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Y..jeHhiH CeKpeTapb COBeTa ~·~ 
.D;OKTOp tlJH3HKQ-MaTeMaTHqeCKUX HayK C.B. ronOCKOKOB 

OBIIJ;A5I XAP AKTEPitiCTitiKA P ABOTbi 

AKTyanhHOCTh TeMhl. BmroTh .n:o Haqana ceMu.nec~ThiX ro.n:oB. qucno H3-

BeCTHhiX TOqHO pemaeMhiX H HHTerpupyeMbiX1 <lJH3JiqeCKH Ba:>KHbiX 3a
,naq 6hiJIO HeBeJIHKO, nOCKOJibKY nO.D;aBJI~IOIU~ qaCTb ypaBHeHHH .D;BH:>Ke

HH~ CHCTeM no CBOeH npHpo.n:e cymeCTBeHHO HeJIHHeHHa, a MaTeMaTJiqe-. 

CKHH annapaT .D;JI~ HJyqeHH~ TaKHX CHCTeM, no CYTH .n;ena, BKJIJOqaJI B 

ce6~ TOJibKO TeOpHIO B03MyiUeHHH. C OTKpbiTHeM MeTO,D;a o6paTHOH 3a

.n:aqJI pacce~Hu~, cuTyauu~ H3MeHunach u 6hln o6Hapy:>KeH uenhlii p~ 

Ba:>KHbiX ,HeJIHHeHHbiX IIHTerpupyeMhiX ypaBHeHHH H pa3BHT·. COOTBeT

CTBYIOIUHH MaTeMaTuqecKHH anna paT .n:n~ ux pemeHu~. G MOMeHTa OT

KphiTH~ cynepCHMMeTpHH, HaqaJI}ICb MHOroqucneHHhle nOnhiTKH nOCTpo

eHH~ cynepCHMMeTpJiqHbJX HHTerpupyeMhiX CHCTeM, BKJIJOqaJOIUHX KaK 

6o30HHiire, TaK u <tJepMHOHHhle non~. OcHOBH~ npo6neMa nocTpoeHu~ 

HOBhiX HHTerpupyeMbiX CHCTeM C paCIIIHpeHHOH cynepCHMMeTpHeH CQ

CTOHT B TOM, qTo y:>Ke .n:n~ N = 2 cynepCHMMeTpuu 6o30HHhiH ceKTop 

6y.neT co.n:ep:>KaTh cucTeMy ypaBHeHuii Ha.n;Ba 6o30HHhiX non~ u, anpuopu 
c 

COBepiiieHHO He ~CH0 1 KaKIIe :>Ke ,ll;OnOJIHH:r'eJihHhie ypaBHeHH~ .D;OJI:>KHbl 

B03HHKaTb B 6o30HHOM ceKTope. Bonee Toro, oKa3hiBaeTc~ qTo, Hanpu

Mep, II3BeCTHhle N = 2 cynepcHMMeTpuqm,J:e pacmupeHH~ ypaBHeHu~ 

ByccuHecKa co.n:ep:>KaT caMo 6o30HHoe ypasHeHue ByccuHecKa TOJihKO B 

oqeHh cneuuaJihHOM cnyqae pe.n;yKUHH, a N = 4 cynepcHMMeTpuqHoe 

ypaBHeHHe JiuyBHJIJI~ CO,nep:>KHT B 6030HHOM CeKTOpe, Hap~y C ypaB

HeHHeM JiuyBunn~, Becc-3yMuHo-HoBHKOB-BHTTeHOBcKyiO·u-Mo.n:enh Ha 

rpynne SU(2) u MO:>KeT 6hiTh paBHonpaBHO Ha3BaHo N = 4 B3HB u
Mo.nenhiO. Heo6xo.n;uMo TaK:>Ke OTMeTHTh, qTo .nn~ cucTeM c N ~ 2 cy

nepcuMMeTpueii B03HHKaeT eme o,n;Ha, BeChMa HenpocT~ .nn~ pemeHu~, 

np06JieMa. lleJIO B TOM, qTO ,ll;f~ TaKHX cynepCHMMeTpHH npOCTeHIIIHe 

cynepnon~ ~BJI~IOTC~ npHBO~HMhiMH H Ha HHX Heo6xo.n;uMo HaKJia.D;hiBaTh 

nO.D;XO.Il~IUHe ,ll;OnOJIHHTeJihHhle. YCJIOBH~, OrpaHJiqJIBaiOIUHe 3aBHCHMOCTb 

cynepnOJieH OT rpaCCMaHOBbiX KOOp.D;HHaT. 

11HTYHTHBHO ~CHO, qTO HHTerpupyeMOCTb cynepCHMMeTpJiqHOH CHC

TeMhl (T.e. Hanuque 6ecKoHeqHoro qn:cna 3aKoHoB coxpaHeHn:~) .non:>KHa 

6hiTb1 TaK HJIH HHaqe, CB~3aHa C 6eCKOHeqHOMepHbiMll ( cynep )CHMMeTp

ll~MH. Y CTaHOBJieHHe ll HCllOJih30BaHHe TaKHX CB~3eH anropHTMH30BanO 

6hl np06JieMy iiOCTpOeHH~ liHTerpn:pyeMhiX CllCTeM C pacmn:peHHOH cy

nepCHMMeTpHeH, CBO.Il~ llOCJie,ll;HIOIO K aHanH3Y (cynep)anre6p- 3a,naqe, 

Ha cero.n;H~IIIHHH .neHh ropaJ.no 6onhme n:3yqeHHOH. IToKa o6m~ Teopn:si 
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He C03.I(aHa H 061laCTh nOCTpOeHH.Sl H H3y'IeHH.Sl HHTerpHpyeMh!X CHCTeM 

C paCillHpeHHOH cynepCHMMeTpHeii nepe>KHBaeT CTa.I(HlO nOHCKa H aHa-

11H3a 'IaCTHhiX ypaBHeHHH, npe,nCTaBll.HeTC.H aKTYMhHbiM H3y'IeHne HX 

CBOHCTB, yCTaHOBlleHHIO CB.H3eii C 6eCKOHe'IHblMH CHMMeTpH.HMH H liC
n01lh30BaHHIO nOClle.I(HHX ,I(ll.Sl nOCTpOeHII.H HOBhiX HepapXHH. 

Uenh .nHccepTauHn COCTOHT B aHanu3e u nocTpoeHHJI HHTerpHpye

MhiX CHCTeM C pacmHpeHHOH (N > 1) cynepCliMMeTpueii, Bbi.HCHeHniO 

HX CB.H3H C 6ecKOHe'!HOMepHb1Mli li HellliHeHHbiMli ( cynep )anre6paMH ll 
H3y'IeHJIIO IIOC1le.I(HHX. 

.J 

Hay'IHM HOBH3Ha H npaKTH'IeCKM ueHHOCTh. 

B .nHccepTaUHli nony'IeHbl HOBble pe3y1lhTaTbl, KacaiOmnecsr nocTpo

eHu.H li H3y'!eHJI.H CBOHCTB HHTerpupyeMbiX CliCTeM C pacmupeHHOH cy

nepCliMMeTpneii HCXO,I(.H li3 HX BHyTpeHHeii CB.H3JI C 6eCKOHe'IHOMepHb1MH 

u HellHHeiiHbiMH cynepanre6paMn. fl 

OcHOBHoe HOBoe HanpaBneHne, OTKpbiTOe 3TOii .nnccepTauneii, Mo

>KeT 6b1Th onpe.neneHo cne,nyiOIUHM o6pa3oM: nocTpoeHne n n3y'IeHne 

liHTerpnpyeMbiX CliCTeM C pacmnpeHHOH cynepCHMMeTpneii B paMKax 

HellJIHeHHhiX pea1ln3aUHH 6eCKOHe'IHOMepHhiX H HellHHeHHhiX rpynn H 

cyneprpynn. 

0Ho 6a3npyeTc.sr, Bo-nepBhiX, Ha MeTo.ne KOBapnaHTHOii pe,nyKunn, 

KOTOpbiH II03B01l.HeT anrOpHTMH'IeCKH CTpOHTh HOBble HHTerpnpyeMble 

CHCTeMbl HCXO,I(.H H3 HX HHBapnaHTHOCTH OTHOCHTellhHO (6eCKOHe'IHOMep

HhiX) CHMMeTpnii. CaMn ypaBHeHn.sr .nBn>KeHn.sr nony'IaiOT npn 3TOM .src

HYIO reoMeTpnqecKyiO nHTenpeTanniO, KaK ypaBHeHn.sr .nBn>KeHn.sr no reo

.ne3n'IecKnM B lPaKTOp- IIpOCTpaHCTBax COOTBeTCTBYIOIUHX ( cynep )rpynn. 

Bo-BTOpb1X1 Ha n.nee IIOCTpOeHH.H HHTerpnpyeMh!X CHCTeM C pacmnpeH

HOH cynepCHMMeTpneii, .nonycKaiOmnx, B Ka'!eCTBe BTOpoii ra.MHllhTOHO

BOH CTpyKTypbl, 6eCKOHe'IHOMepHble H HennHeHHble rpynnbl H cyneprpy

nnbl. ~aK npaBH1101 ,I(ll.Sl 601lbillHHCTBa 6030HHhiX CliCTeM raMHllhTOHOBbl 

cTpyKTypbl H3BeCTHbl, KaK n3BeCTHbl (nnn MoryT 6hlTh .nocTaTO'IHO an

ropnTMH'IecKn nocTpoeHhl) n nx cynepcuMMeTpu'IHble o6omeHn.sr. Ta

KnM 06pa30M1 3a.I(a'Ia IIOCTpOeHH.Sl cynep - pacmnpeHH.H 6030HHOrO ypaB

HeHII.Sl c 3a.I(aHHOH ra.\fllllhTOHOBOH CTPYKTypoii CTaHOBliTC.H, no cyTn 

.nena, 3a,I(a'Ieii Bbi'IliC1IHTe1lbHOH, XOT.H, KOHe'IHO, ,I(OCTaTO'IHO C1IO>KHOH. 

IlpnHUHnnallhHO Ba>KHO, 'ITO H MeTQU KOBapnaHTHOH pe,nyKUIIH, H 

n.ne.sr cynepCHMMeTpn3annn BTOpoii raMmihTOHOBOH CTPYKTypbl II03BQ-
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ll.HlOT OTBeTHTh Ha .I(Ba rnaBHhiX BOnpoca, B03HHKaiOIIUDC npH nOCTpOe

HHH cynepCHMMeTpH'IHhiX pacmHpeHHH H3BeCTHhiX.6030HHhiX HHTerpH

pyeMhiX CliCTeM: KaKne 6030HHble CliCTeMbl lle>KaT B OCHOBe HHTerpHpye

MhiX CliCTeM C paCmHpeHHOH cynepCUMMeTpHeii H KaKHe YC110BH.Sl HenpH

BO,I(HMOCTll .non>KHbl 6hlTh HMO>KeHhl Ha cynepnon.sr? Ilocne.n;Hee, 3a'Ia

cTyiO, rOpa3,I(O 6011ee Ba>KHO, nOCKOllhKY 061laCTh HCn01lh30BaHH.Sl HenpH

BO.I(HMhiX MY1lhTlln1leTOB He orp~n'IHBaeTC.Sl HHTerpHpyeMbiMH CHCTe

MaMH. Haii.neHHble B .nHccepTauHH ycnoBH.H HenpHBO.I(HMOCTH .nn.sr N = 2 
( TBHCTOBaHHhlii KHpanhHblii MYllhTHnneT) H .nn.sr N = 4 cynepcMMMe

TpHH (BapHaHT ycnoBHii Ha rHnepMyllhTHnneT B D=4), 6bl11H B .nanh

HeiimeM HCn01lh30BaHbl .I(ll.Sl nOCTpOeHH.H pa311H'IHhiX THnOB a - MO.I(elleH. 

Cne.nyeT OTMeTHTh, 'ITO nocTpoeH_Hoe B .nHccepTaUHH N = 4 cynepcHM

MeTpn'IHOe ypaBHeHHe JlHyBH111l.H1 co.nep>KHT B 6030HHOM CeKTOpe TaK>Ke 

ypaBHeHHe B3HB a- Mo.nenH Ha rpynne SU(2) H .HBH110Ch Boo6me nep

Bb!M npHMepoM ee cynepcnMMeTpH3aUHH, npM'IeM cpa3y c N = 4 cynep

CHMMeTpHeii. 

K CO>KaneHHIO, cynepCHMMeTpH3aUH.H BTOphiX raMHllhTOHOBhiX CTpyK

TYP He n03B01l.HeT OTBeTHTh Ha BOnpOC HHTerpHpyeMO 11M nOCTpOeHHOe 

ypaBHeHHe Hnn HeT. 3aqacTyiO, cncTeMhl 'c N ;::: 2 cynepcn~MeTpneii 
co.nep>KaT npOII3B01lhHble ·napaMeTpbl H CTaHOB.HTC.H HHTerpHpyeMb!Mll . 

TOllhKO npH cneuHallhHhiX, .nnCKpeTHhiX 3Ha'IeHn.srx 3Toro napaMeTpa. B 

.nHccepTaunn Haii.neH uenhlii p.Sl.I( cynepnoneBhiX onepaTopoB JlaKca (.nn.sr 

N = 2 ypaBH'eHH.sr ByccnHecKa c a = -1/2; .nn.sr N = 2 ypaBHeHn.sr 

K.n<t> c a = 4, Bocnpon3Bo.n.srmHii Bee 3aKOHhl coxpaHeHH.sr; .nn.sr N = 2 
HennHeiiHoro ypaBHeHH.H IIIpe.n;HHrepa H ero o6o6meHnii; .nn.sr N = 4 
ypaBHeHH.H K.n<I>; .nmr HOBoii N = 4 cynepcHMMeTpH'IHOii HHTerpHpye

MOii HepapxMH, onpe.neneHHoii HaN = 2 a<P<PHHHhiX cynepToKax, KOTopa.sr 

.srBn.sreTc.sr N = 4 pacmnpeHneM cpa3y .nByx nepapxMii, N = . 2. HYIII H 

N = 2 MK.n<l>; .nn.sr a<P<PHHH<;lii :HepapxnH, CBSI3aHHoii c "KBa3H" N = 4 
nepapXHeii K.n<I>; .nn.sr o6'be,nnHeHHOii N = 2 a = 4 K.n<t> H MHoroMep

Hoii N = 2 MepapXHH HYIII) no3B011HBmHii .noKa3aTh HHTerpHpyeMOCTh 

COOTBeTCTBYIOIUHX CHCTeM. 

B .nHccepTannH TaK>Ke nocTpoeHhl HOBble N = 2 cyne~anre6pb1 -

cynepnoneBa.sr BepCH.H w3 H N = 2 cyneppacmHpeHne w3 
2
) anre6pbl 

Ilon.srKoBa - Bepma.ncKoro c npoH3B01lhHhiM ueHTpanhHbiM 3ap.Sl.I(OM, B 

KOMIIOHeHTax H cynepnon.srx. 

Pa3pa6oTaHHblii B .nHccepTanHH Mathematica™ naKeT .nn.sr Bhi'In

cneHH.H CyrrepnoneBhiX OnepaTopHhiX Pa31IO>KeHHii: (COP) B M:epoMop<P-

t Ob \Ci~.i~ i:~B ti:O:'io.nt \ 
~ ml~~lttil UCCJ:ei~;~s.l~ f 
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HhiX N -= 2- cynepKoH<t>opMHhiX TeopiHIX nomr, noJnomreT npono.D;IITh 
60JihiiiliHCTBO Bhi'IliCJieHIIH C liCDOJih30BaHIIeM KOMllhiOTepa li 6hlJI liC
DOJih30BaH B IJ;eJIOM p.sme pa60T. 

Ha 38.1UIITY Bhl.ll:BIIraiOTC~ CJie.IJ;YIOIUIIe _ peJyJihTaThi: 

1. Pa3p~6oTa:H M~TO.D: Ko~apnaHTHoii' pe.D:yKn;IIn. lloKaJaHa ioHcTpyK
TIIBHocTh .D:aHHor~ MeTo.D:a rimi ·nocTpoeHn~. imTerpiipyeMhix cn
cTeM:' c paCIIIIIpeHHOH cynepCIIMMeTpneii. 
' -, - ' ' ' -_ _ j' ' 

2. · MeTO.D:hl HeJIJIHeiiHhiX peaniiJan;IIii pacnpocTpaHeHhl Ha 6ecKoHeq
HOMepHhle- II :iieJIIIHeiiHhle rpynnhl-II cyneprpynnhl. 

3 .. Bnepnhle nocTpoeHhl cynepnonenhle ypanHeHII~ N = 4 cynepKOH

<t>opMHOii MexaHJIKli li HaH,UeHhl ypaBHeHJI~ ee N-paCIIIIIpeHHOH nep
Cllll. 

fl 

4. llCXO.D:~ ll3 HeJIIIHeHHhiX peaJIII3aiJ;llH cynepKOH<!>OpMHhiX CliMMe-

- TpliH li C liCDO~h30BaHIIeM pa3BliTOrO MeTO,Ua KOBapiiaHTHOH pe

.D:JKUIIII, llOCTpOeHhl HOBbie TQqHQ peiiiaeMhle CliCTeMhl C paCIIIli
peHHOH cynepciiMMeTpiieii: _ N = 2 u N = 4 cynepcnMMeTpiiqHhle 

ypaimeHII~ JliiyBIIJIJI~. 06Hapy2KeHO, 'ITO BTOpM Cl:ICTeMa ~BJI~
eTC~ TaK2Ke N = 4 cynepcnMMeTpnJaulieii Becc-3yMnHo'-HoBIIKOB
BIITTeHOBCKoii 0'-M<:i.uenii. llJy'IeHa B3HB 0'-Mo.uenh e N = 3 cy

nepciiMMeTpneii. TiocTpoeHhl o6mliepeiiieHII~ N = 2, 4ypanHeHnii 
JliiyBIIJIJI~. 

5. B paMKax MeTo.D:a HeJIIIHeiiHhiX peanll:Jan;IIii, o6o6meHHoro Ha cny
'Iaii HeJIIIHeHHhiX anre6p, ycTaHOBJieHa CB~3h ypaBHeHIIH ByccnHe

. CKa li x-ypaBHeHII~ Eycc:lmecKa c reoMeTpiieH rpynn w3 li wJ2l' 
COOTBeTCTBeHHO. 

6. Haii.D:eHa cynepnoneBM. <t>opMyJIIIpOBKa -N = 2 cynepciiMMeTpii'I

:Hoii w3 anre6phl. BnepBhle nocTpOeHbi ee cynepnoJieBhie peaJIII3a
IJ;llli. 

7. BnepBhie npe.D;JI02KeHo N = 2 cynepciiMMeTpii'IHOe ypaBHeHne Eyc
CIIHecKa. lloKa3aHo, 'ITO N = 2 ypaBHeHIIe EyccnHecKa IIHTerpn
pyeMo TOJihKO npn Tpex 3Ha'IeHn.srx napaMeTpa a= -2,-1/2,5/2, 
no.smn.sriOmeroc.sr B JiarpaH2KIIaHE;. · 
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8. TiocTpoeHhl cynepnonenhle onepaTophl JlaKca .D:n~ N = 2 ypanHe
HII~ EyccnHecKa c a= -1/2, KaK c o6hlqHhlM, TaK II c MO.D:n<t>nuii
ponaaHhlM onpe.IJ;eneHJieM nhlqeToB cynep-ncen.uo.D:II<t><PepeHunanh
HhiX onepaTOpOB li ypanHeHl:IH JlaKCa. lloKa3aHa 6II-laMJIJihTOHO
BOCTh N = 2 ypaBHeHII~ EycciiHecKa c a= -2. 

9. BnepBhle nocTpoeHo N = 3 cynepciiMMeTpnqHoe ypaBHeHIIe Kop
TeBera - .D:e ll>pii3a. Bhl~BJieHa era BTOpM I'aMIIJihTOHOBa CTpyK
Typa II IIJyqeHhl CBOHCTBa liHTerpnpyeMOCTli. 

10. lloKaJaHo, qTo N = 1 HeJinHeiiHoe ypaBHeHIIe lllpe.IJ;nHrepa o6na
.D:aeT CKphlTOH N = 2 cynepcnMMeTpneii. TiocTpoeHa ~BHO N = 2 
cynepnoneBM <t>opMynnpOBKa HYIII. l-byqeHa CB~3h N = 2 HYIII 

II N = 2 ypanHeHn~ K.D:<I>, HaH.D:eHhl npeo6pa30BaHll~ E3KJIYH.Ua, 
CB~3hlBaiOmiie 3TH ypaBHeHn~. Haii.ueHhl cynepnoneBhle onepaTophl 

JlaKca, KaK .D:JI~ N = 2 HYIII, TaK II .D:JI~ cooTBeTCTByiOmero 
ypaBHeHll~ K.D:<I>, BOCnpOII3BO.D:~lle BCe TOKli COOTBeTCTBYIOllll:IX 
nepapxnii. Bhl~BJieHa rny6oKM CB~3h N = 2 RYIII II <t>aKTOp

npocTpaHCTB N = ~ U(2) cyneprpynnhl . 

11. Bhl.imneHa CKphlTM N = 4 cynepcnMMeTpii~ N = 2 paciii:ripeHn~ 
a<P<PIIHHoii anre6phi sl(2)ffi u(1). lloKaJaHo, qTo 3Ta cynepanre-
6pa o6ecneqJIBaeT BTopyiO I'aMIIJihTOHOBY CTPYKTYPY .un~ HOBOH 
N = 4 · cynepc:riMMeTpii'IHoii nHTerpiipyeMoii IIepapxnn, onpe.D;e
neHHoii Ha N = · 2 a<t><t>IIHHhiX cynepToKax. 3Ta ciicTeMa ~BJI~eTc~ 

iN = 4 paciiiiipeHIIeM cpa3y .D:Byx IIepapxiiii, N = 2 HYIII II N = 2 
MK.D:<I>. Haii,neHa a<P<PIIHHM IIepapxii~ .D:JI~ .D:pyroii IIHTerpiipye
MOii cncTeMhl c N = 4 CKA B KaqecTBe BTopoii I'aMnJihTOHOBoii 

CTPYKTYPhl- "KBa3II" N ""T 4 IIepapxiin K.D:Il>, o6na.D:aiDmeii TOJihKO 
N = 2 cynepcnMMeTpiieii. nn~ o6eiiX HC>BhiX IIepapXIIH nOCTpOeHbi 

cKan~pHbie onepaTOphl JlaKca. 

12. llpoaHann3npoBaHbi cnoiiCTBa IIHTerpnpyeMOCTII N = .4 cynep

CIIMMeTpnqecKoro ypaBHeHHll K.lJ:If> li llOCTpOeH onepaTOp JlaKca B 

N = 2 cynepnomrx. 

13. C llOMOliJ;hlO 06'he.IJ;HHeHIIJI nceB.D:<>-.D:H<t><t>epeHUllaJihHhiX OnepaTo
pOB JlaKca .D:JIX a = 4, N = 2 K.D:Il> li MHOroMepHOH, N = 2 nepap
Xllll HYIII; nocTpoeHbi HOBbie N = 2 cynepciiMMeTpnqHbie IIHTe

rpiipyeMhle cJicTeMbi. PaccMoTpeHo no.D:o6Hoe pacniiipeline O.D:HOH 
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H3 N = 2 cynep H(lpapxnii: EyccnHecKaH}~OKa3a.Ha _er() l~HTerpnpy
eMOCTh. llp~nmKeHa HOBM cncTeMa c N = 4 cynepcHMMeTpneii:, 

... ,nonyCK(tiOIUM HeC~OJihKO nep~hiX HHTerpaJIOB JJ:BH)f{eHH.SI. 

14. llocTpOeHO N = 2 cyneppacuinpeHne' wJ2l anre6phl non.SIKOBa
Eeprna.n:cKoro c np.OH3BOJihHhlM ueHTpanMihlM 3ap.SI.D:OM, B KOMno

. He~Tax n cynepnon.s~x. Haii:.n:eHa nOJIHM KBaHTOBM_ Bepcn.SI :noll: He

JIHHeii:Hoii: anrefiphl~ IJpe.n:CTaBJieHa rnfipH.D:HM, BKJIIOqaiOIUM TOKH . ~ 
n non.SI, peann3aUH.SI N = 2 cyneJ>:-W3 anrefiphl, KaK B Knaccn-

qecKoM, TaK H B KBaHTOBOM cnyt./Mx. IJpe,nJIO)!(eHO COOTBeTCTB&
IOIUee pacrnnpeHne ypaBHeHH.SI EyccnHecKa c N = 2 cynep-W3 l 
anre6poii: B KaqecTBe BTOpoii: f'aMHJihTOHOBOH CTPYKTyphl. 

15. Pa3pa6oTaH Mathematica™ naKeT .n:n.s~. m,rqncneHH.SI C)rnepnone

BhiX OnepaTopHhiX Pa3JIO)!(eHnii: (COP) B MepoMop<t>Hhrx N = 2 

cynepKOH<l:>OpMHhiX TeOpHHX nOJIH. · • 

.. 
Anpo6auH.sr pa6oThl. 

PeJynhTaThl, npe.n:cTaBneHHhle B .rtHccepTaUHH, .n:oKna,nhlBaJIJICh Ha 

ceMJIHapax B Jla6opaTOpHH TeopeTJiqecKoii: <l>H3HKJI ~M H.H.. Eoron106oBa 

0fi'he.ZJ:HHeHHOro JIHCTHTJTa H.l(epHhiX JICCJie.ZJ:OBaHJIH (llyfiHa) 1 B liiHCTJI

TYT~ qJH3HKH BhlCOKux 3HeprHii: (11 pOTBJIHO), B <l>H3H~ecKoM JIHCTHTyTe 

AKa.n:eMJIH HayK (MocKBa), B MaTeMaTJiqecKOM JIHCTHTyTe AKa.n:eMJIH 

HayK (MocKBa), B liiMnepHan Konne.n:)Ke . ( Jl<m.n:oH), B · f'y~60Jih.D:TCKOM 
YHHBepcHTeTe (EepnHH), B EoHHCKOM YHHBepcnTeTe, .B XaphKOBCKOM 

<l>H3HKO-TexHJiqecKOM HHCTHTyTe, B XaphKOBCKOM Y HHBepcHTeTe, B llHe

nponeTpOBCKOM Y HJIBepCHTeTe, B liiHCTJITyTe TeopeTJiqecKOH <l:>H3JIKJI 

(BpounaB), B liiHCTHTyTe TeopeTJiqecKoii: <t>H3HKn (KpaKoB), B Me)!(

.n:yHapo.n:HoM. ueHTpe TeopeTJiqecKo:if . <t>HJHKH. (TpHecT), B SIS SA · (TpH

ecT), B YHHBepcHTeTe r. lla.n:yH, B YHHBepcHTeTe r. llapMa, B YHH-
> ' " ' 

BepcHTeTe r. Mapcenh, B YHHBepcHTeTe II r. PHM, B HauJioHaJihHOii: 

<l>JIJJiqecKo:if Jla6opaTopHH (<I>pacKaTn), ·B YHHBepCHTeTe r. Opc3:if, B 

YHHBepcHTeTe r. Jlo.n:Jh, B ENSLAPP (JIHoH), B L(EPH ()KeHeBa), a 

TaK)Ke Ha Me)!(.ZJ:yHapo.n:HoM coBemaHHJI no TeopeTHKo-rpynnOBhlM Me

TO.rtaM n<t>H3HKe, 3BeHHropo.n:, 1982 r.; Ha VII Me)!(.ZJ:yHapo.n:HoM coBema

HHJI no HeJioKaJihH~M TeopH.srM non.s~, AnyrnTa, 1984 r.; Ha XXII Me)K

.n:yHapo.n:Hoii: KOH<l:>epeHUJIJI no <l:>H3HKe BhlCOKJIX 3HeprHii,. Jleiinunr 1 f'ep

~aHJIH1 .1984 r.; Ha M~yHapo.n:Hon K~H<t>epe:Hu~H· "CynepCHMMeTpH.sr 
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85", XaphKOB, 1985; Ha M~yHapo.n:Ho:if KOH<t>epeHunn "KBapKH-86", 
T6nnncn, 1986 r.; Ha M~yHapo.n:Hoii: KOH<t>epeHUHH "KBaHTOBM rpa
BHTaun.s~", MocKBa, 1987 r.; Ha Me)!(.ZJ:yHapo.n:HhiX ceMnHapax "Cynep

CHMMeTpHH H KBaHTOBhle CHMMeTpHH" 1 llyfiHa, 1993, 1994, 1995, 1996, 
1997, 1998, 1999 rr.; Ha XXX 3HMHeH IIIKOJie no TeopeTnqecKoii: .Pn3nKe, 

Kapnaq,lloJihiiia, 1994 r.; Ha PafioqeM coBemaHHH "f'eoMeTpH.SI n HHTe

rpnpyeMhle Mo.n:enn", lly6Ha, 1994 r.; Ha Me)!(.ZJ:yHapo.n:HhiX ceMHHapax 

no HHTerpnpyeMhlM cncTeMaM, lly6Ha, 1996, 1998 rr.; Ha M~yHapo.n:

HOM pafioqeM COBeiUaHHH no TeOpH.SIM CTpyH, KaJIHOpOBOqHhlM TeOpH.SIM 

n KBaHTOBOH rpaBnTaunn, TpnecT, liiTaJIH.SI, 1996 r.; Ha X M~yHa

po.n:Ho:if KOH<t>epeHunn "11po6neMhl KBaHTOBOii: Teopnn nonH", AnyrnTa, 

1996 r.; Ha Me)!(.ZJ:yHapo.n:Hoii: KOH<t>epeHUHH "CynepcnMMeTpHH n KBaH

TOBM TeopnH nonH", XaphKOB, 1997 r.; Ha Me)!(.ZJ:yHapo.n:HoM coBeiUa.HHH 

no HHTerpnpyeMhlM cncTeMaM, EpeBaH, 1998 r.; Ha 11Me)!(.ZJ:yHapo.n:Hoii: 

KOH<t>epeHUHH no npOOJieMaM KBaHTOBOH TeOpHH nOJI.SI1 llyfiHa, 1998 r.j 

Ha 32 Me)!(.ZJ:yHapo.n:HoM. cnMn03HyMe no Teopnn :meMeHTapHhiX qacTHU, 

EyKoB, f'epMa.HHH, 1998 r .; Ha Me)!(.ZJ:yHapo.n:HoM coBemaHHH "KBaHTo

BM TeOpH.SI nonH H <l>H3JIKa BhlCOKHX :meprH:if", MocKBa, 1999 r.; Ha XIV 

CHMn03HyMe "HoBble CHMMeTpHH H HHTerpHpyeMhle CHCTeMhl", Kapnaq, 

llonhrna, 1999 r. 

11y6nHKauHH. ITo MaTepHanaM .n:HccepTauHH ony6nJIKOBa.HO 37 pa6oT. 

CTpyKTypa H o6'heM .n:HccepTaUHH. llHccepTaUH.SI cocTOHT H3 BBe.n:e

HH.SI, 7 rnaB, 3aKJIIOTieHJI.si1 .rtBYX npHJIO)!{eHHH JI CnJICKa JIJITepaTyphl. 

0Ha co.n:ep)KHT 196 cTpaHHU MarnHHOnHcHoro TeKcTa. CnHCOK JIHTepa

TYPhl BKJIIOqaeT 130 HaHMeHOBa.HJiii:. 

CO.UEP)I(AHliiE P ABOThi 
' 

Bo BBe,neHJIJI .rta.H 0030p COBpeMeHHOrO COCTOHHJIH JI C<l:>OpMyJIHpo

BaHhl OCHOBHhle npOOJieMhl nOCTpOeHJI.SI JIHTerpHpyeMhiX CJICTeM C paC

IIIHpeHHOH cynepCHMMeTpH~H. 060CHOBaHa npHHUHnJiaJihHM HeOOXO.rtJI

MOCTh noHcKa HOBhiX MeTo.n:oB nocTpoeHH.sr TaKHX cJicTeM, 6a3HpyiOIUHXC.sr 

Ha CBH3JI CBOHCTBa JIHTerpHpyeMOCTJI CJICTeMhl C HaJIJITIHeM fieCKOHeTI

HOMepHhiX CHMMeTpHH:. C<t>opMynHpoBaHa uenh pa60Thl, o6ocHOBa.Ha aK

TYMhHOCTh npoBe.n:eHHhlX B .n:HccepTauHH Hccne.n:oBa.HHH u H3JIO)KeHo ee 

KpaTKoe co.n:ep)KaHHe . 
lJiaBa 1 nOCB.siiUeHa <l:>OpMyJIHpOBKe OCHOBHhlX npHHUHnOB MeTO.rta KQ-. . ,. 
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napHa.HTHOH 'pe.n;yKUHH1 COCTOHI.Uero B · HaJIO:>KeHHli IIO,nXO,nHIUIIX KOBapH-' 

a.HTHhlX CBH3e11 Ha 1-qJOpMhl KapTaHa. Bpa3,nene 1.1 pa3BHT MeTo,n Kona

pna.HTHOH pe.n;yKnHII ,nmr KOHe'IHOMepHhlX anre6p, KOTOpbiH 3aTeM npu

MeHHeTCH .nnH aHann3a 6o30HHo11 (N=O) KOH!flopMHo:H: MexaHHKn; OcHon

HOH pe3yJihTaT :noro pa3,nena - ycTaHonneHne Toro !flaKTa, 'ITO ypanHe

HHH KOH!fJOpMHOH Mexa.HHKH 

·' ' . 2 

p(t) ,;, ~' [12] ~ ~M-2' [p] = CMO' 
.J 

(1) 

COBna,naiOT C ypaBHeHH.siMH reo,ne3H'IeCKHX B rpynnOBOM npOCTpaHCTBe 

S0(1; 2) n, cne.n;oiiaTenhHO MoryT 6h1Th nony'IeHw 3aHyneHHeM no.nxo-

.n.srrUHx !flopM KapTaHa; · 

B pa3i:I;ene 1.2 MeTO,n KOBapHa.HTHOH pe.n;yKUHJl o6o6maeTC.si Ha cny
'iaH ,KOHe1IHOMepHiillc cyneprpynn H 3aTeM ·npHMeH.sreTC.si K llOCTpOeHIIIO 

H a.HaJIH3Y N = 2, 4 cynepKOH!fJOpMHhlX MexaHHK. B JiaCTHOCTH, cynep

:rionenwe ypanHeHn.Sr N == 4 cnyqasr HMeiOT cne.n;yromH11 nH,n: 

(D) 2 
eu = 4mf, (D) 2 

eu = 4m/, 

[D, D] eu = 8mc, 

[Dca, Db)] u = 0. 

(2) 

(3) 

(4) 

Ba>KHO, 'ITO cpe.n;n 3THX ypanHeHHH co.nep>KaTc.sr ycnonH.sr HenpHno,nnMo

CTH (2), OCTaBJI.siiOIUHe B cynepnone u(t, (}, 0) CJie,Il;YIOII1He KOMIIOHeHTbl 

e!ul_ = p(t), -
2

1 
Daul = iWa(t)p-1

, -
2

1 
Daul = -itlta(t)p-1

, 
9-0 9=0 9=0 

[DCa, Db)] ul9=0 ='= A(abl(t), [Da, jja] ul9=0 = C(t). 

Bo BTOpOH rnane MeTo.n KOBapHaHTHOH pe.n;yKUHH o6o6maeTC.si Ha 

cnyqaJ1 6ecKOHe'IHOMepHhlX H HennHeHHhlX ( cynep )rpynn. B qacTHOCTH, 

B 3TOH rnane paCCMOTpeHhl HeJIHHeHHhle peaJIH3aUHH ( cynep )KoH!fJOpMHOH 

rpyiiiihl ,nnyMepH.sr H ee npOCTeHIIIHX HeJIHHeHHhlX 0606IUeHHH - W3 H 

wJ2l rpynn. B pa3,nene 2.1, Ha npHMepe o6h1'IHOH 6030HHOH KOH!fJOpM

HOH rpynnbl IIOKa3aHO, KaK npHMeH.siTh MeTo.z:t KOBapHaHTHOH pe.n;yKUHH 

K 6eCKOHe1IHOMepHh1M rpynnaM. Ilpo,neMOHCTpHpOBa.HO, 'ITO nocne Ha

JIO>KeHH.Sl cn.sr3el1 o6paTHoro ::t!fl!fleKTa Xnrrca, nech 6ecKoHe~mw11 Ha6op 

noneft, napaMeTpH3YIOIUHX !flaKTOp-npOCTpaHCTBO KOH!fJOpMHOH rpynnw, 
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Bhlpa>KaeTcH qepe3 e.n;nHcTneHHoe cymecTnennoe none Teopnn - .nnna

TOH u(x), KOTOpOe y,nOBJieTBOpHeT JIH60 ypaBHeHliiO JluyBIIJIJI.si, .JIII60 

cno6o.nHoMy ypanHeHHIO. B pa3,nene 2.2 pa3BHThiH MeTo.n nocTpoeHn.sr 

HHBapna.HTHhiX ypanHeHn:H: npnMeH.sreTc.sr K N = 2, 4 cynepKOH!flopMHhiM 

rpynnaM. TaM >Ke nocTpoeHhl N = 2 n N = 4 cynepcnMMeTpii'IHhle 

paCIIIHpeHH.si ypanHeHU.si JlHyBHJIJI.si1 H3y'IeHhl yCJIOBli.si HenpHBO,nHMOCTH 

N = 4 KBaTepHIIOHHOro cynepnon.sr q~ = ( e-u-i<f>·u) ~ · 

D~0q~) = 0 , D+(aQ/3 7) = 0 ' (5) 

CJie,Il;YIOIUUe H3 yCJIOBHH KOBapHaHTHOH pe,n;yKnHH, H paCCMOTpeH BOllpOC 

nocTpoeHn.sr o6mero perneHn.sr ::tTnx ypanHeHHH. IIpnMeHeHniO MeTo,na 

KonapnaHTHOH pe.n;yKnnn K HennH'eHHhiM W-anre6paM nocn.srmeHhl pa3-

.nenhi 2.3-2.5. MeTO,nhl HenuHeHHhlX peann3ann11, KOTOphle Mhl co6npa

eMc.sr llpHMeH.siTh K HeJIHHeHHhiM CHMMeTpH.siM W - THIIa, 6hiJIH pa3pa6o

Ta.Hhl ,nn.sr CHMMeTpHH, OCHOBaHHhlX Ha anre6pax Jln, TO eCTh JIHHeHHhlX 

anre6pax. YTo6w o6o6mnTh 3TH MeTo.nw Ha W N anre6pw, Mhi npe.n;na

raeM TpaKTOBaTh BCe KOMll03liTHhie reHepaTOpbl C BhiCillHMII CllHHa~m, 

npncyTCTBYIOIUHe B o6epThiBaiOmeJ1 anre6pe, llOCTpOeHHOH Ha reHepa

TOpax W N, KaK He3aBUCIIMh1e. llpyrHMII CJIOB~MII, Mhl 3aMe.H.sreM He

JIHHeHHYIO W N anre6py HeKC>TOpOH JIIIHeHHOH 6eCKOHe'IHOMepHOH anre.: 

6po11, BKJIIO'IaiOme:H: nwcrnne· cnnHh1. IIo.nxo.n.srmn:H: nw6op no.nrpynnhl 

CTa6HJihHOCTH1 COBMeCTHO C yCJIOBH.siMH KOBapHa.HTHOH pe.n;yKnHH ll03BO

JI.siiOT H B 3THX cnyqa.srx CBeCTH 6eCKOHe'IHh1e Ha60ph1 ron,nCTOYHOBCKHX 

IIOJieH K KOHe'IHOMY 'IHCJIY CyiUeCTBeHHhlX, no,n'IUH.siiOIUHXC.si U3BeCTHhiM 

6030HI1h1M ypaBHeHH.siM H HaHTH HX cynepCIIMMeTpH'IHhle paCCilliipeHII.si. 

B pa3,nene 2.3 BhiBe,Il;eHhi sl3 To,nOBCKne peann3anHu KJiaCCII'IeCKHX . w3 
CHMMeTpHH Ha ,nnyx CKaJI.sipHhlX llOJI.siX reoMeTpH'IeCKHM CllOC060M 1 H3 

HeJIHHeHHOH peanH3anHH HeKOTOpOH acCOnH~pOBaHHOH 6onee BhiCOKOH 

cnMMeTpnn W3'. llanee, n pa3,nene 2.4 ·Mw CTpOHM peann3anniO W3' 
anre6ph1 (o,nHOH KOllHH) B tPaKTOp-npOCTpa.HCTBax, OmJtU•UtblX OT pac

CMOTpeHHhlX n npe.n;w.nymnx pa3,nenax. Mw .neMOHCTpnpyeM, 'ITO cyme

CTnyeT Ha6op KOBapHa.HTHhlX ycnOBHH pe.n;yKnHH, KOTOpbiH yMeHbillaeT 

'IHCJIO He3aBHCHMhlX II01leH- napaMeTpOB !flaKTOp-npOCTpaHCTBa ,no ,nnyx 

ll01leH KOH!fJOpMHhlX CIIHHOB 2 H 3, KOTOph1e MOryT 6h1Th OTO>K,neCTBJieHhl 

c TOKaMH w3 anre6pw, H o,nHOBpeMeHHO npHBQ,nHT K ypaBHeHHIO Byccn

HeCKa ,nn.sr 3THX IIOJieH. If IIpOCTpanCTBeHHa.sr (x), H 3BOJIIoUHOHHa.si (t) 
KOOp,nHHaTbl ecTeCTBeHHO IIO.siBJI.siiOTC.si KaK napaMeTpbi paCCMaTpHBa

eMOrQ !flaK Top-npocTpa.HcTna. HenHHe11Hwe peann3aunn: KnaccH'IecKo11 
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aJire6phl llOJI.SlKOBa:-EepmancKoro wP) paCCMOTpeHbi B pa3nene 2.5. Me
TOn peannJaunn B ¢laKTop npocTpariCTBe n npouenypa KOBapnaHTHoft 
penyKunn no3BOJI.SliOT HaM BhlBeCTn ypaBHeHne EyccnHecKa c nepecTa
BJieHHhlMn KOOp)lHHaTaMn npOCTpaHCTBa:-BpeMeHn. Ilo6aBJI.SlH eme O.llHY 
npOCTpaHCTBeHHYIO KOOp.llHHaTy H BBOJlH )lBe KOllllll WJ2

) anre6phl, TOT 

)KeCaMhlH-MeTOJl npnBonnT K ypaBHeHnHM sl(3, R) uenO'IKH Tona. 

B TpeTbeft rnaBe llOCTpOeHa cynepnoJieBM peann3aUnH.N = 2 cynep
Wa aJire6phl n HaH)leHhl ee peannJaunn Ha CB060)lHhlX cynepnOJIHX (pa3-

JleJI 3.1). Bee TOKn, reHepnpyromne N :;= 2 cynep-W3, B cooTBeTCTBnn 
c nxcnnHaMn, MoryT 6hlTh o6'hennHeHhl B JlBa N = 2 cynepToKa J(Z) 
n r(z) co CllHHaM~ 1 H 2 COOTBeCTBeHHO. llOJIHhiH Ha6op onepaTOpHhlX 

pa3JIO)KeH~H (QIJP) JlJIH KOMllOHeHTHhlX TOKOB, TenepbMO)KE!T fihlTh 3a

nncaH KaK Tpn OIIP Me:>rmy cynepToKaMn J(Z) n T(Z). B 3TOM )Ke 

pa3nene nocTpoeHhl raMnJihTOHOBhl noToKn Ha N ·= 2 cynep-W 3 anie-

6pe n HaftneHhl o6o6meHHhle N = 2 nepapxim EyccnHecKa, JlJIH KOTOphlX 

3Ta anre6pa HBJIHeTcH BTopoft raMHJihTOHOBoft cTpYKTypoft. Mhl onpe

nenHeM N = 2 cynepCHMMeTpll'IHOe ypaBHeHne EyccnHeCKa KaK N = 2 
cynepnoneBoe ypaBHeHne, nMeromee B Ka'IeCTBe BTopoft raMnJihTOHOBOH 

CTPYKTyphr N = 2 cynep-W3 anre6py. IlpyrnMn cnoBaMn, Mhi paccMa
TpnBaeM CJienyromne 3BOJIIOUHOHHhie ypaBHeHHH 

T=[T,H] }=[J,H] (6) 
rne ·raMnJihTOHnaH H onpeneneH KaK 

H = 2~i f dZ (r + aJ
2

) (7) 

IIon'IepKHeM, 'ITO raMnJihTOHnaH (7) .srBnHeTc.sr Han6onee o6mnM, N = 2 
cynepcnMMeTpn'IHhlM, nocTpoeHHhlM n3 cynepTOKOB J n T raMHJihTOHn

aHOM llO)lXOJlHilleH pa3MepHOCTH. 0TMeTHM llOHBJieHne CB060)lHOI'O na

paMeTpa a B (7). 5IBHhlH BH.ll N = 2 cynepcnMMeTpn'IHoro ypaBHeHnH 
EyccnHecKa cnenyromnft: 

/ 

T = -2J
111 + [v, v] T' + 8c0 

a (vJvJ)-
3
c
2 

J' [v, v] J 

1c6J [v, v] J' + 2!6 J2 J' + ( ~o - 2a) VJ'DT 

(
40 ) - (64 ) •. (24 ) + -;; - 2a 1J J'DT + -;; + 4a J'T + -;; + 2a JT' 

J = 2T' +a(~ [v, v] J' + 4JJ') . (8) 
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J 

1 
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B paJnene 3.2 noKaJaHo,· 'ITO Bhlcmne 3aKOHhl coxpaHeHnH cymecTBYIOT 
TOJihKO JlJI.Sl Tpex 3Ha'IeHHH CB060)lHOrO napaMe:rpa Q = -2, -1/2,5/2 B 
N = 2 cynepcnMMeTpn'IHOM ypaBHeHnn EyccnHecKa n nocTpoeHhl JlBa 
onepaTopa JiaKca JlJIH cny'IM a= -1/2: 

L(l) = 
3 1 . . 

8
3 + 3J8

2 
-31JJV8 + ( ~J2 - T+ 28J- 2[1J, 1:5)J) 8~ 

+ ( 'DT- 4J'DJ- 28VJ) 1J , : . . . (9) 

£(2) 
= 8 3 + ~Jo2 + ~J[v, v]a- 3VJva + (v~- 4JVJ- 2avJ) v 

2 ( J
2

- ~T + ~8J- ~[V,.V]J) 'DV] : . (10) 
. ' . 

TaKnM o6pa3oM, HHTerpnpyeMhle N = 2 cynep nepapxnn EyccnHecKa 
MoryT CYlileCTBOBaTh TOJihKO npn Tpex ClleUHaJihHhlX 3Ha'IeHH.SlX CB060)l

HOI'O napaMeTpa a. MHTerpnpyeMOCTh B cny'Iae a = -1/2 cnenyeT n3 

naphr JiaKca, BTO BpeM.sr KaK B cny'Iae a=. -2 3To cnencTBne Hann~n.sr 
JlBYX I'aMHJihTOHOBhlX CTpyKTyp. 

B rnaBe 4 llOCTpOeHo O)lHO-napaMeTpn'IeCKOe CeMeHCTBO N = 3 cy

nepcnMMeTpH'IeCKHX pacmnpemrft ypaBHeHHH Kncl>, KaK raMnJihTOHO

BhiX noTOKOB Ha N = 3 cynepKoH<lJOpMHOft anre6pe n noKaJaHo, 'ITO oHo 

He-nHTerpiipyeMo ·nn.sr nro6oro B:br6opa CBo6onHoro napaMeTpa (pa3nen 

4.1). 3aTeM, B pa3.rr;ene 4.2, npenJio)KeHo MO.llii<PnuiipOBaHHoe N = 3 cy-
nep ypaBHeHIIe Kn<l>: · 

Jt = -Jxxx + 3 ( J1J3 J) + ~J (vi J'Di J) 
X 2 · X 

(11) 

KOTOpOe 06Jia)laeT BhlCUIIIMII 3aKqHaMII COXp~eHH.Sl H TaKII~ 06pa30M 

.SlBJIHeTC.Sl KaH)lH)laTOM Ha IIHTerpiipyeMyiO· CHCTeMy. IlOCJie penyKUHII 

K N = 2, 3TO ypaBHeHIIe CBOJliiTCH K n!ITerpnpyeMoft Bepciiii N = 2 
cynepciiMMeTpii'IHoro ypaBHeHII.sr Kn<l>. B no:M >Ke pa3nene npnBeneHa 

raMIIJibTOHOBa <POPMYJIIIpOBI(a HOBOro N = 3 cynep ypaBHeHII.si Kn<l>, 
KaK noToKa Ha HeKoTopoH: KOHTpaKunii np.srMon cyMMhl ·nByx N = 3 
cynepKOH<lJopMHhlX anre6p. 

B ll.siTOH rnaBe II3Y'IaiOTC.si cynepCIIMMeTpll'IHhle paccmnpeim.sr H~ 
JIIIHenHoro ypaBHeHII.sr IIIpeniiHrepa (HYIII), N = 4 ypaBHeHIIe Kn<l> II 

CTpo.srTc.sr HOBble nHTerpnpyeMhle cncTeMhl c N = 2 n N = 4 cynepCIIM
MeTpiieft. B pa3nene 5.1 noKaJaHo, 'ITO nJBeCTHoe N = 1 HYrll o6nanaeT 
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N = 2 cynepcnMMeTpneii. 0Ho MO:>KeT OhiTh JanncaHo B an.n;e 

aJ = -~ [v,v] J' +4J'J 
at 4 

(12) 

n Ta.KHM o6pa30M 3TO !lJaKTlPiecKn N = 2 HYIIl. BTopasr cynepcnMMe-

TpHH cKphiTa B TepMnHax, OOhl'IHO ncnoJih3yeMhiX N = 1 cynepnoneii, 

HO cTaHOBHTCH HBHoii nocne nepexo.n:a K N = 2 cynepnonHM. B TepMnHax 

.HOBhiX nepeMeHHhiX, BTOpasr raMHJlhTOHOBa CTPYKTypa cynepCHMMeTpll
qeCKOI'O HYIIl coana.n;aeT c N = 2 cynepKoH!lJOpMHoii anreopoii, a caMo 

N = 2 HYIIl npnHa.n;Jie:>KHT N = 2, a = 4 nepapXHn K.n;c:I>. 3.n:ech :>Ke 

nocTpoeH KII-no.n;o6Hhlii, ncea.n:o-.n:n£l!£l!epeH:unanhHhlii onepaTop Jlaxca 

a TepMnHax N = 2 cynepnoneii: 

L =a- 2J- 2Da-1(DJ). (13) 

• f! 
3.n;ech a 03Ha'laeT CTaH.n;apTHYIO 0030HHYIO x-npOH3Bo;::J;HyiO. CKOOKH B 

ahlmeynoMHHYTOM Bhlpa:>KeHnn 03Ha'laiOT .n;eiicTane D Ha J, (To ecTh 

D He .n;eiicTayeT cao6o.n;Ho Hanpaao) . 3TOT onepaTop JlaKca aocnpo

H3BO.n;nT ace 3aKOHhl coxpaHeHHH In .n;nH COOTBeTCTByiOmeii nepapxnn, 

KOTOphle a HameM cnyqae reHepnpyiOTCH KOHCTaHTHhiMH 'IJieHaMn Ln, 
TO eCTh 

In= ( -~)n J dX(Ln)o, (14) 

r.n;e HH.n;eKC "Q" 0003Ha'laeT KOHCTaHTHYIO 'laCTh onepaTopa. 

B pa3.n;ene 5.2 o6cy:>K.n;aeTCH CBH3h Me:>K.n;y cynep-HYIIl n N = 2 
cynepcnMMeTpH'IHhiM ypaaHeHneM K.n:c:I> c napaMeTpoM a = 4. IloKa-

3aHo, 'ITO cymecTayeT npeo6pa30BaHne E3KJiyH.n;a, KOTopoe oTo6pa:>KaeT 

cynep-HYIIl BO BTOpoii ITOTOK nepapXHH1 CBH3aJIHOH C N =,. 2, a = 4 
ypaaiieHneM K.n:<l>. 

B pa3.n;ene 5.3 .n;oKa3hlaaeTcK, 'ITO N = 2 pacmnpeHne a£l!£l!nHHOii 

anre6phl sl(2)ffi u(1) o6na.n;aeT cKphiTOii rno6anhHhlii N = 4 cynepcnM

MeTpneii ll o6ecneqnaaeT BTOPYIO raMHJlhTOHOBY CTPYKTYPY ,ll;JIH HOBOH 

N = 4 cynepcnMMeTpn'IHOii HHTerpnpyeMoii nepapXHn, onpe.n;eneHHOii 

Ha N = 2 a£l!£l!nHHhiX cynepTOKax. CooTBeTCTBYIOmne nepahle n BTOphle 

ITOTOKH HMeiOT Bll,ll; 

aw =w' 
at1 
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(15) 

llnH acex W = {H,H,F,F}, n · 

aF 

at2 

aH 

at2 

= -F" + 2DHF' + 2DH'F + 2£!HF' + 2DFF;DF- 2FF'F 

+ 2HDHDF + 2HHF' + 2HH F- 2DHHHF + 4HDFFF·, 

= H" + 2DHH' + 2HDH + 2H'DH + 2DHFDF- 2HDFDF 

+ 2HF'F + 2H'FF- 2HDHFF_- 2HHFDF. , (16) 

3Ta cncTeMa HBJIHeTCH N = 4 pacmnpeHHeM cpa3y .ziayx· nepapxnii, 

N = 2 HYIIln N = 2 MK.nc:I>. 

B 3TOM :>Ke pa3.n;ene Haii.n;eHa a£ll.£l!nHHasi nepapXHH .n;nH .n;pyroii HHTe

rpnpyeMoii CllCTeMhl, c N = 4 CKA B Ka'leCTBe BTopoii raMHJihTOHOBOH 

CTpyKTYPhl- "KBa3n" N = 4 nepapXHn K.n;c:I>. 0Ha nMeeT TOJihKo.N = 2. 
cynepCHMMeTpHIO. llJIH OOeHX HOBhiX nepapXHH ITOCTpOeHhl CKaJIHpHhle 

onepaTOphl JlaKca. 

B pa3.n;ene 5.4 npe.n;cTaaneHhl pe3yJihTaThl aHann3a cao:ikTB HHTe

rpnpyeMocTn;N = 4 cynepcnMMeTpH'leCKoro ypaaHeHHH K.n;c:I>, linK Toro 

'ITOOhl npOHCHHTh CTPYKTYPY 3TOI'O ypaaHeHHH ll COOTBeTCTByiOmeii ra- ' 

MHJihTOHoaoii CTPYKTyphl, o:Ho c!lJopMynnpoaaHo ·a o6hl'IHOM N = 4 n 

.n;anee a N = 2 cynepnp~cTpaH~Taax. B N = 2 cynep~poc~pa~CTJ,le 3TO 

ypaBHeHne CBO,ll;HTCH K CBSI3aHHOH CHCTeMe ypaBHeHHH ,ll;BH:>KeHHSI ,ll;JISI 

o6mero N = 2 cynepnonsr H .n;ayx KHpanhHhiX H aHTHKHp~hHhiX cynep

none:ii, n BKJIIO'laeT .n;aa He3aancnMhiX aemecTaeHHhiX napaMeTpa, a n 

b: 

Vt = -Vxxx + 3i ((n,D] V vt- ~ (1- a) ([D,D] V2t ~ 3a VxV2 

+!(a- 4) (<I>x<f>- <f>x<I>)~ +~(a -1).(D<I>D<I>)x- ~a (v<I><I>L 
4 • 2 . . 2 .• . 

+~ b ( cp2- <f>2tx- ~ b [v ( cp2 + <f>2) L . 
+~ b [n,D].[v (<I>2

- <!>2)] 

<l>t = -<I>xxx- ~ b <l>x<l>2
- [) [6i (DV <I>)x ~ i (a+ 2) D (Vci>)xJ 

+DD [3i a ( V2
<I> + ~ <I>

2<l>) + i b (v<I>t + i b ( V2
<l> + ~ <l>

2
<I>)] 

<f>t = -<f>xxx- ~ b <f>x<f>2 + D [6i (DV <I>)x- i (a+ 2) D'(V<I>)J 
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+DD [3i a ( V2~ + ~ ~F<I>) - i b (V<I>)x + i b ( V2<I>+ ~ <1>2~)] . 

3.lleCb )Ke llOCTpOeHbl nepBble I.IIeCTb 3aKOHOB COXpaHeHH.SI H llOKa3aHO, 
'ITO OHH cymeCTBYIOT TOJibKO .llJI.SI CJie)lyiOlllHX Bhl60pOB napaMeTpOB: (i) 
a= 4, b = 0; (ii) a= -2, b = -6; (iii) a= -2, b = 6. 

HaKoHeu, B pa3.llene 5.5 nocTpoeHbl HOBbie N = 2 cynepcnMMeTpH'I
Hble HHTerpnpyeMhle CHCTeMhl, nyTeM 06'be)lHHeHH.SI nCeB)lQ-JlHcpcpepeH
UHaJibHblX onepaTopoB JlaKca .llJI.SI a = 4, N = 2 K.ll<l> n MHoroMepHoii 

_,) 

N = 2 nepapxnn HYIII: 

L1 =a- 21- 2va-1(DJ)- L_Fiva-1(D.Fi) + L_va- 1(D(Fi.Fi)). 
i i 

(17) 
KaK B~HhlH qacTHhlH cnyqaft, .llJI.SI O.llHOH napbl B3aHMHO conp.SI)KeHHhiX 
cpepMHOHHhiX cynepnoneii F, F = Ft n BemecTBeHHOr9,J, 3TOT onepaTop 
(17) .liBJI.SieTc.SI onepaTopoM JlaKca .llJI.SI N = 4 cynep ypaBHeHH.SI K.ll<l>. 

B rnaBe 6 llOCTpOeHbl N = 2 cyneppaCIIIHpeHH.SI wJ2l anre6pbl ITo
JI.SIKOBa - Eepma.llCKoro c npOH3BOJihHhlM ueHTpaJibHhlM 3ap.SI.llOM, KaK B 
KOMllOHeHTax (pa3)leJI 6.1), TaK H B cynepnOJI.liX (pa3)leJI 6.2). 3Ta cy
nepanre6pa CO)lep)KHT, KaK He nereceKaiOmHeC.SI no)laJire6pbi, N = 2 
cynepKOHcpOpMHYIO anre6py H WP , H MO)KeT paCCMaTpHBaThC.ll KaK He
JIHHeHHOe 3aMhlKaHne 3Tnx .llByx anre6p. Bee TOKH 3TOH anre6pbl MoryT 
6hlTh o6'he)lHHeHhl B n.SITb N = 2 orpaHn'leHHhiX cynepnoneii: Tph 6o-
30HHhiX CO CllHHOM 1/2, 1 H 2, H )lBa cpepMHOiiHblX CO CllHHaMH 1/2 H 
2. llpe)lCTaBJieHa rn6pH)lHa.ll, BKJIIQqaiOllla.ll TOKH H llOJI.SI, peaJIH3aUH.SI 
N = 2 cynep-wJ2l anre6pbl. TaK)Ke paCCMOTpeHa cynepnoJieBa.ll Pe.llYK
UH.SI N = 2 cynep-wJ2l anre6pbl K N = 2 cynep-w3 H llOCTpOeHO ceMeH
CTBO N = 2 ypaBHeHHH, )lJI.SI KOTOpbiX N = 2 cynep-wJ2l o6ecne'IHBaeT 
BTopyiO raMnJihToHoBy cTpyKTYPY. 

B Ce)lbMOH rnaBe OllHCaH Mathematica™ naKeT )lJI.ll BblqHcJieHH.ll 
· CynepnoneBb!X OnepaTopHb!X Pa3JIO:>KeHnii: (COP) B MepoMopcpHb!X N = 
2 cynepKOH¢0pMHbiX TeOpH.liX llOJI.ll. llpHBe)leHbl )lBa npHMepa HCllOJib-
30BaHH.ll naKeTa: nocTpoeHne "ManeHhKoii:" N = 4 cynepKoH¢opMHoii 
anre6pbl B N = 2 cynepnon.llx n Haxo)K)leHne peann3aunn N = 2 cy
nepKoH¢opMHOH anre6phl B TepMHHax KHpaJibHbiX H aHTHKHpaJibHbiX 
<t>epMHOHHhlX cynepnoneii. 

B llpnno:>KeHH.liX npnBe)leHbl HeKOTOphle none3Hhle TO)K)leCTBa n .llo
KaJaHa JleMMa, HCllOJib3YIOllla.llC.ll B rnaBe 5. 
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