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OEIUA51 XAPAKTEPMCTMKA P AEOThl" 

AKTyanbHOCTb TeMbi . 

OnHoli: U3 rna,BHbiX 3anaq KBaHTOBoli: Teopxm nom1 Ha coBpeMeHHOM ~Tane · 

~mmreTc.H cornacoBaHIIe 3KcnepuMeHTanbHbiX naHHhlX n TeopeTnqecKnx 

nOCTpOeHuiL .J\1Horue BonpOCbi.TeOpHH CU1IbHbiX B3~~MO}leH~TBUH .zlocnx 

nop OCTaiO~C.H OTKpbiTbiMH, nOTOMY 'ITO TeOpH.H B03MymeHHH, KOTOpa.H 

xoporno pa6oTaeT B_;KBaHTOBOH 31IeKTpOJlUHaMIIKe, 3}leCb B npUHUIIne 

HenpnMeHII1'1a. I!03TOMY aKTyanbHO pa3pa6aTbiBaTb M~TO}lbl pacqeTa 

KBaHTOBbiX Be1IU'IIIH, KOTOpbie He IICn01Ib3YIOT Bbl'lliC1IeHUH no TeOpHII 

B03MyrneHnli:. Bbipa:lKeHn.H nn.H· TaKnx BenH'lHH nonyqaiOTC.H TO'lHbiMH 

(B paMKaX Jl~HHOH KBaHTOBOH Teopnn). qT06bi pa3i>a60TaTb HOBbie HJleU ' . . 
n MeTOJlbi, ,<_>6bi'lHO ncnonb3YIOT 6onee npocTbie Monenn. PaccMaTpnBa-

eTc.H Teopmi cKan.HpHoro non.H c HennHeii:HbiM B3aiiMOJleiicTBneM; 3Ta Te~ 
Opii.H .HB1I.HeTC.H nopeHU-IIHBapnaHTHOH TeOpHeii: non.H B OJlHOM npOCTpaH

CTBeHHOM U OJlHOM BpeMeHHOM li3MepeHHH. 0Ka3biBaeTC.H, none3HO pac

CMaTpUBaTb Teopnn, KOTOpble Ha K1IaCCII'leCKOM ypOBHe .HB1I.HIOTC.H HH

TerpHpyeMbiMII, T.e. 0~1Ia}laiOT 6eCKOHe'lHbiM K01IH'leCTBOM IIHTerpanoB 

JlBII:lKeHII.H, HaXOJl.HUIIIXC.H B HHB01IIOUIIII. Ha KBaHTOBOM ypaBHe IIHTerpn

pyeMOCT~ llpiiBO}lUT K <IJaKTOpH3ai!HII MHOroqaCTU'lHOl1 S- MaTplii!hl pac

ce.HHII.H Ha npOII3Be}leHue JlBYX'laCTII'lHbiX 8- MaTpiiU II .K B03MO:lKHOCTII 

3anllcaTb nn.H JlByxqacTH'lHoii: S- MaTpllllhl ypaBHeHIIe TpeyronbHIIKOB 

(1].3TOT pe3yJibTaT .HBJI.HeTC.H HenepTyp6aTIIBHhiM - OH He .HCnOJih3yeT 

TeopniO B03MymeHnii:. PerneHne 3Toro ypaBHeHn.H n ycnoBnii: KpoccnHra 

II YHHTapHOCTH 06bi'lHO Bhi6HpaeTC.H B npocTeii:rneM BH}le. 0HO corJia

cyeTC.H c Bhi'lncneHneM S- MaTpHI!hi no Teopnn B03MYIIIeHnii:. llpyroii: 

npnMep HenepTyp6aTIIBHoii: nH<IJopMaunn o6 HHTerpnpyeMoii: Teopnn -

KBaHTOBbie UHTerpanbi JlBH:lKeHII.H. 8TO IIpOHCXOJlHT no npH'IHHe TOro, 

'ITO OJlHOBpeMeHHa.H cKo6Ka IIyaccoHa Monenn He onpenen.HeTc.H B3anM<r 

}leHCTBHeM 111IH JlHHaMMKOH CUCTeMbi, a· COJlep:lKHT HH<IJop.MauniO. JIHllih 

o ee <IJa30BOM npoCTpaHCTBe, KOTOpoe COBnanaeT c <1Ja3oBhlM npocTpaH

CTBOM CB060JlHOH Teopim. : Bc.H JlHHaMH'leCKa.H HH<IJopMai!H.H onpeneJi.H

eTC.ll raMHJihTOHHaHOM Teopnn •. IiHTerpai!hl JlBH:lKeHH.H CTpO.HTCH no 3TOH 

CK06Ke H MoryT 6biTh nonyqeHhl TO'IHO B KBaHTOBOM cny9:ae. Ilo3TOMY 

O'leHhBa2KHO II3ytlaTb npOCTpaHCTBO HHTerpanoB .l(BH:lKeHH.H Ha KBClHTO' 

BOM. ypoBite. Bepo.HTHo; cKopee :Bcero; 'ITO 3T<r Boo6me e.nuHCTBeHHa.H 

nH<IJopMauu.H, KoTopa.H Mo:lKeT 6hlTh TO'lHo nony'leHa. Ecnn yii;ac'ic.H 

HaHTH CIIMMeTpiiiO, KOTOpa.H nocTpOeHa H3 HHTerpanOB .l(BH:lKeHH.H, TO 

3TO 6yJleT TO'lHa.H KBaHTOBa.H CHMMeTpH.H MO}lenn: PaHee 6b!JIH 113BeCTHhl 

I
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MO,llellH, 06lla,llaiOllllie TO'IHOH KBaHTOBOH CliMMeTpneii: - 3TO XOpOlliO H3-

BeCTHaH KOHcpOpMHaH TeOpHH I10ll5I [2] 1KOT0pa5I OllliCbiBaeT Kpi!TM'leCKHe 

cplliOKTyaUHil: CTaTIICTH'leq<11X CliCTeM. , llCITOllb30BaHne. CBOHCTB 3TOH 

CliMMeTpiiH I103B0llllll0 Bbl'lHCllliTb KBaHTOBbie KOppellllllHOHHb!e cpyHK

UliH u TeM caMbiM rronuocTbiO pelliMTh Mo.nenh. · B .ziauuoii: pa6oTe Mhi rro
nyqaeM CliMMeTpliiO~ ITOCTpOeHHYIO li3'HliTerpaiiOB,llBII:a(eHHll B llOpeHU

liHBapiiaHTHb!X Teopnllx ITOllll - TaKnx, KaK ninyc -· Top.nou n )Kn6ep -

IIIa6aT:' ITo Bceii:· BII.llHMOcTn; pe3JllbTaT liBlllleTcll coBeprneuno o6mnM 

n M02KeT 6biTh pacrnnpeH Ha .npyrne Teopnn ITOllll TaKoro Bn.na - Teopmi 

rronll acpcpnHHhiX To.n, cBll3clHHhiX · c JtonyrrpocToii: anre6poii Jln. .Ilpy

rall xapaKTepHall 'lepTa ,llaHHblX CliMMeTpllll - 3TO Bbi,llelleHIIe KOHCTaHT 

CBll3li 1 ,llllll KOTOpbiX 3Ta CliMMeTpllH ITOliBllll:eTCll. 

.Ilpyroe HarrpaBlleHMe liCClle,llOBaHUH Hli3KOpa3MepHbiX CliCTeiYI - 3TO 

TO'lHO pernaeMbie Mo.nenn cTaTncTn<IecKoii MexamiKn: B TO'lKe cpa3oBoro 

rrepexo.na TaKMe·Mo.nenn MoryT 6biTh pemeHhi c rroMouibiO 3cpcpeKTIIBHoii 
Teopnn nona. O.nHaKo B HeKpnTn'lecKoii o6nacTn HY2KHO ncrrollh30BaTb 

' . ~ 
.npyrne MeTO.llbl 1 ITOTOMY 'ITO KOHcpOpMHall CIIMMeTpna HC'le3aeT. 

.Illlll TO'liiOI'O perneHIIll 3TIIX MO,llellell B·HeKpiiTM'leCKOfi 06liaCTII IIC

I10llb3YIOT TaK Ha3biBaeMbie KBaHTOBbte anre6pbi nrru KBaHTOBbie rpyrriihi. 

Oun cpaKTM'lecin liBllliiOTCll q- .necpopMaUIIliMH o6bi'lHhiX arrre6p Kana 

-My.nu II Bup~copo Mllll nx paclliiipeHiiii - W-anre6p. CymeCTByeT 

CBll3h Me2K.ny anre6paMn Kaua-My.nu II W- anre6paMn. C IIOMOIUhiO 

KBaHTOBOM pe.nyKUHII .Ilpllncpellb,lla-CoKOllOBa M02KH0 1 HarrpnMep, n3 sl2 
anre6pbl IIOllY'lliTb anre6py Bupacopo.' 3To He06XO,llllMO .llllll n3y'leHIIll 

rrpe,llCTaBlleHllll CTaprnero Beca II cpopMyll ,llllll CliHI'Yllll:pHbiX BeKTOpOB 

anre6pbl Bupocopo. 
ITo3TOMY Ba2KHO 3HaTh, KaK II3 q- .necpopMnpoBaHHoii anre6phi Kaua

My.nn Uq(sl2) rrolly'lnTh q -.necpopMaUIIIO anre6phi Bnpacopo, ucrrollb3Yll 

KBaHTOBblll aHallOI' pe.nyKUHH .IlpiiHcpellb,lla-COKOllOBa. 
·,' 

Uenh .nnccepTaunn . . . .. 
1. I1 po,lleMOHCTpiipOBaT~ KBaHTOBbie a'c~6eHHOCTH B3aliMO,lleHCTBllll B Te

Opllll ITOllll Ha I1piiMepe IIHTei'pllpyeMblX CliCTeM. 
2.ITpoBeCTII pe.nyKUIII0 1 li:BllliiOIUYIOCll KBaHTOBbiM aHallOI'OM pe.llyKUllli 

.Ilpmi.<Pellb,lla-CoKOllOBa, II UOllY'lHTb B pe3YllbTaTe pe.nyKUliH .necpopMII

poBaHHyiO anre6py BIIpacopo. 
3.fioKa3aTb

1 
'iTo B03M02KHO IIOCTpOeHIIe anre6p rrpiiHUHIIHMbHO HOBOI'O 

Tlllla, ynpaBllliiOlllllX KBaHTOBbiM B3aiiMO,lleHCTBHeM B liHTerpupyeMbiX 

CIICTeMaX. 

2 

Hay'lHall HOBH3Ha 

1. Pa3BIIT IIOllXOll K KBaHTOBaHUIO liHTerpiipyeM,hiX llOpeHU - HHBapu
aHTHbiX .Monen~rl, TaKliX KaK CIIHYC -ropnoH II )Kn6ep-Illa,6a±, coxpaHli:

IOIUIIX IIHTerpnpyeMoCTb. HccnenoBaHbi B03M02KHOCTII yBenu'leHMH Ko-
• • ' ' • • :. • •. ' • ' •• ··: j 

llii"IeCTBa HHTerpanoB llBII2KeHIIll Ha KBaHTOBOM ypoBHe. . . . 
2. K~K nor;I~ecKoe 11ponon2KeH:~e, na nporienypa KB~~To~aHI~~' na~T 

- .. • ' . . : . . . ·, ;- .. 
HOBbie raMUllbTOHUaHbl 1 KOTOpbie llOITYCKaiOT BbiCIIIIIe liHTerpallbl JlBII-

2KeHUll n 3Tii Mo.nemi cyiiieCTBYIOT TOllhKO. 8 KBa~T~BoM. ~nyq~e. • 3Tll 

Teopnu He nMeiOT xoporno orrpe.neneHnoro KllaCCM'lecKor:o npenena. II B 

KaKoM:- TO CMhiClle onn3i<u K B03MYIU~HHhi~ Ko~ci>op~~hlM TeopnaM nona, 
rrpenno2KeiiHbiM 3aMOllO.ll'liiKOBbiM. . . , . .. . . . 

3. 06Hapy2KeHbi KBaHTO,Bhie He~OMMYTIIPYIDIUUe IIHTerpan.hi llBII2K~HHll: 
u CBll3aHHbie c HilMI! coxpaHliiOIUIIeCH TOKM. Anre6pbi, KOTOpbie o6pa-

3YIOT 3TH TOKII - 3TO 6eCKOHe'lHOMepHhle UeHTpallbHO ~paClliiipeHHhle 

anre6pbl, liBllliiOlllUeCll IIpUHUMITIIallbHO HOBbiMII anre6pall'leCKIIMII 06'b

eKTaMU. ITony'leHo rrpencTaBlleHne cBo6onul.Ix noneii mi}r n;HepaTopoB 

IIpocTeiirneii anre6pbi..IlllH·Hee IIocT-poeuo npencTaBneune cTaprnero Beca 
II IIpOCTeii:rnne CeMeii:CTBa CIIHI'YllllpHbiX BeKTOpOB . 

4. ITocTpoen KBaHTOBhiii alianbr raM.nnhTOHOBOii pe,nyKUIIH :ztirH necpop

MnpoBauuoii: anre6pbi Qq(sZ2 ). Haii;~Hhi iiBa Bo3Mo2kilhle· Kondp~iinia 
Ha TOKOBhiii: reuepaTop. Haiineu BRST orrepaTop TaKoii penykunn ii 
BhPmcneHbi ero KoroMonornn. B pe3yllhTaTe · pe.nyKUMM nonyqeua M3-

BeCTHaa q- necpopMaUIIll anre6pbl Bllpacopo;<· 

5. J13y'laeTCll KllaCCll'leCKI!ll npe,llell llllll: KBaHTOBOM peiiieTO'lHOM CII

CTeMbl CMHyc-ropnou. 113 o6nap.y2Kenuoro Toquoro KBaHTOBoro peiiie

HIIll llllll:. IlpOI13BOllliiUei'() cpyHKUHOHalla liHTerpallOB JlBII2KeHIIH CTpOliTCll
1 

IICIIOllb3Yll IIOllY'leHHyiO. o6o6meHHYIO c!l>opMyny K3MU6ena -X<J,yCllOJ>cpa, 

KnaccnqecKMe nHTerpanbi llBII2KeHllll:. Pe3yllhTaT cornacyeTcH c MH

TerpanaMII ,llBII2KeHllll: 1 06Hapy2KeHHbiMII I103JlHee .llPYI'liMli MeTO,llaMII. 

l13yqaeTcll perneTO'lHall anre6pa Bllpacopo Mllll anre6pa BonKoBa, cBa-

3auuaa c 3lleMeHTOM Ka3IIMIIpa5 anre6phl sl2 , c rroMOIUhiO HBHbiX nocTp~-
eullii: TpexMepnhiX Mo.nyneii: · 

06'beM II CTpyKTypa ,llliCCepTaUllll 

.IlMccepTauna cocTOMT M3 BBe.neHMH, '!eTbipex rnaB, ITpllno2Keniiii: II 3a

KlliO'IeHIIa. O~'beM .nnccepTaUIIH - 105 cTpaHIIU, 14 Ta6niiU. CrriicoK 

llMTepaTyphi co.nep2KIIT 54 naiiMeHOBaHIIH. ITo MaTepiianaM ,lliiccepTa
UIIII ony6lliiKOBaHO 6 pa60T. 
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COUEP)KAHIIE P AEOTbl 

'Bo Bne.ueunn o6cy)!(.uaeTca aKTYaJihHOCTh TeMbi u HOBII3Ha 11ony'leH

HhiX pe3ynhTaTOB. 
rnana 1 11ocnameua oco6euuocTaM KBaHTOBhiX JIHTerpanon .UBII)!(e

HHa MO.UeneH CHHyc-rop.UOH ll )Kn6ep - Illa6aT, a TaK)!(e IIHTerpnpyeMbiM 

TeopnaM, He UMe!OIUHM KnaCCJI'IeCKOrO 11pe.uena If B HeKOTOpOM CMbiCne 

CXO.UHhiM C B03MyiUeHHb!Mif KOHQlOpMHb!Mif TeopnaMn, 11pe.UnO)!(eHHbiMII 

3aMOnO.U'IIfKOBbiM. IlpocTeHIUifH 11pUMep, ~ KOTOpOM 110aBnaJOTCa KBaH

TOBhie HeKOMMYTHPYIOIUife llHTerpanpi .UBfl)!(eHna, MO)!(eT 6biTb 11pOCTO 

o11ncau ua a3hiKe b- c cncTeMbi ( cncTeMbi <PepMUOHHbiX .uyxon). 011epa

TOpHbie pa3no)!(eune .una 11onen b n c nMeeT nn.u: 

1 
c(z)b(w)""' (z _ w)' 

Mo)!(HO nnecTn TeH3op 3Heprun-nMI1Ynbca 

T(z) =-: b(z)azc(z) :, .. 
nopaHOBCKne Ko3<P<PnuneHThi KOToporo o6pa3yJOT anre6py Bnpacopo c 

ueuTpanhHhiM 3apa.uoM c = -2. Ilpanuno 6o3oHn3aunu b- c cncTeMbi 

II MeeT Bll.ll: 
.b(z) =: ecp(z) :, c(z) =: e-cp(z) :, 

r.ue rp(z) - cno6o.uuoe 6o3ouuoe none co cne.uyJOIUHM crrapunauneM: 

rp(z)rp(w) ""'log(z- w). 

raMHnhTOHifaH .Una MO.Uenlf CUHYC -rop.UOH B KOOp.UUHaTaX CBeTOBoro 
Kouyca, Bbipa)!(eHHhiH n TepMnHax b, c 11onen, nMeeT nu.u: 

H = J b(z)dz + J c(z)dz. 

IlpocTenrnun unTerpan .unn)!(eHua n 3Tux o6o3naqeuuax Bhrrna.unT cne
.UYJOIUIIM o6pa30M: 

Q1 = J: bac: (z)dz. (1) 

KoncTpyKUHa .una renepaTopon anre6phr Bupacopo MO)!(eT 6biTh nerKo 

.ue<PopMnponaua, ecnH Mhi paccMoTpHM BMecTo .uncpcpepenuuanhnhrx 110-

nunoMon oT b u c neKoTophre pa3nocTHbie rronUHOMhi. TaKoe Bhrpa)!(eniie 
UMeeT Bli.U: 

r;;m(z)= b(z)c(qmz)- b(z)c(q"z), 

4 

r.ue m, n E Z 11 q E R. IlpmBno.u~uuaa <PYHKuna .una IIHTerpanon .unn
)!(eHita - .ue<PopMauna cooTuoriieHiui ( 1 )- MO)!(eT 6biTh rronyqeua B cne-
.UYJOIUeM nniie: · . · .. - '. ·. . . : · • · · ·' • · · ·· ' ·· ' 

f 
rn;m(.::) 

An;m(q) = ·. q .:: ·_ d.::/ . 
0 . . . •: 

r.ue Mbi ncrroJib3onann cooTuorneune, crrpane.umiBoe .un5! MepoMop<Puoii 
( ronOMOp(}JHofi BHe .:: = 0, CXl) QlYHKUlill J (.::): 

1 f . '----
2
· . dzDzf(.::) = 0, · 

. 1l'l . • . 
0 

a TaK)!(e cne.uyJOmee orrpe.uenemte pa3HOCTHOfi 11pOII3BO.UHmi: 

Dzf(.::) = J(qz)- J(q:-1 ::) 
(q-q-1):: 

51nuoe pa3JimKeHne A";"'(q) 110 11apaMeipy q B TO'!Ke q = 1 .uaeT: 

A";"'(q) ~ At_f ft(~)df+'(q :-_1)[A~ f~t(.::)Ff=t A~~ h(z)'.::,4~J:+ ... :• 

r.ue A1, A~, i = 1, 2- qncnOBbie K03QlcpnuueHThi, '/i (z )- noKanbHhie 11nOT

uocTn .una-m~Terpanon .UBH)!(~Hna (.un<P<PepeHUHanhHhiX 11ommoMoB 11ona 
rp(z)): 

.It (z) =: (8rp(z)) 2 
: -82 rp(z), 

/2(::) =: (8rp(z)) 3
:-: 38rp(z)82 tp(z): +83rp(z). 

B pa3no)!(enuu 11pncyTCTBYJOT HeKOMMY"J:'HPYJOIUHe miTerpanhi .UBIDKe
uua, 'ITo MO)!(HO 11ponepnTh ne11ocpe.ucTneuuo: 

QI = fii(z)dz, Q2 = f h(z)zdz, Q3 = f h(z)dz. 

[Ql; Q2] = -2Q3· 

3To 11pocTenrnne neKOMMyTnpyJOmne nHTerpanbi .unn)!(eHna. IIcrronb-

3ya .uyxonoe npe.ucTannemre, MO)!(HO 11ony'IJITh anre6py nnTerpanon .usn-
)Kenna: 

min{n;n>} min{m;fi} 

[Qn. Q"'] ;_ "'\" Qn+m-kC(k -) "'\" Qn+m-kC(k -) 
n• "' - ~ fi+m-k • n, In - ~ n+rfl-k • l1l, n • 

k=O k=O 
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rne 
0 n2!n3! 

C(nt,ll2,n3)= , 
n1!(n2- ni)!(n3- nl)! 

n min{ a; b} - MnHnMaJibHoe 113 'IHcen a n b. ITocne noncTaHOBKU 3Ha'Ie

mni ii = m = 0 B, 3TY <lJopMyny nonyqaeM: 

[Q~;Q~] = 0. 

TaKnM o6pa3oM, l!3 MHO)!(eCTBa nHTerpanoB llBU)!(eHnH { Q~} Mhi Bhill.e

JIHJin HHBOJIIOTHBHoe nonMHO)!(eCTBoJ{ Q0}. CnenyeT cnenaTb 3aMe'IaHnH 

ITO ITOBOllY IIHTerpaJIOB ll.Bil)!(eHnH, KOTOpbie MoryT 6b!Tb o6uapy)!(eHbl 

npii llCITOJ1b30BaHilll KBaHTOBOro MeTOlla o6paTHOH 3all.a'IIl [:3]. liHTe

rpaJibl nBniKeHHH B MeTone o6paruoii 3anaqn cTpoHTCH nyTeM pa3JIO)!(e

HUH no cneKTpaJI.bHOMY napaMeTpy cnena MaTpHUhi MouonpoMnn T(..\), 
npii'leM llOKa3biBaeTCH, 'ITO: 

[T(..\), T(J.t)] = 0. fl 

IJ03TOMY B pa3JIO:iKeHUII T(..\) 6ynyT ITOHBJIHTbCH TOJlbKO KOMMyTupyiO

!UIIe UHTerpaJibi ll.BlliKeHHH. HeKoMMyTnpyromne HHTerpanhi ll.Bil)!(eHnH 

ITOJIY'IllTb TaKIIM o6pa30M HeJ1b3H. 

B Teopllll cnHyc-fopnoH np11 a = V2 qncno nHTerpanoB llBH)!(eHHH 

pe3KO B03pacTaeT ll OKa3biBaeTCH, 'ITO coxpaHHeTCH UeJibiH TOK. IJpn 

HaiiieM 3Ha'IeHlll1 KOHCTaHTbl CBH3ll a = 1 'IHCJIO llHTerpaJIOB ll.Bll)!(eHHH 

TaK)!(e B03pacTaeT II OKa3biBaeTCH, 'ITO TaK)!(e MO)!(HO ITOCTpOHTb COXpa

HHIO!UliHCH TOK. IJpn CJIIIHHllll llBYX TOKOB Mbl 6yneM 06Hapy)!(HBaTb 

HOBbie TOKH. 06mee IIX KOJIH'IeCTBO 6eCKOHe'IHO. JlerKO npOBepliTb, 'ITO 

C raMHJlbTOHIIaHOM MOll.eJill KOMMYTHpyeT CJienyiO!Uee JlOKaJibHOe Bbipa

)!(eHHe: 

M(z) =: 8b8c(z) : . 

Ouo MO:iKeT TaK)!(e 6biTh nepenncaHo B npencTaBneHnll nonH <f( z) B cne

nyromeM Billie: 

M(z) =: 2(8ztp(z))3 : -8~tp(z). 

Anre6pa TaKIIX TOKOB 6yneT llCCJienoBaHa B rnaBe 2. llanee Mbl ycTa

HOBIIM, KaKHe 113 TeOpllii HBJIHIOTCH liHTerpHpyeMbiMll npH Bbi6ope CJle

llYIO!Uero raMIIJibTOHllaHa B KOOpllliHaTaX CBeTOBOrO KOHyca: 

H = I : exp atp(z) : dz +I : exp {3tp(z) : dz. 
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Tpe6oBaHite cymecTBoBaHIUI ueTpiiBIIaJihHoro KBaHTOBoro HHTerp(Ul~ ll.BH

)!(eHIUI naeT COOTHOIIIeHIIe Me)!(lJ.Y a II {3. 0Ka3aJJOCb, 'ITO HapHllY C 

II3BeCTHbiMll 3Ha'IeHUHMII {3 = -a, {3 = -2a (cOOTBeTCTBYIO!UIIe oypaB

HeHUIO CIIHyc-fopll.OH ~~ )l(u6ep-illa6aT) UMeiOTC~ II ll.OllOJlHIITeJibHbie 

Tllllbl B3al!MOlleHCTBIIH lJ.OllYCKaiO!UIIe BbiCIIIIIe HeTpiiBIIaJlbHble IIHTe

rpaJibl ll.BII)!(eHnH npn 

1 . 2 . 4 
{3 = -, {3 = -, {3 = -. 

a a a 

(a -o6mero ITOJ10)!(eHIIH).8TII TeOpHI! 6JIII3KII K B03My!UeHHbiM KOH<lJOpM

HbiM TeopUHM, npell.JlO)!(eHHbiM 3aMOJ10ll'IIlKOBbiM, HO liMeiOTCH II cyme

CTBeHHbie OTJIH'IIIH. B TaKHX TeOpliHX HMeiOTCH HeKOMMYTHPYIO!UHe HH

TerpaJibl ll.Bll)!(eHIIH. II COXpaHHIO!UHeCHO TOKH llpii <lJ~K~HpOBaHHbiX 3Ha

'IeHHHX KOHCTaHTbi CBH3ll (a= 1, 2 1/ 2,31/ 2 , (2/3) 1/ 2 --: pa3Hbie 3Ha'IeHilH 

B 3aBHCilMOCTII OT MOll.eJIII). 

CoxpaHHIO!UnecH TOKH, uaiineHHbie B 3TIIX KBaHTOBhiX IIHTerpHpye

MhiX TeopnHX, HBJIHIOTCH B HeKOTOpOM CMbiCJie nyaJibHhlMll K W -anre6paM, 

T.e. CHMMeTpliHM, IIMeromnM, KpoMe TOKa cnnua 2 (reuepaTopa anre6pbi 

Bnpacopo), nononunTeJibHO TOKH BbiCIIIIIxcnnuoB s = 3, ... n.HanpnMep, 

npocTeiiiiiaH W3 - anre?pa conep)!(liT nBa TOKOilhiX reuepaTopa T(z)- one

paTopa emma 2, ci>yphe -KoMnoHeHThi KOTopor.o o6pa3yiOT anre6py Bn

pacopo, H TOKa W3(z), UMe~mero CITIIH 3. cl>yphe- KOMITOHeHTbi o6onx 

TOKOB o6pa3yiOT 3aMKHyTy'IO itnre6py, npii'IeM anre6pa.Bupa.copo: HBJIH

eTcH nonanre6poii. 

ToKn, KOTOpbie Mbi o6Hapy)!(HJin, o6nanaroT nyanhHOii CTPYKTypoii 

no OTHoiiieHHIO K W -anre6paM. B HaiiieM cnyqae nponymeHhl T~Kn cnn

HOB s = 2, .. k (k = 2, 3, 5, 7). Haiiin anre6phl conep)!(aT TOKu.cnnHa 

Ha'IUHaH C KaKorO-TO 'IHCJia (3,4,6,8), H o6mee KOJIH'IeCTBO TOKi:>B B aJI

re6pe 6eCKOHe'IHO. ToK CITIIHa 2 Bcerna OTCYTCTByeT. 8TH anre6panqe

CKHe 06'beKTbi HBJIHIOTCH llpliHUllllllaJJbHO HOBbiMll. llpyrnMII CJIOBaMn, 

OHII o6pa3yiOT KJiaCC 6eCKOHe'IHOMepHbiX CHMMeTpiiii, ·He liMeiO!UIIX B 

Ka'IeCTBe CBOIIX ITOllaJJre6p anre6py · Bll:pacopo. 8TH TOKOBbie anre6pbl 

He nMeiOT KnaccnqecKoro npenena n Bcerna cymecTBYIOT npn <l>HKcnpo

BaHHhiX 3uaqeunHx KOHCTaHThl CBH3H MonenH. OcTaeTCSr 0 Bonpoc, '!eM 

Bhi.ileneHbi KoHcTaHTbi cBH3II, nnH KoTopbix pe3Ko .Bo3pacTaei- cnMMe

TpiiH KBaHTOBoii cncieMhi. TeopnH cH:Hyc :.. fop.zio-H c a-=' yl2'iiMeei' 

TOK, KOTOpblll o6pa3yeT OlJ.HOIIHlleKCHYIO Mre6py '- anre6py BHpacopo, 

npn OCTaJJbHbiX 3Ha'IeHliHX KOHCTaHThl CBH3ll BO BCex MOll.eJIHX liMeiOTCH 

TOKH, o6pa3yromne nByximneKCHhie anre6phl, OTBeqaiomne y)!(e HeTpll-
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, BllaJihHbiM B3aiiMO)lellCTBII51M B 3TIIX TeOp1151X, nOCTpoeHHbiX U3 OJlHOrO 

UOJ151 <p. 

B rnane 2 Mhi noJlpo6no paccMaTpllnaeM OJlHY 113 anre6p TOKOB, o6-
uapy)KeHHhiX n rmine 1. .IlnH Bhr<mcneHII51 anre6pbi TaKIIX TOKOB neo6-
XOJliiMO 3HaTb npeJlCTaBneHIIe )ln51 BCell 6eCKOHe'IHOll COBOKynHOCTII TO
KOBbiX renepaTopOB. PacCMOTpiiM Teopmo CIIHYC - ropJlOH c Q = 1.8Ta 
Teop1151 51Bn51eTC51 npocTeii:rneii: 113 HeTpiiBIIaJihHhiX Teopuii:, nMeiOrnnx co
xpaHHIOilllleCH TOKll (cniiHbl s=3,4, .. , T.e. TOK cnnHa 2 OTCYTCTByeT). 
Mo)KHO Bhi'IIICniiTb KOMMyTaTOp TaKIIX TOKOB: 

k p+l' k-1 1 

[ k' P)- (k )I~ Jn+m II( 1- ·1)-
Jn,Jm- +1.f;:ol'!(k+1-l')!j'=O m+p+ J 

p jk+l p'-1 

-(p + 1)! I:: l!( ~~m-l)! II (n + k ~ 1 f; j) 
1=0 p j=O 

8 (p + 1)!(k + 1)! 
+ n+m,O 2(k+p+3)! X 

2+k+p 2+k+p 
x((-1)k+l II (n+k+1-j)-(-1)P+l II (m+p+1-j)), 

j=O j=O 

r)le Mhi nnen11 o6o3Ha'lenne: J~ = 2;; §0 
Ji (z )zi+l+n dz. Eonee CJIO)K

Hhie TOKll B Jlpyrnx MO)leJ151X IIMeiOT nO)l06Hbie KOMMyTaTOpbi. Ba)KHbiM 
CBOHCTBOM 6eCKOHe'IHOMepHbiX aJire6p 51BJ151eTC51 cymeCTBOBaHne· y HIIX 
npeJlcranneHII51 cTaprnero neca. 411cJia IE>= (~(l),~(2),~(iJ ... ) na3o
neM necaMII npeJlCTaBJieHII51. 8neMeHThi npeJlCTaBJieHII51 cTapmero neca 
CTp051TC51 no 06bi'IHbiM npaBIIJiaM: 

J~~l J~~2 ···J~~ •... J~~Nil >, Pi> 0, k; EN. 

OnepaTOpbi J~~. p; > 0, k; E N na3biBaiOTC51 onepaTopaMII po
)KJleHII51, a onepaTopbi 1;: -onepaTopaMn ynn'ITO)KeHII51. · CymecTnona
HIIe cnnrynHpHhiX neKTopon n npeJlCTanneHII51X cTaprnero neca, KOTOpbie 
IIMeiOTC51 B 3TIIX aJire6pax, 51BJI51eTC51 Ba)KHbiM JlJI51 Bbi'IUCneHII51 Koppe
JI51UIIOHHhiX qJyHKUIIll Teopnii: C 6eCKOHe'IHOMepHOH CIIMMeTpneii: . .IlaJiee 

8 

Mbi BbiBeJlel\t ¢loi>Myny Jlll51 TOKOBbiX reli~paTopoB B '6o30HHO~ npeJlCTa
si{eumi. 'reiHiparop an~e6phi' TOKOB, 'Bbipa~eHHblll q~pe3 none b( .z) II 

c( Z), II MeeT BI!Jl: . . .. 

Ji(z) =: 8~b(z)8zc(z) :, i EN 

Mo)KHO nony•mTh 6o30HHYIO peam13auu10 renepaTopon Jln51 ::~Tux ToKon: 

f(z) = -(. 
1

1
)·: (a;+i expcp(z))(8z exp-cp(z)): + ..• 

: . . l + .. 
1 . . . . . 

+ .. _, .. ~· : (a;+• expcp(z))exp-cp(z):. 

.Ile«cTBI!e ceMeii:cTna TOKOB {Ji(z)} Ha npOI13BOnhHOe none A, 3aBIIC51IHee 
OT Z, onpe)leJII!M C nOMOillbiO KOMMyTaTopa cneJlyiOill~IM o'6pa30M: 

(Jk, A(z)] = :2~j fdtti+k+l Ji(t)A(::), 
z 

r )le Ji - <l>ypbe-KOMnOHeHTbi'TOKOB Ji (z) IIMeiOT BII)l: 

' Jk = 21 . f dtJi (t)ti+k+l. 
. 'ff) . . 

. 0 

HaM TaK)Ke norpe6yiOTC~ ;cne~yiOmne onpeJl~JieHH51: 
. . . . . 

. (J£, A(z)),;:, ~ f· dt(t- z)i+k+l Ji(t)A(z). 
·. . 27rJ . ., . l . . • 

- (2) 

Bhx6epeM n Ka'lecTne nom!·A(z) =: expacp(z) :. IIpHBeJleM JlefxcTBIIe 
KOMMyTaTopa TOKaJ~ ua·A(z). Mbi o6uapy)KIIM, 'ITO ue Jln¢¢epeu
unaJibHa51 'IaCTb )leUCTBIIH KOMMyTaTopa co6npaeTCH ITO qJOpMyJie (2). 
.Ileii:CTBIITeJibHO: 

[J~, exp acp(z)) == zn+2 (J~'2· exp acp(z))~ 

-{ a}'+l (n + 2)8z + (a
3

- a) (n + 2)(n + 1)~n} exp acp(z)'.' ·.. . . . . 6 . . . . 

Mbl BliJliiM, 'ITO Bbipa)KeHHe ( J.:2' exp acp( z)) llOHBliJIOCb B pe1ynbTaTe 
Bbi'IIICneunii KOMMyTaTopa. 8Ta 'IaCTh He HBJISleTca' pe3yJJ,bTaTOM nefr
~TBIIH Jlii¢¢epE:munanbHOro 'orrepaTopa ua 3Kcnoueu±y. Bbl'IIICJI~~' nef!
CTBIIe rOJIOMOpqJHOf! KOMnOHeHTbi TeH30pa 3Hepr11H-i!Mllyiu;ca B KOHqJOpM
IIOll TeOpHH IIOJ151 B 6030HHOM rrpeJlCTaBJieHIIII Ua 3KCnoueuTy nOJI51 <p, Mbl 
ue o6uapy)KnBann TaKiix neJln¢¢epeu.unaJihHhiX Bhipa)KeHmi. 
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.Ilanee Mhi Bhi'!ncmieM seca rrpencTaBJieHIUI ~; {a) nn.H rrQJI.H A( z) =: 

exp atp{ z) :, KoTopoe rropmKnaeT rrpencTasnenue cTapwero seca. Pe-

3JJibTaT nMeeT sun: 

~i{a) =- a(a + 1) II; 
{i+2) · (a-k). 

k=l 

<l>yHKUli.H ~ i ( Q) .HBJI.HeTC.H aHaJioroM KOH<lJOpMHOH pa3MepHOCTH B KOH

<lJopMHOH KBaHTOBOH Teopnn 110JI.H. Bbipa)!(eHne ~ B KOH<lJOpMHOH KBaH
·-' 

TOBOH Teopuu noJI.H .HBJI.HeTc.H co6cTBeHHhiM 3Ha'lenneM orrepaTopa L 0 . 

B rnase 3 Mbl paccMaTpnsaeM KJiaccnqecKlllf rrpenen peweTO'IHOH 

cncTeMhi cnnyc- .fopnon. B rrepBhiX nsyx rnasax Mhi nccnenusann nc

KJIIO'IHTeJihHO KBaHTOBbie TeOpllll, 'laCTb ll3 KOTOpbiX He IIMeeT KJiaCCII

qecKOrO rrpenena. Ehmo o6uapy)!(eHo, 'ITO npn <PIIKCijPOBaHHhiX 3Ha'!e

HII.HX KOHCTaHT CB.H3li B03MO)!(H0 nO.HBJieHUe norrOJJHliTeJibHbiX He06bi'l

HhiX CIIMMeTpliH, BCero HafineHO BOCeMb TaKIIX CJIJ'laeB. l.IT06bi .HCHO 

rrpencTaBJI.HTh, rro'leMy Bee 3TO ne na6n10naeTc.H B KJiaccuqecKoM rrpe

nene, Mhi noJI)!(Hhi crreunanhno paccMoTpeTh rrpouenypy rrepexona K 3TOMY 

npeneJiy. 3TOMJ IIOCB.HIUeHa fJiaBa 3 . .IlJI.H yno6CTBa )!(eJiaTeJihHO pac

CMaTpliBaTb perneTO'IHJIO BepCIIIO HHTerpupyeMOH TeOpiiH. 

B nenasnux pa6oTax npennaraeTc.H crroco6 rronyqenu.H npou3son.H

meii <lJJHKUHli JIOKaJibHbiX liHTerpaJIOB nBIDKeHII.H B KBaHTOBOM CJiyqae, 

ucnoJih3J.H KBaHTOBhiii MeTon o6paTnoii 3anaqn pacce.HHH.H (KM03). Ih 
nepecTaHOBO'!HhiX cooTnowenuii nn.H L-onepaTopa 3anucbmaeTc.H <PYHK

uuouanbuoe ypaBHeHHe Ha npOH3BOn.HIUJIO <lJJHKUIIIO HHTerpaJIOB nsu
)!(eHII.H. 

Mbi paccMaTpusaeM KJiaccuqecKuii npenen nauuoro <PyuKuuouaJih

uoro ypaBHeHII.H, 'ITO npHBOniiT HaC K 06biKHOBeHHOMJ nu<tJ<lJepeHUH

aJihHOMJ ypasueuu10. Ilocne pewenu.H 3Toro ypasueun.H ynaeTc.H Bhi

'IIICJIIITh Bhicwue HHTerpaJihi nsn)!(eHII.H B KJiaccuqecKoM npenene, pac

KJianhiBa.H npoii3BOn.HIUJIO <lJYHKUHIO no cneKTpaJihHOMJ napaMeTpy H 

Bbi'IHCJI.H.H B03HHKa!OIUIIe I1pii 3TOM KOMMJTaTOpbi C npHMeHeHHeM 110JIJ

qeHHOH <PopMJJihi K3Mrr6enna.-Xaycnop<lJa. 

BseneM nepeMeHHhie x;. IIycTh Bhmonueuo cnenyiOmee nepecTauo
soquoe cooTuoweH:ne: 

X;Xj = qXjXi, i < j, i E Z, 

10 

t~: . 'i 

\: 

) 
- I 

rne q .- ·HeKoTopoe KOMITJieKcnoe qncno (q. = exp i1l'a2). KsaHTOBhiii 

raMJIJihTOHnan Monenn cunyc-fopnon ua peweTKe.ecTeCTBeHHO·orrpene

miTh TaK:H = :E+ + :E-, rne :E+ = LiEZ x;, :E- = LiEZ x;
1
. · KaK 

MO)!(HQ nposepi!Th, :E+ II :E- .HBJI.HIOTC.H renepaTopaMn HliJihnOTeHTHOH 

qacTn KBaHTOBoii rpyrrrrhi Uq(st2), ~epp.oscKne' cooTnowenu.H Me)!(ny :E+ 
II :E- Bbii10JIHeHbl. JloKaJibHbie HHTerpaJibl nBIDKeHH.H, KOTOpbie no onpe

neJieHHIO KOMMyTnpyiOT c raMHJihTOHnanoM H, c ueo6xonMMOCThiO npn

nanne)!(aT npoCTpancTBY · Ker :E-i: n Ker :E- .. To. ecTh IIHTerpanbi. nsu

)!(eHII.H npnnanJie)!(aT HHBapnaHTaM HHJihnOTeHTHOH qacTU KBaHTOBOH 

rpynnhi Uq(st2 ). B KoopnnnaTax x; ypasnenu.H na onepaTop R, . .HBJI.HIO
wnii:c.H <PaKTn'lecKn <PynnaMeHTaJihHhiM L-onepaTopoM KBaHTOBoro Me

Tana o6paTnoii 3anaqn B nepeMeHHhiX x; Bhirn.Hn.HT TaK: 

(f3xl +x2)R12 ~ R12(x1 +Px2), (f3x1
1 
+x2

1
)R12 = R12(x1

1
+/3x2

1
). 

8TH COOTHOllieHU.H rrepe11IICbiBaiOTC.H TaK)Ke B BHne: 

(f3u+ 1)Rl2(q-1u,,B) =(u+/3)R12(u,/3), (3) 

rne u = x1x2' 1 n R12(u, 1) = 1. B KJiaccuqe.cKoM npenene (q ~ 1, a~ 0) 
Mbl llOJIJ'IIIM 

[:E+,] ~ :Lx;(l +u;)au,,. [:E-,] ~ :Lxi
1(1 +ui 1 )aui~' i E Z, 

. i 

rne BBeneuo o603Ha'Jeuue U; = x;x;Jl, Bu, = afau;. 
<l>ynKunonaJihHOe ypasueuue (3) nepexonuT B o6biKHOBeuuoe.nn<P<Pe

penuii'anbuoe ypasuenne.8To ·nenaeTca cnenyiOIUIIM o6pa3oM:Pewenne 
<lJJHKUIIOHaJihHOrO ypaBHeHII~ (3) UIUeTCH B Bune , 

1' 
logR(u,f3,q) = IJ.(

1
- )1 log1h(u,/3),k 2:2, 

·l=k q . 

-oo 

r ne <lJJHKUIHI log 1Pl ( U, /3) He 3aBIIC.HT OT q. 
Ilpn q ~ 1 cymecTBenna.H qacTh peweuua nna log R(/3, u, q) BhirJI.H-

nuT cnenyiOIUHM o6pa3oM: 

l R
.( a . ) __ 1_ ~· log(/3~ + 1) - log'( u + /3) d 

og ~-'• u, q -
1 

u. 
- q . u ' 
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,-8-io'nbipaiKemie TaK2Ke M02KeT 6bfTh rronyqeno 113 TO'Inoro ){BaHTonoro 

peiueHJUI' COOTHOIIIeHJ:i~ (3): · 
;!, ' ,-- ' 

oo l+ {3uq-:i · -, · R(~.~.qL=Il f3+q-,iu 
·' · ·.· ' - i=O · . · 

. ~ . ' '1,::,=,, .. .,,:·. 

HaiineM ~BHhie <!JopMyJihi '·.nn~· rrnoTnocTeii• nnTerpanon .nnn2Kenn~, pac

Kna.nhlBmt norapn<lJM rrpon3Be):(eHii~ orrepaTopoB R no y3naM perneTKIL 

. II pH Bhl'IHCJieHHH He06XO,llHMO yqecTh, ,'ITO <lJyHKUII~ norapn<lJM 6epeTC51 

OT HeKOMMyTnpyiOIUIIX rrepeMeHHhiX;fln~ 3Toro neo6XO,llHMO IIOJIY'IHTb 

u Hcnonh30BaTh o6o6mennyiO <}lopMyny K3Mrr6enna-Xayc.nop¢a. Ilocne 

Bhi'Incnennii rrony'IHM o6myiO <}lopMyny .nnli k -ro. nnTerpana .nnn2Ke

nn~.3.nech ,lln~ IIpOCTOThl Mhl npHBO,llHM TOJlhKO ,llBa rrepBbiX HH'!'erpana 

,llBH2KeHH~: 

h = d~ logR12if3=t = R~2 lf3=t, (4.1) 

2 • .. 

lz = d~2 logRt2R231f3=t = (logRt2)"113~t + (logR23)"113=t+ 

+ [ R~21f3=t, R~31f3=t]. 
Ilocne ~BHhiX Bhi'IHCJieHHH nony'IHM <}JopMyJihi ,llJI~ JIOKaJibllhiX IIJIOTHO

CTeii HHTerpanoB ,llBHMeHll~ B Y3Jie peiiieTKll C HOMepoM n ·= 1: 

It= 2log(ut + 1) -log(ut), 

· ·. -. ( u2 ..:... 1 )( u·t _: 1) · · ' · : · 
fz=, (tit+ 1)(u:i + 1) + 2log(ut + 1)--, log(ut) + 2log(u2 + 1) -log(u2), 

3.necb Mhi Bhi'IHCJIHM ~BHO .neiicTBne I;+, I;- na If, i = 1, 2. TaK KaK 

I; rronyqaiOTc~ H3 If rryTeM cooTBeTCTBYIOIUIIX c.nnnros, r.ne 

I~= 2log(ut + 1) -logut, 
,·· (ut-1)(u2-1) 

Iz ~ (ut + 1) (u2 + 1) · 

; I;+ I~ ~ Xt (1 + ut)Ou 1 (2iog( Ut + 1) ;-log Ut) = Xt - X2~ 

+ , (ut __:_ 1) (uz- 1) 
'E I 2 = (xt(1 + Ut)Ou 1 + x2(1 + u2)8u2) (ut + 1) (u

2 
+ 1) = 

X2(Ut- 1) Xt(U2 -1) XtX2 • X2X3 
---=-~-...!__-.,- + = - ---
(ut+1)(u2+1) (u2+1)(ut+1) Xt+x2 x2+x3 
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TaKnM o6pa3oM, nocne .neiicTBII51 E+ ua If, i = 1, 2 Mhi rronyqaeM c.nimr 
IIJIH perneTO'IHYIO IIp0113BO.llHYJO. 

Ilo3.nuee, 6hmn Bhi'IIICJieHhi UHTerpanhr .llBII2Keun~ ·.nnli perneTO'IHOJi 

cncTeMhr cuuyc -fop.nou, n pe3yJihTaTbl narnnx Bhi'IHcnennii conna.naiOT 
c HIIMIL TaKUl\I o6pa30M, rrpe.nenhHhiJI rrepexo.n q --t 1, n --t 0 OTBe'!aeT 
KJiaCCU'IeCKOMY rrpe.neny .B fnaBe 1 Mbl paCCMaTpi!BaJIII Teopnu IIpll <}JIIK

CllpOBaH!IbiX 3Ha'IeHli~X KOHCTaHTbl CB51311 II 06HapynUIJIII .llOnOJIHI!TeJib

Hble CIIMMeTpmL TaKnM o6pa3oM, rrpn 3TIIX KOHCTaHTax cB~31; xapa~:rep 
B3aUMO,lleJiCTBll51 pe3KO MeH5leTC~ U 3TO CJiyqaeTC~ TOJlhKO B KBaHTOBOM 
cnyqae. 

B fnane 4 Mhi paccl\taTpnnaeM auanor KBaHTOBOJI raMHJihTonosmi 

pe.nyKunn llpnn<}lenh.na - CoKonosa .nn~ .ne<}lopMnponaHHhiX anre6p. 

Ebmo .noKa3ano panee, 'ITo uenTp ynnnepcanhnoii o6epTbiBaiOmefi 

anre6phl U(g) a<}l<}lnnnofi anre6phi Kaua - My.nu g na KpliTII'IecKoM 
yponne n3oMop¢en anre6pe fenh<}lan.na - llnKoro, accounnponannofi c 

.nyanhHOJ~I anre6poii: (no Jleurnen.ncy). UenTp OT02K.lleCTBJI~eTC51 c Knac

cnqecKnM rrpe.nenoM. W-anre6phi, orrpe.nenennof1 c IIOMOIIIhiO KBal'ITOBOJI 

pe.nyKUHH llpun<}lenh.na - CQKonona. 

Ehmu TaK:lKe nne.nenhi .ne<}lopMaunn ymmepcanhnmi o6epThiBaiOmeii 

anre6pbi Kaua- My.nu ·uq([J), MOTHBnponaHHbie KBaHTOBhiM MeTo.noM 
o6paTnmi 3a.naqu pacce51HII~. EcTecrnenuo 6bmo paccMorpeTh; KaK u3-

Men~IOTC51 anre6pbLfenh<}lan.na -' llnKoro npn 3TOJI .ne<}lopMaUHIL Ehimi 

BBe,lleHbiHOBbie rryaCCOHOBbl anre6pb1 l¥q(g), KOTOpbie ~BJ}~IOTC~ q- .ne

<}JOpMaUII~Mll KnaccuqecKnx W -anre6p. Ilyaccouona anre6pa Wq (g) -

ueHTp KBaHTOBoii: ymmepcanhnoii: o6epTbiBaiOIUeJi anre6pbl Uq(gL) na 
KpnTn'IeCKOM yponue, r.ne gL .nnoftcTsenua (no Jlenrnen.ncy) K anre6pe 

Jlu g. Ilyacconona anre6pa Wq(sl2) ~Bn~eTc~ q-.ne<}lopMauneJi Knaccn
qecKoii anre6pbi Bnpacopo. 

Ehmo rroKa3auo, 'ITO npu q --+ 1 anre6pa Wq(sl2 ) cTaHOBIITC51 1130-
Mop<}lnoii: KnaccuqecKoii: anre6pe Bupacopo. 

CymecTByeT .npyra~ CB513h Me2K.ny rryacc6HOBhiMH anre6paMn TOKOB 
II rryacCOHOBbiMII' anre6paMH renb<}lan.na - lluKoro. On a- o6ycnonnena' 

KnaccH'IecKoii raMUJihTononoii pe.nyKuneJi llplln<}lenh.na- CoKonoaa: Ilo- · 

cne.nH5151 Mo2KeT 6bJTh rrpoKnanTonana. B pe3ynhTaTe B03HnKaeT rrpoue~ 

.nypa, 113BeCTHa51 KaK KBaHTOBa~ raMHJlbTOHOBa pe.nyKUII51. 

Terrepb B03HIIKaeT norrpoc, cymecTsyeT nn KaKa51-TO npoue.nypa no
nyqenn51 Wq(g):..anre6p 113 Uq([J), rro.no6na51 ~BaHTOBoii raMJIJihTOHonoii 

pe.nyKunn n ne.ne<}lopMnponannoM cny•me. HaM rroTpe6yerc~ o.nno 113 
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orrpenemnomnx COOTHOIIIeHIIJI KaaHToaoii rpyrrrrhi Uq ( sl2): 

q±2z w ' · 
J±(z)J±(w) = ~2 J±(w)J±(z). 

z-q w 

IIepecTaiioao<IHhie cooTHOIIIemnl nm1 ToKa J+(i) He rroJaonRIOT Iiano

j!(IiTh Ha Hero CaR3h J+(z) = 1, KaK 3TO n~nanocb a Hene¢opM!ipO

aaHiiOM CJiy<lae. · qT06hi n36e:iKaTh ·3Toii 'l'PY.llHOCTH, rrocryrrnM cneny
IOIUHM o6pa30M. floMHO)KliM abipa)KeHne ,llJ1R TOKa J+(z) Ha H~~OTOpyiO 
¢YHKUliiO OT reHepaTOpOB KaaHTOaOr_9 orrepaTopa J 3(z) TaKliM o6pa30M, 

'IT06b! a pe3yJ1bTaTe I10J1Y'leHHhiH TOK J+ ( Z) ynoaneTaopRll COOTHOIIIe-
Hli!O 

r:(z)J+(w) = J+(w)J+(z). 
0 

Terre ph Mhi y:iKe MO:iKeM HaKna.llhiBaTh caR3h J+ ( z) ~ 1 HerrpoTnaope<In

ahiM o6pa3QM. JlerKo I10Ka3aTb 1 'ITO COOTHOIIIeHniO abiiiie Y,li.OaJJeTaOpReT 
TOK 

J+(z) = J+(z)cp-lf2(ll2z), eo 

8TOT ahi6op He RaJ1ReTCR e,llliHCTaeHHhiM, a03MO)KHO TaK)Ke abipa)KeHne 
anna 

J+'(z) = J+(z)'I/J-lf2(q.:..ck/2z). 

PenyKUliiO MO)KHO rrpoaecTn Ha R3hiKe cKpnHnHroahiX orrepaTopoa .llllR 

6o3oHn3~UHn Uq(sl2) n BnpacopoacKoro cKpiiHIIHroaa orrepaTopa, n o6-

Hapy)KIITh, 'ITO cKpiiHIIHr Uq(sl2) rrepexonnT B cKpnHnHroahiH ~;rrepaTop 
ne¢opMnpoaaHHOH anre6pbl Bnpocopo rrocne penyKUIIII. PenyKUIIIO 6y-· 

neM rrpoaonnTh, ncrronhJYR BRST rrpouenypy. llnR rrocTpoeHnR HliJJh

rroTeHTHoro nn¢¢epeHunana Heo6xonnMo ne¢opMnpoaaHHoe crrapnsa

Hne ¢epMnoHHhiX nyxoa. HnnhrroTeHTHhiH nn¢¢epeHuuan nMeeT ann: 

QBRST = Q1 + Q2 .. 

KoroMonornn 3Toro orrepaTopa6yneM ncKaTh cnenyiOIUIIM o6pa3oM: cHa

<Iana HaiineM KoroMonornn orrepaTopa Q1 , a JaTeM, ncrronh3YR caRJn a 

KOroMOJlOfiiRX Q 1 , 6y,lleM IICKaTb KOrOMOJ10riiii .orrepaTOpa Q2 . 5£npy 
orrepan>pa Q1 rrpnHanne)KaT 3JJeMeHThi 

h.,,(z) = (fi ~· (qk/2+2kn 2 )) ~'''( .-k/2 z )w• (q -k z), 
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rne a, b rrpo6eraiOT 3Ha<IeHIIR ±1 
(6yneM coKpameHHO rrncaTh h±,±(z), h=F,±(z), .... ). 

He ace KoroMonorun ha,b(z) RaJJRIOTCR HeJaanciiMhiMll. Me)K.llY HI1Mll 
cymecTayiOT caRJll. JierKo rrony<InTh cnenyiOmee cooTHOIIIeHne: · . 

[QI. x(w)] = h-.+(w) + h-,-(q2kw). 

lfcrrOJ1h3YR 3TO COOTHOIIIeHne, MO)KHO I10l1Y'll1Tb I10J10)KIITeJ1hHhle II OT
pnUaTeJlbHhie MO.llhi 8 3KcrroHeHTe rrpu 6oJomiJaunn \]i* ( w), Bhipa)KeH

Hhie <Iepe3 COOTaeTCTayiOIUlle I10J10)KliTeJ1hHhie li-OTpliUaTeJlhHhie. MO.llhl 

KoroMonornu a 3KcrroHeHTe ha,b(z) rrpn 6o30HII3auun. IIoJJO)KIITeJJhHhie 

MO.llhiW*(w) UMeeT ann: 

00 

w*(w) =II h-,-(q2k+(2k+4>nw)h-.+(q-<2k+4)(n+l>w) .. 
n=O 

0TpnuaTeJ1hHhie MO.llhi TaKne: 

f. -' 00 

w*(w) =II h_,+(g<2k+4)nw)h-.+(q2k+2+(2k+4>nw)x 
n=O 

X h-,- (q2k-(2k+4)(n+l)w)h-,- (g-2k-(2k:-4)(n+l)w). (4.7) 

lfciTOJ1h3YR 3Tll COOTHOIIIeHIIR, MO)KHO I10l1J'lliTh rrepecTaHOaO'IHOe COOT-
HOIIIeHIIe ,llJ]R. \]i* ( Z): • 

w 0 (q2k+2!!!.) · 
\]i* (z)w* (w) = -- e q ( 2k+2 ~ \ w*( w)w* (z). 

z -q q w 

8TO abipa)KeHUe eCTh He ''ITO liHOe, KaK rrepecTaHOBO'IHOe COOTHOIIIeHUe 

.llJlR JlOKaJlbHbiX I1J10THOCTeH CKpliHIIHrOBhiX orrepaTOpOB .llJlR ne¢opMII

poaaHHOH anre6pbi Bnpacopo. 

KoroMonornR orrepaTopa Q2 naeT ne¢opMnpoaaHHYIO anre6py Bn-
pacopo: 

T(z)T(w)f (:) - T(w)T(z)f (~) = 

= (1- q
2
)(1- q-

2
k-

4
) (o ( -2(k+l) w) - 0 (q2(k-J:l) ~)) ' 

(1 - q-2(k+l)) q z z 

rne 
00 

f(u) = exp L .!..un (1- q-2(k+2)n)(1- q2n) 
n=l n ,.. . _->ft.....L1\..,\. , 
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J(x) =: L x~. 
... nEZ 

'fi:!;. ~ > •• 

TaKHM o6pa30M,, Mhi .noKa3ana, 'ITO pe.nyKumr Uq(sl2 ), .cooTBeTCTByro

ruaH HanmKeHHIO CBH3H ]+ (z) = 1, IIpHBO,UHT K q-,ne<!JopMHpOBaHHOll an

re6pe Bapacopo. 

OCHC)BIII~IE PE3YJihTAThl 
'• , I. ' ' 

1. Jf3yqeHhl OC06eHHOCTH KBaHTOBbiX HHTerpanoB JlBIDKeHHH ,nml Te-
. ~ 

opHft. CHHyc-PopJlOH · W )Ka6ep-Illa6aT, HCrl01Ib3YH HBHbie IIOCTpOeHJIH II 

He o6parUaHCb K KBaHTOBOMy MeTo,ny o6paTHOll 3a,Ua'IH.0TMe'leHO yBe
Jill'leHHe KOJIH'IeCTBa HHTerpanOB ,UBH)l{eHHH Ha KBaHTOBOM ypoBHe .IIpH 

<lJMKCHpOBaHHbiX 3Ha'!eHHHX KOHCTaHT CBH3H. 

2. IlocTpoeHbi KBaHTOBhre Teopaa non~, o6na.narorune BhrcrrnrMn na

TerpanaMir nBa)Kerinx n: ae nMerorune KnaccllqecKoro rrpe.nena. 06cy

)l{,naeTcx CBH3b paccMaTpnBaeMbiX Teopnft ll .B03MJIU).HHbiX KOH<lJOpMHbiX 

TeOpHft IIOJIH, npe,nJIO)l{eHHbiX 3aMOJIO,U'IHKOBbiM~ IloKa3aHO Ha IIpiiMe

pax, 'ITO B paccMaTpHBaeMbiX Mo.nenxx rrpocTpancTBO nn'i'erpanoB .nBn

)l{eHnH rnnpe. Y Ka3aHbi rrpH'IllHhr. 

3. 06.tJapy)l{eHbl IIpHHUIIIIllaJibHO HOBbie anre6pbl (onn HBJIHIOTCH 

6e.CKOHe'IHOMepHbiMH 1 HMeiOT UeHTpa1IbHOe paciiinpeHHe H He llMeiOT B 

Ka'!eCTBe rro.nanre6pbr anre6py Bapacopo -:no rrpanunrrnanhHO noBax 

KOHCTpyKUllH, Hnr,ne panee He BCTpeqaBIIIaHCH) TOKOB ll HeKOMMyTnpy

IOIIIHe HHTerpanhr .UBH)l{eHHH.B 3THX Teopaxx: Bbi'!Hcnena rrpocTeii:rnax 

TOKOBax anre6pa n aaii:.nenhr cnarynxpabre BeKTOphr B rrpe,ncTaBnennH 

cTaprnero Beca. Haii:.neHbi rrpe.ncTaBil:eHHH cBo6o,nHbiX rroneii: .nnx nee. 

8Tn anre6pbr KOMMY™PYIOT c raMHnhTOHHaHOM H He HMeroT Knaccww-
t.' I'·: . 

CKOrO · IIpe,nena, 'ITO CBH,UeTeJibCTByeT 0 He3KBHBaneHTHOCTH KOHCTaHT 

CBH3H B TeOpllll H B03MO)l{HOCTH B03pacTaHllH CllMMeTplUI Ha KBaHTOBOM 

ypoBHe. 
; .: ' .. 
. 4. IlocTpOeH KBUHTOBbiii: ananor raMHJibTOHOBOii: pe,nyKUHH ,nnH ,ne-

<!JopMllpOBaHHOii: anre6phr Uq(sZ2 ). Haii:.neHbi KOHCTpeii:HThi na TOKOBbie 
reaepaTophr - B03MO)l{Hbi ,nBa cnyqax. Ilocrpoen BRST- orrepaTop Ta

Koft pe.nyKUIUI. B pe3ynhTaTe rronyqaeTCH q ~ .ne<!JopMHpoBanHa>! anre6pa 
Bapacopo. · . 

5. lhyqaeTcx KnaccaqecKHil npe.nen perneTO'IHOft CHCTeMhi cnnyc -

Pop.noa c uenbro rrpo,neMoHcTpupoBaTb rronyqenae KnaccaqecKHX HHTe

rpanoB .UBn)l{eHHH rrpn crpeMnenau KOHCTaHThi CBH3ll a --+ 0. Haii:.neno 

npeo6pa3oBanae perrieTO'IHhiX irepeMeHHhix rronx B o6bi'!HhiX Koop.nnna-
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Tax B pernPTO'IHhre rrepeMeHBhie rronx B Koop.nnnaTax cBeToBoro Konyca. 
Y Ka3ana rrpouenypa Bhi'Incneanx Bhrcrnnx Knaccuqecknx perneTO'IHhiX 
nnTerpanoB JlBJl)l{ennx nnx · Teopun cnnyc-Popnon, nc~onb3YH naftnen

noe pernenne .nnx KBanToBoro rrpmnBonxruero <PYBKUIIOHana B cnyqae 
o6rnero IIOJIO)l{eliUH KOHCTaHTbl CBH3ll. 8To II03BOJIHeT Bbl'IIICJIHTb Knac

CII'IeCKI!e unTerpanhr .UBU)l{ennx na perneTKe HBHbiM pa3no)l{enneM no 

KOHCTaHTe CBH31l cne,na KBaHTOBOll MaTpHUbl MOHOJlpOMIIJI, JlOKa3aB ll 

ucrronh30BaB o6o6ruennyro <!JopMyny K3Mrr6enna-Xayc.nop<!Ja. Ilocne Ta

Koir rrpouenypbi MO)l{HO rrony'lnTh nnTerpanbi .UBII)l{eHHH, KOTOpbre co

Brra.naroT c unTerpanaMn .UBIDKennx KnaccnqecKoii: perneTo'!noir cncTeMbi 

cnnyc-Popnon, nafmeHHhiMn rro3,nnee .npyrnMII aBTopaMH. 8To cBn.ne

TenhcTByeT o TOM, 'ITO rrpenen a--+ 0 B KBaHTOBofr Teopnn ~rmyc-Pop.non 

xBnHeTcSI .neircTBIITenhno KnaccuqecKIIM rrpe.nenoM. B Ilprmo)l{eHIIII B 

.nnccepTaumr .nannhrii: rrpe.nen 6epeTcx .nnx nerrpepbiBHhiX KBaHTOBbiX 
IIHTerpanoB JlBU)l{ennx. B pe3ynhTaTe rronyqaroTcx o6bi'IHhH' Knaccii

qecKne nnTerpaJibi .nBn)l{ennx, 3To erne pa3 rronTBep)l{,naeT, 'ITO Kna~cn

qecKnfr rrpe.nen -3TO a --+ 0. 
6. IlocTpoen renepaTop anre6pbr BonKoBa rrpn IIOMOIUII :meMenTa 

Ka3IIMI1pa, IICII01Ib3YSI HBHbie Bbipa)l{eHIISI ,nng TpeXMepHbiX Mo,nynefr sh. 
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