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Oomrur xapaKTepHCTHKa paooThi 

AKTYaJihHOCTh TeMhi 

11HTerpiipyeMhie CIICTeMhi, TaKIIe KaK ypaBHeHIIe KopTeBera-.ne <l>pii3a, He'­

JIIIHeilHoe ypaBH€HIIe IIIpe.n;IIHrepa, ypaBH€HII5! sin-rop.n;OH II reil3eH6epra 

BCTpeqaiOTC5I B 3a.n;aqax CaMOll pa3HOH <lJII3IIqeCKOll rrpiipO,ll;hi. 3TII CII­

CT€Mbl o6na.n;aiOT y.n;IIBIIT€JlbHbiM MaTeMaTIIqeCKIIM CBOHCTBOM.:CKphiTOll 

anre6paiiqeCKOll CIIMMeTpiieM, IIpiiBO,ll;5III1€ll K liHTerpiipOBaHIIIO C IIOMO­

IIIhiO o6paTHOH 3a.n;aqii pacce5IHII5! .n;n5I BCIIOMoraTenhHoro niiHeilHoro orre­

paTopa. 11HTerpiipyeMhi€ CIICT€Mbl o6na.n;aiOT TaKIIMII 3aMeqaTeJibHbiMII 

CBOHCTBaMII, KaK 6ecKoHeqHbie cepiiii 3aKOHOB coxpaHeHII5!, 6IIraMIIJihTO­

HOBOCTh, COJIIITOHHbi€ peiii€HII5!, ,ll;IICKpeTHble rpyiiiibi CIIMM€TpiiH . .Ilo He­

.n;aBHero BpeMeHII B TeOpeTIIqeCKOll <lJII3IIK€ OrpOMHYIO pOJib IIrpanii CIIMMe­

Tpiiii HeTepoBc:Koro TIIrra, rrpe.n;cTaBn5IIOII1IIe co6oil HerrpepbiBHhle rpyrrrrbi 

rrpeo6pa3oBaHIIM. B rrocne.n;Hee BpeM5! 6hmo rroKa3aHo, qTo MHOriie Ba:llmhle 

CBOHCTBa IIHTerpiipyeMbi~ CIICTeM,. BKJIIOqciJJ: 5IBHhlll BII,ll;. IIX . COJIIITOHHbiX 

peiiieHIIH, T€CHO CB5!3aHbi C ,ll;IICKpeTHbiMII CIIMMeTpii5IMII- aBTOIIpeo6pa30-

BaHII5IMII D3KnyH.n;a. TeMa .n3;HHOH .n;IIccepTa~IIOHHOM pa6oThl CB5!3aHa c 

TeM, qTo6hi rroKa3aTh HeTpiiBIIaJihHYIO ponh 3TIIX rrpeo6p33~BaHnil B Teo­

piiii IIHTerpiipyeMhlX CIICTeM, B qaCTHOCTII rrpo.n;eMOHCTpiipOBaTb liX 3Ha­

qeHIIe ,ll;JI5! IIOCTpO€HII5! orrepaTOpOB peKypCIIII B cnyqae O,ll;HOH npOCTpaH­

CTB€HHOll rrepeMeHHOil. AK'Tya~hHOCTh pa6oTbi '.nn5! Te~peTIIqecKoil II ~aTe~ 
MaTIIqeCKOll lPII3IIKII CB5!3aHa eme II C TeM, · qTO B HeM pa3pa6oTaH ¢opMa­

JIII3M IIOJiyqeHII5! IIHTerpiipyeMbiX (1 + 1) II (1 +2) IIOTOKOB, IIHBapHaHTHbiX 

OTHOCIITenhHO rrpeo6pa3oBaHIIii D3KnyH.n;a, 6e3 IIc:rionh30BaHil5I orrepaTop-

Horo ¢opManJI3Ma. '' 

Uenhio HacToHme:ii paooThl HBnHeTcH: • 

1. Hcrronh30BaHIIe ,rrpeo6pa3oBaHIIii D3KnyH.n;a .n;nH rrocTpoeHIIH peKypcii­

OHHhlX OIIepaTOpOB ypaBHeHII5! CIIMMeTpiiii B cnyqae O,ll;HOH IIpOCTpaH-
... . . ..· ' 

CTBeHHOH rrepeMeHHOH . 

2. Pa3pa6oTKa ¢opManii3Ma, anbTepHaTIIBHoro orrepaTopHoMy, KOTOpbiM 

II03B~JI51€T CTpoll.Tb 6ecKOH€~Hhle IIepapx~m IIHTerpupye~hlX CliCTeM 
' . ; . . 

KaK B cnyqae O,ll;HOH, TaK II ,ll;BYX IIpOCTpaHCTBeHHbiX rrepeMeHHbiX. 
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3. IIocTpoemre peKypcHOHHhiX orrepaTopoB ypaBHeHHH CHMMeTpHH B cny­

'Iae HeCHHrynHpHbiX 3aBHCHMbiX MaTpH'IHhiX rrepeMeHHbiX IIpOH3BORb­

HOrQ pa3Mepa N x N. 

• 4. IIocTpoeHIIe ¢opManii3Ma perneHIIH ypaBHeHIIH CIIMMeTpHII B cny'Iae 

cyrrepciiMMeTpii'IHOil: perneTKH To~bl. 

Hay<JHM HOBH3Ha paooTbi cocTOHT a: 

1. IIony'IeHIIH Heo6xo~IIMbiX H ~ocTaTO'IHhiX ycnoBIIil: IIHBapiiaHTHOCTII 

KOCOCIIMMeTpii'IHbiX OIIepaTOpOB HyneBOro, · rrepBOrO II BTOporo IIOpH~­

KOB OTHOCIITenhHO rrpeo6pa3oBaHIIil: B3KnyH~a orrpe~eneHHoro TIIrra. 

2. PerneHIIH ypaBHeHIIH CIIMMeTpiiH B cny'Iae o~Hoil: II, ~Byx rrpocTpaH­

CTBeHHhiX rrepeMeHHbiX 6e3 HCIIORb30BaHHH OIIepaTOpHOrO lf>OpMaRII3Ma, 

OIIHpMCb Ha CKpbiThie rpyiiiiOBbie CBOllCTBa ~IICKpeTHbiX CIIMMeTpiiiJ:. 

3. PerneHIIII ypaBHeHIIH CIIMMeTpiiii B cny'Iae orrepaTopo3Ha'IHbiX 3aBII­

CHMhiX rrepeMeHHbiX. 

4. IloCTpOeHHII HepapXHH HHTerpiipyeMhiX CIICTeM, HHBapHaHTHbiX OTHO­

CHTenhHO N = 2 cyrrepHHTerpHpyeMoil: rro~cTaHOBKII <t>epMII-To~hl. 

.ilOCTOBepHOCTb rrony'IeHHbiX pe3JRbTaTOB cne~yeT HeiiOCpe..n;CTBeHHO H3 

MaTeMaTH'IecKoro arrrrapaTa, IIcrronh3yeMoro B pa6oTe. 

TeopeTn:qecKM u:eHHOCTh .nn:ccepTau:n:n: 3aKniDqaeTcH: 

e B HOBOM B3rnH~e Ha ~HCKpeTHbie CIIMMeTpHH IIHTerpiipyeMbiX CIICTeM, 

KOTOpbiil: o6HapyMHBaeT ~enblil: PM y~IIBIITenhHbiX CBOil:CTB 3THX rrpe­

o6pa30BaHHil:. 

e B IIOCTpOeHIIII anropiiTMOB, KOTOpbie II03BORHIOT B HBHOM BII~e rrony­

'IaTb HHTerpHpyeMble CHCTeMhl ni06oro IIOpH~Ka, HHBapHaHTHble OT­

HOCIITeRbHO rrpeo6pa3oBaHIIil: B3KnyH~a orrpe~enemioro THIIa. 

e B IIOny<JeHIIH anropiiTMOB perneHHll ypaBHeHIIH CHMMeTpHH 6e3 HCIIORb-

30BaHIIH orrepaTopuoro ¢opManH3Ma B cnyqae o~Hoil: II ~Byx rrpocTpau­

CTBeHHbiX rrepeMeHHbiX. 

• B peiiieHHH ypaBHeHHH CHMMeTpiiii B cny'Iae cyrrepCHMMeTpii'IHOll 

perneiKH To~bl. 
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:~c, 

Ha 3aiUHTY BhiHOCHTCH: 

1. MeTO~hi rrocTpoeHIIH peKypciiOHHhiX orrepaTopoB ~nH (1+1) IIHTerpii­
pyeMhiX CIICTeM . 

2. 06o6m;eHIIH MeTO~OB IIOCTpOeHIIH peKypCIIOHHbiX OIIepaTOpOB Ha cny­

'Iall HeCIIHrynHpHbiX MaTpii'IHbiX 3aBIICIIMbiX rrepeMeHHbiX IIpOH3BORb­

HOro pa3Mepa N x N. 

3. AnropiiTMhi perneHIIH ypaBHeHIIH CIIMMeTpiiH 6e3 IIcrronh30BaHIIH orre­

paTopHoro ¢opManii3Ma 

4. AnropiiTM perneHIIH ypaBHeHIIH CHMMeTpiiii ~nH cyrrepciiMMeTpii'IHOil: 

perneTKII To~hi. 

Ilyonn:Kau:n:n: n: arrpooau:n:n: paooTbi. 

OcuoBHoe co~epMaHIIe IIccne~oBaHIIii no TeMe ~HccepTa~HH orry6niiKOBaHo 

B 5 pa6oTax. OcHOBHhle pe3ynhTaThi pa6oTbi ~oKna~biBamiCh H o6cyM~a­

niiCh Ha CeMIIHapax nT<t> Ol15U1(.Uy6Ha-2000), Hl1l15I<I> MrY( MoCKBa-

2001). KpoMe Taro ~IIcce:pTa~IIH o6cyM~anach H rrony'IIIna o~o6peHIIe ua 

3ace~aHHII Ka¢e~pbi lf>H3IIKII BhiCOKHX 3Hepriiii M<I>Tl1. 

CTpyKTypa n: oo'beM .nn:ccepTau:n:n: • 

flHCCepTa~HH COCTOIIT H3 BBe~eHHH, 'IeTbipex rnaB, 6II6nHOrpalf>H'IeCKOrO 

CIIHCKa, BKRIO'IaiOm;ero 25 HaHMeHOBaHHiJ:, 131 CTpaHH~bi MaiiiiiHOIIHCHOrO 
TeKCTa. 

KpaTKoe co~ep)l(aHn:e paoOThl: 

l' 

Bo BBe.z:t:eHHH ~aH KpaTKIIll 0630p TeKym;ero COCTOHHHH IICCne.n;yeMOll IIpO~ 
6neMbi, IIOKa3aHa ee aKTyanhHOCTb, OTpaMeHO KpaTKOe co.n;epMaHJie pa~ 
6oTbi. 

IlepnM rnana ~eniiKOM rrocBHm;eua Hccne.n;oBaHHIO CBoilcTB .n;IIcKpeTHbiX 

CIIMMeTpHiJ: (1+1) HHTerpiipyeMbiX CHCTeM H IIOCTpOeHHIO peKypciiOHHbiX 

OIIepaTOpOB C IIOMOIIJ;biO 3THX CHMMeTpHiJ:. 

Mbl paccMaTpiiBaeM rrpeo6pa3oBaHIIH BII,ll;a: 

. ~ (n) 
q>( U, U, Ux, •.. , Ux) = 0, a= 1, ... , q. (1) 
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• 
lh 3Toro rrpeo6pa30Bamr~ MOLKHO c rroMOIUhiO .n;n:cpcpepem.~;npbBamr~ no rrpo-

H3BOJihHOMY rrapaMeTpy t IIOJIY'IHTh ypaBHeHHe BII.n;a: 

a<I>a i- a<I>a 
t=b Fb [u] + L:-

8 
b DJFb[u] = 0, a= 1, ... q. 

au J uJ 
(2) 

8TO COOTHOIIIeHHe Ha3hiBaeTC~ ypaBHeHUeM CHMMeTpHH, COOTBeTCTBYIO­

IUHM rrpeo6pa30BaHHIO (1). 
YpaBHeHn:e (2) Bcer.n;a o6na.n;aeT perne:fHeM Bn:.n;a F[u] = ux, KOTOpoe Ha3hi­

BaeTc~ Tpn:BnanhHhiM. MHTerpn:pye.Mo:ii rro.n;cTaHOBKO:ii B .n;anhHe:iirneM 6y­

.n;eM Ha3!>IBaTh rrpeo6pa30BaHne THIIa (1), ypaBHeHHe CHMMeTpHH KOTOporo 

uMeeT XOT~ 6hi o.n;Ho perneHn:e, OTJIH'IHOe OT TpHBHaJihHOro. Mhi Ha3hi­

BaeM H[u] orrepaTopoM peKypcn:n: ypaBHeHn:~ (2), ecnn rrpn: .n;e:iicTBHH Ha 

rrpon:3BOJihHOe perneHn:e 3Toro ypaBHeHn:~ rronyqaeTc~ perneHn:e 3Toro :tKe 

ypaBHeHH~. 

rnaBa COCTOIIT 113 .ll:BYX rraparpacpoB. B rrepBOM Ifaparpacpe paccMaTpHBa­

IOTC~ HHTerpnpyeMbie IIO.ll:CTaHOBKH BH.n;a: 

*"ua = cpa[u], a = 1, 2. 

rrpOH3BO.ll:Hhie <J>peiiie KOTOphlX HMeiOT crreun:aJihHYIO cpopMy: 

cp'[u] = ( 0 {3 ) I o . 
Ilpn 3TOM {3, 1 n o ~BJI~IOTC~ .n;n:cpcpepeHun:anhHhiMH omipaTopaMn:. Mhi 

n:rn;eM KococnMMeTpn:qecKne orrepaTOphi J[u] HyneBoro, rrepBoro n: BToporo 

IIOpMKOB, y.n;OBJieTBOp~IOIUHe ycJIOBHIO HHBapn:aHTHOCTH: 

cp'[u]J[u]cp'T[u] = J[t]. (3) 

R3TOH rnaBe rrpe.n;no:tKeHa CTPYKTypa perneHH~ ypaBHeHn:~ (3) n: rronyqeHhi 

KpHTepHH BhliiOJIHeHH~ ycJIOBH~ UHBapn:aHTHOCTH .ll:Jl~ OIIepaTOpOB C 3TOH 

· ' CTPYKTypo:ii. 

OrrepaTop H[u] , y.n;oBJieTBOp~IOrn;n:ii ycnoBniO: 

cp'[u]H[u]cp'-I[u] = H[t], (4) 

~BJI~eTC~ orrepaTOpOM peKypCHH .ll:Jl~ ypaBHeHH~ CHMMeTpliH (2). 
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(i) (j) 

Ecnn: J[u] n: J[u] ~BJI~IOTC~ HeKOTOphiMH perneHM~MII ypaBHeHn:~ (3)n orre­
(i) 

paTop J[u] o6paTn:M, TO orrepaTop: 

(j) (i) 

H[u] =J[u]J[uti 

Y.ll:OBJieTBOp~eT ( 4). 
PaccMoTpnM B Ka'!eCTBe rrpnMepa HHTerpnpyeMyiO rro.n;cTaHOBKy: 

i- 1 
U= -, 

v 
t= uv2

- v(ln v)u . 

(I) (0) 

OrrepaTop peKypcnn H[u] =J[u]J[uti rrpnmiMaeT BH.n;: 

( 
!D- uD-Iv -uD-I · u ) 

H= 2 
I I I . vD- ·v - 2D+vD- ·u 

Ha'In:Ha~ c rrpaBofr qacTn: cn:cTeMhi: 

- Ut = U, Vt = -V, 

rrocne.n;oBaTeJihHhiM rrpn:MeHem~eM rronyqeHHoro orrepaTopa H MOLKHO rro­

nyqn:Th HHTerpnpyeMyiO cn:cTeMy JII06oro rrop~.n;Ka. 

Bo BTopoM rraparpacpe paccMaTpHBaeTc~ cpopMaJIH3M rrocTpoemr~ orrepa­

Topa peKypcn:n: .ll:Jl~ IIHTerpn:pyeMOH IIO.ll:CTaHOBKU JIOTKII-BOJibTeppa: 

i- Vx 
u=u+-( )' pv 

p(a) = m 2 + aa + /3, 

i-
i- Ux 

V= V + q(t), 

q(a) = m 2 +·!a+ 0. (5) 

PeKypcnoHHhi:ii orrepaTop coo'l:Be~'cTBYIOIUero ypaBHeHn:~ cn:MMeTpnn u.Meer 

mr.n;: 

( 

-D + (up'(v) +IV)+ 2q(u). + /VxD~I+ ) 
H = +auxD-I + 2E:uxD~I · v +2cuxD-I · u . 

2p(v) + avxD-I+ D + ('Yv + up'(v))+ . 
+2E:vxD-I · V +!vxD-I + 2E:vxD-I · u 

5 



BToprui rnaaa rroCB5lllleHa pa3pa6oTKe cpopMami3Ma peiiieHII5! ypaBHeHIIM 

CIIMMeTpiiii B, cnyqae · O,l(HOM II .l(BYX IIpOCTpaHCTBeHifbiX rrepeMeHHbiX 6e3 

IICIIOIIh30BaHII5! orrepaTopHoro cpopManii3Ma., CymecTBeHHhiM aKueHT c.ne­

naH Ha IICIIOIIb30BaHIIe CKpbiTbiX rpyiiiiOBbiX CBOMCTB IIHTerpiipyeMbiX IIO,l(­

CTaHOBOK. fnaBa COCTOIIT II3 .l(BYX rraparpacpOB. 

B nepBoM naparpacpe paccMaTpiiBaiOTC5! .n;ByMepHhle IIHTerpiipyeMbie no.n­

cTaHOBKII llap6y-To.n;hi , JloTKII-BonhTeppa II .n;ByMepHoe o6o6meHIIe rrpe­

o6pa3oBaHII5! D3KnyH.n;a .n;n5I ypaBHeHII5! feii3eH6epra. Haii6onee xapaK-.. 
TepHbie CBOMCTBa pe.n;yKUIIOHHOrO MexaHII3Ma peiiieHII5! ypaBHeHII5! CIIMMe-

Tpiiii B 3TOM cnyqae rrpOCMaTpiiBaiOTC5! Ha IIP,IIMepe IIO,l(CTaHOBKII JlOTKII­

BOIIbTeppa. 

ITpeo6pa30BaHIIe JloTKII-BonhTeppa IIMeeT BII.n;: 

+- Vx 
u=u+-, 

v 

+-
+- Uy 
v= v+ l=· 

u 

MHBapiiaHTHbie ITOTOKII rrpiiHIIMaiOT BII.n;: 

+-
Ut = Dx(Tk), Vt = v(Tk -n), k = 0, 1, 2, ... 

Bhrpa:lKeHIIe .n;n5! Tk MO:lKHO 3arriicaTb B cpopMe: . 

k [ ( k · )]. !X +- , _ !X +-k. k 
Tk = CTo II 1-Lzexp -(l + 1)dl- ):= di t1 dx' · ... · t1 dx . 

!=1 J=L+1 -oo -oo 

r.ne exp(dp) 03HaqaeT c.n;BIIr BneBo B p-OM qneHe KpaTHoro IIHTerpana, a 

CIIMBOn Lp-3aMeHy t1 = uv Ha t2 =t; v . , 

Bo BTopoM naparpacpe Ha OCHOBaHIIII pa3pa6oTaHHoro cpopMaiiii3Ma Mhi pe­

niaeM ypaBHeHIIe CIIMMeTpiiii .l(II5! O,l(HOMepHbiX IIO,l(CTaHOBOK JlyH.n;a-P3.n;:lKa 

II MO.l(IIcpiiUIIpOBaHHOrO HeiiiiHeMHOrO ypaBHeHII5! llipe.n;IIHrepa. 

TpeTha rnaaa rrocB5lllleHa paccMoTpeHII:io orrepaTopHoro 'cpopM~IIII3Ma B 

cnyqae HeCIIHryn5IpHbiX MaTpiiqHhlX nepeMeHHhiX pa3Mepa N x N.OHa co­

CTOIIT II3 Tpex naparpacpoB. 

ITepBhiM naparpa<P co.nep:lKIIT o6o6meHIIe MeTo.n;oB rrocTpoeHII5! onepaTo­

poB, y.n;OBIIeTBOp5IIOilliiX ypaBHeHIIIO (3), ,ll;II5! cnyqa5J: IIHTerpiipyeMbiX ITO,[(-

CTaHOBOK BII.l(a: 

il= cp1[u, v], t= cp2 [u, v]. 

r.ne u, v 5IBII5IIOTC5I HeCIIHryn5IpHhiMII MaTpiiuaMII pa3Mepa N x N. 
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i 1 

I 

) 
1 

Bo BTOpOM naparpacpe rrpoBO.l(IITC5! rrocTpoeHIIe onepaTopoB peKypciiii .l(II5! 

·IIO,l(CTaHOBOK: 

II 

+- -1 
U=V , 

+­
U=V, 

+- + -1 V= VUV- Vxx VxV Vx 

+- -1 -1 
V= u+v VxV . 

lln5I IIO,l(CTaHOBKII (6) peKypCIIOHHhlM OrrepaTOp IIMeeT BII,l(: 

H= (~f), 
Eii Bii s:i r:kD r: D-1 r: D-1 

kl = kl = ukuj - UikUsj · Vzs - UljUis · Vsk 1 

F ii _ Aii _ D-1 . D-1 
kl - - lk - -U;k . Utj - Utj . U;k, 

Gij A ij D-1 + D-1 kl = ulk = Vik . Vtj Vtj . V;k, 

L ii (Blk)T r:1..; D , r: D-1 r: D-1 
kl = ij • = ~ujuk + UtjVis · Usk + UikVsj · Uts· 

(6) 

(7) 

lln5I IIHTerpupyeMOM IIO,l(CTaHOBKII (7) peKypCIIOHHhlM orrepaTOp IIpiiHII­

MaeT BII,l(: 

H = (~·f)' 
E ii _ s:i r:1D-1 + r: 'D-1 D-1 + r: D-1 D-1 kl - UkUj UikUpj · Vtp · UtjUip · Vpk , 

F ii ( D-1 D-1 + D-1 D-1) kl = - Uik . U!j Utj • .. Uik , 

G~ =- (v;kD-
1 

· VtjD-
1 + VtjD-1 · V;kD-

1
), 

L ii _ ..; r:1D-1 r: D-1 D-1 r: D-1 D-1 
kl - -ukuj + U!jVip · Upk + UikVpj · Utp . 

B TpeTbeM rraparpacpe · pacc:r-.mTpnBaeTC5I MaTpn'<mhlii BapnaHT IIHTerpu­

pyeMo:il: IIO,l(CTaHOBKII JlyH.n;~-P;.n;:lKa: 

t= (vx + vuv)-1, 

t~ -(vx -f- v~v)x + (Vx + vuv)v-
1
(vx +'vuv). 

' ' . -

OrrepaTop ,peKypcuu B 3TOM cnyqae MO:lKHO rronyqnTh II3 coOTBeTCTByro­

mero · orrepa Top a .n;nH rro.n;cTaHOBKII · ( 6) c rroMOillhlo rrpeo6pa30BaHII5! 

Muyphi: 

q=u, r=vx+vuv. 
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qeTaepTrui rnaaa nocn.Hrn;eHa o6o6memno pe3JJihTaToB, nonyqeHHhiX ~JI.H 

no,n:cTaHOBKII To~hi, Ha cnyqail He3aBIICIIMhiX 6o30HHhiX II ¢epMIIOHHhiX 

nepeMeHHhiX. B ::noli rnane paccMaTpiinaeTc.H N=2 cyrrepiiHTerpiipyeMa.H 

UO.D:CTaHOBKa <J>epMII-TO~hl B (112) cynepnpOCTpaHCTBe II UOCTpOeHIIe CO­

OTBeTCTBJIOIUell err IIepapXIIII IIHTerpiipyeMhiX CIICTeM. rnana COCTOIIT II3 

~Byx naparpa¢on. ' 

B nepBOM naparpa¢e Mhi noKa3hiBaeM IIHTerpiipyeMOCTh caMoii no,n:cTa­

HOBKII <l>epMII- To,n:hi. Mhi pa6oTaeM B (112) cynepnpocTpaHCTBe c o.n:Hoii 
. .J -

6030HHOII nepeMeHHOll X II .ll:BJM5! <iJepMIIOHHhiMII () II (), IICllOJih3JeM CTaH-

,n:apTHOe npe~cTanneHIIe ,n:JI.H N =2 cynepciiMMeTpiiqHhiX ¢epMIIOHHhiX Ko­

napiiaHTHhiX npOII3BO~HhlX: 

a 1- a D= ---{}­
ae 2 ax' 

- a 1 a 
D =-- -e-­ae 2 ax. 

Bno~IIM B paccMOTpeHIIe rrapy KIIpaJihHhlX II aHTIIKIIpaJihHhiX ¢epMIIOH­

HhiX cynepiiOJiell f (X, (), iJ) II /(X, (), iJ), J.D:OBJieTBOp.HIOIUIIX JCJIOBIIIO: 

Df = fJ1 = 0. 

IIo,n:cTaHOBKa <l>epMII-To~hi IIMeeT BII.n;: 

~ (!J -!1) = [ln(D f ·D!)]' 

CIIcTeMa 3BOJIIOIIIIOHHhiX ypaBHeHIIii: 

at - - - -
at =F(f,J,J;f',Df,Df), 

a1 - - , -, - -
at= F(f,J,f ,J ,DJ,Df). 

(8) 

(9) 

5IBJI5leTC5! IIHBapiiaHTHOll OTHOCIITeJihHO paCCMaTpiiBaeMOll llO~CTaHOBKII, 

ecnii II TOJihKO ecnii <PYHKIIIIII ( ; ) y~onJieTBOpHIOT onpe~eJieHHhiM orpa­

HIIqeHIIHM, KOTOphie HaKJia~hmaeT ypanHeHIIe CIIMMeTp,IIn. YpaBHemre CIIM­

MeTpiiii ~JI5! paCCMaTpiiBaeMOll llO~CTaHOBKII MO)I(HO IIOJIJqiiTh, npO~II<lJ<lJe­

peHIIIIpOBaB COOTHOIUeHIIe (9) ITO UpOII3BOJihHOMJ napaMeTpy t II 0603HaqiiB 

cooTBeTCTBJIOIUIIe npoii3BO.D:Hhie O'I· f II 1 qepe3 F II F. 
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B nTore nonyqaeM: 

1 +--_ t-:: · - - D F DF 
(

-+- -)' 
?.(Ff+fF-Ff-fF)= Df+ D1 

(10) 

(') . CTon6eu f' HBJIHeTCH TpiiBIIa~hHhiM ~mcTHpiM perneHIIeM 3Toro ypan- · 

HeHIIH. llpyriiM perneHIIeM 3TOrO ypaBHeHUH 5IBJIHeTC5! napa ( !1 ). 
TaKIIM o6pa3oM no~cTaHOBKa HBJIHeTca IIHTerpupyeMoii B cooTBeTCTBnn c 

onpe,n:eJieHIIeM. 

Bo BTopoM naparpa¢e Mhi cTponM peKypciiOHHJIO rrpoue~ypy, II03BOJIHIO­

myiO HaXO~IITh 6eCKOHeqHhlll Ha6op qaCTHhiX perueHHll ypaBHeHIIH (10). 
IIpe~cTaBJIHeM B HBHOM BII,n:e peKypcnoHHhiii orrepaTop .n:mr 3Toro ypanHe-

HIIH: 

( 

a + J.D fJ · a-1 
· 1 + - J D fJ · a- 1 

· J- J 
+!a.ta-1 -1 _!a.ta-1 -f R=II _£ 1 2 -- ·1 II-JDD·a- ·f+ -a-JDD·a- ·f-

1 - '1 1 - 1 +2a · ta- · J - 2a · ta- .. f 

OnepaTOphl n II fi IIMeiOT Bn~:. 

II = _ ( DfJ ~ a-1 
DD ~ a-1 )' 

- ( fJ D . a-1 o ) 
II=- o DfJ. a- 1 · 

OrrepaTop n npoeKTnpyeT BepXHHll II HH)I(HIIll 3JieMeHThl CTOJI6ua Ha KII­

paJihHOe II aHTIIKnpanhHoe rro.n:rrpocTpaHCTBa cooTiieTCTBeHHO. OrrepaTop 

R orrpe~eJieH c TOqHOCThiO ~9 rrpOH3BOJihHOro a,n:~HTIIBHOro onepaTopa, 

JHIIqTO)I(aiOrn;ero CTOJI6eii ( ~ ) C KIIpaJihHOll II aHTIIKUpaJihHOfl COCTaB­

JIHIOIU8ll. B o6meM cnyqae TaKoii orrepaTop MO)I(HO 3amrcaTh B nn.n:e Cfi, 
r~e C-rrpoii3BOJihHhiR MaTpuqHhiR ncen~o- ~u¢¢epeHunaJihHhiii orrcpaTop. 

Ib BII~a R cne~yeT TaK)I(e, qTo oH coxpaHHeT KIIpaJihHJIO cTpJKTYPY ypan­

HeHIIH (10). lleiicTBJH p-pa3 (p E Z+) orrepaTopoM R Ha rrepnoe HE'TJ>Imn­

anhnoe perneHIIe ypanHeHnH (10), Mhi rronyqaeM HOBbie perncmra: 

( ~: ) = RP ( ! 1 ) . 
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OcHOBHhie pe3yJihTaTbi paoOThi H BhiBOAhi. 

1. B crryqae o.nHoli: npocTpaHCTBeHHoli: nepeMeHHOH npe.nrro)KeHa KOHKpeT­

HaJI CTPYKTypa KOCOCHMMeTJ:liiqecKHX onepaTopoB, ynoBJieTBop.snomnx 
ycrroBHIO HHBapnaHTHOCTH. Ha ocHoBe 3THX onepaTopoB CTpO.siTC.sx one­

paTopbi peKypCHH ypaBHeHH.si CHMMeTpHH, KOTOpbie ll03BOJI.siiOT HaXO­

JlHTb qacTHbie perneHn.sx rrro6oro nop.sxnKa nrr.sx 3Toro ypaBHeHn.sx. 

2. ITorryqeHbi o6o6meHn.sx onepaTopHbiX MeTOJlOB perneHn.sx ypaBHeHn.sx CHM­

MeTpnn B crryqae HeCHHryrr.sxpHbiX.JMaTpHqHbiX 3aBHCHMbiX nepeMeH­
HbiX npon3BOJibHoro pa3Mepa N X N. 

3. B crryqae OJlHOH n JlByx npocTpaHCTBeHHbiX nepeMeHHhlX npenrro)KeH 

¢opMaJIH3M perneHH.si ypaBHeHH.si CHMMeTpHH, aJibTepHaTHBHbiH onepa­

TOpHOMY, OCHOBaHHbiH Ha CKpbiTbiX rpynnOBbiX CBOHCTBaX npeo6pa30-
BaHHH D3KJIYHJla. 

4. IJorryqeHa nepapXH.si HHTerpnpyeMbiX CHCTeM, HHBapHaHTHaJI OTHOCH­

TeJibHO N =2 cynepnHTerpnpyeMoli: noncTaHOBKH <PepMn-TOJlbi. 
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