 3a.D;a'In pa60Thl cpopMyJin:pyIOTCJI rne.nyIOmHM o6pa.3oM: 

1. Mccne,noBaHHe nose.neHHJI opTOroHaJibHhIX CHCTeM KOop.n11HaT (.nonycKalOIUHX 'IlOJI

Hoe pa.3,neJieHHe nepeMeHHhIX B ypasHeHHH reJibMrQJibUa), onpe.neJieHHhIX Ha o.nHopo.nHhlX 

npocTpaHCTBax, nomforo Ha6opa KOMMYTHpyIOmn:x onepaTOpoB, COOTBeTCTBYIOIUHX co6-

CTBeHHhlX 3Ha'!eHHll H co6cTBeHHhIX q:iyHKUHll, a TaK)Ke Me)K6a.3HCHhIX pa.3JIO)KeHHfi np11 

KOHTpaKUHJIX HX rpynn H30MeTpHH. 

2. KJiacc11q:i11KaUHJI H IlOHCK HOBhIX cynepHHTerpn:pyeMhIX CHCTeM Ha ,nByM~J)HOll KOM

TIJieKCHOll cq:iepe S2c, BKJIIO'laIOmen peanhHYIO cq:iepy H .nByxnoJiochlfi rn:nep6oJion:,n,, H B 

.nsyMepHOM KOMTIJieKCHOM eBKJIH,nOBOM npocTpaHCTBe E2c, BKJIIO'laIOmeM peaJibHOe eB

KJIH.l{OBO npocTpaHCTBO H npocTpaHCTBO MHHKOBCKOro. 

3. Pa.3BHTHe MeTO.l{OB KBaHTOBaHIIJI cynepHHTerp11pyeM1,IX CHCTeM Ha npocTpaHCTBax 

IIOCTOJIHHOll Kp1IBH3Hhl BO scex CHCTeMax KOop.nHHaT .nonycKa10m11x pa.3.neJieHHe nepe

MeHHhIX. MccJie.noBaHHe Me)K6a.3HCHhIX nepexo,noB s MHOroMepHhlX cynepHHTerpn:pyeMhIX 

CHCTeMax. 
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4. O606n1em1e na cJiyqafi npocTpaHCTB IIOCTOJll!IIOiI KpHBH31!bl H3BeCTHblX H3 eBl(JIH

,noBoil: reoMeTpHH npeo6pa.30Bann:il: .nyanhHOCTH JleBn:-Y11BHThI H KycTauxeil:Mo-llITmj>eJIJI. 

Hay'IHM HOBH3Ha H rrpaKTH'leCKM n:eHHOCTb pa6oTbI 

B .nn:ccepTan1m npe.ncTaBJieH HOBhlfi acneKT TeopHH KOHTpaKUHfi rpynn II anre6p Jln:: 

a IIMel!l!O CBJ13b Me)K.ny opTOrol!aJibllhlMII CHCTeMaMH Koop.nHHaT (.nonycKaIOmn:x IIOJIHOe 

pa.3,neJieHHe nepeMeHHhIX B ypaBHeHn:11 renbMroJihUa), onpe.neJieHHLIX Ha npocTpaHcTBax 

IIOCTOJIIIHOll Kp1IBII3Hhl H B IIJIOCKOM npocTpaHCTBe H CBJl3aHHI,i:x np11 IIOMomn: KOHTpaKUIIll 

n:x rpynn H30MeTp1111. B paMKax MeTO,na MH01110-B11ruepa BBe,neua K0Huenun:J1 aHaJIIITH

qecKHX KOHTpaKu11il:, Kor.na napaMeTp KOHTpaKUHH - pa.nn:yc cq:iephl R - BCTpa11BaeTCJI 

B HIIq:iHHIITII3eMaJibHhle onepaTOphl II IIOJil!hlll Ha6op KOMMYTIIPYIOIUHX onepaTOpoB, a He 

TOJibKQ B CTpyKTYPHhle KOHCTaHThl. McnOJib3Yll .naHHhlll MeTO.n y,naeTCJI npocne.nHTb KOH

TpaKUHH np11 R ➔ CX) Ha Bcex ypoBHJIX: anre6p1,1 Jln:, npe.ncTaBJieHHOll BeKTOpHhlMII 

noJIJIMH, onepaTOpa JlanJiaca-EenpTpaM11, onepaTOpoB BTOporo nopl!,nKa B o6epTwBaro

meil: anre6pe, xapaKTepH3YIOIUHX CIICTeMhl KOop.nn:HaT, B caMHX CIICTeMax KOop.n11HaT 

.nonycKa10m11x pa.3,neJieHHe nepeMeH11wx, B o61,1qu1,1x .n0:q:iq:iepeun0:aJibHhlX ypaBHeH1IJ1X, B 

co6CTBeHHhIX 3HaqeHHJIX HHBap11aHTHhlX onepaTOpoB, a TaK)Ke B K03q:iq:iHUHeHTax nepe

KPhlTIIJI H Me)K6a.3HCHhlX pa3JIO)KeHHJIX. 

BnepBLie BBe.neuw "KJiaCTepHhle .nn:arpaMMbI" orrpe.neJIJIIOII{He npaBHJIO 3aIIHCH no.n

rpynnoBhIX CIICTeM KOop.n0:11aT, IIOJIHOro na6opa KOMMYTIIPYIOIUHX onepaTOpOB, HX co6-

CTBeHHhlX 3Ha'leHHfi ll peTI1eH11il: ypaBHeHHJI reJibMroJibUa ua EN . Pa.3BHT rpaq:i0:qecKHll 

MeTO.n rrepexo.na OT q:iopMaJIII3Ma ".nepeBheB" B11JieHKHHa-Ky3HenoBa-CMopo,nHHCKoro Ha 

SN K "KJiacTepaM" Ha EN npH KOHTpaKUHH rpynrrhI SO(N + 1) K rpynne E(N). IIo

Jiyqe11hl HOBhle aCHMIITOTH'leCKIIe q:iopMyJihl .l{JIJI D-q:iyHKUIIll BHrHepa, K03q:iq>HUHeHTOB 

KJie6TIIa-rop.naHa ll PaKa. 

llJill ypaBueHHJI reJibMroJibUa Ha TpexMepHofi cqiepe BnepBwe 0:ccne,noBaHhI nepexo.nw 

Me)K.ny 3JIJIHIITII'leCKIIMH ll 6oJiee rrpocTbIMH - r11rrepcq:iep11qecKHM ll UHJIHH,npHqecKHM 

6a.3HCaMH, KOTOphle ycTaHaBJIHBaIOT .nonOJIHIITeJibllhle, paHee HeH3BeCTHhle, CBJl311 Me)K.ny 

cneu11anhl!blMH q:iyHKllllJ!MII; IIOCTpoe11 3JIJIHIICOH,naJibHhlfi 6a.31IC ll onpe.neJieH0 ycJIOBHe 

KBaHTOBaHHJI 3JIJIIIIICOH,naJibHhlX KOHCTaHT pa.3.neneHIIJI. 

Ilpe,nJIO)KeH IIOBbill MeTO.n KJiacc11q:i0:KaUHH HeBhlpO)K.l{eHHhlX cynepHHTerpHpyMhlX Cll

CTeM BTOporo po.na Ha .l{BYXMep11oil: KOMIIJieKCHOll IIJJ0CKOCTII E2c- Tpe6oBaHHe, 'ITO Cll

CTeMa .nonycKaeT .nBa IIHTerpana .l{BII)KeHIIJI BTOporo IIOpll,nKa npHB0.l{HT K Heo6xo.n11MOCTII 

pa3peTIIeHHJI napw MHOronapaMeTp11qecKHX ypaBHeHIIll B qacTHhlX IlpOH3B0.l{llhIX BTOporo 

nopl!,nKa, qTO npe.ncTaBJIJ!eT o6'beKTHBHO Tpy.nHyIO MaTeMaTH'leCKYIO 3a,naqy. BMeCTO 

3TOro npe.nJiaraeTCJI c11aqana HafiTH BCe peTIIeHIIJI TaK Ha.3bIBaeMhlX ycJIOBHil: HHTerpHpy-
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eM0CTII, K0T0pb!e H0CJIT JIHHeJlHb!H xapaKTep II, nanee noJib3YJICb 3TOH noncKa3KOil, Y)Ke 

npecTynlITb K pa3pernemno caMOH CIICTeMbl ypaBHeHIIH B 'laCTHb!X np0II3B0D;Hb!X. B paM

KaX npenJio)Kemmii cxeMbl ynaeTCJI Ha1I6onee noJIHbIM o6pa3oM npoKJiaccmp!IU!IpoBaTb 

HeBblpO)Kl];eHHb!e cynep1IHTerp1IpyeMhle noTeHUIIaJibl, nm1ycKaIOIU1Ie HapJ1ny C 3Hepr!Iett 

napy He3aBIICIIMb!X IIHTerpaJIOB l];B!I)KeHIIJI BTOporo nopllnKa. 

Ilp!I KJiaccmp!IKaUIIII cynep!IHTerp!IpoBaHHb!X CIICTeM BTOporo pona Ha nByMepHOH 

KOMnJieKCHOH c<pepe S2c B nHccepTaUHH npHBOl];HTCJI HeMHOro BHl];OH3MeHeHHblll MeTOn 

cyIUeCTBeHHO onHpaIOIUHHCJI Ha <paKTe pa3neJieHHJI nepMeHHblX B Ol];HOH H3 CHCTeM KOOp

,l{HHaT H B HneHHOM mxaHe nepeKJIHKaIOIUHHCJI c H3BeCTHb!M no.nxo,noM BepTpaHa-llap6y. 

B TaKOM no.nxone Tpe6oBaHHe HaJIH'lHJI .nonOJIHHTeJibH0ro HHTerpana l];BH)KeHHJI npHBO

l];HT K HeKoeMy <pyHKUHOHaJibHOMY ypaBHeHHIO, pemeHHe KOTOporo onpeneJIJ!eT JIBHblll BH,l{ 

cynepHHTerpHpyeMoro noTeHUHaJia. 

BnepBb!e npoBe,neH noJIHblll aHaJIH3 Bcex H3BeCTHb!X cynepHHTerpHpyeMblX CHCTeM B 

,nByXMepHOM H TpexMepH0M nJIOCKOM npocTpaHCTBe, Ha ,nByxMepHOll c<pepe H ltBYXMep

HOM rHnep6oJIOH,l{e. B Ka'leCTBe enHHoro nonxo.na K KBaHTOBaHHIO TaKHX noTeHUHaJIOB 

Bb!6paH MeTO,l{ HHBeHa, a.nanTHpOBaHHb!H KaK Ha MHOrHe TO'lHO pemaeMble crry'laH, Kor.na 

B Ka'leCTBe co6CTBeHHb!X <pyHKUHll Bb!CTynaIOT KJiaCCH'leCKHe noJIHHOMbl, TaK H l];JIJI crry

-qaeB, Kor.na pemeHHe He MO)KeT 61,1Tb 3anHcaHo B 3aMKHYTOll <popMe. IloKaJaHo, 'lTO Bee 

cneuHaJibHbie <pyHKUHH B03HHKaIOIUHe B pe3YJibTaTe pa3p:erreHHJI nepeMeHHb!X o6rra,naIOT 

onpenerreHHblMH CBOllCTBaMH, K0TOpb!e onHCb!BaIOTCJI HYJIJIMH caMHX <pyHKUHll. C<popMy

JIHpOBaH ,l{HarpaMMHblll MeTO.n nocTpOeHHJI MaTpHUbl nepexo.na OT rHnepc<pepH'leCKOro 

6aJHCa MHOroMepHoro CHHryrrllpHoro OCUHJIJIJITOpa K .neKapTOBOMy. 

BnepBb!e npencTaBJieHa cepHll He6HeKTHBHb!X npeo6pa3oBaHHH, o6o6IUaIOIUHX B crry

'lae npocTpaHCTBa noCTOJIHHOll KpHBH3Hbl xopomo H3BeCTHb!e l];JIJI eBKJIH,l{OB0ro npoc'rpaH

CTBa npeo6pa3oBaHHJI .nyanbHOCTH THna JleBH-YHBHTbl H KycTaHxe11Mo-llhH<peJIJI. 

Arrpo6an;n:H pa6oThl. Pe3yJibTaT1,1, npe.ncTaBrreHHble B ,nHccepTaUHH, noKrra,nb!Ba

JIHCb Ha ceMHHapax B Jla6opaTopHH TeopeTH'leCKOH <pH3HKH HM. H.H.Boromo6oBa O6b

enHHeHHoro HHCTHTyTa mepHb!X HCCJienoBaHHll (Ily6Ha), B llHCTIITyTe <pH3HKH Bb!COKHX 

3HeprHH (IIpoTBHHo), B EpeBaHCKOM YHHBepcHTeTe (EpeBan), B Ue1ITpe <pH3H'leCKH_x HC

crrenoBaHHll (Ky3pHaBaKa) H llHCTHTYTe npHKJia,nHoll MaTeMaTHKH Hau;HOHaJibHOro yHH

BepcHTeTa MeKCHKH (MexHKO ), B UeHTpe MaTeMaTH'leCKHX Hccrre.noBaHHH MoHpeaJibCKOro 

YHHBepCHTeTa, B llHCTHTYTe Jl,nepHOll <pH3HKH (JIHoH, <l>paHil;HJI), B JI106JI1IHCKOM YHHBep

CHTeTe HM. MapHH CKrra,noBcK011-K10pH (JI106rrHH, Ilorrbma), B YHHBepcHTeTe r. fa

MHJihTOHa (HoBaJI 3erraH.l{HJI), a TaK)Ke Ha Me)K.l{yHapo,nHb!X KOJIJI0KBHyMaX no TeopeTHKO

rpynnOBb!M MeronaM B <pH3HKe (f03rrap 1996, Ily6Ha 2000, IlapH)K 2002), Ha CHMn03HyMe 
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no xrnaHTOBbIM TeOpHJIM 11 CHMMeTpHJIM (f03nap 1999, KpaKOB 2001), Ha Me)KJtyHapon

HblX KOH<pepeHUHJIX no MeronaM CHMMeTpHH B <pH3HKe (Ily6Ha 1993, 1995, 1997, EpeBaH 

2001), Ha Me)K,nyHapo,nHb!X COBemaHHJIX no KJiaCCH'leCKHM H KBaHTOBblM HHTerpHpye

Mb!M CHCTeMaM (Ily6Ha 1994, 1996, EpeBaH 1998, Ky3pHaBaKa 2002), Me)KnyHapo.nHoe 

COBeIUaHHe no <pH3HKe (MoHTepo.nyHH, 1995), BapyTOBCKaJI MeMopHaJibHaJI KOH<pepeHUHJI 

"TeopHll rpynn B <pH3HKH" (3.nepHe, 199_5), CHMn03HYM no npHJIO)KeHHIO TeOpHH JIH B 

<pH3HKe, (KrraycTaJib, 1997), Me)K.nyHapo.nHaJI KOH<pepeHU:H~ no KBaHTOBb!M rpynnaM, 

ne<popMaa;HJIM 11 KOHTpaKu;H.aM (CTaM6yrr, 1997), BnrnepoBCKHH CHMn03HYM (CTaM6yrr 

1999), BcepOCCHllCKHll CeMHHap "KrracCH'leCKHe H KBaHTOBble HHTerpHpyeMble CHCTeMbI" 

(IIpoTBHHO, 2001), KOH<pepeHU:HJI no MaTeMaTH'leCKIIM pe3yJibTaTaM B KBaHTOBOll Mexa

HHKe (TacKo, 2001), pa6o'lee COBeIUaHHe no cynepHHTerpHpyeMOCTH B KJiaCCH'leCKHX H 

KBaHTOBb!X CHCTeMb!X (MoHpeaJib, 2002). 

Ily6rrn:Kan;n:n:. Ilo MaTepHanaM 11ccrren0Ban1111, npencTaBrreHHb!X B .nHccepTau;HH, 

ony6JIHKOBaHO 25 pa6oT. 

CTpyKTypa n: o6'beM .n:n:ccepTan;n:n:. IlHccepTau;HJI cocToHT H3 BBenenHJI, 6 rrraB, 

3aKJIIO'leHHJI, npHJIO)KeHHJI H cn!IcKa JIHTepaTyp_bI. Ona co.nep)KHT 240 CTpaHHU: TeKCTa, 

17 Ta6JIHU:, 9 p!IcyHKOB H cnHCOK JIHTepaTypbl H3 220 naHMeHOBaHHll. 

Ha 3arn;n:Ty BI,I.D:Bn:raIOTCH crre.n:y10mn:e pe3JJibTaThl 

1. B paMKax MeTona KOHTpaKu;HH llHonJo-BHrnepa pa3pa60Tana Konu;encHJI ananHTH

'leCKHX KOHTpaKu;Hll. Y CTaHOBJiena CBJI3b Me)K.ny pa3JIH'lllb!MH opTOroHaJibHblMH CHCTe

MaMH Koop,nHHaT onpe.nerreHHb!MH na ltBYXMepHb!X npocTpaHCTBaX nocTOJIHHOll KpHBH3Hbl 

(c<pepe S2 ~ 0(3)/0(2) H rnnep6orroH.ne H2 ~ 0(2, 1)/0(2)) H B eBKJIH.l{OBOH H nceB.no

eBKJIHJtOBOH nJI0CKOCTJIX, H CBJl3aHHb!X npH n0MOIUH KOHTpaKU:Hll HX rpynn H30MeTpH1I. 

IloJiy'leHbl pa3JIH'lHble acHMnTOTH'leCKHe <pOPMYJib! l];JIJI ( nceB,l{O )c<pepH'leCKHX <pyHKU:HH 

H nOJIHHOMOB JlaMe. 

2. Bb!'lHCJieHa MaTpHu;a nepexona Me)Kny 3JIJIHnTH'leCKHMH 6aJHCaMH H 6onee npo

CTbIMH - rHnepc<pepH'leCKHM H UHJIHHD;pH'leCKHM l];JIJI ypaBHeHHJI feJibMroJibUa Ha S3. 

Ilony-qeno noJIHHOMHaJibHble pemenHe o6o6IUeHHOro ypaBHeHIIJI JlaM3 H Hall,l{eHO ycJIOB!Ie 

KBaHTOBaHHJI 3JIJIHnCOH,l{aJibHb!X KOHCTaHT pa3neJieHHJI. 

3. IlpoaHaJIH3HpOBaHbl BCeB03MO)KI!ble nepexo,nbl ,l{JIJI no.nrpynn0Bb!X THnOB KoopnH

HaT H 6aJHCOB Ha SN B nonrpynnoBhle THnhI Koop,nHHaT B EN npH KOHTpaKUHH rpynnhI 

S0(N + 1) K rpynne E(N). PaJBHT rpa<pH'leCKHll Mero.n HJIJIIOCTpHpyroIUHll 3TH nepe

xonhx. Ha11.neHbl acHMnTOTH'leCKHe ¢opMyn1,1 nrrJI D-<pyHKU:Hll BHrHepa oT apryMeHTa 
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7r /2, K03cjJCjJHIUieHTOB Kne6IIIa-rop,naHa ll PaKa, peaJIH3JIOlll;I1X B3aHMHb!e pa3JIQ;l(em!ll 

rro.nrpyrrIIOBb!X 6a3MCOB. IlpocJie)KeHbl rrpe,neJibHbre rrepexo.nbr B CaMMX Me)K6a3MCHb!X pa3-

JIO)KeHMHX. 

4. IlpoKJiaccmpn:un:poBaHbl Bee HeBb!pO)K,D;eHHble cyrrepMHTerpn:pyeMble CMCTeMbl BTO

poro po.na Ha KOMIIJieKCHOll IIJIOCKOCTM E2c, BKJIIO'IaIOmeii: B ce6H KaK peaJibHOe eBKJlll,D;OBO 

rrpocTpaHCTBO TaK n rrpOCTpaHCTBO MnHKOBCKOro. IlocTpOeHa anre6pa CMMMeTpllll n IIO

Ka3aHo, 'ITO cyrrepllHTerpnpyeMOCTb BTOporo po.na IIpllBOJ:(llT K MJJibTll-pa.3,nerrxeMOCTll, 

TO eCTb pa.3.nerreHHIO rrepeMeHHb!X B 6orree 'JeM O,D;HOll CllCTeMe KOOp,nnHaT. 

5. IlocTpoeHbl IIOJillHOMllaJibHble 6a3MCbl KaK ,nJU Bcex cyrrepnHTerpnpyeMb!X CllCTeM 

Ha LIBYXMepHb!X ccjJepe n rnrrep6orron.ne, TaK n B TpexMepHOM eBKJIH,nOBOM rrpocTpaHCTBe. 

Bbr'IncrreHa MaTpnua rrepexo.na Me)K.ny .neKapTOBb!M n rnrrepccjJepn'!ecKnM 6aJncaMn ,nrrll 

MHOroMepHoro CllHryrrHpHoro OCUHJIJIHTOpa ll ccjJopMyrrnpoBaHa .nnarpaMHaH TeXHHKa Bbl

'IMCJieHHH 3TllX MaTpnu. 

6. Ha .nByMepHoii: KOMIIJieKCHoii: ccjJepe S2c Haii:.neHbl Bee cyrrepnHTerpnpyeMble cn

cTeMbl, .norrycKaIO[Ulle Tpll cjJyHKUllOHaJibHO He3aBMCllMb!X llHTerpana ABM)KeHHH BTOporo 

rropHJ:(Ka ll reHepnpy10mnx KBa.npaTH'IHYIO anre6py CllMMeTpllll. 

7. IIocTpoeHa cepnx KoMrrrreKCHb!X rrpeo6pa3oBaHnii: S2c -tS2, S4c -tS3, 0606ma10-

max B crry'Iae ccjJepn'IeCKOll reoMeTpllll xopOIIIO ll3BeCTHble B eBKJill,D;OBOM rrpocTpaHCTBe 

rrpeo6pa3oBaHHll JleBH-qllBMTbI n KycTaHxeii:Mo-IIITncjJerrx. 

Co.nep)KaHHe pa6oTbI 

Bo BBe,neHHH .nan ofoop coBpeMennoro coCTOl!HHH Teopn:n cyrrepn:nTerp11pyeMbIX c11-

cTeM Ha rrpocTpaHCTBax IIOCTOHHHOH KpHBH3Hbl. 

B rrepBoii: rrraBe na rrpHMepe .n;Byx o.n;Hopo.n;Hb!X rrpocTpaHcTB: ,nByMepnoii: ccjJepb! 11 

' AByMepHoro r11rrep6orron,na ll3JIO)KCHa KOHUCIIU11H aHaJI11Tll'ICCK11X KOHTpaKUMH. 

B rrepBOM rraparpacjJe .nan rroJIHb!H ofoop cncTeM Koop,nn:HaT ,norrycKa10mn:x pa3,neJieHn:e 

rrepeMCHHbIX B ypaBHCHl111 rerrbMrDJibUa (cB060.nnoe ypaBHeH11e Illpe.n.rrnrepa) Ha ccjJepe 

S2, Ha .n;ByxrrorrocoM rn:rrep6orron.ne H2 , B eBKJIHAOBOR rrrrocKOCTl1 E 2 n: rrceB,noeBKJIMAOBOii: 

IIJIOCKOCTM Er,!• 

CaM MCTOA aHaJil1Tll'ICCK11X KOHTpaKu11ii: orr11caH BO BTOpOM rraparpacjJe. IloKa3aHo, 

'ITO rrepexo.n K COOTBCTCTBYIOIUMM o6pa30M Bb16paHHh!M Heo,nHopo.n;HhIM Koop.n11HaTaM Ha 

ccjJepe n r11rrep6orron.nax (o.n;Ho- 11 ,nByxrrorrocoM) rro3BorrxeT B HBHOM B11.ne BBecT11 rrapa

MeTp KOHTpaKUll11 ( = R- 1 B reHepaTOpb! rpyrrrr 0(3) ll 0(2, 1) 11 rrerKO rrpocJie,D;llTb 
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rrpe.nerrbHblll rrepexo.n rrpn R -t 00 KaK B caMMX orrepaTopax, TaK 11 B !<OMMyTaUHOHHb!X 

CO0THOIIIeH11l!X. 

B TpeTbeM rraparpacjJe B paMKaX MeTO,na aHaJI11Tl1'ICCK11X KOHTpaKU11ll anre6pbl o(3) K 

anre6pe e(2) 11 anre6pbl o(2, 1) K anre6paM e(2) 11 e(l, 1) ycTaHOBJICHa CBH3b MC)K,ny opTo

roHaJibHb!Ml1 CllCTeMaM11 KOOp,n11HaT 11 11HBapnaHTHb!Ml1 orrepaTOpaM11 BTOporo rropl!AKa, 

xapaKTepll3JIOIUHMH 3Tl1 KOop,nHH/l-Tbl. IloKaJaHo, 'ITO B rrpe.nene R -t 00 ccjJc,pn:'IeCKal! 

Cl1CTeMa KOop.n11HaT Ha S2 KOHTpa~TnpyeT B IIOJillPHYIO HJil1 ~eKapTOBJIO Cl1CTeMbl KOOp

,n11HaT Ha E2, a H3 3JIJilllITH'ICCKOH CllCTeMbl KO0pJ:(HHaT C ITOMO!Ub!O KOHTpaKUl1H IIOJIJ'Ia

lOTCH .neKapTOBaH, rrapa6oJil1'ICCKaH 11 3JIJillIITl1'ICCKall Cl1CTeMbl Koop.nnHaT. AHaJIOr11'IHO, 

Hall,neHbl rrepexo.nbl OT BCCX J:(CBl!Tll CHCTCM KOOp,n11HaT Ha H2 K 'ICTb!peM CllCTeMaM KO

op.nnHaT Ha E2 11 K .neBHTll CllCTeMaM KOOp,n11HaT Ha Er,!• 

B 'ICTBepTOM rraparpacjJe IlOJIJ'ICHbl pa3JIH'IHb!C aCHMIITOTH'ICCKHe cjJopMJJibl ,D;JIH co6-

CTBCHHb!X cjJyHKU11H orrepaTOpa Jiarrrraca-BerrbTpaMn: na S2 11 H 2. IlpocJie)KeHbl rrpe.ne:rrb

Hble rrepexo,nbl B Me)K6a311CHb!X pa3JIO)KCHlll!X J:(Jlll ccjJepH'IeCKHX cjJyHKU11li rrpH BpameHl1l!X 

113 rpyrrrrbl SO(3). B IIYHKTe 4.1 IIOKa3aHo, 'ITO rrpH KOHTpaKUHll ccjJepH'ICCKOli CMCTeMbl 

KOop,nnHaT (R -+· oo, B ~ r/ R) B IIOJillPHYIO ccjJep11'IecKne cjJynKUHll Ytm(B, cf>) rrpeo6pa-

3JIOTCH B rrpoH3Be,nen11e cjJyHKU11H BecceJIH 11 3KCIIOHCHTY, a IIpH KOHTpaKUHH K ,neKap

TOBOli cncTe~e Koop.n11naT Be,nyT ce6x KaK (0 ~ x/ R, <p ~ y/ R, C ~ kR, m ~ k1R, 

k1
2 + k2

2 = k 2
) 

. ~ 
hm (-It 2 Yim(B,ip) 
R➔oo 
D➔O 
',D➔O 

{k eik2Y { cos k1x 

Vki. ..fir -isink1x 

l + m - 'IeTno 

l + m - He'IeTHO 

Han.neno ac11MIITOTll'ICCKOC rrpe,ncTaBJICHl1e ,D;JIH d- cjJyHKUIUI B11rHepa OT apryMeHTa 7r /2, 

Kor.na .n;Ba rrapaMeTpa OJ:(HOBpeMeHHO rrpnH11MaIOT 6orrhIIIHe 3Ha'IeHHH l ~ kR, m 1 ~ k1R 

• _1-m,-m2 tn I ('Ir) {£ { cosm2tp, [ + m - 'ICTHO 
hm(-1) 2 vRd - = -
R➔oo m,,m, 2 rrk2 i sin m2tp, l + m - HC'ICTHO 

r.ne cos tp = krf k. 3aMe'Ieno, 'ITO TeopeMa cJio)KeHHll .nrrx cjJynKu11ii: Beccerrx T11rra rpacj>a 

MO)KCT 6b!Th TaK)Ke ,1l;OKa3aHa C IIOMO[Uh!O KOHTpaKUHll 113 pa3JIO)KCHl1H ccjJep11'IeCKMX cjJyHK-

Ulll1 rrpH rrpOll3BOJibHOM BpameHHl1 Cl1CTeMhl KOOp,nnHaT. 

B IIJHKTe 4.2 uaii:,neHbl rrpe,neJihHb!C COOTHOIIICHl1H ,D;Jlll IIOJ111HOMOB JlaM3 rrpn KOH

TpaKU11llX aJire6pbI o(3) K anre6pe e(2). IloKa3aHO, 'ITO IIOJI11HOMhI JlaM3 1/Jif1
•
02

\p), 

r.ne a;(a; - 1) = 0, B rrpe.nerre R2 ~ a3 -t oo, /1, '";' kR 11 µ ~ >./a3 (..\ - 3JIJIHIITMqe

cKaH KOHCTaHTa pa.3,D;CJICHllH) rrpeo6pa3YIOTCll B cjJyHKUH11 MaTbe B Bn,ne pa3JIO)KCH11ll IIO 

TpllroHOMeTp11'ICCKllM (rrepeO,D;H'ICCKl1e peIIIeHl1ll ypaBHeHllll MaThe) ll r11rrep6orr11qecKl1M 

cjJyHKUHHM (peIIIeHllll MO,nHcjJ11unpoBaHHOro ypaBHCHl1ll MaTbe) 

1/JI f 1 ,o,) (Pr) ~ ( cos T/ r ( sin T/ )°2 f: Ci( cos T/ )
21

1 

l=O 
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if.,ff1
•
02

l(P2) ~ (cosh 0°1 (sinh 0°2 f Ci(cosh 02\ 
t=O 

r.ne K03<p<pHIIHeHTbl C1 y.n;oBneTBOpll!OT TpexqneHHblM peKyppeHTHhlM COOTHOIIIeHHJIM 

4(t + l)(t + 1/2 + a1)C1+1 + {µ - (2t + a1 + a2)2}C1 - k 2 D 2C 1_1 = 0 

(µ - HOBaJI KOHCTaHTa pa.3.n;eneHHll, D-rrapaMeTp BXO.D:lllUHH B orrpe.neneHHe 3!I!IHlITHqecKoii: 

CHCTeMbl KOOp.D:HHaT Ha lI!IOCKOCTH). IloKa.JaHo, qro rrpH KOHTpaKIIHH 3!I!IHlITHqecKoii: CH

CTeMbl KOOp.D:HHaT B .n;eKapTOBY lIO!IHHOMbl JlaM3 rrpeo6pa.JyIOTCJI B TpHrDHOMeTpHqecKHe 

q>YHKIIHH cornaCHO q>OpMyne 

Jim (R)°'+
02 

lll[f
1

•
02

>(p1,p2) = k"'
1
k 02 cos(k1x + a 1rr/2) cos(k2y + a 2rr/2). 

R➔oo 1 2 

B lIYHKTe 4.3 HJyqeHbl KOHTpaKIIHH rro.nrpyrrrroBblX fia.JHCOB ypaBHeHHJI renhMrD!Ihl!a Ha 

H2. IloKa.JaHo, qro OpTOHOpMHpOBaHHblii: rrceB.n;o-c<j>epHqecKHH 6a.JHC Ip pm ( T, cp ), B rrpe.n;ene 

R-+ oo KOHTpaKTHpyeT K rronllpHoMy 6a.JHcy Ha E2 (p ~ kR, T ~ r/ R): 

eimcp 
Jim 'Ppm(T,cp)=v'k•J1ml(kr)• r,c, 
R➔oo · v2rr 

H!IH K .n;eKaproBoMy Ha Ei,i (p ~ kR, m ~ kiR, coth T ~ t/ R, cot cp ~ x/ R): 

J• 1nRjf( · )j•T• ( ) ff; ikol-ik1x 1m Vlt 1p 'l'pm_ T,<p =. -k e , 
R➔oo o kJ + kf = k2. 

AHarrorHqHo, rrepexo.n; OT 3KBH.n;HCTaHTHOro 6a.JHCa Ip p>.( Ti' T2) K .n;eKapTOBOMY Ha E2 ocy

iueCTB!IlleTCll B rrpe.nene R-+ oo, H rrpH Bhlrr0nHeHHH ycnoBHii: p ~ kR, >. ~ kiR, Ti ~ y/ R 

H T2 ~ x/R 

Jim 'Pp>.(Ti,T2) = rr-k exp(ikix + ik2y), k; + k~ = k2 • R➔oo y~ 
a K rronllpHoMy 6a.JHcy Ha Ei,i rrpH p ~ kR H Ti ~ r/ R: 

Jim ;,,'Pp>.(Ti,T2) = ~ng>(krk"(T,+ifl, 
R➔oo vR Y-2 

r.ne Hfil(z) - 3TO q>yHKIIHH raHKenll rrepBoro po.n;a. 

Bo BTOpoii: rnaBe rro.npo6Ho Hccne.n;yeTcll TpexMepHoe ypaaHeHHe renhMronh11a. B 

rrepBOM rraparpaqie C TQqKH JpeHHJI BHyTpeHHHX KOHTpaKIIHH .n;eTa!IhHO rrpoaHa!IHJHpo

BaHbl HaH6onee C!IO)KHble OJJ:Ha- (BbITllHYTall H ClI!IIOCHYTaJI 3!I!IHlITHqecKall) H .n;Byxrrapa

MeTpHqecKHe ( 3!I!IHlICOHJJ:a!IhHall) CHCTeMhl Kpop.n;HHa T, .norrycKaIDIUHe pa.3.n;eneHHe rrepe

MeHHbIX B ypaBHeHHH renhMronh11a Ha S3 H E 3. 
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Bo BTO])OM rraparpacpe B paMKax MeTo.n;a aHa!IHTHqecimx KOHTpaKIIHii: OT aJJre6phi 

o( 4) K arrre6pe e(3) rrpe.n;CTaBneHa CBJIJh Me)KJJ:Y pa.3nHqHhIMH opToroHa!IhHhIMH CHCTe

MaMH Koop.n;HHaT Ha S3 H E3, HHBapHaHTHblMH orrepaTopaMH, rro.nrpyrrrroBblMH BO!IHO

BblMH q>YHKIIHJIMH H Me)Kfia.JHCHblMH pa.3!IO)KeHHJIMH. IloKa.JaHO KaK .n;eBJITh CHCTeM KO

op.n;HHaT (6eJ CMeIUeHHJI IIeHTpa CHMMeTpHH), .norryKaIOIUHX pa.3.n;eneHHe rrepeMeHHblX B 

ypaBHeHHH fenhMrD!Ihl!a Ha E3 rronyqaIOTCJI rryTeM KOHTpaKIIHH HJ IIIeCTH 0pTOrDHa!Ih

HblX CHCTeM Koop,UHHaT Ha S3. IloKa.JaHo, qro B KaqecTBe "rrapa6onHqecKoii:" CHCTeMhl 

KOOp.D:HHaT BblCTyrraeT CHMMeTpHqHblM o6pa.30M orrpe.neneHHa& (ro eCTh C paBHblMH MO

.nynllMH k = k' = 72) BblTllHYTaJI 3!I!IHlITHqeCKaJI CHCTeMa KOOp.D:HHaT, O.D:HH HJ q>oKycoB 

KOTOpoii: COBMeIUeH C ceBepHbIM lIO!IIOCOM cqiepbl. Haii:.n;eHbl rrpe.nenhHhie rrepexo.n;bl Me)K,ny 

rro.nrpyrrrroBblMH 6a.JHCaMH Ha S3 H E3. IIonyqeHbl aCHMlITOTHqecKHe q>OpMy!Ihl K03q>q>H

IIHeHTOB Kne6IIIa-rop.n;aHa c!:~;b,,8> rpyrrrrbl SU(2), pearrHJYIOIUHX pa.31IO)KeHHe Me)K,ny 

rro.nrpyrrrroBhIMH 6a.JHCaMH. B qacTHOCTH .noKa.JaHo, qro rrpn: R -+ oo n: L ~ kR, n ~ k 1 R 

K03q>q>lll!lleHTbl Kne61IIa-rop.n1rna KOHTpaKTn:pyIOT B HOpMHpOBaHHble lIO!IllHOMbl Jle)KaH

.npa 

• 1n L-!m!-n I, 1ml _ /¾ 1ml 
hm vR(-1) 2 CL !mHfn! L !mHn! - -Pi (cos</J), 
R➔oo . 2• 2 i2, 2 k 

COS<p = Jk2 - kUk, 

I 

a B rrpe.nene L ~ kR, f ~ pR, m ~ k3R n: k 2·= p2 + k5 kl + ki + k5 n:MeeT Mecro 

<j>opMyna (.n;nll qeTHblX ll HeqeTHblX JHaqeHn:ii: L - f) 

il1 1ncl,lml -lim (-It 2 v R 1, !m!-n.1,. !mHn -
R➔oo 2 , 2 1 2 ' 2 

8p 
(k2 _ knrr (sin 2</J)-½ { ~o~ n</J, 

-I Sill n<p, 

( , k') 
r.ne cos <p = (~•=kh · Haii:.n;eHHble rrpe.nenhHble cooTHoIIIeHHll .n;nll BO!IHOBhIX qiyHKIIHii: H 

K03q><plll!lleHTOB rrepeKpbITllll lIOJBO!IJIIOT rrpocne.n;n:Th KOHTpaKIIllll rrpn: R -+ 00 B caMHX 

Me)K6a.JllCHblX pa.31IO)KeHllllX. 

B TpeTheM rraparpaqie pearrn:JOBaH arrre6pan:qecKHH MeTO.n; lIOCTpoeHllll 3!I!IlllITllqe

CKllX 6a.JHCOB ypaBHeHllll renhMrD!Ihl!a. IloKaJaHo, qTo K03<p<plll!lleHTbl rrepeKpbITllll reHe

pn:pyIOIUlle paJ!IO)Ke:irne 31I!IlllITllqe'cKHX 6a.JHCOB no 6onee rrpoCTblM - l!ll!IllHJJ:pll'iecKOMY ll 

rn:rrepcqiepn:qeCKOMY rro.n;qn:HJIIOTCii TpexqneHHhIM peKyppeHTHblM COOTHOIIIeHHJIM. OTMe

qeHo, qTO 3!I!IlllITllqecKn:ii: 6a.JHC pacrra.naeTCJI Ha qeTbipe rro.n;6a.Jn:ca, Ka)KJJ:blii: HJ KOTOpbIX 

xapaKTepn:JyeTCJI orrpe.neneHHOH qeTHOCTh!O OTHOCHTe!IhHO rrpeo6pa.30BaHHH U3 = -U3 ll 

u4 = -u4 • YcTaHmineHo, qro rrpn: BHyTpeHHHX KOHTpaKIIHllX 3!I!IlllITHqecKoii: cn:cTeMbl 

KOOp.n;n:HaT ( TO eCTh B rrpe.n;ene k -+ 0 ll k -+ 00) K03q><plll!HeHTbl rrepeKphlTllll TpaHc<j>op

Mll])YIOTCJI B peKyppeHTHble COOTHOIIIeHllll .D:!Ill K03q>q>lll!lleHTOB Kne6IIIa-rop.n;aHa. 

qeTBepTbIH rraparpaq> lIOCBJIIUeH n:ccne.n;oBaHHIO ypaBHeHHll fe.n;hMrD!Ihl!a B o6iueii: 3!I-
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JIIUICOH,Z:Ca.JlbHOll CHCTeMe rmop.nnHa T 

3 

u; = IT(P; -a;)/Il(a; - a;), 
j=l jti 

i = 1,2,3,4 

r.ne. a1 :S pi :S a2 :S P2 :S a3 :S p3 :S a4. Mero.re paJ,neneHHJI nepeMeHHbIX B 3JIJinrrcon

,naJihHOH CHCTeMbl KOop.nnHaT npHBO,Z:CHT K TpeM H,neHTHqHb!M ypaBHeHHJIM THila cf>yKca 

C IlJITblO oco6b!MH roqKaMH (o6o6rueHHb!M ypaBHeHHJIM llaM3), KaJK,noe H3 Koropb!X co

.neplKHT KpOMe rnnepMOMeHTa L TaKJKe ,nBe KOHCTaHTbl paJ,nerreHHJI (..\,µ), 3aBHCJ!llIHe, B 

o6rueM CJiyqae, OT BCex qeTb!pex napaMeTpOB a;. YcTaHOBJieHo, qro 3JIJIHilCOH,na.JlbHb!H 

fiaJHC pacrnerrrrJ1eTcJ1 Ha rnecTHa,nUaTh rro.n6aJncoB: w<"'1 •"'2 •"'
3 •"'•>, r.ne a;(a;-1) = 0, c <t>nK

cnpoBaHHOii: qeTHOCThlO OTHOCHTeJihHO OTpaJKem1ii: BO Bcex KOop.nnHaTHb!X IlJIOCKOCTJIX. 

Haii:,neHbl <t>opMJJibl, Bb!paJKarornne o6o6rueHHble IIOJIHHOMb! llaM3 qepe3 K03<t><t>nuneHTbl 

bt, rro,nqnHJ!lOllIHeCJI qeTb!pexqrreHHb!M peKyppeHTHb!M COOTHOllleHHJIM 

f31b1+1 + {µ - 11}b1+ {..\ - J1}b1-1 + 4[N - t + 2)[N + t - 1 + .L a;)bi-2 = 0 
i 

B Koropb!x L = 2N + Ea;, 

+ 
Ji= 

+ 
+ 

11 = [4t2 + (4t + l)(a2 + a4) + 2a2a4Jk~k; + [4t
2 

+ (4t + l)(a2 + a3) 

2a2a3)k~(ki + k;) - [4t2 + (4t + l)(a2 + ai) + 2a2adki(ki + k;) 

2[a2a3 + a2a4 + a3a4 + (t + l)(a2 + a3 + a4) + (t + l)(t - l)Jk: 

2[a2a1 + a2a4 + a1a4 + (t + l)(a2 + a1 + a4) + (t + l)(t - l))ki 

Wt = 
2[a2a1 + a2a3 + a2a4 + (t + l)(a2 + a1 + a3) + (t + l)(t - l)](ki + k;) 

L(L + 2) - [4(t - l)(t - 2) + {4(t - 2) + 3) ,Ea;+ ,Ea;a;} 
i i,¢,j 

/31 = [4(t + l)(t + a2 + 1/2)Jk:ki(ki + k~), k; = a;+r - a; 
a4 -a1 

(1) 

a KaJK,Z:COMY rro.n6aJHCy COOTBeTCTByeT CBOH Ha6op K03<t><t>nuneHroB a;. O.nHopo,nHaJI CH

CTeMa ypaBHeHHH (1) JIBJIJ!eTCJI rrepeorrpe.nerreHHOii:, IIOCKOJibKY qncrro ypaBHeHHH N + 2 

rrpeoBOCXO,Z:CHT qHCJIO HeH3BeCTHb!X N + 1, H COOTBeTCTBJIOlllaJI MaTpnua JIBJIJ!eTCJI rrpl!MO

yroJibHOH. B npnrroJKeHHH ,noKaJaHo, qro .nmr cyrnecTBoBaHHJI HeTpHBHaJihHoro perneHHll 

CHCTeMb! ypaBHeHHH THrra (1) .nocTaroqHo noTpe6oBaTb paBeHCTBa HJJIIO .Z:CBYX orrpe.neJIH

TeJieii:, Koropb!e crre.nyroT HJ cncTeMbl (1) npn BblqepKHBaHHH rrocrre.nHeii: H rrpe.nrrocrre.nHeft 

CTpOKH. IIorryqeHHal! TaKHM o6pa30M CHCTeMa .Z:CBYX aJire6panqecKHX ypaBHeHnii: N + I 

CTeIIeHH orrpe.neJIJ!eT crreKTp 3JIJIHIICOH,na.JlbHb!X KOHCTaHT paJ,neJieHHJI (A, µ). 

B TpeTbeii: rrraBe Mero.re aHaJIHTnqecKnx KOHTpaKUHii: oT rpyrrrrhl SO(N + 1) K EB

KJIH,noBoii: rpyrrrre E( N) HCIIOJihJyeTCll ,Z:CJll[ ycTaHOBJieHHJI CBll3H MelK.Z:CY rro.nrpyrrrroBbIMH 
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i 

!-

l 
l r I 
I 
I 

I 
i 
i 

l 
l 

CHCTeMaMH !(OOp,Z:CI'.!HaT, co6CTBeHHb!MH <pJHl(UHJIMH II pa3JIHqHb!MH MelK6a3HCHb!MH pa3-

JIOJKeHHllMH ,Z:CJil[ ypaBHeHHJI reJibMroJibUa Ha N-MepHoii: c<t>epe H EBKJIH.Z:COBOM rrpocTpaH

CTBe. 

B rrepBoM rraparpa<t>e rrpe.ncTaBJieHbl Bee no.nrpyrrrroBble THIIbl Koop,nnHaT coOTBeT

CTBYIOIDHe paJJIHqHb!M uerroqKaM rro.nrpynrr SO(N + 1) n E(N). IIo aHaJiornn c rro.n

rpyrrrroBb!MH .nnarpaMMaMH H .nnarpaMMaMH THIIa ".nepeBbeB"' BnrreHKHHa, KyJHeUOBa 

H CMopo,nHHCKoro, BBe,neHbl "KrracTepHb!e .nnarpaMMb!"' orrpe,neJIJIIOllIHe npaBHJIO JaIIHCH 

rro.nrpynrroBb!X CHCTeM KOop,nnHaT, IlOJIHOro Ha6opa KOMMJTHpyrorunx orreparopoB H co6-

CTBeHHb!X <t>YHKUHii: oneparopa llarrrraca Ha EN. 

Bo BropoM naparpacpe Haii:.neHbl npaBHJia cooTBeTCTBHJI MeJK.ny rnrrepc<t>epnqecKHMH 

CHCTeMaMH KOop.nnHaT Ii:a SN n no.nrpyrrrroBb!MH CHCTeMaMH KOOp,Z:CHHaT Ha EN, co6CTBeH

Hb!MH 3HaqeHHJIMH HHBapnaHTHb!X orreparopOB H 6aJHCHb!MH <t>YHKUHJIMH. C<t>opMyrrnpo

BaH rpa<t>nqecKnii: Mero.re rrepexo.na oT <t>opMaJIHJMa .nepeBbeB Ha c<t>epax K KJiacTepaM ,nrr,r 

EBKJIH,nOBb!X npocTpaHCTB. 

TpeTHH naparpa<t> II0CBJ!llleH KOHTpaKUHJIM B MeJK6aJHCHb!X pa3JIOJKeHHJIX H K03<t><t>n

uneHTax nepeKpb!THJI. Ko3<t><t>nuneHTbl rrepeKpb!THJI .Z:CJIJI pa3JIHqHb!X 6aJHCOB, C00TBeT

CTBJ!OllIHX nJoMop<t>Hoii: rro.nrpynrrm1: uerroqKe, BKrrroqaroT B ce6J1 MaTpnuy BparueHnii:, 

a B crryqae HenJoMop<t>Hoii: rro.nrpyrrrroBoii: uerroqKn BbipaJKaIOTCJI qepe3 K03<P<PnuneHTb! 

Krre6rna-rop.naHa n PaKa. Ilrrll Bcex HHX Haii:.neHbl acnMrrroTnqecKne <t>opMJJibI. 

j 

Y:eTBepTal! rrrasa IlOCBJ!llleHa KJiaccn<t>nKauHH H aHaJIH3Y .Z:CBJMepHb!X cyrrepHHTerpH-

pyeMb!X CHCTeM B KOMIIJieKCH0M EBKJIH,nOBOM npocTpaHCTBe E2c, BKJIIOqarorueM B ce6,r 

KaK peaJibHOe EBKJIH,nOBO npocTpaHCTBO E2 TaK H nceB.noeBKJIH,nOBO npocTpaHCTBO E1,1-

B rrepBoM rraparpa<t>e HJJiaraeTCJI Mero.re Krraccn<t>nKaunn noTeHUHaJIOB, o6rra,narornnx 

rrapoii: <t>YHKUHOHa.JlbHO He3aBHCHMb!X HHTerpaJIOB ,Z:CBHJKeHHJI Broporo rropll,nKa no HMilJJib

CaM ( OHR HaJBaHbl KaK cyrrepHHTerpnpyeMb!e CHCTeMbl Broporo po.na) H reHepnpyrornnx 

KBa.npaTnquyro aJire6py CHMMeTpHH. IIycTb B .Z:C0IIOJIHeHHe K KrraccnqecKOMY raMHJib

TOHHaHy 1-{_ = p; + p; + V(x,y) B E2e cyruecTBJIOT ,Z:CBa <l>YHKUHOHaJibHO HeJaBHCHMbIX 

KBa,npaTHqHbIX HHTerparra ,Z:CBHlKeHHJI 

2 
k" 

,Ch= L acii(x,y)pkpj + w(h)(x,y), h = 1,2 
k,j=l 

y,noBrreTBOpllIOllIHX ycrroBHIO {1-1., Lh} = 0. Tpe6oBaune paBeHCTBa uyrrro CKOfiKH IIyac

coHa {1-1., Li} = 0 IIpHBO,Z:CHT K ypaBHeHHIO Broporo rropll,Z:CKa B qaCTHbIX npOH3B0,Z:CHbIX ,Z:CJIJI 

IIOTeHUHarra V(x,y) 

½c2a1XY + a2x + a4y - as)(Vxx - Vyy) + [ai(Y2 - x
2
) + a2y - a4X + a3)l/,,y 

3 3 = (3aix + 2a4)Vy - (3aiy + 2a2)V,,, (2) 
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rn.e KOHCTaHThl [ai, 02, a3, Ct4, as] - qiopMnpy10T rrpocTpa!!CTBO peIIIeHllll ypaBHemrn: (2). 

CyrnecTBOBaHne D.OIIOJIHHTeJibHOro llHTerpaJia D.BlllKeHllll £2 rrpHBOD.llT KO BTOpoMy ypaB

HeHll!O Tll!Ia (2) c Ko3<p<pnuneHTaMll - [,81, ,82, ,83, ,84, .Bs]. CJien.oBaTeJibHO cyrrepHHTerpnpy

eMh!H IIOTeHUllaJI V D.OJIJKeH OD.HOBpeMeHHO yn.oBJieTBOpl!Tb D.BYM ypaBHeHHJIM_ TllIIa (2), 

'ITO B CBOIO O'lepeD.b paBHOCllJibHO CllCTeMe ypaBHeHHll 

rn.e 

A& 

B& 

2C& 

2D[ 

2[ 

Vxx - Vyy = AVx + BVy, Vxy = CVx + DVy 

3 2 2 3 3 
2H12(x + y ) - 3H14xy + 3H13Y - 2H24X + 2H23 

3 2 2) 3 3 
2

H14(x + y - 3H12xy- 3H13X + 2H24y + 2H34 

2 3 ) 3 -3H14Y - ( -H24 - 3H1s y + - H2s 
2 2 

2 (3 ) 3 3H12X - 2H24 + 3H1s x - 2H4s 

-H12XY2 + H14x2y - H12x3 + H14Y3 - 2H13xy + H24(x
2 + y

2
) 

+ H1s(x2 - y2) + (H34 - H2s)Y + (H4s - H23)x - H3s, 

(3) 

n Hkt = -Htk = ak.Bt - at.Bk- IloKa3aHo, 'ITO ecJIH rroTeHUHaJI yn.oBJieTBOpl!eT qiyH

n.aMeHTaJibHOH CllCTeMe ypaBHeHllll (3) TO eCTb IIpllH.aD,JielKHT IIpOCTpaHCTBJ peIIIeHllll C 

K03qJ<pllUlleHTaMll a; n ,B; (i = 1,2 ... 5), TO OH MOlKeT 3aBHCllTb He 6oJiee 'IeM OT Tpex rra

paMeTpOB (He C'IHTaJI TpHBHaJibHO:ii aD,D,llTllBHOH IIOCTOJIHHO:ii). TaKHe IIOTeHUllaJibl o6pa-

3JIOT KJiacc HeBhlpOlK.l{eHHh!X cyrrepHHTerpnpyeMh!X IIOTeHUHaJIOB. Ha QCHOBe CHCTeMbl 

ypaBHeHllll (3) c<popMJJIHpOBaHh! ycJIOBHJIM llHTerpnpyeMOCTll 

Cxx - Cyy - Axy 

Dxx - Dyy - Bxy 

2CCy - DAy - 2CDx +AAy - ACx + CBy + BCy 

-2DDx - CBx + 2DCy - BBx - BDy + DAx + ADx, 

KOTOph!e II03BOJIJIIOT rrpoKJiaccHqmunpoBaTb HeBhlpOlKD.eHHh!e IIOTeHUHaJihl V(x,y) Hon.

HOBpeMeHHO IIOCTpOHTb COOTBeTCTBJIOIUlle llHTerpaJibl D.BlllKeHHJI £1 ll L2- iloKa3aHO, 

'ITO cymecTBJIOT Bcero 12 HeBhlpOlKD,eHHh!X cyrrepHHTerpn:pyMh!X IIOTeHUHaJIOB BTOporo 

pan.a: 

Vi 
a 1·· [ ,B _,_) 

✓ x2_+_y_2 + -✓-=x=2 =+=y=2 -✓-x2_+_:__y2_+_x + ✓ x2 + y2 _ x · 

½ 
az ,B 'Y . 
~ + + , Z = X + iy. 

vc,--z- J(c-z)(c+z) J(c+z)(c+z) 

Vi ~+ ,B + 'Y . 
z2 Jz3(z+2) Jz(z+2) 

12 

¼ = 

Vs = 

v6 

V7 = 

½ = 

½ 

Vio = 

Vu 

Vi2 

( 2 2) ,8 "f a X +y + 2+ 2· 
X y 

x2 + y2 ,B 2 2 

a (x + iy)4 + (x + iy)2 + -y(x + y ). 

az ,Bz 
-== + -==--'--===- + ,zz 
✓z2-c2 ~(z + ✓z2 -c2)2 

a J ✓x2 + y2 + x J~✓-x-2-+y-2 --x 
✓ x2 + y2 + ,B--'---✓=x2=+=y2- + 'Y-'--✓--x2-+=. -y2-· 

a(x - iy) + ,B(x + iy - ;ex - iy)2) + ,(x2 + y2 - ~(x - iy)3). 

a(4x2 + y2) +,Bx+ 1
2 • 

y 

,B 
2x + iy -=- + X + ,=-=--. 

✓x+iy ✓x+iy 

a 

,Bz 'Y 
az+ 0+_0· 

oz ,B 'Y 
=== + -====== + -======= 
✓z2 

- 4 Jz(z + 2) Jz(z - 2) 

KalKD,hlll ll3 KOTOph!X pa.3.l{eJIJleTCJI KaK MHHHMYM B D.BJX opTOrDHaJibHh!X CHCTeMax Koop

D.HHaT (HJIH pa3HOro THIIa HJ!ll O.l{HHaKOBb!X HO C.l{BllHJTh!X HJIH IIOBepHJTh!X .n:pyr OTHOCH

TeJibHO .n:pyra). ToJibKO 'IeThlpe H3 rrpnse.n:eHHh!X IIOTeHUllaJIOB - \Ii,¼, Vi ll V9 .n:orrycKaIOT 

peaJIH3aUll!O B peaJibHOM EBKJ!ll.l{OBOM rrpocTpaHTBe ll xoporno H3BeCTHhl B JIHTepaType. 

CeMb IIOTeHUHaJIOB Vi, V4, VG, V7, V9, Vio H Vi2 BcTpe'IaIOTC& B TaK Ha3h!BaeMOM crrHcKe 

IIOTeHUHaJIOB ilpaxa D.BJMepHh!X KOMIIJieKCHh!X CHCTeM, o6Jia.l{aIOIUHX HHTerpaJIOM .l{BH

JKeHHJI TpeTbero rropmKa. 

B IIJHKTe 2.2 rrpHBe.l{eHh! COOTHOIIIeHH& orrpe.n:eJIJIIOIUHe KBa.n:paT~'IHJIO aJire6py CHM-

MeTpHll (KaK B KJiaccn:qecKOM CJIJ'Iae TaK ll KBaHTOBOM) .l{JIJI rrepBh!X .n:ec&Tll IIOTeHUllaJIOB 

Ha:ii.n:eHHh!X s IIJHKTe 2.1. 

Bo BTOpOM rraparpa<pe rro.n:po6Ho HCcJie.n:yeTCJI ypaBHeHHIO Illpe.n:n:Hrepa D.Jill 'IeTh!pex 

cyrrepHHTerpn:pyMh!X IIOTeHUHaJIOB Ha E2 BO Bcex CHCTeMaX Koop.n:nHaT r.n:e B03MOlKHO 

pa.3.n:eJieHne rrepeMeHHh!X. B Ka'!eCTBe en.n:Horo rro.n:xo.n:a K rrpo6JieMe KBaHTOBaHHll TaKHX 

IIOTeHUllaJIOB Bh!6paH MeTO.n: HnBeHa, a.n:arrTHpOBaHHhlll KaK Ha TO'IHo-pernaeMh!e CJIJ'Ian:, 

KOr.n:a B Ka'IeCTBe co6cTBeHHbIX <pJHKUHH Bh!CTyrraIOT KJiaCCH'IeCKlle IIOJillHOMhl, TaK H 

.l{JIJI CJIJ'!aeB, Kor.n:a peIIIeHHe He MOJKeT 6h1Tb Bh!IIHCaHO B 3aMKHJTOM Bll.l(e. 

IlocJie.l{Hllll TpeTHll
0 

rraparpa<p IIOCBJIIUeH MelK6a3HCHh!M pa3JIOlKeHHJIM. Ha rrpHMepe 

.n:ByMepHoro o6o6meHHoro OCUHJIJillTOpa rrpo.n:eMOHCTpHpOBaH KaK IIpllMOH TaK n TeopeTHKO

rpyrrrrOBOll Me.TOD. Bhl'IHCJieHHJI MeJK6a3llCHh!X pa3JIOlKeHHH. IloKa3aHo, 'ITO MaTpHUhl rre

pexo.n:a MelKD.Y IIOJillpHh!M H .n:eKapTOBh!M 6a3n:CaMll Bh!palKaIOTC& 'Iepe3 rnrrepreoMeTpH

'1ec1me qiyHKUHH 3F2 OT e,l{llHH'IHOro apryMeHTa HJ!ll K03qJqJHUHeHTa KJie6rna-rop.n:aHa 
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rpyrrrrhr SU(l, 1). 

IliITaJI I'JiaBa rroeBJIIL\eHa eyrrep.11HTerp.11pyeMblM e.11eTeMaM Ha .QByMepHOli KOMIIJieKe

HOli ecj,epe S2c BKmoqaIOIL\eii pea.JibHYIO ecj,epy S2 H r.11rrep6ono.11.n H2. 

B rrepBOM rraparpacjle Ha S2c IIOeTpOeHbl KaK Bb!pOJK.QeHHble TaK H Bee HeBblpOlK.QeH

Hble eyrrepHHTel'pHpyeMb!e IIOTeHitHa.Jibl, .norryeKaIOIL\He pa.3.QeJieHHe rrepeMeHHb!X B 6onee 

qeM O.QHOH OpTOI'OHa.JlbHOli eHCTeMe KOOp.QHHaT, 11: o6Jia.QaIOIL\He rrapoii cjlyHKitHOHa.JlbHO 

He3aBHeHMblX HHTerpa.JIOB .QBHJKeHHJI. B OTJIHq.11.11 OT MeTO.n:a KJiaeeHcj,HKartHH, rrpe.nno

JKeHHOI'O B qeTBepTOii rJiaBe, 3.Qeeb ey!L\eeTBeHHO HeIIOJib3YeTeJI cjlaKT pa.3_neJieH.11e rrepe

MeHHblX. lloKa.3aHO, qTQ ey!L\eeTByeT TOJibKO rrreeTb HeBblpOJK.QeHHblX, IIOTeH[(Ha.JIOB 

a /3z -y(l - 4z2) . 
-=i + -~-~ + _4 , W == X + ty, w w- w Vi == 
a /3 -yw 
2 + -=i + ~, z w w 

½ 

½ 
a /3z. 'Y 

w2 + Jx2 + y2 + wJx2 + y2' 
ax {3y 'Y 

---- + -~=== + -Jy2 + z2 z2Jy2 + z2 z2' ¼ == 

Vs == 
ax f3(w - z) -y(w + z) 

Jy2 + Z 2 + ✓w(z - iy) + ✓w(z+ iy)' 

a /3 'Y 
2+2+2, 
X y Z 

¼ 

H TpH BblpOlK.QeHHb!X IIOTeHitHa.Jia: ( qaeTHble enyqa.11 IIOTeHitHa.JIOB ½ H ½), oertHJIJIJITOp 

X.11rrea, aHa.JIOI' .QByMepHOI'O aTOMa BO.Qopo.na .11 o6paTHblli KBa.QpaTHqHblli IIOTeHitHa.JI. 

IIoreHrtHa.Jibl ¼ H ¼ .norryeKaIOT Bem;eeTBeHHYIO cjlopMy Ha S2 H rro.npo6Ho HJyqeHbI B 
TpeTbeM rraparpacjle. IloKa3aHo, qTQ Bee rrpHBe.QeHHble BbIIIIe IIOTeHrtH_a.Jlbl reHep.11pyIOT 

KBa_npaT.11qHyIO a.Jire6py eHMMeTpHH. 

Bo BTOpOM rraparpacjle IIOeTpOeHa eepHJI .QByMepHbIX He6.11eKTHBHb!X rrpeo6pa.30BaHHli 

(B enyqae ecjlep.11qeCKoii reo~rnTpHH rrpeo6pa.30BaH.11e S2c ➔ S2 JIBJIJieTeJI KOMIIJieKeHbIM), 

06061L\a10m;HX xoporrro HJBeeTHOe B IIJIOeKOM eBKJIH.QOBOM rrpoeTpaHeTBe rrpeo6pa.3oBaHHe 
,; ; 

JleBH-qHBHTbl. Ha S2 3TO rrpeo6pa.30BaH.11e HMeeT BH.Q 

( 

s1 ) J 2 2 2 ( iu1 -iu2 U1 + U2 + U3 
s2 == 

2 
iu2 iu1 

U3 

~ UJ ~ 
,U (::) (4) 

IlOKa.3aHo, qTQ rrpeo6pa.30BaHHe (4) IIO3BOJIJieT eBeeTH ypaBHeHHe Illpe.QHHrepa .QJIJI Ky

JIOHOBeKoro IIOTeHJ:tHa.Jia Ha S2 K ypaBHeHHIO Illpe.rIHHrepa .QJIJI IIOTeHitHa.Jia X.11rrea Ha 

KOMIIJieKeHoii ccjlepe S2c H rroeJie.rIYIOIL\eli Pe.rIYKrtHeii BoeeTaHOBHTb erreKTp 3HeprHH H 

KoppeKTHO HOpMHpOBaHHble ecjlepHqeeKHe BOJIHOBble cjlyHK!tHH. 

14 

B TpeTbeM rraparpaqJe 1iaii.neHo pewem1e ypaBHemrn Illpemrnrepa Ha S2 .QJIJI .QByx 

emll'yJIJipHb!X IIOTe!l[(Ha.JIOB KYJIOHOBeKOI'O H oertHJIJIJITOpnoro THIIa B ecjlep11:qeeKoii H 3JI

JIHIITHqeeKOli eHeTeMax KOOp.QHHaT. 

B qeTBepTOM rraparpacjle rro.npo6Ho .11eene.ny10TeJI qeTblpe eynepHHTerp.11pyeMbIX e.11-

eTCMbI Ha r.1111ep60JIOH.QC H2. Bo Beex enyqaJix, r.ne pa.3.QeJieHHe nepeMeHHbIX He IIO3BOJIJICT 

eBeeTH 3a_naqy K TQqHo perrraeMOMY THIIY (ro eeTb K r11:11epreoMeTp11:qeeKHM cjlyHKitHJIM), 

npHMeHJieTeJI MCTO.Q H.11aeHa. 

B IUeeToii rnaae HeeJIC.QOBaHbl MHOI'OMCpHble eynepHHTerp11:pyeMb!e eHeTeM. IIepBblli 

rraparpacjl rroeBJIID;eH TpeXMCpHbIM EBKJIH.QOBb!M eHeTeMaM. B paMKaX MeTO_na HHBCHa .ne

Ta.JlbHO .113yqeHbl Tpll ll3 IIJITH (oeTaBrrrneeJI .QBa He o6Jia.QaIOT .QlleKpCTHblM erreKTpoM) 11:3-

BCeTHblX MaKeHMa.JlbHO eyrrepnHTerp11:pyeMblX IIOTeHitHa.JIOB: enHI'YJillpHblli oertHJIJIJITOp, 

aHH30TpOIIHblli oertHJIJIJITOp H eyHryJIJip!iblli KYJIOHOBeKHli IIOTeHJ:tlla.JI. llnH .QBYX nepBb!X 

IIOTeHrtHa.JIOB IIOeTpOeHO paerrr.11pe11.11e .QByMepHbIX KBa.QpaTHqHblX a.Jire6p eHMMeTpHll Ha 

6orree BbleOKHC pa.3MCpHoeTll. Bee rrepeqn:eJICHI!ble eyrrep1mrerp.11pyeMbie IIOTeHitHa.Jlbl 

_norryeKaIOT 0606me1111:e Ha N - MepHoe rrpoeTpaHeTBO. 

Bo BTOpOM naparpacjle no.npo6110 pa.3o6paII N - MCpHblli e1mrynJipHblli oertllJIJIJITOp. 

B nyHKTe 2.1 Ha oeHoBe .nnarpaMM B11:neHKHHa-KyJHertoBa-CMopo.n.11HeKoro rrpe.nnoJKeHo 

rpacjlnqeCKoe rrpaBHJIO 3aIIHeH BOJIHOBb!X cjlyHKitHli .QJIJI MHOI'OMepHOI'O ypaBHCHHJI IleIIIJIJI

Tennepa. B rryHKTe 2.2 .QJIJI MaTpHU:bl rrepexo.na 

'I'n = I:w.;"·q'I'n.,1 
q 

(I= (i\, .. . ,lv-d, q == (q1,- .. ,qv-d, n == (n1,- .. ,nv), N = n1 + ... + nv == nr + q1 + 
... + qv-1) OT MHOI'OMCpHOI'O .QeKapTOBOI'O 611.3.Hea K 11pOH3BOJlbHOMY rmrepecjlep.11qeeKOMY 

rronyqeHo o6m;ee HHTerpanbHOe rrpeo6pa.30Ba1rne 

W.;°"•q == (-l)N-nr 
v2 

22Dnr!r(nr + l + Q) N 

Tif:
1 

[n;!r(n; ± k;.; l)] x J d0(0)Yi (0) fl(x;)(
2
n,±k,+½l. 

i=l 

IloKaJaHo, qTO rrepeXO.Qbl ,, .QCKapT-I'HIIepecjlepa" reHepHpyIOTeJI MaTpHrtaMH rrpe.neTaBJIJI

IOIIJ;HMH rn6oii rrpo.11JBe.QeH.11e K03q>q>HrtHeHTOB Kne6wa-fop.QaHa rpyrrnhl SU(2), eem1 

cjlopMaJibHO HX paenpoeTpaHHTb Ha npOH3BOJibHble Bem;eeTBCHHble 3HaqeHHJI MOMeHTOB. 

B IIYHKTe 2.3 pa.3BHT .QHarpaMMHblli MeTO.Q rroeTpOCHHJI MaTpHrtbl rrepexo.na W,;"•q_ 

TpeTHli rraparpacjl rroeBJIIL\eH perrreHHIO KYJIOHOBeKOli rrpo6neMbl Ha TpCXMepHOli ecjlepe 

S3. Ilo aHaJIOI'HH e .QByMepHoii ecjlepoii, B rryHKTe 3.1 Haii_neHO KOMIIJieKeHoe rrpeo6pa.30-

BaH.He S4c ➔ S3, 06061L\a10m;ee H3Beenme rrpeo6pa.30Ba1rne KyeTaHxeii:Mo-llITHq>eJIJI. B 

rryHKTe 3.2 IIOKa.3aHo, qTo .QaHHOe rrpeo6pa.30BaHHe IIO3BOJIJieT yeTaHOBHTb eooTBCTeTBHC 

MeJK.QY KYJIOHOBeKoii 3a_naqeii Ha S3 H OeU:HJIJIJITOpHOll Ja_naqeii Ha KOMIIJieKeHOli qeTLipex 
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ccIJepe S4c. Haii:neHo peIIIeHife ypaBHeHHJI Illpen11Hrcpa ,n:JIJI qen,1pexMepHoro noTeHUH

ana Xn:rrca H nocne.n:ymmeii: penyKUHeM B0CCTaH0BJie!lhl cneKTp :meprHH H opT0H0pMH

poBaHHhie B0JIH0Bble <pyHKUHH JJ:JIJI aroMa Bonopona Ha TpexMepHOM c<pepe. B nyHKTe 

3.3 0TMeqeHo, qTo HaJIHqHe aHanora BeKTopa PyHre-Jlenua JJ:JIJI KYJIOHOBCKOM.npo6JieMhl 

Ha S3 npHB0JJ:HT KaK H B IlJI0CK0M cnyqae K pa3,n:eJieHHIO nepeMeHHhlX B nonoJIHHTeJibHOM 

"napa6onn:qecKoii:" cn:cTeMe Koopnn:HaT, npe.n:cTaBJIJIIOlllefr co6oii: qacTHhlll cnyqan BhlTJI

Hyron 3JIJIHilTHqeCKOll CHCTCMhl. IIonyqeHhl TpexqJieHHhle p~KyppeHTHble C00TH0IIIeHHJI 

onpeneJIJIIOll.(He HHTerpanhl nepeKphlTHJI wt, CBJI3hlBammn:e 3JIJIHilTHqecKHll 6a3HC c co-

0TBeTCTBYIOlllUM c<jJepn:qecKHM (l = 0, 1, .. N): 

[N2 - (l + 1)
2
][(£ + 1)2 + 0-

2
] w, + _l [>. _ (k2 - k'2)f(l + l)] Wt 

l+l kk' (2f + 1)(2£ + 3) · 

+ (N2 - f2)(f2 + u2) Wt-1 = 0, 
(2f _ 1)(2£ + 1) 

(5) 

rne ). - 3TO 3JIJIHilTHqecKaJI K0HCTaHTa pa3neneHHJI, a k, k' - napaMeTpbI 3JIJIUilTHqe

CKO!i CHCTCMbI KOcipnn:naT. B qeTBepT0M naparpa<pe ycTaH0BJieH0 KYJI0H-0CUHJIJIJIT0pHoe 

C00TBeTCTBHe JJ:JIJI N-MepHbIX npocTpanCTB IlOCTOJIHHO!i KpHBH3Hbl. IIoKa3aHo, qTo KBa-

3Hpann:anbH0e ypaBnenn:e Illpe.n:n:Hrepa 0ilHChlBaIOmee ncoul = d + 1 - Mepnym KYJI0H0B

CKYIO npo6neMy C0BnanaeT c n°sc = 2d - MepHhlM KBa3upann:anbHbIM ypaBnenn:eM JJ:JIJI 

0CUUJIJIJITOpa na c<j)epe n: onno- n: JJ:BYXTI0JI0C0M rn:nep6onon:nax npn: C00TBeCTBYIOlllHX 

pa3MepH0CTJIX. 

8___JaK_JIIOqeHHH nepeqn:cJieHbI 0CH0BHbie pe3YJibTaTbI, nonyqeHHbie B nn:ccepTaUHH. 

B npuno:lKeHn:H nai1:neno ycnoBn:e cymecTB0BaHHJI peIIIenn:n nnJI nepeonpenenennoii: 

CHCTeMbI onnopo.n;HhIX anre6pan:qecKHX ypaBHenun BCTpeqammenc.ll npn: HCCJie.n;oBaHHH 

ypaBHeHHJI renbMroJibUa na TpexMepHOM c<j)epe B 3JIJIHilCOH.n;aJibHOll CHCTCMe K00p.ll:UHaT. 
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